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STABILIZED FINITE ELEMENT METHODS
FOR MISCIBLE DISPLACEMENT IN POROUS MEDIA (*)

by YUTING WEI (1)

Communicated by J. DouGLAs Jr

Abstract — In this paper, we shall derive a new model for the miscible displacement of one
incompressible fluid by another in porous media using simple physical conservation laws For a
dilute mixture in which the density can be approximated by a constant, this new model reduces
to the standard one used for the last decade The model 1s governed by a nonlinear system
consisting of pressure and concentration equations The pressure equation is elliptic, while the
concentration equation is parabolic but normally convection-dominated We then present and
analyze some extensions of the stabilized finite element methods that have been developed for
steady convection-diffusion problems to the systems of miscible displacement The analysis is
first given to the concentration equation for a given velocity field, and then extended to the
general case where the velocity is obtained by solving pressure equations with a mixed finite
element method In both cases, the stabilities and error estimates are given

Résumé — Dans cet article, nous présentons un nouveau modele pour le déplacement
nuscible d’un fluide incompressible par un autre dans les milieux poreux utilisant des lois
simples physiques de conservation Pour un mélange dilué dans lequel la densité peut étre
approchée par une constante, ce nouveau modele se réduit a celur utilisé depuis ces dix
derniéres années Le modeéle est déciit par un systeme non inéaire composé des équations de la
pression et de la concentration L’équation de la pression est elliptique tandis que I’ équation de
la concentration est parabolique, mais normalement dominée par la convexion Nous
présentons et analysons quelques extensions au systeme de déplacement miscible des méthodes
d’éléments finis stabilisées qui ont été développées pour les problémes de convexion-diffusion
stationnaires On considére d’ abord I'équation de la concentration pour un champ de vitesse
donné puis le cas général ou la vitesse est obtenue par la résolution de I’ équation de la pression
par une méthode d’éléments finis mixtes Dans les deux cas, on donne les estimations de la
stabuité et de I'erreur
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612 Y WEI

1 INTRODUCTION

The numerical sumulation of fluid displacement processes in porous media
has been widely applied 1n analyzing petroleum recovery Miscible displace
ment of one fluid by another 1s one such recovery process that has attracted
considerable attention 1n the petroleum industry It involves injection of a
solvent at certain (injection) wells 1n a petroleum reservoir, with the intention
of displacing the resident o1l to other (production) wells ([15])

The standard model for this process derived several year ago has been used
n the series of papers written by Douglas, Ewing, Russell, Wheeler, and
others [9], [10], [15], [16] and [32] Recently Douglas et al [11] derived a
new model using the homogenization theory after finding that the old model
1§ correct only for the special dilute mixture 1n which density 1s approximately
a constant Here we shall rederive this new model based only on simple
physical conservation laws, which may give us better interpretations for the
Darcy’s velocity and concentration As we shall see later, the new model,
which consists of one parabolic equation for the concentration and one
elliptic equation for the pressure, coincides with the old model for a dilute
mixture The concentration equation 1s usually convection-dominated and
difficult to solve There have been many numerical methods developed to
solve these types of equations

It 1s known that for the convection-dominated problems, standard finite
element and fimte difference methods often exhibit nonphysical oscillation
because they are designed for problems with smooth solutions, as occur
when diffusion dominates convection Upwind schemes are first used to
stabilize convective flow, especially in reservoir simulation (see references
1 [25]) These methods suppress the oscillations by incorporating artificial
diffusion and often reduce over- and undershooting effects However, these
methods may introduce numerical diffusion of the first order 1n the spatial
grid size and can smear out sharp fronts and produce solutions that strongly
depend on the orientation of the difference grid relative to the direction of the
streamlines of the flow

By noting the almost hyperbolic nature of these problems, Douglas er al
([13]) proposed and analyzed an approximation method for convective flow
based on the characteristics of the hyperbolic part of the differential equation
This method was later applied successfully to the modeling of miscible
displacement 1n porous media when combined with a variety of approxi-
mation techniques for the pressure equation , (see [7, 8, 14, 16, 17], and [32]
for the formulation and analysis for some of these procedures)

Godunov schemes are often used in the numerical approximations of
conservation laws Recently, Dawson ([6]) used an operator-splitting
technique to split the convection-diffusion problem into two parts, convective
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FINITE ELEMENT FOR DISPLACEMENT IN POROUS MEDIA 613

and diffusive. He then applied a Godunov scheme to the convective part and
a mixed method to the diffusive part, and obtained a maximum principle and
L? estimates.

