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OPTIMIZATION OF THE DOMAIN IN ELLIPTIC
UNILATERAL BOUNDARY VALUE PROBLEMS

BY FINITE ELEMENT METHOD (*)

by I. HLAVÂCEK (*) and J. NECAS (2)

Communicated by P G CIARLET

Resumé — On considère le problème de la mimmisation d'une fonction coût par rapport au
domaine, ou la fonction d'état est la solution d'une équation elliptique avec des conditions aux limites
du type de Signonni sur une partie de la frontière variable On démontre (î) l'existence d'une solution
pour quatre différentes fonctions coût et (n) la convergence des approximations par éléments finis dans
un certain sens

Abstract — The problem of the mimmization of a cost functional with respect to the domain is
considered, where the state variable has to solve an elhptic équation with boundary conditions of
Signonm's type on a part ofthe variable boundary We prove (ï) the existence of an exact solution for
four different cost functionals and (n) the convergence offinite element approximations in a certain

INTRODUCTION

Some problems of the optimal design remain open up to this time, although
they are of interest from the physical point of view. Thus for instance in some
problems of the contact between elastic bodies the shape of the boundaries
should be optinuzed to obtain minimal cost functional such as the intégral of
energy, contact forces or displacements.

It is the aim ofthe present paper to start the analysis of this class of problems
on a simphfîed model with a unilatéral problem in R 2 for the Poisson équation
and boundary conditions of Signorini's type. On a given part of the boundary
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352 I HLAVÂCEK, J NECAS

the Dirichlet homogeneous condition is prescribed and the remaimng part
— with unilatéral conditions — has to be determined

In Section 1 we present a proof of existence of a solution for four different
cost functionals and for one common state problem, which is formulated in
terms of a vanational înequahty on a variable domain

In Section 2 a finite element approximation is proposed, following the
method of Begis and Glowinski [2] who employed piecewise hnear approxima-
tions of the unknown part of the boundary and piecewise bihnear finite éléments
on a uniform mesh in a référence square domain In Section 3 we prove that
some subsequence of the approximate solutions converges to an exact solution
uniforrnîy, whereas the corrcspondmg solutions of the state problem converge
weakly m each mtenor subdomain of the optimal domain

1. EXISTENCE OF A SOLUTION TO THE MODEL PROBLEMS

Let us consider the following model problems Let Q(v) a U2 be the domam
(seefig 1)

Figure 1.

Q(v) = { O < xx < v(x2), O < x2 < 1 } ,

where the function u is to be determined from the problem

(Pl) &(») = m i n Uw)

Here
^rfld = { w e C(0)ïl([0,1]) (i e Lipschitz function),

0 < a ^ w g p, | dw/dx2 | ^ C1? I W(JC2) rfx2 = C2 i ,
Jo J

R A I R O Analyse numerique/Numencal Analysis



OPTIMIZATION OF DOMAIN 353

with given constants a, p, Cu C2, &(w) = Jt(y(w))? i may equal any of the
numbers 1, 2, 3, 4, Z o = const is given and

{y(w) - zof dx, (1.1)

J2(yM)= f |Vy(w)|2dx, (1.2)
JQ(W)

V(w)lr(w,dx2, (1.3)

>(w) |r(w) - zo)2 ^ 2 , (1.4)

where y(w) dénotes the solution of the following unilatéral boundary value
problem :

-Ay=f in O(w), (1.5)

^ 3v öv ,-w
y ^ 0 , -~ ^ 0 , y -£- = 0 on T(w),

y = 0 on 3Q(w) ^ T(w).

Here / e L2(Qp) is given, Qp = (0, P) x (0, 1) and dy/dv dénotes the derivative
with respect to the outward normal to T(w), In the following, we dénote by
Hk(Q) the Sobolev space Wf\ü) with the usual norm || . | |k a , H° = L2, and
by I • |jt,n the seminorm generated by all derivatives of the A;-th order.

It is well-known that the state problem (1.5) can be formulated in terms of a
variational inequality, as follows :

K(w) = {ze H^Qiw)) \ z = 0 on <9Q(w) - T (w) ,

z ^ 0 on T(w)} ;

find y e K(w) such that for any z e K(w)

Vy. V(z - y) dx ^ I ƒ(z - y) dx . (1.6)

The problem (1.6) has a unique solution for any w
We are going to prove the main resuit of the section, i.e.

