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A DOMAIN SPLITTING METHOD FOR HEAT CONDUCTION PROBLEMS
IN COMPOSITE MATERIALS

FRrIEDRICH KARL HEBEKER!

Abstract. We consider a domain decomposition method for some unsteady heat conduction problem
in composite structures. This linear model problem is obtained by homogenization of thin layers of
fibres embedded into some standard material. For ease of presentation we consider the case of two
space dimensions only. The set of finite element equations obtained by the backward Euler scheme is
parallelized in a problem-oriented fashion by some noniterative overlapping domain splitting method,
eventually enhanced by inexpensive local iterations to reduce the overlap. We present a detailed
convergence analysis of this algorithm which is particularly well appropriate to handle fibre layers of
nonlinear material. Special emphasis is to take into account the specific regularity properties of the
present mathematical model. Numerical experiments show the reliability of the theoretical predictions.
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1. INTRODUCTION

Composite materials offer a wide range of practical applications. Of particular interest are structures where
some ‘adaptive substance’ (shape-memory alloy, etc.) is embedded as fibres into some ‘standard’ material. Such
structures lead to new and challenging problems of mathematical and numerical analysis. In the present note
we dwell on the specific task of large demand of computing power required to solve even moderately complex
problems of this field. We introduce a (linear) model problem for analyzing unsteady effects in composite
materials and investigate problem-adapted parallel algorithms to solve this. These algorithms are based on
the noniterative overlapping domain splitting method, a universal approach designed to handle mathematical
models of realistic complexity in a problem-oriented manner on parallel computers.

In the present analysis we restrict ourselves to a relatively simple but nevertheless typical model problem,
which is obtained by homogenization of thin layers of fibres and dimension reduction (cf. [7,13]). Our model and
its numerical analysis is two-dimensional and linear (for ease of presentation), but the methods are mostly aimed
for realistic nonlinear problems in three space dimensions. We point out that similar methods are applicable to
problems of layered semiconductors, cf. [11].

We briefly motivate the subsequent mathematical model, see [13] for details. The thin fibres (diameter
0 < £ < 1 of the cross section) are packed along planes y = ¢ in the R3 (see Fig. 1). We consider mean values of
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FIGURE 1. Layers of fibres, homogenized to planes.
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FIGURE 2. Two-dimensional domain, subdomains §2; and interfaces I';.

the heat equation in control volumes V of side length e (divided into two equally sized parallelepipeds by such
planes). Assuming continuity of all physical quantities but the normal derivative of the temperature v we get

/ (ue +divg — f)AV = e®(u, + ¢ + ¢ — f) +€2[¢P] =0
\%

where ¢ = (¢, ¢ ,¢®))T = —kVu denotes the heat flux and [g] := Gupper — Glower the jump when passing
through the interface. We finally assume that none of all quantities depends on the z—variable, thus resulting
in a two-dimensional model (Fig. 2), particularly in the equation (3) on the surface.

We thus consider a rectangular broken domain Q. := U}»IIOQj in the (z,y)—plane, consisting of J 4+ 1 open
stripes §; := (0,1) X (yj—1,y;). The stripes Q; are separated by J interfaces I'; := (0,1) x {y;}, we further
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abbreviate I' := ujzlrj‘ The boundary 92, of the domain decomposes into a closed manifold ¥ of edges and
the set T of interfaces:

o0, =X +T.
Let further Q denote the total domain (with boundary ¥) defined as
Q:=Q,+T.
Let n = (ng,ny) denote the outer normal on ¥ and also the upper normal on the interfaces. Occasionally,

the trace on the interface of some (continuous) function v on 2 is denoted by ¥. - We are looking for a scalar
function u solving the heat equation

ug — KAy = f in Q, (1)

in a time interval (0,T], with a given constant heat conductivity x > 0 and a given function f. Due to continuity
of u (and of its tangential derivative)

[u) = [uz] =0 onT. (2)

However, the normal derivative may jump, thus evoking a dynamical process on the interfaces modelled by a
differential equation

pus — Rugy = f+[kuy] onT (3)

with given physical quantities p, &, and f (depending on the geometry of the fibres and their environment and
obtained by homogenization as indicated above). In the present analysis we restrict ourselves to normalized
p =1 and also & = const. > 0. This evolution problem is supplemented by boundary and initial conditions

u=0 onX (4)
u=1uy att=0. (5)

This problem serves as a linear model for heat conduction in composite materials. It should be pointed out that
real-life applications are generally modelled by nonlinear physical quantities, particularly f, . But all present
methods are actually designed to handle nonlinear problems. Several remarks concerning this are included into

the present paper. - For a different numerical approach to composite materials, by using finite elements specially
adapted to microstructures, see [6].

