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STABILIZATION METHODS OF BUBBLE TYPE FOR THE Q;/Q:—ELEMENT
APPLIED TO THE INCOMPRESSIBLE NAVIER-STOKES EQUATIONS

PETR KNOBLOCH! AND LUTZ TOBISKA?

Abstract. In this paper, a general technique is developed to enlarge the velocity space V} of the
unstable @Q1/Q1—element by adding spaces V2 such that for the extended pair the Babuska-Brezzi
condition is satisfied. Examples of stable elements which can be derived in such a way imply the
stability of the well-known Q2/Q1—element and the 4Q:/Q1-element. However, our new elements are
much more cheaper. In particular, we shall see that more than half of the additional degrees of freedom
when switching from the Q1 to the Q2 and 4Q,, respectively, element are not necessary to stabilize
the @Q1/Qi—element. Moreover, by using the technique of reduced discretizations and eliminating
the additional degrees of freedom we show the relationship between enlarging the velocity space and
stabilized methods. This relationship has been established for triangular elements but was not known
for quadrilateral elements. As a result we derive new stabilized methods for the Stokes and Navier—
Stokes equations. Finally, we show how the Brezzi—Pitkaranta stabilization and the SUPG method for
the incompressible Navier—Stokes equations can be recovered as special cases of the general approach.
In contrast to earlier papers we do not restrict ourselves to linearized versions of the Navier—Stokes
equations but deal with the full nonlinear case.
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1. INTRODUCTION

In this paper we introduce a general class of stable finite element spaces suitable for a numerical solution of
the Stokes equations

—vAu+Vp=f, divu=0 in Q, u=0 ondQ, (1)
the Navier—Stokes equations
—vAu+ (Vu)u+Vp=f, divu=0 in Q, u=0 on 9N (2)

or other problems describing incompressible materials. In the equations (1) and (2), u is the velocity and p is
the pressure in a linear viscous fluid contained in a bounded domain © C R? with a polygonal boundary 89.
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The parameter v > 0 is the kinematic viscosity and f is an external body force, e.g. the gravity. Denoting
a(u,v) =/ Vu-Vvdz, n(uw,w,v) =/ v- (Vw)udz,
Q o
b(v,p) = —/ pdivodz,
Q

the usual weak formulation of (1) reads: Given v > 0 and f € H~1(Q)?, find u € H}(Q)? and p € L(f2) such
that

va(u,v) +b(v,p) = b(u,q) = (f,v)  VweH{Q) qe L), ®3)

where L2(Q) consists of L?(Q) functions having zero mean value on . It can be shown that this problem has
a unique solution (cf. [14], p. 80, Theorem 5.1). The weak formulation of (2) is given by

va(u, ) + n(u,u,v) +b(v,p) —b(u,q) = (f,v) ¥ wveH(Q? qeLiQ). (4)

The problem (4) has a solution which is unique if v is sufficiently large and/or f is sufficiently small (¢f. [14],
pp- 291 and 292). '

A standard Galerkin finite element discretization of (3) reads: Find uy, € Vj, and p, € Q), satisfying
va(un,vn) + b(vh,pr) — b(un,qn) = (f,vn) YV vn € Vi, gn € Qn, ()

where Vy, C H}(Q)? and Qp, C L3(f2) are some finite element spaces defined using a triangulation 7 of . In
this paper, we shall consider only triangulations consisting of quadrilaterals T' (cf. Sect. 2) and we shall use the
spaces

Vi ={ve H}(Q)* voFre Qi(I)? VT € T},
Qn={ae H(Q)NLYN); go Fr e Q:(T) VT € T}

for approximating the velocity and the pressure, respectively. Here, Ql(f) is the space of bilinear functions
defined on the reference square T and Fr € Q(T)? is a one~to—one mapping which maps T onto T'. It is well
known that this pair of spaces does not satisfy the Babuska—Brezzi condition

38>0: sup ————b(vh’qh)