THEOREM 1 : The problem (PJ has at least one solution for any of the four
cost functionals JlS i = 1, 2, 3, 4.

vol 16, n° 4, 1982



354 I. HLAVÂCEK, J. NECAS

Proof : Let us consider a minmnzmg séquence { wn}, $t(
wn) -> inf Jt(w)

for n -• oo. Since the set %d is compact in C([0, 1]), we may choose a subse-
quence, denoted again by { wn }, such that wn -• v in C([0,1]). It is readily seen
that v e \ d . Let us dénote by Q = Q(v) the domain bounded by F = T(v).
For any positive integer m let Gm be the domain bounded by ym, where

Ym = < (XX, X2) | X t = V(X2) - —

Furthermore, let Qn be the domain bounded by the graph of the function wn

and yn the corresponding solution of the state problem (1.5) or (1.6), respec-
tively, where Q(wB) = Qn, F(wn) = F„ and K(wn) is inserted.

Choosing z = 0 and z = 2 yn in (1.6), we obtain

= f fyndx g || ƒ ||0(Oii || y„ | |0>Qn. (1.7)

By a standard argument, we may write

II y . 115A. ^ P 2 f \vy»\2dx. (1.8)

Combining (1.7) and (1.8), we are led to the estimate

U y J l i , n „ ^ C o Vn, (1.9)

with Co independent of n.
Next let us consider a fixed domain Gm. There exists no(m) such that

n > no{m) => Gm c Qn .
Then

HyJl i .G^^l lyn l I i .o .^Co vn. (î.io)

Consequently, a subsequence { yni } exists such that

yni - y«») (weakly) in H 1 (GJ , y(m) G Hx (GJ .

For Gm+ x we obtain a similar assertion, if we choose the proper subsequence
{ yn2 } of the séquence { yni }, etc.

Consider the diagonal subsequence { yP } of all subsequences

{yn i }5 {yn i h - •

R A I R O Analyse numénque/Numencal Analysis
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ït is easy to prove that ajunction y e H1(Q) exists such that

355

weakly in Hl(Gm) holdsfor any m > a" \
In fact, the existence of generalized derivatives dy/dxt follows from the

définition of the Sobolev space. Moreover, we have

l iy m ) l l i t G m ^C 0 Vm,

since any bail in H1(Gm) is weakly ciosed. Hence defming y such that

we obtain

lin = lim oo.

LEMMA 1 . 1 : The trace ofy on F is non-négative.

Proof : Assume that y < 0 on a set Mo c F, mes Mo > 0. Let M dénote the
projection of Mo into the x2-axis. Hence we have

y | r dx2 = C0 < 0 .
JM

Dénote y \ = j)m, y | r - i\,

(IX2 ,
M

and

Then we have

(Tl - T lJ i
M

K, = S (^i, x2) | Ü - - < xA

f ^x2 f ^ - & x

e M J,.

S II y II l Q (meS ^m)1/2
?
 m e S ^m = "" m e S ^ * (1-12)

Consequently, lim cm = c0 and it holds

< 1

for sufficiently great m.

vol 16, n° 4, 1982
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356 I HLAVACEK, J NECAS

Let us dénote Vnm = { (x1; x2) e f t n - Gm, x2 e M },

J
3>? L dx2 £ 0

M

(smce v£ G K(wn)) and

JM

By the same argument as in (1 12) we obtam for n ^ no(m)

VYn Ir — 3n iv ) dx2 = CQ(mes Vnm)
JM

Smce hm mes Vnm = 0 for n -> oo, m -• oo, n ^ no(m),

rfnm^^0 (114)

follows for sufficiently great n, m, n ^ no(m)
From the weak convergence y^ ^ ymH1 (Gm) we deduce

f f
hm d„m = h m y» \ dx2 = y\m dx2 - cm

By virtue of (1 14), we therefore have

> l

for sufficiently great m, which is a contradiction with (1 13)

LEMMA 1 2 The function y belongs to K(v) and satisfies the vanational
inequality (1 6) on Çl = Q(v)

Proof (i) Let us consider an arbitrary Gm and dénote

= {zeHi(Gm)\z = 0 on 8Gm - ym }

Since F(Gm) is weakly closed, y(m) e ^(Gm) follows from (1 11) Hence we have
y = 0 on dQ, — F and combinmg this resuit with Lemma 1 1, we obtam
yeK(v)

