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MATHEMATICAL MODELLING AND NUMERICAL ANALYSIS
MODELISATION MATHEMATIQUE ET ANALYSE NUMERIQUE

(Vol 31 n° 2 1997 p 185 a 212)

NON-UN1QUENESS AND LINEAR STABILITY OF THE ONE-DIMENSIONAL
FLOW OF MULTIPLE VISCOELASTIC FLUIDS (*)

by Hervé LE MEUR (0

Abstract — In the present paper we study the Couette and Poiseuille flows of multiple
viscoelastic fluids for varions constitutive laws We fitst dis eus s the range of parameters that
ensute uniqueness for such flows Then we study the linear stability of the Couette flow fot the
Phan Thien Tanner and modified Phan Thien Tanner models

Resumé —Dans cet article nous étudions les écoulements de Poiseuille et de Couette de
plusieurs fluides viscoelastiques pour différentes lois constitutives Nous donnons des limites aux
conditions d unicité pour le modèle de Johnson Segalman (plan et axisymeti ique) ceux de
Phan Thien Tanne) (PTT) et Phan Thien Tanner Modifie (MPTT) Enfin nous étudions la
stabilité lineaire de l écoulement de Couette d un fluide de type PTT ou MPTT

1 INTRODUCTION

The study of flows of multiple viscoelastic fluids is of a great industrial
importance Let us, for instance, recall the problem of coextrusion of two or
more maten al s in order to produce bicomponent fibers with spécifie properties,
or the one of transportation of oils, gums, usmg the lubncating effect

This paper is concerned with one dimensional motions of multiple Vis
coElastic Fluids (VEF) obeying a Johnson Segalman, Phan-Thien Tanner (PTT
[11]) or Modified Phan Thien Tanner (MPTT [12]) model We shall assume
that the total stress in each layer i can be decomposed mto

where p is the pressure, rfwl the solvent Newtonian viscosity, D[w'] the rate
of strain tensor and T' the extrastress tensor In each layer i, the constitutive law
satisfied by r' is assumed to be of the form

(*) Manuscript received October 30 1995 revised version received May 15 1996
(') CNRS and Université Pans XI Bât 425 91405 Orsay Cedex Heive LeMeur@maths u
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186 Hervé LE MEUR

where rfpol is the elastic viscosity (polymer contribution), ?! the relaxation time,
a a mathematical parameter in [- 1, 1] and 3 a{ . )/@rt the interpolated
Oldroyd derivative between the Upper Convected Maxwell ( a — 1 ) and the
Lower Convected Maxwell (a = — 1) derivatives :

i = ft + (M- V) 1-^2^(1 V̂  + ̂ r i ) - ^ - ^ ( | V / + Yi£i).

The scalar function g^(^£ ) will be either 1 for the Johnson Segalman model,
x/(>7^ + /7 / w / ) t r |Vfor the PTT one, or 1 + Ê 'A/( rjsol + r/pol ) tr | for

the MPTT one, where e'is a nonnegative parameter.
Among the numerous popular models, the strictly interpolated Johnson

Segalman ones (as ] — 1,1[) have an asset to the pure Maxwell one
( a = 1 ) since they have a bounded extra stress, whatever the shear stress
y may be. Moreover, they have a non-zero second normal stress différence,
which is seen ([7] for example) as more physical.

Let us first recall some mathematical results about these models and one
dimensional flows. The existence of the one-fluid Poiseuille/Couette flow for
an interpolated Johnson-Segalman fluid has been extensively described by
Guillopé and Saut [1]. Similarly to [2] they prove existence and uniqueness,
for any pressure gradient (Poiseuille flow) or upper plate velocity (Couette
flow), if the dimensionless polymer viscosity c = rjj)ot /( rjsal + rjjx)l ) is less
than 8/9. Beyond 8/9, uniqueness holds only for a limited range of parameters,
out of which, they find a continuüm of solutions which are continuous but not
C l . This modeling is drastically different from the case a= 1 (UCM) and
a - - 1 (LCM) where existence and uniqueness is always true. This
non-uniqueness remains for the PTT/MPTT models, as was already noticed in
[13].

In the same article [1], they study the one dimensional Lyapunov stability
of Couette flow and prove under some assumptions thc unconditional L2

stability of Couette flow and the conditional //" stability. These results are
based on projected équations and one dimensional perturbations, using stan-
dard a priori estimâtes methods. Their linear stability study of Couette flow
proves linear stability if either e is less than 8/9, or /; is greater than 8/9 with
some other restrictions on the flow parameters.

Furthermore, Guillopé and Saut show in [3] that, for a gênerai 2D flow, if
r, and the external force are small enough, then, therc exists a unique
asymptotically V stable solution.

In Section 2 of the present article, we intend to prove existence and
uniqueness (if c is less than 8/9) for the plane Poiseuille/Couette flows of
multiple VEF obeying a Johnson Segalman model. We also prove the bound-
edness of one dimensional perturbations for these flows, using a non-common
formulation. Section 3 is devoted to the same problem in axisymmetrie
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NON UNIQUENESS AND LINEAR STABILITY 187

geometry We also prove that the solution has a zero azimuthal velocity, and
provide explicit formulae Then, m Section 4, we investigate the problem of
existence and uniqueness for the plane Poiseuille/Couette flow of n VEF
obeymg a PTT [11] or an MPTT [12] model In particular, we give necessary
and sufficient conditions for the MPTT fluids and sufficient conditions for the
PTT ones to ensure uniqueness Moreover, we stress some drawbacks of these
models and propose a modification that éliminâtes them Fmally, in Section 5,
we prove some results on the spectrum of the linearized operator of the
Couette flow of a PTT or an MPTT fluid Last, we give sufficient conditions
for the spectrum to be on the nght side of the ïmaginary axis and conclude to
hnear stabihty, because of the analyticity of the underlymg semi-group