> Bllanlloe VY qn € Qn, h >0, (6)

vaeVE\{0} [valq
which often causes that the problem (5) with V;, = V} is not solvable or that its solution contains spurious
oscillations. One way to suppress these oscillations and to assure the solvability is to add some extra terms
to the discretization (5) (cf. e.g. [7,9,15,19]). Another way is to enlarge the space V}, by a space V2 so that
the Babuska-Brezzi condition is satisfied. Here we shall first consider the second possibility and construct a
general class of spaces V?L assuring the fulfilment of the Babuska—Brezzi condition. Then we shall show that,
for suitable spaces V2, the V}—component of u; and the function p;, are solutions of the stabilized methods
of [9,15].

In case of the mini element [1], which is defined by enriching continuous piecewise linear functions by cubic
bubble functions, the close relation to the stabilized methods of [9,15] was already discussed in [3,18]. Similar
results for a convection—diffusion equation were obtained in [6]. In an abstract framework, the equivalence
between Galerkin methods with bubble functions and stabilized methods was investigated for linear problems
in [2]. For the linearized incompressible Navier—Stokes equations, the relation between a Galerkin method with
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the mini element and the streamline upwind Petrov-Galerkin method (SUPG) was studied in [12]. In [20], this
relation was investigated for residual-free bubbles and it was shown for the triangular P;/P;—element that also
the correct stabilization parameters in both the diffusion—dominated and the convection—dominated regimes can
be recovered. However, generally, e.g. for the @1 /Q;—element considered here, a stabilization using residual-free
bubbles is not equivalent to the SUPG method (cf. [8]). Finally, it was also shown that bubble functions can
help to design new stabilized methods (¢f. e.g. [11,13]).

There is a lot of further papers devoted to investigations of discretizations stabilized using bubble functions,
but the most of them are restricted to triangular elements and to linear problems. In this paper, we deal with
quadrilateral elements and, in addition, we consider more general functions than bubble functions. Apart from
investigating the relations to some well-known stabilized methods, we shall also derive, eliminating a suitable
space V2 from the discretization, a new type of stabilization which can be applied to both the Stokes and
the Navier—Stokes equations. In addition, we shall establish a discretization of the Navier-Stokes equations
which is, after elimination of a suitable space VZ, equivalent to the SUPG method studied for the linearized
Navier-Stokes equation in [12] and in the full nonlinear case in [21].

The space V2 added to V} to satisfy the Babuska—Brezzi condition will be defined in a general way as

Vi = span{y}, t}.}in
where ¢} € H} () and t}, € R? are some suitable functions and vectors, respectively. The proof of the Babugka-
Brezzi condition for the spaces V), = V} & Vi and Qp, which uses some ideas of [4] and a modification of the
Verfiirth trick [22], requires that the functions ¢} have localized supports and that, for any %, there exists a
point A} € {2 such that

dan dan , ,; : .
o= SR [ghdes VaeQu izl N, ™)
Al Ogn , i 2
lanltr < ChT 3 |27 (4h) Van€QnTET. (8)
=1, th’
AleT

We shall give explicit examples of spaces V2 such that (7) and (8) are fulfilled.

If A} lies on an edge E of the triangulation 75, the corresponding function ¢t can be associated with E
and we require that ¢} is tangent to E. In other words, vector functions associated with edges used to stabilize
the @Q1/Q1—element are tangent to the edges. This is not the case for a stabilization of finite elements with
discontinuous pressure like the quadrilateral @Q,/Py—element or the triangular P;/Py—element, where vector
functions orthogonal to the edges are used (see [5,10]).