(n) For any fixed m we mtroduce the set

IC = O on Qp - Gm }

R A I R O Analyse numenque/Numencal Analysis



OPTIMIZATION OF DOMAIN 357

For any n > nö(m) and zk e Mm it holds (we omit the superscript JD in what
follows) :

f Vj>„-> è f(zk - y»)dx.

since zk ^ 0 on Tn and therefore zk E K(wn).
Let us pass to the limit for n -> oo in (1.15). We have

Vyn.Vzkdx+ 1 Jy"'y dx

J(n-<

Hm Vyn.Vzkdx=

f
lim Vj;„.Vzk dx = 0 .

nn-n

The last result follows from the estimate

JQ„-Q

using (1.9) and lim [mes (Q„ - Q)] = 0.

By a similar argument we obtain

1 dx
(Q-Gm)nQn

= ^ 0 I Zk Il,fl-G

(1.15)

Thus we may write

lim sup Vj;„.Vzfe dx S V^.Vzk dx + Co | zfe |x fi_Gm .

The same approach leads to the inequality

(1.16)

lim inff- f fy„dx) ^ - f /ydx - Co ||/||0,n-cm- (1-17)
n-"oo V fo / Ir

vol. 16, n° 4, 1982



358 I HLAVACEK, J NECAS

Moreover, we obtam

hm f fzkdx= f fzkdx (1 18)
"^°° Jnn Jn

The înequahty (1 15) yields

- f | Wyn |
2 dx ̂  - f V^.Vz, rfx + f f(zk - yn) dx

jGm Jan Jn„

For n ->• oo (and a proper subsequence) we deduce on the basis of (1 16),
(1 17) and (1 18) that

f \Vy\2dx ^ h m ( - f | V v „ | 2 ^

fzkdx - /vdx - Co

n

Consequently, we may wnte

I Vy.V(zk- y)dx ^
JGm

^[ fzkdx-[ fydx - C0(|zJ in_Gw + |i ƒ ||o O-GJ (1 19)
J J

Let a z e K(v) be given There exists a function co e if 1(Qp) such that a> = z
on ÔQ and © ^ O a e in Qp Then Z = z — œ |n e HQ(Q) and therefore a
séquence { Zk }, Zk e Cg^O) exists such that if we define

zk tn = œ + ZfcS
 Zfeln^-Q = G>.

then it holds

l/m < dk = dist (F, supp Zk) => zfc e Mw ,

II zk ~ z Wi,n - II Zk - Z lU ö -> O for /c - , co

Passing to the limit in (1 19) for m -» oo, k -> oo, m > l/dks we obtain

I ^ l i n - G m = | û > l i n - G m ^ 0 ,

R A I R O Analyse numenque/Numerical Analysis



OPTIMIZATION OF DOMAIN 359

c c c c
Vy.Vzkdx- Vy.Vzdx + Vy.Vzdx- Vy.Vzdx

JGm jGm jGm Ja

L Vy.V(zk - z) dx

- z l i , n + [
JQ~(

S/y.Vzdx

Vy.Vz | dx->0^ I y h,a i h

Thus we arrive at the inequality

f C CC
Vy.Vz dx - | Vy |2 dx ^ fzdx- fydx. Q.E.D.

Ja Ja Ja Ja

LEMMA 1.3 : For any i = 1, 2, 3, 4 t her e exists a subsequence of the mini-
mizing séquence, denoted again by { wn}, such that wn -• v in C([0, 1]), v e %d

and

) . (1.20)

Proo/ : Let i = 1. For any m > a" 1 it holds

- z 0 ) 2

an-Gm

- z 0 ) 2

(1.21)

Considering the subsequence { y% } and using (1.11), we obtain, by virtue of
the Rellich's theorem

lim
n~* oo

(j; - z0)2 dx .) ̂  f
I

JG

For m -> oo in the right-hand side we get

lim^K)^ f (y-zo)
2dx.

Since v e %d, y = y(v) on the basis of Lemma 1.2, and

lim ^ ( w j = inf ̂ ( w ) ,

we have

J i M = \ (y — zo)2 dx ^ inf 3i(w) =*
Ja

vol. 16, n°4, 1982
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360 I. HLAVÂCEK, J. NECAS

From this and (1.22) we conclude that (1.20) holds.
Let i = 2. For m > a"1 we have

i I Vy„ |2 dx .