2 POISEUILLE/COUETTE FLOW IN A PLANE GEOMETRY

2.1. Modeling

In most expérimental dies, a piston pushes a fluid to the exit This surfassic
strength can be transformed into a volumic pressure gradient that forces the
fluid to flow This flow will be assumed invariant in x (we neglect the entrance
and the exit) so that the velocity dépends only on y e [0, yn+ï] In a pure
Poiseuille flow, there is zero boundary conditions, but there is a non-zero
pressure gradient, the so-called pressure drop dp/óx On the other hand, in a
pure shearmg flow (so-called Couette flow) there is no pressure gradient, but
the upper plate has a non zero velocity As m the Poiseuille case, the geometry
of a Couette flow is assumed to be invariant under x translations {see fig 1)
Invariance under x translations leads to an extrastress dependmg only on y For
both flows, the mcompressibihty and the adhésion on the flxed plate flnally
gives the représentation (u(y), 0 ) for the velocity

upper plate velocity j

pressure gradient

y

i

î

x

Figure 1 — Overall geometry
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188 Hervé LE MEUR

One may also consider flows of mixed type ([5] for example), where the
pressure gradient and the upper plate velocity are arbitrary. We will call such
flows Poiseuille/Couette flows.

The external forces other than the pressure one will be neglected
The dimensioned équations satisfied by the velocity u{y) = ( u(y)> 0),

pressure p and extrastress r are, in Q( :

4 - v«') - n\ol Ad + vP' = div | ' ,

where // is the density of the fluid /.
The interface conditions are of two types. The first one is provided by

physics ; the non-miscibility of the fluids gives the continuity of normal
velocities : u . n = wjnterface . n = u+ . n, where n is a unit normal from fluid
i to fluid i + 1. Furthermore, in présence of a viscosity, we can assume that
the tangential velocities are continuous. Finally, both components of the
velocity will be assumed to be continuous :

— I interface ~~ Ü I interface ' VZ^

The second type is provided by the variational formulations of the differ-
ential équations :

°. (3)
\~P{ + 2 nsol!llu\ +^.n = -2HSn, (4)

where 2 H is the curvature of the interface, 5 is a constant of surface tension
and I . | = ( . ), - ( . ) t + ! dénotes the jump from fluid i to fluid i + 1 The
équation (3) reduces to 0 = 0, with the physical hypothesis (2) exposed above
and all the interface conditions are (2) and (4).

Last, the boundary conditions are :

u(0) = 0; u{yn+]) = uwall. (5)

In order to make the above équations dimensioniess, we will use a char-
acteristic velocity Udlm and the following scales :

r "V "* / / ( \ , dim rrr dun //~\
Ldm = yn+i> i = Z,( n^a + n„„i ) ; '*„ = 77— ; ^dm = n j ~ . (6)

1 dim dtnt
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NON-UNIQUENESS AND LÏNEAR STABILITY 189

for the space, viscosity, time and stress variables respectively. In the sequel,
we will use the same symbols for dimensionless variables and fields as we
used for dimensional ones. Moreover, we introducé some dimensionless
parameters : the Reynolds numbers Re' = pl Udtm Ldim Irj, the Weissenberg
numbers We' = Â' Udim ILdim, the polymeric viscosity a = Y\}}Q{IY\ e [0, If,
the ratios of viscosities ni' = rj' IY\ = (^.6)/ + rfWf)t?l and the coefficient of
superficial tension T.

With these notations, the dimensionless velocity, pressure and extrastress
M, /?, T verify :

Re V -T— + M . vu J — m(\ — £ ) Au + \p = div T ,

div w' = 0 ,

G Al ) 1 + W e ' -^f" =2 nie1 D[u

\[u] = 0 ,

| - pl + 2 m( 1 - e ) D[u] + rf. n = - 2

w("Ô) = 0 ,"

(7)

Remark 2.1 : In [8], we used local scales in order to have the same volumic
équations as [1]. The major drawback of this method is that the jump
conditions take the ratios of local scales into account. Moreover, one may
expect those équations, on non-continuous fields, to be more difflcult to solve
numerically than the one used in the present article.

2.2. Existence and uniqueness

As a conséquence of what précèdes, we are interested in the stationary
Solutions of

- m( 1 - e ) Au + V/7 = div T , (8)

(9)

_ ^ [ ( a - 1 ) ( T V M T V / + VMT)] =2meD[M] , (10)

in each sub domain i, where we drop the superscript /. We complete these
équations with the interface conditions

\-pl + 2m(\ -e) D[u] + T| n = - 2 HTn , (H)

(12)

vol. 31, n° 2, 1997



190 Hervé LE MEUR

where 2 H is the surn of the principal curvatures (null in the plane case) of the
rth interface, T the surface tension coefficient and the boundary conditions

u(O)=Ö and w " + ' ( 1 ) = MwaW (13)

The following theorem states the existence and discusses the uniqueness of
a plane Poiseuille/Couette flow of n VEF obeying an interpolated Johnson
Segalman law with an upper plate velocity uwall and a pressure loss
ƒ = - dp* /dx ^ 0.

THEOREM 2.1 : Let the velocity wwaW, the pressure drops
f = - dp /dx ^ 0, the viscosities 0 =£ c' < 1, and a! e [ - 1, 1 ] be
given. The équations (8, 9, 10) in every subdomain i closed by the boundary
condition (13) and the interface condition (11) at every interface admit a
solution (M, /?, r ) , with continuous velocity, such that :

p(x,y) =zi
22(y)-fx

T'1P T'P ,

i
0 Vy

' (Z a , ( / ) ) d / V3;

( 14 ) ,

y., 3,,.

where Pl
Q — Po, f —f and ot = a are independent on i. The u\y.() are ail

determined by équations (21, 13), a is a solution of u\ 1 ) ( a1 ) = uwall and
the function 0l is a solution to (16).