The plan of the paper is as follows. In Section 2, we introduce some notations and summarize the assumptions
on the triangulations and the functions <,o§z needed for proving the Babuska—Brezzi condition in Section 3. In
Section 4, we give some examples of the functions ¢} and construct proper subspaces of the stable Q2/Q1—
element and the stable 4Q); /Q1—element which satisfy the Babuska—Brezzi condition. Further, in this section, we
also recover the stability of the Q;—bubble/Q —element by Mons and Rogé [17]. We investigate discretizations
obtained from (5) by eliminating the VZ-component of u; in Section 5 and discuss the general framework
between this technique and stabilized schemes. Particularly, we derive a new type of stabilization in Section 6
and show the equivalence to the stabilized methods of [9,15] in Sections 7 and 8. Finally, in Section 9, we show
that, for a modified discretization of the incompressible Navier—Stokes equations and a suitable choice of the
space V2, the V}—component of u; and the function py, are solutions of the SUPG method analyzed in [12,21].

2. ASSUMPTIONS AND NOTATIONS

We assume that we are given a family {7,} of triangulations of the domain 2 parametrized by a positive
parameter h — 0 and having the following properties. Each triangulation 7;, consists of a finite number of closed
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convex quadrilaterals T' (which will be often called elements in the following) such that Ar = diam(T) < h,
Q= Urer, T and any two different elements 77, T> € 7 are either disjoint or possess either a common vertex
or a common edge. In order to prevent the elements from degenerating when h tends to zero, we assume that
any triangle T, the vertices of which are three vertices of an element 1T' € 7}, satisfies

h~
L _<_ Cl 3 (9)
oF
where
hz = diam(T) = sup |z —yl, oF = _sup diam(B)
z,yeT BCT is a circle

and the constant C; is independent of A.
We introduce a reference Cartesian coordinate system with axes 7y, o and we define a reference element
= [0,1]2. For any T € T;,, we denote by Fr = (Fry, Frz) a fixed one-to-one mapping Fr € Q1(T)? which
maps T onto 7. Such a mapping always exists and the assumption (9) guarantees that

IFr(y gz <Chr,  |Fpllycr < Chy! VT eTh, (10)

where the constant C depends only on C;. Thus, we have

Chrllv o Frllyz < VveL*T), T €T, (11)
ClooFrl,z<|lyr<ClvoFrl,z VYveHT), TeT. (12)

We shall use the notation Jr(Z) = DFr/DZ(Z) for the Jacobi matrix of Fr.

In the following, we formulate general assumptions which are essential for the construction of the supplemen-
tary space V,ZL. Later, in Sections 4, 6, 7 and 9, we shall show how these assumptions can be satisfied in special
cases. N

We suppose that we are given functions {¢*},.p C H*(T') (where P is some parameter set which is usually
ﬁmte) such that, for any a € P, the function @ vanishes on at least three edges of T and there exists a point
A e T different from the vertices of T satisfying

[aerda—qd) [ ovs  VieQd. (13)
T T

Further, for any a € P, we introduce a unit vector (t(l", %) and we denote A% = (£3,%). If A* € 3T, we
require that " coincides with the direction of the edge of T containing A°‘ We admit $* = @° for a # B in
order to be able to use the same function g with two different directions £°. For formal reasons, we also admit

@* = 0. In this case, (13) is automatically satisfied for any point A%.
Now, using the mappings Fr, we transform the functions @* onto elements T of a triangulation 7 and

introduce finite element functions ¢, € HE(Q) \ {0}, i = 1,..., Np, having their supports always in one or two
elements. Precisely, we assume that, for any ¢ € {1, .. Nh} elther

ITET, a€P: Fr(A%) €dQUintT, @hlr=30F!, ¢hlor =0 (14)
or

3T,T'€Th, a0/ €P: TNT ={edge}, Fr(A*)=Fp(A¥),

‘PHT:@O!OF;I, <P;L|T'=</P\a°F1:'1= @2!9\(TUT'):0- (15)



STABILIZATION METHODS OF BUBBLE TYPE 89

The assumption Fr(A%) = FT:(Z"') in (15) implies that A%, A% € T. Note that the function ¢t defined by
(15) may vanish on one of the elements T, T7. In both cases (14) and (15), we set

A, =Fr(A%), = Jr(A)E/|Jr(A*) T
and we denote
A=A, 1, =%, @L =n°
(and A\?r/ = A\a’ 3 ’t\le :/ia y ﬁ;”r/ - ﬁal) .