Since the latter intégral is a weakly lower semi-continuous functional on
Hx (Gm), considering the subsequence { y^ }, we may write

lim 3 2 K ) ^ f | Vy |2 dx .lim 32K) ^ f
k

Passing to the limit for m -• oo, we obtain

inf Uw)^ [ Wy\2dx. (1.23)

Using Lemma 1.2 we conclude that the equality takes place in (1.23) and
(1.20) follows.

Let i = 3. Using Lemma 1.2, we may write

ï a K ) - fo&O = (yn \rn - y Ir) dx2 = I, + I2 + /3 , (1.24)
Jo

where

I i = \ ( y n \ r n ~ y n \ y J d x 2 i h = \ ( y n \ y ï n - y \ y J d x 2 ,
Jo Jo

73 = (y L - y Ir) dxi •

Jo

The following estimâtes hold :

l ' i l =

V2

R A I R O Analyse numerique/Numencal Analysis



OPTIMIZATION OF DOMAIN 361

where
P„ = max \wn{x2) - v(x2) |;

X26[0,l]

l im / 2 = 0 (1.26)

by virtue of (1.11) ; finally

lim ƒ 3 = 0 (1.27)
m~*co

follows from the argument of (1.12), applied t o M = [0,1].
Combining (1.25), (1.9), (1.26), (1.27) and (1.24), we obtain (1.20).
Let i = 4. We may write, using Lemma 1.2:

Î 4 K ) - Uv) = K1+K2+K3J (1.28)
where

*i = [ (yn lr„ - zo)2 dx2 - f (yn L - z 0)
2 dx2 ,

Jo Jo
K2 = f (y. L - zo? dx2 - \ (y |Ym - z0)

2 ̂x2 ,
Jo Jo

K3 = \ (y lym - 2o)2 ^ 2 ~ (> Ir - Zof dx2> n > ^o(m) •
Jo Jo

Let us dérive estimâtes for Kt. Thus we have

I Kx | g f | ̂  L " J'i, L I-b» L + ̂  lTm - 2 z0 | rfx2 ̂
Jo

r r1 "i1^2 r r1 ~l1/2

^ I I (y. lr„ - yn I J 2 dx2 I y (y. Ir. + yn |ïm - 2 z0)2 dx2J , (1.29)

â 3 f [( j,„ | r J
2 + (yn U

2 + 4 z2] dx2 ^ C , (1.31)
Jo

vol. 16, n°4, 1982



362 I. HLAVACEK, J. NECAS

where C is independent of all suffidently great n,myn > no(m). Indeed,

[ (y„ IrJ2 dx2 S { f (y„ |r„ - z0)
2 dx2 + f z% dx2] g C4 ,

Jo LJo Jo J

since yn generate a minimizing séquence J4{yn). Furthermore, using (1.30),
we may write

1
1

(yn lvJ2 dxi ^
o

1 /»1

(y„ \Tf dx2 + f (j,. |7m - y„ | rJ2 dx2\ ^ 2 C4 + C5

and we arrive at (1.31).
Consequently,

lim X 1 = 0 for n - > o o , m ^ o o , n > no(m) (1.32)

follows from (1.29), (1.30), (1.31) and (1.9).
Since the intégral

Jo
- z0)2 dx2

is g. weakly lower semi-continuous functional in Hl(Gm\ we have for any
m > a~x

l i m i n f X 2 ^ 0 . (1.33)
n—• oo

Finally,

( y L - J ' l r ) ( y l Y m + 3 ' l r - 2 z o
Jo

-.1
2̂

J'
Jo ^ C[" \ L - 3̂  ir)2 ^ 2 | ^ 0 for m -* 00 (1.34)

follows from Theorem 4.6 in chapter 2 of the book [3].
Using (1.28), (1.32), (1.33) and (1.34), we obtain

lim (J4(WB) - J4(i>)) ^ 0

for a subsequence { w„ }.

R A I R O Analyse numérique/Numencal Anaiysis



OPTIMIZATION OF DOMAIN 363

Hence
Uv) S lim J 4 K ) = inf J4(w)

Wad

and only the equality sign may take place, since v e %d. Q.E.D.

Theorem 1 is now an easy conséquence of Lemma 1.3 and of the équation

lim föwn) = inf 3 » .

2. APPROXIMATE SOLUTION BY FINITE ELEMENTS

The problems (Pt) have to be solved approximately. To this end we follow
the approach of Begis and Glowinski [2], transforming each of the problems
(P() into an equivalent one with the state problem defïned on a fixed square
domain and then employing bilinear finite éléments on a uniform mesh. The
unknown part of the boundary is sought among continuous piecewise linear
functions.