If 1: < 8/9 and a ^ ± 1 or a' = i 1, the solution (u,p\ T ') is unique
for any ƒ and uwair If E > 8/9 and a ^ ± 1, then, there is non-uniqueness
of solutions for a certain range of parameters.

Proof : First, we solve the volumic équations in the generic layer i ands so,
will omit the superscript /. From (10), one can easily flnd the extrastress :

We2(l -a2)u2(y)

msu'( y )

(a — 1 ) me We u~(y )

1 +We 2 ( l -a2) u/2(y)

We report these formulae in (8) and easily get the pressure :

(15)

M2 AN Modélisation mathématique et Analyse numérique
Mathematical Modelling and Numerical Analysis



NON-UNIQUENESS AND LINEAR STABIUTY 191

We readily obtain the following équation for & = u(y), where
&2 = We2( l - a 2 ) and Za(y)=fy~a

k2 m( 1 - e ) 03 + k2 Za(y ) <2>2 + m& + Za( y ) = 0 . (16)

In the case where (16) is not a cubic équation (a = ± 1), the solution
0 is unique. For all the other cases, there is clearly a solution, the discriminant
of this équation being négative for all external force if c < 8/9. So, if
c < 8/9 there will be a unique M'for any given k9 Z, a and, if c > 8/9, there
is a range for the parameters in which there will be multiple solutions u\ If
<P(Za(y)) is the solution to (16), we have, in each layer / :

u\y) = u ( y i ) + J' 0l(Z^y))d/ Vy G [yp yi+{] (17)

Till now, the only différence of our proof with Guillopé and Saut's one is
that they prove that the solution 0 exists as the inverse of a given function.
In view of future explicit computations, we prefer to have explicit formulae,
even though they are not easy to handle, instead of the implicit solution to the
same équation.

So far, the velocity in each sub domain is determined up to two constants
per domain u(y.) and a. We shall now détermine these constants through the
interface and boundary conditions.

The équation (11) at the ith interface gives, after projection :

ƒ = / + 1 , (18)

a1 = a / + 1 . (20)

Then we perform an induction on the layer i to prove that, for ail
i ^ 1, ul+ ( j / + 1 ) is strictly increasing in a .

In domain 1, the velocity u{y{) is zero due to the boundary condition
(adhésion) and a1 is unknown. For each i ^ 1, the continuity of velocity is
written :

« / + 1 ( y / + I ) = «'(>',>, ) = «'(>',) + J <t>i(Za,(y'))dy'. (21)

The quantity uXy^ dépends in an increasing manner on a by the induction
hypothesis (and is null if i = 1 ). Moreover, the intégral is strictly increasing
in a1, thanks to Lemma 2.1 proved in [8]. This complètes the induction.

vol. 31, n° 2, 1997



192 Hervé LE MEUR

LEMMA 2 1 Let r in ] 0 , | [ , ( y , z) in U2 such that y<z and f & U+ If
&(x) is the (unique) solution of

k2 m{\ - e ) 0 3 ( x ) + ik2JC02(x) + m 0 ( j c ) + x = O, (22)

then, *F a »—> ®(fy*' ~ <*) dy is a strictly increasing one-to-one map from

R onto U If c> 8/9, *P is not increasing, but, still maps U onto M
As a conséquence, if n ^ 1, the upper plate velocity

( \
in

pp p
( n f' „ \

un( 1 )1 = utl(yn) + 0n(Za ( ƒ ) ) dy' 1 is a strictly increasing function

a1 = a" from R to IR if f < 8/9 Thus, in a Poiseuille/Couette flow under
the hypothesis e < 8/9, a unique choice of a leads to the fulfillmg of the
upper boundary condition (13)

If r > 8/9 and hes m the range of multiplicity (see [1]), any choice of
0 , solution to (16) leads to multiple solutions in a1 and so for the velocity
u D

Remark 2 2 We give for Computing purpose the formulae for u

uXy) = ( ( - ? + V^2
 + 4p 3 /27/2) 1 / 3 + ( - q - ^ q2 + 4 P

3121/2 ) m ) ,

where

, , ; . i f k2z\y){21t2-26l+&) 4fc
4Z4

H * 6 ( 1 O L m\\O m 4 ( l O

and

2 z V Z(3t -2)
, 2 7 m 2 ( l - O 3(1 - r ) ' v

though there is no explicit formula for a

2.3. Bounded perturbations

We are interested m the non-stationary one dimensional flow
( u = ( u(y, t), 0 ) ) of a single VEF The classical équations (7) are equivalent
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NON UNÏQUENESS AND LINEAR STABILITY 193

to the following system closer to mechamcal interprétations (see [9], [8])

(23)

(24)

(25)

(26)

(27)

(28)

u
Re -jTT - ( 1 - L ) Au + Vp = div r ,

Let (M( = (w^Cy), 0) ,p s , T^) be a stationary solution We set

H = iL + M' I = Is + I ' P = Ps
+ P m (23-28), where

( u = (u(y), 0) , T,/?), to Bave a nonhnear perturbation about the stationary
solution In view of this study in the following subsections, we investigate the

/ 0 l-a\
properties of R^ and deflne the matrix ^ = l _ /1 , \ ^ I Straight-

forward calculations, not reproduced hère, give, m the non-stationary case, the
following lemma

LEMMA 2 2 If uy(yyt) is in Ll
loc(U

+ ,L2
loc(Q, 1 ) ) , there is a unique

solution to (24) given by

^x, t ,s) - ƒ cos co(y, t, s) +
T sin œ( y, t, s )

(29)

This function is in LT{ R + , L°°( 0, 1 ) ) Moreover, for any T, and W^ symmetn-
cal matrices ,

(30)

where \ - \ is the Euclidean norm in

vol 11 n° 2 1997



194 Hervé LE MEUR

Notice that, even in the case of a stationary velocity M ,̂ the stationary
R^iS will depend on t. Thanks to Lemma 2.2, we can study the boundedness of
perturbations in two different ways.