Since the convective part possesses hyperbolic features, it is natural to
look at some successful schemes for hyperbolic conservation laws. Recently,
several high resolution schemes have been invented for scalar conservation
laws with nonlinear fluxes; examples include TVD (Total Variation
Diminishing) [28], TVB (Total Variation Bounded) [33], and ENO (Essen-
tially NonOscillatory) [21]. The schemes have been shown theoretically and
numerically to converge to entropy solutions and are usually stable with
respect to total variation; hence, they can capture sharp fronts without
introducing oscillation.

Further, Cockburn et al. ([5]) combined Discontinuous Galerkin Methods,
first introduced by LeSaint and Raviart in 1974, for solving the neutron
transport equation, with Runge-Kutta methods for time stepping to approxi-
mate conservation laws. These schemes have been shown to be total
variation bounded. One advantage of such schemes over TVD, TVB, or
ENO schemes is that they can handle more complex boundary data in
multidimensional spaces. These schemes are more local in the sense that
higher orders are achieved by involving more moments in a single cell,
instead of using neighboring cells.

By using splitting techniques as described in [6], Wei ([35]) recently
combined a discontinuous Galerkin finite element method with a mixed finite
element procedure for a convection-dominated diffusion problem. The
combination of these two schemes is natural because both are based on a
weak form of the differential equation and utilize discontinuous approxi-
mation spaces. The main results were the derivation of a maximum principle,
L? error estimates, and the TVD property.

Stabilized methods for an advective problem were introduced by Hughes
and Brooks ([22]), ([23]), ([4]), who referred to these methods as SUPG
(Streamline-Upwind-Petrov-Galerkin) methods. Later, Johnson et al. (see
references in [26]) gave a convergence analysis for these methods ; they
referred to them as SD (Streamline-Diffusion) methods. More recently, a
canonical form for these methods was given by Hughes et al. ([24]), who
called them GLS (Galerkin-Least-Square) methods, and further improve-
ments were suggested by Franca et al. ([19, 18]), where a new terminology,
SFM (Stabilized-Finite-Method), was introduced. The technique to be
studied for the miscible displacement problem in this paper is closely related
to this collection of stabilized procedures.

This paper is organized as follows. In the next section, we shall derive our
model for the incompressible miscible displacement of one fluid by another.
Our model, derived by homogenization theory in [11], is slightly different
from the one used in {10], [9], and [15].
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614 Y WEI

Our primary concern 1s the approximation of the concentration In § 3, asa
first step, we apply stabilized methods to the concentration equation with a
given velocity field , 1 e, the pressure equation 1s assumed to have been
solved independently of the concentration equation We demonstrate stability
and convergence results similar to those obtained 1n [18] and [19] for linear
problems

Finally, we extend the results above to the coupled miscible displacement
system by approximating the concentration equation by stabilized methods
and the pressure equation with mixed finite element methods

We shall use the following notation throughout this paper

Notation :
02 < R? The domain
I = 1[0, T,] The time 1nterval
S, =4 xI,,
Wk P(2) Standard Sobolev spaces
lleell, p 0= [l 2] e Py’

|wmm=f N2, ,dr,
I

m

”“”k o= ||u||k 20
:
2
nummT=(f|wm2Tw),
Im
lu,, = [luC.. D], , -

Iut lm = hm “u(', t)”o o

tty

(u,v):J u.vdx,
2]

<u’ v>m: (M(., tm)’ U(., tm));

u, = lhm u(.,t)

toty,

2. DERIVATION OF THE MODEL

We shall begin by giving a brief derivation of our miscibie displacement
model, derived onginally 1n [11] by homogemzation Here, we rederive the
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FINITE ELEMENT FOR DISPLACEMENT IN POROUS MEDIA 615

model using only simple physical conservation laws We use the notation of

[1]
2.1. Conservation laws in a fluid continuum

Consider a system composed of a mixture of N chemical species, with
each species forming a continuum Different continua may occupy the same
portion of space at the same time, so long as they represent different species
Let dU be a REV (Representative Elementary Volume) of the multispecies
system Let dm, and dm denote the instantaneous masses of the species «
and the flmd system, respectively, in the REV dU We may then define a
mass density p, of the species « as the mass of the species « per unit volume
of fluid solution as follows

dm, 21
Pa W ( )
It follows that
N N dma N dm
AZI pa azl dU (azl dma )/ dU g ( )

where p 1s the density of the system

In general, the velocity of species a will be different than that of the fluid
system The velocity u, at a point P (with respect to a fixed coordinate
system) 1s defined as the average velocity within dU of the individual
molecules of the species a Several kinds of averaged velocities can be
defined for the system as a whole The most common are the mass-averaged
velocity #” and volume-averaged velocity u°, which are defined as follows