We introduce ‘broken’ spaces and norms (subindexed by a ‘x’). Let
HMQ) = [[H™()
J

denote the Sobolev space of all functions that are square integrable over all Q; along with all their weak partial

derivatives up to order m. H[,(f) is the subspace of functions with zero trace on £. We use the ‘broken’
Sobolev norm

[ollem = Q07,0
i

on H™(Q) and Hy(R2), and also [v]um = (3, |v|;2n,ﬂj)1/ 2 the seminorm (or norm) of the highest derivatives
on H™(Q) (or H(S), resp). The L?(2)—norm is shorthand ||.||, the L?(€2)—scalar product (.,.). We define
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these norms and scalar products on the interface I analogously. All these quantities are often indexed to indicate
the domain of integration: for instance, (u,v)c := [, uvdG.

Following [13], we formulate this evolution problem as an evolution system of variational equations. We
introduce the space

X ={ue H ((QNH;T): [u]=00nT} (6)
which coincides with H3(2) N H}(I'). Endowed with the norm
lullx = (IVal® + lluali})"/2

it serves as the energy space of our problem. The evolution problem is formulated in weak form as follows: we
are looking for u(t) € X satisfying

('LLt, SO) + (Ut, <P)I‘ + (K)V’U,, V(p) + (E‘u:l:a <Pz)1" - (f$ QO) + (.fa ‘p)l—‘ (7)

in the time interval (0,T) for all ¢ € X, and the weak initial condition

(u(0), @) + (u(0), ©)r = (uo,¥) + (uo, P)r (8)

for all p € L?(2) N L%(I"). Existence and uniqueness of a global weak solution of this heat conduction problem
is proved by standard arguments (cf. [19], also [13]) based upon the basic properties of the corresponding
stationary operator, see [9].

Since the nonlinearities often enforce very small time steps, the variational form is discretized by a backward
Euler scheme, using linear finite elements in space. For typical nonlinear problems, iteration on the resulting
system of equations is quite costly, as has been shown by [13] in case of the Landau-Ginzburg nonlinearity,
where the algorithm has been parallelized (in a data-oriented manner) in order to handle the large data set. In
the present paper we introduce a problem-oriented parallel algorithm. The resulting noniterative overlapping
domain splitting scheme extends that introduced and first investigated by Kuznetsov [14,16] in case of standard
parabolic equations. It is based on the cxponential decoy of the discrete Green’s function. In contrast to the
algebraic proof by Kuznetsov, a different one, solely based on variational arguments, has been presented by
Blum, Lisky, and Rannacher [1]. Moreover, in the latter paper the actual parallel efficiency of this algorithm
has been substantiated by numerical tests on a parallel computer (see also [12] for a detailed parallel analysis).
Later, this method has been extended to convection-diffusion problems by [10,15,18] as well as to mixed finite
element formulations by [3].

The present paper is organized as follows. The methods of discretization are carried out and analyzed in
Section 2. For solving in parallel the resulting problem arising in each time step we investigate a noniterative
overlapping domain splitting method. The resulting algorithm and the corresponding convergence analysis is
topic of Section 3. In Section 4 we present the proof of the convergence theorem and in Section 5 that of
the basic exponential decay lemma. In the concluding Section 6 we present several numerical results of a test
example showing the reliability of our theoretical predictions.

As a peculiar point we show that, in some cases where the overlap would be inconvenient or unacceptably
large, very few local iterations of the present algorithm to improve on the boundary data of the artificial inner
boundaries would help to reduce the overlap drastically. Note that, to this end, local problems are to be solved
only, consequently the additional expenses are low. - Moreover, in case of a test example, it turns out that the
domain splitting algorithm nearly ‘scales’ with the number of substructures. This favorable effect has also been
observed for standard heat problems, [1]. Nevertheless, we are unable to decide here whether this effect is an
artifact of our test example or is inherent in the algorithm. This important point is left to further investigations,
ideally by treating some physical example (e.g. [13]) and employing a parallel computer.
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2. DISCRETIZATION

Here we introduce an implicit scheme with linear finite elements to discretize the model problem. The
elements are either triangles or quadrilaterals. For the domain splitting scheme we require a quasi-uniform
family of admissible triangulations 7}, of the total domain 2. Let X; C X denote the space of discrete functions
U which are continuous in £ and (with respect to 7;,) piecewise (bi-)linear ansatz functions, vanishing on ¥.
Let {t,} (with ¢, :=n - k) denote an equidistant time mesh, with n < N (N the largest integer not greater I)
and mesh size k, and v™ := v(t,,.).