Thus let N be a positive integer and h = l/N. Dénote by eJ9j — 1,..., N,
the interval [( j — 1) hjh~\ and introducé the set

* o S = { w f c e * f l d | w J e j e P 1 V;}

where Px dénotes the space of linear polynomials.
Let Qh dénote the domain bounded by the graph Th of the fonction wh s %h

d,
Le. nh = Q(why

Wedefine:Q = (0,1) x (0,1),

= (Flh,F2h),

Note that each KtJ is a trapezoid and

where Öi = { P I P = P(*u *2) = a00 + ^io ^i + aoi ^2 + a n ^1 ^2 } d e "
notes the space of bilinear polynomials.

vol 16, n° 4, 1982



364 I. HLAVÂCEK, J. NECAS

Let us consider the problem (1.6) on the domain Qh. To approximate K(wh)
we introducé the set

Kh = {zh\zhe K{wh) n C( fU zh o Fh \kij e Qx \fij } .

Let us define the finite element approximations of (1.6) as the solution
yh e Kh of (1.6) on Q,h for any zh e Kh. Instead of (1.6), however, it is more sui-
table to solve numerically an equivalent problem on Ù, which is obtained by the
transformation (2.1) of the intégrais in (1.6). Thus we arrive at the inequality

«K ; h* h - h) ^ L K ; h - h) vfh e kh, (2.2)
where

9H = yh ° Fh e Kh,

f f 1 d^ 5f* 4 _ ^ w*5^ ô^
Jn Lwh d x i ôxi \ wh dxt dx2

1 dx

= { f J zh e C(Û\ zh | ktj e Q , VU", ffc ^ 0 o n f, zh = 0onÔÛ-f},

f = { ( x l s x 2 ) I x x = 1 , 0 ^ x 2 g l } .

To simplify further the calculations, we introducé approximate forms ah

and Z ,̂ as follows :

1 dy» dî»

where
ôx

L(w - t ) = - y wit) y
h\wh> h) 4 j L t

 Wh\hj) ^

where P^ k = 1,..., 4, are the vertices of KtJ (1).

In case that ƒ is not continuous, we replace ƒ (P*) by the mean value of ƒ over the set

R A I R O Analyse numerique/Numencal Analysis
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OPTIMIZATION OF DOMAIN 365

We replace (2.2) by the inequality

ûfcK ; jk h - h) ^ L * K ; f* - h) Xzh
 e ^ • (2-3)

Moreover, the cost functionals ?t will be replaced by the approximate func-
tionals :

*i*K) - AftK;h) = % I w,(y £ (J^P*) - z0)
2

 f (2.4)
4 i ,;=l k = l

Note that among the functionals #t only J3 is integrated without loss of
accuracy, i.e.

Jo Jo
(2.4')

We then solve the problem ;

(Plh) Ï&M = min &„(*/,,), i = 1, 2, 3 ,

where 3lh are defïned by means of the formulae (2.4) and yh G Kh are solutions
of (2.3).

3. CONVERGENCE OF FINITE ELEMENT APPROXIMATIONS

We are going to show that a subsequence { uh} of the approximate solutions
exists, which converges in some sensé to a solution of the continuous problem
(P()s i = 1, 2, 3. In several points of the argument we use the results of Begis
andGlowinski [1].

First we prove an important lemma.

LEMMA 3 . 1 : Suppose that f e C1(Qp) and a séquence { vh }, vh e ^ , converges
uniformly to afunction v. Let yh be the solution of the inequality (2.3) for wh = vh

and yh = yh o F ," 1 . Moreover, let y(v) be the solution of the problem (1.6) for
w = v on the domain Q = Q(v).

Then for any integer m > a'1 a subsequence {yh} exists such that

(3.1)
where

x2)\0 < xt < v(x2) - - , 0

vol 16, n°4, 1982



366 I. HLAVÂCEK, J. NECAS

Proof : First let us show that (2.3) has a unique solution. In fact, one can
dérive that (see [1], Proposition 6.1)

ah(^hlêh9zh)^ " r 2 l*JÎ , f i V ^ V w . e ^ V z . e H 1 ^ ) . (3.2)
1 + P + ci

Since the set Kh is convex, the inequality (2.3) is equivalent with the problem
of minimizing the functional

I (z)--a(w 'z z) - L (w ~)

over the set Xh. From (3.2), (3.5) and the Friedrichs inequality

|| zh \\oA ^C\zh\lAVzheH1{U)suchthatzh(0,x2) = 0, (3.3)

we conclude that Ih is coercive on Kh and convex. Using also its continuity and
the closedness of Kh, the existence of a solution follows. The uniqueness is a
conséquence of (3.2) and the Friedrichs inequality.