2.3.1. First boundedness resuit

Let a ^ 0. Through a simple translation ;

we can change the second member of the constitutive équation and dérive the
new one :

Since we are interested in nonlinear perturbations, we replace u, T, /?, R^ and
Kcby wv + w, L + i , p,+ƒ?, (E^ + E*) a n d ( ^ + i K ) rëspecTively,
Tïï the new nonlinear System (23, 24, 15, 27, 31, 32). TïTen, we have the
following theorem :

THEOREM 2.2 : Let c e [0, 1[, a ^ 0, ƒ ^ 0 a/?<i ( M̂. =
( w

v( v)> 0)> Xv'^v) ^^ a stationary solution of (7). Then, any one dimensional
perturbation (u = (u(y), 0 ) , T, p ) , about a stationary solution, is such that

we L°°(^ + ;L 2 (0 , 1 ) ) , z e L°°(R+ ;L~(0, 1 ) ) ,

M G L2(0, r ; / / ' ( 0 , 1 ) ) V r e R ' .

Proof: Lemma 2.2 tells us that (/^v + 7^) ( ^ v + R^f and ^ . ^ are in
L°°([R + , L°°(0, 1 ) ) . Then it is an easy conséquence of (32), which reduces to
a pure transport problem, that W^s + V£ E L°°([R+ ; L°°(0, 1 ) ). For the same
reasons on the stationary Tfelds, one can see that Was is also in
L°°(U+ ;L°°(0, 1 ) ) and so that W^ is in the same space. From (30), one
conclude that T is also in L°°(M+ ; Z7°(0, 1 ) ) . Then, it is easy to find the re suit
on the velocity, using (23). D

Remark 2.3 : With more tedious computation, the next subsection will
extend the same boundedness resuit to the case a = 0, under an extra
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NON-UNIQUENESS AND LINEAR STABILITY 195

condition on c. The present proof is much simpler than the next one, and we
believe it could be of some interest in future calculations, for instance because
of its mechanical interprétation (see [9]).

2.3.2. Second boundedness result

In this subsection, we state a result similar to Theorem 2.2, that can also be
applied if a = 0. The complete proof can be found in [8] pp. 41-49.

THEOREM 2.3 : Let c e 0, ( j ~ ? • , Û G ] - l , l [ and ( ws, rv,

ps, Ras ) be a stationary solution of (23, 24, 25, 26, 27, 28), Then, every one
dlmensional perturbation (u = (u(y),Q),^p) is such that

UG L°°(1R+ ; L 2 ( 0 , 1 ) ) , T G L~(M+ ;L°°(0, 1 ) ) ,

« e L 2 ( 0 , r ; / / 1 ^ , 1 ) ) VT e R + .

Scheme of the proof :
The continuity results (30) assessed in Lemma 2.2, and a lengthy but

Standard energy method apphed to (23) and (26) yields

dt We

, (33)

1 - a2 ) Re
„ 4 )

Here, the (̂ ?, y,S, 0) arise from Young inequalities and f(t) and ^(f ) are
some functions in LT. An optimal choice of (/?, y>S, 0) and a linear combi-
nation of these two inequalities complètes the proof of the theorem. D

3. POISEUIIXE FLOW IN AXISYMMETRIC GEOMETRY

3.1. Existence and uniqueness

The next theorem states the existence/uniqueness of an axisymmetric sta-
tionary Poiseuille flow of n VEF (see fig. 2) obeying a Johnson-Segalman
model.

vol 31, n° 2S 1997



196 Hervé LE MEUR

r n + l = 1

r 2

Figure 2. — Axisymmetric geometry.

It also shows the mathematical impossibility to have cylinders of fluids
turning around the axis of symmetry, since the azimuthal velocity is proved to
be null. Basically, this is linked to the second order of the differential équations
involved, the boundedness of the velocity on the axis, and the zero boundary
condition. In addition to the previous notations, let T' e U+ be the coefficient
of surface tension at the Zth interface.

THEOREM 3.1 : Let the dimensionless pressure drop
f — — dp Idz > 0, ni > 0 and a e [— 1, 1 ] be given. There exists a
solution with continuous velocity ( (0, v, w),/?, T) , in cylindrical coordinates,
of (8, 37, II, 12) in n infinité cylinders with a ~bounded velocity on the axis.
These solutions are such that, in each domain i :

v l ( r ) = 0 ,
Ç

w\r) =*/<>,)+ &l(fr'/2)dr\

p'(r,z) =-fz +
(35)

LTrr ^rz Un(^ TL Ure 8^VeH ^J ( 38 ) ,

where f =f is independent on i, and &l is a solution of (40) with
Z(r)=fr/2.
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NON-UNIQUENESS AND LINEAR STABILITY 197

The relations :

2) (36)

i = 1, n - 1 ,

détermine the w'(ri ) an<i f/ie PQ M/? to a global pressure constant
If a' * + 1 and c' < 8/9 or a = ± 1, tfze solution &l and

( ( 0, l/> w' ), /?', T' ) are unique.
If a -=A ± 1 anJ e' < 8/9, r/zere ejc/5̂ 5 a range of parameters for which non

unique solutions exist

Proof; The scheme of the proof is very similar to the plane case one.
First, we must write the cylindrical version of the équations in the layer i