" (zpu)/z po= (zpaua>/p= Y @,y 23)

I

a -1
N
W= Y pavau,. 24
a 1

where w, 15 called the mass fraction of species «, defined as

Po d
wo=—=, Y oo,=1, (2 5)
p a=1

v, 1s the partial specific volume The velocity u™ 1s often interpreted as

momentum per unit mass, since pu™ represents the momentum per unit
volume
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616 Y WEI

In a homogeneous incompressible single-species fluid, (N =1, and
Po=p) U, = u" = u’ In general, these velocities differ both in direction
and magmtude The differences

uy = u, —u™

and ), =u, —u’ 2 6)
are diffusive velocities of the species a with respect to the mass-averaged
and volume-averaged velocities, respectively Similarly,

p U =po(u, —u™) and p, i =p,(u, —u’) 27
are diffusive mass fluxes of the species a with respect to the mass averaged
velocity and volume-averaged velocities, respectively

In a binary mixture, Fick’s law ([1, 2]) relates the diffusive mass fluxes of
the species to the diffusivity of the system by

m

pnl_’ia pa(ua—um)‘:_pszﬂV(‘)u7 (28)

v

P o U, Py —~u")y=-D,sVp,, 29

Il

I

where D,z 1s the binary diffusivity
For a species a of a multicomponent system, mass conservation gives

op,
ot

+V'(paua)21a’ (210)

where I, 15 the production rate by the chemical reactions of species « per unit
volume of the system

For simplicity, we restrict our analysis below to a binary mixture system of
species a and 8 Combining (2 8), (2 9), and (2 10), we can write the mass
conservation for species « 1n terms of mass- and volume-averaged velocities

ap,
L+ V. (p "~ pD oy Vo) = I, @11
ap,
ot +V'(pauu—DaBVpa):Ia (212)

The similar equations hold for species 8 Adding (2 11) and (2 12) to the
corresponding equations for B species, respectively, gives the mass conser
vations of the whole system in terms of the mass and volume-averaged
velocities as

P V. (pu™y =1, 2 13)
ot
Z—sz.(pu”—Da,ng):I, 2 14)
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FINITF FI EMENT FOR DISPLACEMENT IN POROUS MEDIA 617

where I = I, + I 4 is the mass production rate of the system per unit volume.
By the equations above, we see that the mass- and volume-averaged
velocities are related by

u’"—u”:—%Daﬁ Vp . (2.15)

2.2. Transport equations in porous media

The conservation laws for a fluid system in a continuum described in the
last section extend easily to the incompressible miscible displacement of one
component, «, by another, B, in a porous medium by using volume-
averaging techniques or homogenization ([11]) :

9p .

¢+ V. (0" = pDVw,)=4q,, (2.16)
ap,

¢ = +V.(p,u"=DVp,)=gq,, (2.17)

with similar equations holding true for B species, and it follows that for the
whole system, we have

0
¢ —a’; +V.(pu")=q, (2.18)
ap v

where ¢ is the porosity of the porous medium, g, = ¢, is a source of
species « and g = g, + gg, and

D =¢D,,, (2.20)

where, for the moment, the effect of hydrodynamic dispersion is ignored and
only molecular diffusion is considered.

As in (2.15), (2.18) and (2.19) imply that the volume-averaged velocity
u’ and mass-averaged velocity ™ are related by

u’ =u" + lD Vo . (2.21)
P

The conservation laws (2.16)-(2.17), expressed in terms of densities, are
not easy to use. More convenient forms are often written in terms of
concentrations, which can be mass concentrations (mass fractions), volumet-
ric concentrations (volume fractions), or molar concentrations (mole frac-
tions) ([2]). In the following, we give a specific definition [31] of
concentration and then derive equations.
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In addition to limiting ourselves to a binary mixture, we assume that the
mixture 15 imncompressible and that there are two « end point » (reference)
mixtures 1 and 2, which have known composition p, , and p, 4z and
constant densities p,