We are looking for a set {U™} of discrete functions U™ € X} as approximation to u(tn,.), obtained by
replacing the time derivatives in the variational form by u; = %(U ntl _ ™). Moreover, all diffusive terms and
given functions are discretized implicitly according to the backward Euler scheme.

The algorithm starts with the projections as initial data

(U° @) + (U° ®)r = (uo, ®) + (uo, ®)r 9)
for all ® € Xj,. It proceeds iteratively as
Algorithm 1 (Discrete algorithm). Given U™ € X},. Solve the discrete evolution equations
(U™, ®) + (U™, ®)r + k(kVU™, V@) + k(RUZ T, @5)r = L™(®) (10)
for all ® € Xy, inductively on all time levels n + 1. Here the functionals are
L™(®) := (U™, @) + (U™, @)r + k(f™*, @) + k(f*, @)p

where f*t! = f(tn41,.), etc.
Some remarks concerning nonlinear terms are in order.

Remark 1. Nonlinear terms, for instance with f := f(u), should be discretized explicitly. Eventually, this
approximation should be corrected by a certain number of inner iterations for each time step. This is generally
an expensive procedure, but it should be noted that, with the domain splitting method below, these inner
iterations have actually to be carried out on small subdomains (which include the interfaces) only. This seems
to be a peculiar advantage of our domain decomposition method.

Concerning this discretization scheme we have an optimal convergence result. It is based on the following
elliptic regularity property of the stationary operator. (For a more detailed analysis of this operator see [9].)

Lemma 1. Assume f € L?(Q) and f € L?(T'). Then the solution v € X of the variational equation

(’ivu’ V‘p) + (Ruxy (Pa:)I‘ = (f’ ¥) + (f, (P)I‘ (11)

for all p € X, is in fact in H2(Q) and in H?(T'). Moreover

lullv2+ llullzr < const.(| £l +|£lir) (12)

holds.

Proof. Tt suffices to show the assertion for the highest derivatives. We start from the representation formula
(e.g., [5], p- 201)

0, = | Aull?, —2 /a  (unay = tsyiz )y ds
7
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where 7i = (7iz,7y) is the outer normal on 9Q;. On 0Q; N ¥ we have u, = 0 so that the boundary integral
vanishes on this part of the boundary. On the other hand, the second term of the boundary integral disappears
on the interface. Sum then over all subdomains to yield

fuf? 5 = [|Au|? + 2 / gty ds.

Inserting now the steady differential equations we get

2K
luli,z + 7]“@,1’

1 2 -
”_f“2 - = / Uze fds
K K Jr

.?2,1“ + Ce”f"%‘

IA

cllfI* +elu

Choosing ¢ sufficiently small the assertion follows. a
This implies a convergence theorem, under realistic assumptions on the data.

Theorem 1 {Convergence of the discrete solutions). Assume that

u € L=(0,T; H2(Q) N H*(I)) (13)
u, € L2(0,T; HX(Q) n HX(T)) (14)
uge € L?(0,T; L* () N L3(T)). (15)

Then the sequence of discrete solutions converges as h,k — 0:

lultn,.) — U™ + |u(tn,.) — U"|Ir < const.(h? + k) (16)
foralln=20,... ,N.
Proof. Let W(t) € X, denote the pointwise Galerkin projection of u(t), then

(kV (u(t) = W(t)), VV) + (R(ug(t) — Wi (t), Va)r =0

holds for all V' € X},. Lemma 1 implies an approximation result in the sense of Aubin and Nitsche

ol load 5 [ OFu(t) o*u(t)
— (u(t) — - — < .
I35 6 = WO + 2 w®) = WD < o (1755002 + 1 e
for all k. It should be noticed that the broken H?—estimate of %ﬁ just suffices. The difference W — U is then
bounded via a differential inequality. The remainder of the proof is quite standard and omitted here (see [17],
e.g.). O

Note that nearly such convergence order (up to a logarithmic factor) can be established even for general
smooth interfaces nonmatching with the elements, using the recent analysis by [4] (¢f. [8] for an a posterior:
analysis).