Let us insert zh = 0 and zh = 2 yh into (2.3), respectively. Thus we obtain

ah(vh;yh9yh) - Lh(vh;yh). (3.4)

It is easy to show that if ƒ e C(Q), then

| L ^ , j ? , ) | ^ p | | f \ \ c \ \ y h \ \ O i Q . (3.5)

Using (3.2), (3.4), (3.5) and (3.3), we obtain

\9kWfi£c v ^ <3-6)

Since it holds for any h > 0

Co t yh \ l , a h S I y h \ U £ C 2 \ y h \ 2
1 A (3.7)

(see [1], Proposition 5.1), we may also write

\yh\îA£C Vfc.

The Friedrichs inequality in Qh yields

\\yh\\iah^C Vfc, (3.8)

where C is independent of h,

R A I R.O Analyse numénque/Numencal Analysis
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Argumg as in the proof of Theorem 1, we deduce that a subsequence of { yh },
which will be denoted by the same symbol, and a function y° e H1(Q) exist
such that for any m > OL~ l

yh-y°\Gm in H^GJ (weakly) (3 9)

The same argument as the proof of Lemma 1 1 leads to the conclusion that
the trace of v° on F = T(v) is non-negative

Let us show that y° = y(v), i e j ; 0 satisfies the mequahty (1 6) on Q = Q(v)
and y° e K(v) The latter assertion follows from the closedness of V(Gm) (see

the proof of Lemma 1 2 (i)) and (3 9) Itremainstoprove(l 6)
Let z e K{v) A function w e H l(O.$) exists such that

w = z on dQ, w = 0 on <3Qp,

w ^ 0 a e m Qp

Extending w by zero outside Qp, shrmkmg and regulanzmg, we obtam
functions R^ w such that

^ w e ^ ( Q p ) , R* w ^ 0 m Q p ,

l l ^ v v - w | | 1 Q p ^ 0 for je^O

Then Z = z — weHo(Q) and therefore functions Zke CQ°(Q) exist such that

HZ* - Z l l i Q - * 0 for /c->oo

Let us define functions ®f m Qp such that

of = Rj? w \a + Zk m Q ,

<s>f = R^ w in Qp — Q

Then obviously

©f ^ 0 in Qp - Gm , if l/m < rffe = dist (r, supp Zk), (3 10)

I K - ^ Hl fi = II K* W + Zfc - Z - W Hl f2 ^

^ | | K j r w - w | | i n + | | Z k - Z | | i n - 0 for ^ ^ 0 , k^cx ) (3 11)

Next let (D,J be the interpolate of ©f on the mesh Jf ft, i e a function such that

®h(p) = ®f(p) at all nodes of the mesh X*h ,
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It is readily seen that <ph e Kh for suffîciently small h, since Th ci Qp — Gm

holds for such h.
From the regularity of the family {Jfh}, 0 < h < 1 of meshes (see [1],

Lemma 7.2) it follows (see [2]) that

#l l < P * - < P f

Next let us estimate the différence

(3.12)

Lh(vh • zh) - f»
Jn

N

N r r

s I

4

fc =

^X

, Ir
1

where J^ = /z^ and gh ^ is the piecewise constant function, equal to
over each of the subdomain (P(P^). Since

I Qh -r —

and

we obtain, using also (3.3),

Jâ

(3.12)

(3.13)

An analogous argument yields

\ <*h(vh ; yh, zh) - a ( i ? h ; yh, zh) \ ^ C h \ yh \lA \ zh \lA (3.14)

Vj)hs 4 e / f 1 ^ ) such that yh(0, x2) = fh(0, x2) = 0 .