(the superscript will be omitted in the first part of the proof). Let us dénote by
( T ) the matrix of the extrastress in cylindrical coordinates
(Tu = zrr, ...), and by DU the rate of strain tensor in cylindrical coordinates.
As is proved in [8], the constitutive équation in the cylindrical coordinates is

ro o o

= mc(DU+DUT). (37)

Hereafter, we will assume that v = 0. The complete proof that v = 0 can
be found in [8], Then, one readily obtains, from (37), the non-zero components
of the extrastress in the domain :

me We ( a - 1 ) B2

l+k2B2

msB

T = -
mó'We(a+ 1 ) B2

(38)

l+k2B2

B = 4 ^
dr '

vol 31, n° 2, 1997



198 Hervé LE MEUR

These formulae are reported in the équation of conservation of momentum
(23). As a first conséquence, we find :

(39)

After some easy calculation, we prove that w satisfies the same cubic
équation in w'= 0 as in the plane case (16) with a new
Z(r) = (fr2/2-a)/r:

k2m(l -c) k2 Za(r) <P2 + m<P + Za(r) = 0 . (40)

Equation (40) always admits a solution, but, under the hypothesis
c< 8/9 or a = ± 1, it is unique for all parameters. We will dénote it by
0 ( Z a ( r ) ) . Then, the velocity w' in the domain i is such that :

wV) = w'(O+ \r <p<(Za(r'))dr'.

So far, the velocity in each sub domain is determmed up to two constants
per domain : w'(rt) and a.

Equation (11), written in cylindrical coordmates, on the ith interface
(r=ri+l) reads

-P(nz) m( 1 - c)
0

0
0 +

dw
dr

T 1

0
T

rz

r
ri+1

The first component of (41) gives

f=f + 1 and | - ^ + T f r , ( r | + 1 ) =

and then, the third component of (41) can be written :

(41)

(42)

a = a

Moreover, the velocity at the centerline being bounded, one can easily prove
that a1 = 0 and so are the a1. Then, the continuity of the velocity is written :

0'(fr'/2) dr', (43)
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NON-UNIQUENESS AND LINEAR STABILITY 199

which leads to (36), thanks to the boundary condition wn(rn+l) = 0.
It is clear that if (40) admits multiple solutions, the final solutions will be

multiple. So, the proof of the Theorem 3.1 is complete. D

Remark 3.1 : The explicit formulae are the same as in the plane case, with
Z a =/r /2 , except that they are easier to compute since a = 0.

3.2. Boundedness result in the axisymmetric geometry

The next theorem is very similar to Theorem 2.2 and applies to an axisym-
metric geometry.

THEOREM 3.2 : Let e e [0, 1[, a ^ 0, ƒ > 0 and

(i£v = (0, 0, ws(r) ), Ty,ps) be a stationary solution of (7). Then, every
perturbation ( w, T,p) with u = (0, 0; w(r, t) ) satisfies

ue L°°([R+ ;L2(0, 1)) , r e L°°(R+ ;L°°(0, 1 ) ) ,

and M 6 L 2 ( 0 J ; ^ ( 0 s l ) ) \/T G IR+ .

Proof ; As in the plane case (see Lemma 2.2), we introducé the equivalent
system (23-28). We only need to compute the matrix JR^ and flnd, through
tedious but straightforward calculations : ~~

/ cos CD cos20 cos co sin 0 eosÖ ƒ m m ( 1 - a ) cos 0 \

cos co sin OcosO cos co sin2 0 fmw (l-a)sinO
V\-a2

: ( 1 + a ) sin 0 cos ca
/

(44)

a>( r , f ;5 )= J^-\ ^~(r9t')dt'. (45)

The remaining of the proof is the same as the one of theorem 2.2. It all relies
on the fact that £ , e L°°( IR + , L°°(0, 1 ) ). D

4. EXISTENCE/UNIQUENESS FOR PTT INTERPOLATED MODELS

The PTT model s read :

öfe,(i)r + W e ^ = 2£D[«] , (46)
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where Q€>(T_) = ÇJ ( e ' W e t r r ) is a scalar function and e' is a positive
parameter. "For the PTT case g(X) = exp(X) (cf. [11]), while
g ( X ) = 1 -+• X for the MPTT one. The other constants a, a, m, f and We
have the same meaning as in Section 2.1.

In this Section, we prove two theorems. The first one assesses the existence
of the Poiseuille/Couette flow of n PTT or MPTT fluids in a plane geometry.
The second one gives the limiting parameters for the uniqueness of these
solutions.

THEOREM 4.1 (Existence) : Let d e [ - 1, 1], e' e [0, 1[, m\ eA > 0 and
We, ƒ 5= 0. The stationary System (8, 9, 46) complétée with the boundary
condition (13) and interface conditions (11, 12) has at least one solution.

THEOREM 4.2 (Uniqueness): Under the assumptions of Theorem 4.1, we
have :

For a MPTTfluid ;

. \ > a > 0 e'> 2 m e ( i ~ - a
e ) \a\ ( c ~ l ) ** uniaueness for ail f-

or<€<= } \ , ,
\ 2 me( 1 - fi) \a\

uniqueness for ail ƒ.

For a PTTfluid ;

• 1 > a > 0 e7 > ( 1 - a2 )/( 2 am( 1 - e ) ) => uniqueness for all f
m-\<a<0 Let K= (mee\a\ )/( 1 - a 2) . 3K0 < 1 / K < K0 and

c < 8/9 => uniqueness for all f

Moreover, for a PTT or a MPTT fluid ;

If a = 0, the condition e < 8/9 ensures uniqueness.

If a = 1, there is always uniqueness.
If a = - 1, the condition e < 2/( 2 + exp 3/2 ) gives rise to multiplicity

of solutions for a PTTfluid, while a MPTT fluid will exhibit multiple solutions
if etWe im is small enough.

If the parameters of every loyer ensure uniqueness for the one - fluid flow,
then uniqueness holds for the flow of n PTT or MPTT fluids.