PL=P1rat+P1rpgs P2=PratPrg,: (2 22)
PraParp—P1pPra#*0

‘We further assume that our mixture 1s combined from these two « end point »
muxtures by taking volumes v, of mixture 1 and v, of mixture 2 Suppose that
mixing takes place at constant temperature and pressure and without
changing volume Then, the mixture has a volume v = v; + v, Now, define
the concentration ¢ as the volumetric fraction of muxture 1 (31])

3} Uy

C = — =

v v+,

(2 23)

Then the mass m, and density p, of the species a 1n the mixture can be
written 1n term of reference densities as follows

My = P oV + Py 40, (2 24)

Po = = =P1aCt+tpPr,(1-0) (2 25)

my PLalitPrals
v v

Simaularly, we can write the equation tor species 8 It follows that the density
p of the mixture can be written as

pP=ps+pg=pic+p(1-c)=p(1+0c),
o=(p;-p)p) ", (2 26)
which 1s the equation of state for the mixture under our assumptions that 1t 1s
mcompressible and mixed without changing volumes Now, substituting

(2 25) and the similar equation for the species B into (2 16)-(2 17), and
noting that p; ,, Py g, P2 o> and p, ; are all constants, we have

0 —
qb—a—j+V.<cu”’—pDV§>=ql, (227)

9(l — m 1— -
¢>(a—tc)+V.((1—c)u —-pDV pc)=q2, (2 28)
¢%+V.(CMD—DVC)261’ 229

a1 — ) 1 - _
¢(a—tC)+V.((1—c)u DV pc)zqz, 2 30)
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FINITE ELEMENT FOR DISPLACEMENT IN POROUS MEDIA 619

where g,, g, are the volumetric production rates of mixture 1 and mixture 2,
respectively, given by
_ Pz,qux—Pz,aCIﬁ

q1 = , (2.31)
P1,aP2,8—P2,aP1,8

— _p qa+p
gy = —=F Lede (2.32)
PrLaP2,p—P2,aP1,8

Using (2.26), and adding (2.27) to (2.28) and (2.29) to (2.30), we can rewrite
the system above as

oc 1 -

—_— V. m = ) 2'
¢+ (cu ——D VC) 7 (2.33)
v. (u"‘+ g DVc) -7, (2.34)

1+ oc
b 2_5 +V. (cl’ —DVe) =gy, (2.35)
V.u'=g, (2.36)

where g = g, + g,. It is interesting to see that we have obtained two sets of

concentration equations, one in terms of mass-averaged velocity (2.33)-
(2.34) and the other in terms of volume-averaged velocity (2.35)-(2.36).
These two forms are equivalent through (2.21), which can now be written as

ag
1+ oc

u"=u”‘+%DVp=u”‘+ D Ve. 2.37)

The main point in the derivation above is to clarify ™ and u’. The relation
between the velocity of a fluid flow in a porous medium and some potential
gradient, is usually called Darcy’s law, can be derived from the Navier-
Stokes equations by volume averaging or homogenization ([11]). Since the
Navier-Stokes equations are momentum equations, the Darcy velocity can be
expected to be a mass-averaged velocity. Thus,

k
u’"=—;(Vp-pg), (2.38)

where u = u (c) and p are the viscosity and the pressure in the fluid mixture,
respectively ; £ is the permeability of the porous medium, and g is the
downward-pointing gravity acceleration vector. By (2.37), the volume-
averaged velocity is given by

o

1+

v

k
w=—-—(p-pg)+
Mm

D Ve. (2.39)
gc
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We see that ™ and " are different if o - 0 When o =~ 0, a special case
corresponding to a dilute mixture whose density 1s approximately a constant,
then ™ = u’ = u The two sets of concentration equations coincide, and the
governing equations (2 33)-(2 39) can be summarized as

¢%§+V.(cu—DVc):Z11, @ 40)

V.u=7, @ 41)
K

u=—;(VP—P9) (2 42)

The system (2 40)-(2 42) 1s the miscible displacement model used in
reservolr simulations by many authors ({12, 10, 9])

As mentioned earlier, besides the volume fraction defined by (2 23), the
concentration can also be defined as the mass fraction of a species

m, My, Pg
¥F=—=—=—=w, (2 43)
m, + mg m p
It follows that
P, =pc*,

pﬁ—’:P(l—C*)

Using the two equations above 1n conservation laws (2 16)-(2 17) for species
a and B yields