Since ©h = oh o Fh e Kh, we have

fl(«fc ; ^ ? Çfc - Pu) = (3.16)
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Therefore we may write

- yh) dx = ah(vh, yh, êh - yh) +

369

UA><Ô* - h) -

Jah L Jn

+ [a(üfc> S*, ôfc - y j - ah{vh, j?fc, ©h - j?J]

Passing to the limit with h -• 0, we obtam for any m > a~x

Vy°.V©f dx ,1
(3 17)

(3 18)

by virtue of (3 9) and (3 12), furthermore

f <
^ C II R# w |tci(â

since it is readily seen that m Qh — Q we have

(3 19)

max .w | | c l ( 5 i 0 , r - 1,2

Finally, we can wnte for m > l/dk

^ C\(Dh lin_Gm =
(Q - Gm) n

(3 20)

Combinmg (3 18), (3 19) and (3 20), we obtam for any m > l/dk, any Jf
and k

hm sup ( —
*-o (-L - limsup<J - Vyh.Vwhdx-

V/.Vcof dx -^ - f
JG

, (3 21)

where C^ dépends on Jf but not on m

vol 16 nM 1982



370 I HLAVÂCEK, J NECAS

In a similar way we get

I IOO-G M . (3 22)hm sup — fvh dx ^ — fy° dx — C o

C C C
hm foh dx = hm foh dx = fiof dx , (3 23)

where the estimate (3 12) has also been used
From(3 17)itfollows

+ Lfc(üh, ©h - j?h) - uh /(ô fc - y h ) dx

+ [a(üfc, yfc, 6fc - yh) - ah(vh, êh - j;h)]

For ft -* 0 we obtam, on the basis of (3 13), (3 14), (3 9), (3 21), (3 22) and

(3 23)

- f \Vy° |2 dx Z lm sup f- f | Vyh |
2 dx\ ^

V/.Vof ax - C^/v^

f / / d x - Coo H J ilo n - G m

Applymg (3 13) and (3 14), we have used the estimate

I ®h - 9h li a â Cfĉ r < oo VA ,

which in turn is an easy conséquence of (3 6), (3 7) (for oh) and (3 12)
Passing to the limit with m -> oo, we obtain

f Vy°.V(v? - y°)dx £ f ƒ « - y°)dx
JQ Jn

Fmally, we let Jf -• 0 and /c -> oo to get from (3 11)

r
V/.V(z - y°)dx ^ ƒ(z - y°)dx QED
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LEMMA 3 . 2 : Let the assumptions of Lemma 3.1 hold. Then a subsequence of
{ vh} exists such that

lim -iM) = Uv), « = 1, 2, 3 .

Proof : Let i — 1. Using the functions #h yh and piecewise constant functions
ph vh9 which equal to i?h(^) in every subinterval ejS we' may write

f
"y" kphvh

From the estimate (see [1], (7.34))

\\9h9h - 9H\\OA ^

and (3.6) we dérive easily that

l i m J l h ( v h ; yh) = l i m \ y h - z ö \
2 vh dx . (3.24)

On the other hand, recall that

f r
I A - z o I2 ^ ^ = (yh - Zo)2 <*x =

Jn Jnh

= f U - ^o)2 ^ + f ( ^ " z0)2 dx . (3.25)

From the Rellich's theorem and Lemma 3.1 we get

lim [ (yh - 20)2 dx = [ (y(v) - z0)
2 dx . (3.26)

Second, we prove that

lim f ( ^ - z o ) 2 ^ x ^ 0 . (3.27)

Recall that the curve Fh~
1(ym) is the graph of the function

vh(x2)
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lim | \\fhm — 1 | -> O uniformly .
O

(3.28)

(yh ~ zo)2 dx = \ vh dx2 (yh - zof dxx ^
J n h - G m Ju J\|/hm(X2)

S P f (yh - zof dx = CP(mes Vhm)"2 U (yh - z0)4 àxT* ,

where

- zo

- GJ. Since

- zo llisn S oo Vfc

and mes Vhm tends to zero by virtue of (3.28), (3.27) is true. From (3.24),
(3.25), (3.26) and (3.27), the assertion of the Lemma follows.

Let i = 2. According to (2.4) and (3.4), (3.13) we may write

lim %2h(vh) = lim ah(vh, yh, yh) - lim Lh(vh, j /J =

f f
- lim vh fyh dx = lim fyh dx .

Since

f /J>* dx = f /^ ix + f

and from (3.8) it follows that

lim
h-+Q

m-*oo Jnh-(
lim

we obtain

Ç Ç f
lim fyh dx = fy(v) dx = \ \

Let Ï = 3. Recall that we have (see (2.4'))

lrh
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