Before stating the proof, let us notice, that, in [13], Keunings and Crochet
studied the elongational flow of a PTT or MPTT fluid. In their article, they
already exhibited some curves (cf. their fig. 3 and 4) which proved the
multiplicity of solutions. Only one of them had a Newtonian limit as the
product of the rate of elongational à by the relaxation time X tends to zero.
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Proof The stationary volurmc équations (8, 9, 46) of the Poi seuil le/Couette
flow of a PTT or MPTT fluid give, after some easy calculation

( a - 1 ) T H = ( Û + 1 ) T 2 2 ,

0(1) r n = W

flf(î)T,2 ^ (

22 P 0 , (47)

with the same term Za(y) =fy ~ a as in Section 2 and two constants
PQ> a We will study separately the cases a = + 1, a = 0 and
<2E ] - 1,+ l[\{0}

If a = 1, we ehminate M'and r12, and have to solve the following équation

h( e'We zu ) = e'We r n ( t + ( 1 - fc) flf (c'We r n ) )2 - 2 ce'We2 Z2
a(y)/m

(48)

Clearly, the solution zu is positive Differentiatmg /z for either the PTT or
the MPTT model, we easily see that (48) has a unique solution for any
€ ' > 0 Moreover, r n -> + oo as the pressure drop ƒ tends to + oo Thus
T,, e U+ is an optimal estimate for ail pressure drop ƒ

If a-~ I, we ehminate T12 and w'and have to solve in t22

/i(e /WeT22) = e /Wet2 2(r + ( l - i) g ( e ' W e r 2 2 ) ) 2

= - 2 ce' We2 Z2 ( j )/m (49)

Clearly, T22 IS négative As X(i + (l — c) g (X))2 ^> — °° when
X —» - oo, both models have a solution The main différence with the previous
case (a = 1 ) is that /i is not always monotonie on R~ as can be seen from
figure 3

For the PTT model, only c > 2/(2 + exp 3/2) - 03 assures uniqueness
for any nght-hand side ee'We2Z2 tm Otherwise, there are multiple solutions
r20 and t/for a certain range of r, e' We, ƒ, m or a

For the MPTT model, figure 3 shows that if re'We2 Z2
a(y)/m is small

enough (ît is the case on the axis of symmetry where Za = 0, or if
re'We~ is small enough '), there will be multiple solutions Hère again, j , but
also We and e' have to be not too small to permit uniqueness ' Let us stress
that M Renardy and Y Renardy [6] quoted a private communication of
U Akbay claiming that there were ïnstabilities for the Couette flow of a LCM
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Figure 3 — S hap e of the fonctions h

fluid ( a = — 1 ) The non-umqueness found hère could mean that the
lineanzed System of équations has 0 as an eigenvalue, and so, that the flow lies
on a neutral curve, enablmg these mstabihties to occur

If a = 0, the trace of T IS zero and so the model gives the same prédictions
as a Johnson Segalman one Therefore the conditions of uniqueness tor one
fluid are the same as Guillopé Saufs [1] c < 8/9

If a e ] — 1, l[\{0}, through vanous éliminations, (47) exhibits a bound-
edness requirement

( a + l ) W e < T 2 2 < 0 < T l l < ( l - a ) W e (50)

Then, the trace of T being 2 az22 /(a - 1 ), ît will be of the sign of a Once
we have eliminated u, T12 and T I P we want to solve the followmg équation m
7 = T 2 2 W e ( f l +

- l ) Z 2 / m 2 (51)

with Te ] — 1, 0[ (see (50)) Obviously, this équation has a solution for both
models Let us stress that if the pressure drop is arbitrary m [R, then the
solution T is arbitrary in ] - l , 0 [ This proves that (50) is optimal

For the MPTT model, the computation of the denvative of h gives a
necessary and sufficient condition dependmg on the sign of a
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-e) \a\

- K a < 0 0<^<2m£(
Ir_a

g) [fl| ( f - c ) o uniqueness.
Let us notice that as (8/9 — e)/( 1 — e) < 1, the last condition en sures

that g(z_) 5Ï 0 for all external conditions. This will appear as crucial in the
study oT stability in Section 5.

Similar calculations for the PTT model do not give so simple conditions
since the équations are not algebraic. We only found sufficient conditions :

2

• 1 > a > 0 e' > ^—t r a \— => uniqueness,
2a( 1 - e) m M

• - l < a < 0 Let K = mee |a | /( 1 - a2) < 1. There exists
0 < Ko < 1 such that, if 0 ̂  K < Ko and e < 8/9, then uniqueness
holds.

Conceming the existence/uniqueness of multiple VEF Poiseuille/Couette
flows, we use the same method as for the Johnson-Segalman model. The
interface relations are the same as in the Johnson-Segalman case (18, 19, 20)
and give a, ƒ'. Assuming that the conditions of existence and uniqueness
written above are satisfied for fluid /, we write u'(y) from (47) :

(-fy'+a)
^ ^ dy\ (52)

W ( + l ) ( / ) ) /

where g (X) is either expX for the PTT case, or 1 + X for the MPTT one,
and T22( ƒ, a) is the unique solution of (51). Assuming that the conditions
required for uniqueness hold, one can prove, in the same way as for
Lemma 2.1 that the function

a H ^ Jy#. m(l - £ ) + (me + W e ( a + 1 ) T 2 2 ( / , a

(flf(2€'WeflT22(/,a)/(fl-l)))

is strictly increasing and that it maps R onto IR. We then prove as in
Section 2.2 that un(yn + l ) is strictly increasing with respect to a\ So the proof
of the existence and uniqueness for any pressure drop ƒ or any uwa{l is
complete. •
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Remark 4 1 We must notice that, as in the Johnson-Segalman model, the
extrastress is unbounded with respect to y if a = ± l , and bounded if
a ^ ± 1 (50) This seems to be an asset to these models in addition to their
non-zero second normal stress différence This property remains m the axi-
symmetnc geometry