3. THE DOMAIN SPLITTING ALGORITHM

We observe that in composite materials the differential operators are often simple in the (large) stripes, but
intricate (generally nonlinear) on the interfaces only. Hence some nonlinearity were, in a sense, concentrated
on small regions in the domain. This is the leading motivation for our concrete domain splitting scheme.
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FIGURE 3. Nonoverlapping domain decomposition (interfaces I'; dotted).
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FIGURE 4. Overlapping domain decomposition (interfaces I'; dotted).

We start with an auxiliary nonoverlapping decomposition of the domain. See Figure 3. Let the parameter
0 < § < 1 be given. We introduce the nonoverlapping domain splitting

-1

J ) J R
a=Jo%ulJ Qmn
3=0 =0

into large subdomains, defined as Qg := (0, 1) x (0,31 — 552—) andforj=1...J—1 Q; := (0,1) x (y; + %,yjﬂ - %)
and finally Q; = (0,1) x (ys+ —g—, yJ+1), and into small subdomains Qj,j+1 = (0,1) X (Y541 — %,yj+l + %) Now
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by enlarging all subdomains we get the overlapping domain splitting, see Figure 4,

J J-1
O = U Qj U U Qj’j+1
=0 =0

into the original large subdomains £2; and some small subdomains ; ;41 := (0,1) X (yj+1 — 6,y;j+1 + 0). The
width of the overlapping stripes is always §. For simplicity, we assume that all the lines (0, 1) x {y; & &} consist
of edges of the elements. If not, the sets {2, ;41 had to be modified appropriately. Let X (€2;) or X4(£; +1)
denote those subsets of X} consisting of functions with support contained in the indicated subdomains.

The noniterative overlapping domain splitting scheme to treat the linear system (10) in parallel is now to solve
the differential equation on all overlapping subdomains, where the boundary data are obtained by extrapolation
from the previous time step.

Algorithm 2 (Domain splitting algorithm). Assume that the data V™ and the corresponding functional L™ are
already computed. Then solve the following set of problems on the subdomains:

1. On all 25, solve for V = Vj"+1 piecewise linear:

(V,®) + k(kVV,V®) = L") 17)
for all @ € X,(2;), according to the initial data V = V™ at t = t,, and the boundary data V = V™ on
0Q;.

2. On all Qj41, solve for V = V1Y piecewise linear:
(V, @)+ (V,®)r; + k(,kVV,V®) + k(RKVz, ®;)r;, = L™(®) (18)

for all ® € X4(Q; j4+1), according to the initial data V = V™ at t = t, and the boundary data V =V™ on
Q541

3. Finally, from the patchwise solutions {V'}, a global single-valued vector function V"1 :=C{V} € X}, is
constructed through a suitable averaging process.

Concerning this algorithm several remarks are in order.

Remark 2. _
(a) Concerning the averaging process, we fix the operator C by setting C{V} = an+1 in knots of €; and
C{V}= V;’;}l in those of Q; j41, for instance. This guarantees L?—stability of the operator C with constant 1,

letviE < 30 (I3, + 1V, ,,) -

Evidently, C{V} = V for a single-valued function V.

(b) It is a typical advantage of this problem-oriented parallel algorithm that, depending on the physical and
geometrical problem and on the computer architecture, there are many ways to realize this algorithm practically
on a parallel computer. For instance, all subproblems under 1. are independent and essentially of the same
complexity. Thus, in a first step all these subproblems may be solved in parallel. In the second step then all
subproblems under 2. may be solved in parallel. In this approach the boundary data of 2. might be replaced by
those approximations obtained from the first step. Moreover, if these local problems were nonlinear, it makes
sense to carry out nonlinear iterations on just these (small) subdomains which again are done in parallel.

(c) In case the number of processors exceeds that of the subdomains there are several ways to improve on the
load balancing. For instance, all subdomains may be further subdivided into smaller pieces. Alternatively, as

a unified step, all subdomains may be treated in parallel if appropriate, depending on the geometry and the
nonlinearities.