¢ ("”;:*)+V. (pc* u™ — pD Vec*) = g, , (2 44)
é (ap(laZ—C*))+V_ (1 —c*)u"—pDV( —c*))=qy, (245)
¢-(a—/;;:2+V.(pc*u"—DVPC*)=q¢x’ (2 46)
62U v pU-chw DV -c")=q  @247)

These equations, together with Darcy’s law, form the model for miscible
displacement in porous media But this system 1s not closed without the
equation of state, whach 1s a relation between p and ¢ for an incompressible
muxture like (2 26), or a relation among p, ¢, and p for a compressible
mixture For the special dilute mixture where p can be approximated by a
constant, Darcy’s law, and the fact that u™ = u” =~ u, allows us to write the
system (2 44)-(2 47) above as

aC* * * *
¢ ——+V.(c*u-DVc*)=qr, (2 48)
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V.u=gqg*, (2.49)

k
u=—;(VP—pg), (2.50)

where ¢ = q,/p, and ¢* = q} + qj . This system, first derived in [29], is
widely used in reservoir simulation ([15, 30]). We note that for a dilute
miscible displacement, the two models (2.27)-(2.30) and (2.44)-(2.47)
reduce to (2.40)-(2.42) and (2.48)-(2.50), respectively. It is easy to see that
the simplified forms (2.40)-(2.42) and (2.48)-(2.50) have the same form
except for the source terms on the right hand sides which have different
interpretations : the former, g,, is a volumetric production rate of mixture 1,

one of the two « end-point » reference mixtures, while the latter, g, is a
volumetric production rate of species «, one of two components in the
mixture.

As previously mentioned, the analysis above is given under the condition
that hydrodynamic dispersion is ignored and only molecular diffusion is
considered (this is a reasonable assumption only if the fluid velocity is very
small). Otherwise, a dispersion term that takes into account the mechanical
mixing caused by heterogeneities in the porous medium has to be included in
the model. Peaceman [30] suggested a dispersion tensor D in the form

D=D(u)=d,,,1+|u|{dgE(u)+thL(u)}, (2.51)

where d,, dp, and d, are, respectively, the molecular, longitudinal, and
transverse diffusion constants, / the identity transformation, E(u) the
projection in the direction of the flow, and E* () the projection on the
orthogonal complement of the flow vector; i.e.,

E u, u

i ]

" Tap

Lo (2.52)
E () =1 —-E@).

We remark here that in reality the longitudinal diffusion constant dy is larger
than the transverse diffusion constant d,, and we shall make this assumption
in the following analysis.

The new term

1 _foc D Vc appearing in (2.34) would cause many
difficulties in the analysis that follows. In this paper, we shall restrict our
study to the special case of a dilute mixture, so that o = O and all models

considered above coincide and can be written as

¢Z—j+V.(uc—D(u)Vc):Eq, (2.53)

V.u=gqg, (2.54)
k

=T (Vp—-p(c)g). (2.55)
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The right-hand side term g on (2.53) is the external source which can be
written as

q9=49 — 45> (2-56)

where g, = max (0, ¢) = 0 and g, = max (0, — g) = O are the flow rates at
injection and production wells, respectively, and ¢ is given by

Cc =

- {cl at injection well , where ¢ =¢q,=0, 2.57)

¢ at production wells, where g=-¢,=<0,

and where ¢, is the given concentration of the injected fluid and
D (u) is given by (2.51).

For simpler analysis, we assume the following homogeneous boundary
conditions :

c=0 on 92 xI1, (2.58)
u.n=0, on a2 xI. (2.59)

Finally, it is necessary to specify the initial concentration,
c(x,0) =co(x). (2.60)

The purpose of this work is to define and analyze an appropriate discrete
approximation method for the problem (2.53)-(2.60). We assume that all data
functions, including ¢, which in reality is nonzero (and nonsmooth) only at
wells, are smooth.

3. STABILIZED METHODS FOR CONCENTRATION EQUATIONS

In this section, we combine the time-discontinuous Galerkin methods
developed by Johnson et al. ([26]) with the stabilized techniques advocated
by Hughes and Franca to study a stabilized method for the concentration
equation (2.53), which we simplify here as

oc

§+M.VC—V. Dw)Ve) = fx), 3.1

with a given smooth velocity field u that satisfies

V.u=0 in 0, (3.2)
u.n=0 on a£, (3.3)

where, in this section, we take ¢ = 1 in the concentration equation without
loss of generality.
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