Remark 4 2 Let us stress that the cases a < 0 and a > 0 give opposite
conditions on e' This is due to the f act that the trace of T IS of the sign of a
If a is négative, the 0 £ ( T ) term of the PTT model carf be very small and
destabilize the differentiaT équation This disadvantage is more acute for the
MPTT model, whose # £ ( T ) term can even get négative To solve these
problems, we propose the Tollowing constitutive équation depending on the
second invariant of T

g ( e'We \/ tr (gg) j g + We - ^ = 2 Lg[u\ ,

for any g positive and stnctly mcreasing on IR + Unlike the PTT and MPTT
models, this équation may not have a null or even négative damping term
Moreover, it also takes sheanng stress mto account Last, we have proved
existence and uniqueness for all e' > 0 and all a e [—1,1] of the plane
Poiseuille/Couette flow of n such fluids

5. LINEAR STABILITY OF THE PTT/MPTT COUETTE FLOW

In Section 4, we have given sufficient conditions to ensure the uniqueness
of some stationary solutions of (47), that do always exist As is explained m
[1] and [10], in the case of the Navier-Stokes équations in a bounded domam,
we know that the nonlmear stability is given by the hnear stabihty, which
occurs if and only if the spectrum of the lmeanzed stationary operator is on
the nght side of the ïmagmary axis Recent results of M Renardy [14] have
brought a new ïnsight on Couette flows of viscoelastic fluids and proved under
weak assumptions that the pnnciple of hnear stability holds

In this Section, we first prove that the hneanzed operator of the one
dimensional non-stationary Couette flow of a PTT or a MPTT fluid is analytic
Then, we look for sufficient conditions on the controlling parameters, to ensure
that the spectrum will be on the nght side of the imaginary axis Last we
conclude to the hnear stability under some conditions

To do this, we project the non stationary équations of a Couette flow and
lmearize them about a stationary solution ( (ws(;y), 0) , ps, z^) found in the
previous Section, and obtam the System
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fdU_ 1 - £ „_ J_ /
R e " Re1

+ ( = W i ) a - (a + 1 ) < r = 0 ,

uWe

(a- l ) u ' v " (- ' ( 5 3 )

We

•'Tçflf ' ( e ' W e t r r J - ( a + 1 ) u'J2) y = 0 ,

+ (»6(L)AVe + c'y, 0 '(e'We t r i ) ) y = 0 f

T

where ( J is the matrix of extrastress either indexed with s for the

stationary solution about which we perturb, or non-indexed for the perturbat-
ïng extrastress, g 'the denvative of the function g introduced in the previous
Section ( ex for the PTT model and 1 + x for the MPTT one) Let us stress
that this system is the one of a PTT/MPTT Couette flow under one-
dimensional perturbations

Denoting the vector (w, er, T, y)T by U and the spatial operator of (53) by
JS? in (L2(0, 1 ))4 , we are interested, in a first part, in the location of the
spectrum of JS? with respect to the ïmagmary axis To that purpose, we define
the domain of the unbounded linear operator «5f as the set of
(w,<7,T,y)e Hl

Q(0, l ) x ( L 2 ( 0 , l ) ) 3 such that - tu)} - T) e L2(0, 1)
With this définition and using the same method as in [1], one could prove the
folio win g theorem

THEOREM 5 1 ƒƒ a e [- 1, 1], r e [0, 1[, e 'e R + ,

JS? IS a closed operator in (L (0, 1 ) ) with dense domain,

j£? i5 m-sectorial with vertex — A for s ome A > 0 and semi-angle ?

A conséquence of this Theorem is that ££ is analytic and so that the linear
stability is governed by the location of the spectrum of 5é? with respect to the
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îmagmary axis Before statmg the next Theorem which bnngs some msight on
the multiplicity of eigenvalues, we introducé the following notations

B = -( 2

) 4D = ( ~W~ )

*=#zii^rj-+^r(«-MH+(i-o

THEOREM 5 2 Assume that a e [ - 1, 1], e e [0, 1 [ e ' e U+ and let A, B,
C, D, E be given by (54)

• If À is one of the three roots of

(55)

then it is an eigenvalue of countable multiplicity of 5£
• The spectrum contains only eigenvalues Except the three above-

mentioned eigenvalues, they are of finite multiplicity, and roots of

2 £ + BX„ + D
2

n =

The séquence Àn satisfies Xn — An —> 0 and thus,

M , I A „ + , - kn\ ^rj>Q ( 5 6 )

• The spectrum will contain 0, with infinité multiplicity, if and only if one
over the three terms #e'(;rç)/We, D or E is zero In the first two cases, the
multiplicity is countable, whüe it is uncountable in the third one

Sketch of the proof (we refer the reader to [8] for more details)
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First, to prove the theorem, we try to solve the subsystem of
Â / ) £ / = 0 that cornes from the hneanzation of the constitutive

équations to have r ( u ) Usmg (47), this subproblem can be rewntten m the
form

(A-XI)

a

T = .
w'

y
We u

o.
X

7s

(57)

where A, a 3 x 3 matrix, whose charactenstic polynomial is

- A J [X2 + BA + D] (58)

If / is an eigenvalue of A, one can prove that (57) has non-zero solutions
such that T ~ C{u + C2 wrïëre C{ and C2 are two constants independent on
y (thanks to the stationary Couette flow properties) The conservation of
momentum restricts to a countable set of admissible Cx which enables only
countable multiphcity for these eigenvalues of ££ and A