A DOMAIN SPLITTING METHOD FOR HEAT CONDUCTION PROBLEMS IN COMPOSITE MATERIALS 55

The main question is how to choose the parameter §. For reasons of economy it should be not too large. It
has been shown by Kuznetsov [14] in case of parabolic equations that the number L of overlapping elements
(where § = Lh) increases logarithmically only with the parameters of discretization. This fact is based on the
exponential decay of the discrete Green’s function. Blum, Lisky, and Rannacher [1] refer to an amount of L = 3
to 4 as sufficient in case of standard parabolic equations. In case § appears too large, Algorithm 2 should be
pre-iterated to decrease ¢ drastically (see Sect. 6 below).

Thus we will prove as the main result of the present analysis

Theorem 2. Assume that the overlap § satisfies
1
6 > dohlog % (19)

with a certain constant dg. Then the domain decomposition algorithm is numerically stable, and for the difference
between the domain splitting approxzimation V™ and the discrete solution U™ there holds the estimate

U™ = V™| + |[U™ — V™||r < const.k>/2. (20)
This shows that the additional error due to domain splitting is small (¢f. Theorem 1) provided a sufficient
(moderately large) amount of overlap is used. The number of overlapping elements increases like log% at most.

The proof uses the fact that pollution on the artificial boundaries decreases exponentially in space. The latter
effect is stated as

Lemma 2 (Exponential decay lemma). Let U piecewise linear in 2; (or in Q; 41, resp.), solving either
U, )+ k(kVU,V®) = 0 (21)
for all ® € Xp(Q;), or
(U,®) + (U, ®)r, + k(kVU,V®) + k(RU,, ®;)r, = 0 (22)
for all ® € Xy (2, 41), resp., according to the boundary conditions
U=F ondf; (orondQj i1 ,resp.).

Here F are given piecewise linear functions on §2; or §2; j41, resp. Then the following estimates hold:

UG, < e/ maxtRRh} (|3, + ke VF3, ) (23)

101, ,,, + T2, < ce® etV (IR, +|FI2, + kx| VFIR

25,5+1

+kRIFIR,)  (29)

,d+1
where ¢,y are positive constants, not depending on 6, h, k,j (but depend on k, ).

We will prove the theorem in the following section and after that the exponential decay lemma.

4. PROOF OF THE THEOREM 2

The proof of estimate (20) extends the approach by [1]. We bound

B o= U™ = VP + U - v
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by induction over the time levels ¢,. We assume without loss of generality

150::%50. (25)

To keep clear, we write Vj"+1, VJ”J‘:Lll for the patchwise solutions obtained with Algorithm 2.
According to the properties of the averaging operator C (see Rem. 2) we have that

Entl = ||C{Un+1 _ V}HZ + ”Un+1 _ Vn+1”%
DU = VR U VR U - V). (26)

7

IN

We now introduce a field V"*+! obtained by one step of the (global) Algorithm 1 (10), but with initial data V"

instead of U™. Then V7! — Vj"+1 solves (21) in ©; and V! — VJ"JTl solves (22) in ©; 41, according to the

boundary data V™*! — V™. Consequently, by Young’s inequality (with a positive & to be specified later) and
Lemma 2, combined with the inverse inequality of quasi-uniform partitions and (25), we obtain for the large
subdomains by setting § = Lh (L the number of rows of overlapping elements)

ntl _pyntl) 2 o n+l _ {rn+1))2 Cpntl _ ynt1y2
U™ = VPSS (U = PG ST v

IN

(N c _ 7n
O e e A A A [ (27)
An analogous reasoning yields for the small subdomains

“Un+1 _ JZ?:‘ll“?‘)j,j_.L,_ 4 ||Un+1 __ Vn—i—l“%j
< UH(UET VIR U - TR

c (7N [/ n
FET VIR, T v

< @)U TR o - TR )
+ STV (T - VR, L+ (T - VPR, (28)

Now we plug (27, 28) into (26) and get

E™ < (L+e)(lUntt - VR Ut - VR

+=e VTG (|7 = VTR, T - v
J

J,3+1

+ V= VRIR). (29)

The first term U™+! — V"1 solves (10) with a functional L*(®) := (U™ —V™, &)+ (U™ ~V™",®)r. Consequently,
since the inequality of Poincaré-Friedrichs holds for both  and I',

”Un+1 _ Vﬂ+1”2 + ”Un+1 _ V"+1”12~\ < (1 _ ck)zE" (30)