If X is not an eigenvalue of A, the Cramer's formulai" give

( T V ) r s / ( W e u[) + R e E / n 2 - ( 1 -e)D
=

À +BA + D
u' —

av ,T s ,y s)W
/ (59)

Using the notations (54), we easily show that the eigenvalues such that
( 1 - i ) + F( X, ) ^ 0 ( => À ^ 0 ) are solutions of

) i
= (60)Ke A n

l
 n

l

« X3 + À2(An2 + B ) + A( C«2 + D ) - n E = 0

Let us notice that e'= 0 m (60) gives the équation (5 8) of [1] Thanks to
(60), one can easily prove that Xn — An —» 0 when n —> <*>, which ensures
(56)

If ( l - O + ^ ( ^ . ) = 0 (which imphes A = 0 and so E = 0), any
M G H2 r\ H]

o and corresponding a, r, y will be convenient and the multiphcity
is uncountable

Then, through the same calculations as in [1], one can prove that the
spectrum contains only eigenvalues

The last point of Theorem 5 2 is then easy since the spectrum will contam
0 if ît is a root of (55) (i e ge(r^ )/We or D is zero), or if 0 is a root of (60)
(E ~ 0 ), in which case, the muïtîphcity in uncountable D
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Next, we state our main resuit on the hnear stabihty of Couette PTT or
MPTT fîows

THEOREM 5 3 Let K= ie\a\l{ 1 - a2) where a =* ± 1 and c> 0
There exists KQ in ]0, 2 r/( 3( 1 - r ) ) [and K , K + in ]0, 1/3 [ /ör */M? MP7T
model, and there exists Ko^ ]0, 1 [ for the PTT model, depending on the flow
parameters, such that under the conditions given in the array hereafter, then
the Couette flow of a PTT or MPTT fluid is hnearly stable under one-
dimensional perturbations

Moreover, if ge(z^) < 0 (case MPTT a < 0) , then the flow is unstable

fl = + l

0 < a < 1

a = 0

1 < a < 0

a = - 1

PTT case

no condition

v -- ^
A ' 3 ( 1 - 0

; < 8/9 or f

and

0 < A < K{)

MPTT case

no condition

A > 26/(3(1 6 ) ) or

K< 26/(3(1 - 6 ) ) and

ïf t < 4/5

k2> (2 6 - 1)/(1 - O or

v() ^ - 3 ( ] _ ^

ï f f > 4 /5

k2 > ( 2 - 6 ) 2 / ( i 2 ( l - 6 ) 2 ) o r

/c2 < (2 — 6) 2 / (12( l - O 2 ) and

^ 8/9 and k2 e ]0,/c_ [ u ] /c + , + «o[ cf [1]

1/3 < k2 and

i f ( 2 - 6 ) 2 / ( 1 2 ( l - O 2 ) <k2 VA < 1/3

,f 2 6 — 1 , ,2 ( 2 - 6 )

1 - ^ 12(1 - O 2

K e ]0,A_ [ n ]0, 1/3 [

jr 26 ,2 ^ ( 2 - fc)

3(1 - O 12(1 - 6 ) 2

K e ]A + , l/3[ n ]0 1/3[

€ ' = 0 or We = 0
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We only give the sketch of the proof The interested reader can find a more
complete one in [8], where exphcit values for K_ and K + can be found

Sketch of the proof In the first part, we seek sufficient conditions for the
eigenvalues to have positive real parts To do so, we first study the eigenvalues
of the 3 x 3 matrix A mtroduced m the proof of theorem 5 2, splitting the
cases a ^ 0, — 1 ̂ < a < 0 and a = - 1 Then, we look for the
eigenvalues roots of (60) for which we use the Routh-Hurwitz cntenon (see
[16] p 490) that gives necessary and sufficient conditions ensunng that the
roots of the cubic polynomial (60) have positive real parts

{An2 + B<0 Vn S* 1 ,

> 0 > (61)

[- (An2 + B) (Cn2 + D)-n2 E>0 Vn ^ 1

The study of these conditions requires to spht cases on a and on the model
and leads to the sufficient conditions summanzed in the above array

In a second part, we use Theorem 5 1 to ensure that the location of the
spectrum on the nght of the imaginary axis gives the lmear stability This last
argument is basically due to the properties of the one dimensional flows

One might also conclude thanks to a theorem of M Renardy [15], and the
second point of Theorem 5 2 ensures that the spectrum on the nght of the
imaginary axis gives stability (pnnciple of lmear stability) D

Remark 5 7 An oversimplified, but sufficient in some expenments, version
of theorem 5 3 is that if a > 0, large e give stabihty, while, if a < 0, only
small e'give ît

6 CONCLUSION

In this article, we proved the existence of solutions for the
PoiseuiUe/Couette flow of n fluids, obeying mterpolated Johnson Segalman
models in either plane or axisymmetnc geometnes, extending some results of
[1] We gave some hmiting parameters for umqueness to occur We also
proved that these flows, submitted to 1-D perturbations, remain bounded, even
in the range where there is no umqueness Only the case a = 0 and
t > 1/2 remains uninvestigated To obtain these results, we uscd a non-
common formulation which might be of some interest for future theoretical
studies because of îts physical meanmg

We also proved the existence of solutions for the plane Poiseuille/Couette
flow of n PTT or MPTT fluids for all flow parameters Under certain
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conditions, uniqueness or non-uniqueness can be guaranteed, The case
a - — 1 gave unnatural results which should prevent numerical analysts
from using thèse équations. Then, we proposed a modification of thèse
PTT/MPTT models which leads to existence and uniqueness, takes shearing
stress into account and removes some drawbacks of the PTT and MPTT
models.

Last, we gave sufficient conditions for the linear one-dimensional stability
of a plane Couette PTT/MPTT flow.

The author wishes to thank Professor J. C. Saut for directing this work.
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