In the case of (15), we then also have A% = Fr,(A%') and
th = Jp (AT J|Jp (AT ot = —Jp (AT I (A%) T .

We suppose that the functions {¢}, ¢ 2’:"1 are linearly independent and that

card{iE{l,...,Nh}; A;;eT} <C, VTET,

where the constant C; is independent of h. The support of any function ¢, is contained in the union of the
elements containing the point A% which will be denoted by P;. Thus, P} consists of one or two elements.
Further, we introduce the quantities

. _ |Jo #h dz] . .

T —_ f—
’Yh—m) 1=1,...,Np, Th =, _ming Y
which influence the magnitude of the constant in the Babuska—Brezzi condition. Defining the functions ¢4 in a
suitable way, the value of v, can be made arbitrarily small. However, arbitrarily large values of v, cannot be
obtained. It can be shown that v, < 2Cj and, if 7}, consists of rectangles, we even have v, < 1.

Finally, we introduce an assumption assuring the validity of (8). We assume that, for any T' € 7}, there exist
points A%, A{L, A¥ € T (with 1,4,k € {1,..., Ny}) such that the number

§§2k = (Ab x 7%, Ak . Ak 4 (Ah x A% A - Al + (Rf x Ay g - A\]T (16)
satisfies
8% > C5 > 0, (1"

where the constant Cs is independent of T" and h, the vector product a x b is defined as a; by —b; az and ﬁ; . A\Ef
is defined as iy - (A% — 0).

Remark 1. Using the identity (fiy x 7i.) i + (7% x 7ik) i + (i x %) 7l = 0, we have
SE* = (A7 x A%) Ay - (A% — A}) + (R} x Ag) AT - (A% — A7).
If, particularly, ﬁ’f and ?1,%1 are equal and orthogonal to ﬁ’}, then
|S7*1 = [T - (A% — Ap),

which illustrates the meaning of (17).
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Remark 2. If 7} consists of parallelograms, it is sufficient for proving the Babuska~Brezzi condition to assume
ﬁa‘ﬁ(ﬁ—ﬁa)a‘”@)d?ﬁ:O (18)
T

instead of (13) (¢f. Remark 6 in Sect. 3). Functions satisfying the property (18) are easier to construct than
those ones satisfying (13).

Remark 3. Let * be given by a formula which is invariant to which vertex of T is chosen as the origin of the
coordinate system %y, T (with axes in the directions of edges of T). Let {§*}%_, be a basis of Q1(T) consisting
of bilinear functions equal to 0 in three vertices of T and equal to 1 in the remaining vertex. Then [z ¢* ¢ dZ =
J7 @ q* dz for i = 2,3,4 and since %, @ =1, we infer that J79*qdz = ; [7 ¢*dZ,i=1,...,4. Any
7 € Q1(T) can be written as § = >, &*§* and hence J7 7*qdz = § S, o J7 ¢*dz = q(C5) [z P> dZ,
where Cz = (3, 3) is the barycentre of T. Thus, (13) holds with A% = Cg. An example of such an invariant
function @* is the biquadratic function

(3) =51 (1 —31)Fs (1 — 5a).

Remark 4. It is not necessary to construct invariant functions @* to satisfy (13). An example of a non-
invariant function satisfying the relation (13) is the biquadratic function

@) =71 (1-21) (1 —22) (1/2 - 72),

for which A% = (1/2,0).

Remark 5. If A} lies on an edge of some element of the triangulation 7}, then ¢} is a unit vector in the direction
. ... 0 iy )
of this edge. Therefore, the derivative a—zf‘(Ai) is well defined for any ¢, € Qp and any ¢ € {1,..., N,}. That
h
is essential for our proceeding in the following section.

3. PROOF OF THE BABUSKA-BREZZI CONDITION

In this section, we prove that, under the assumptions made in Section 2, the spaces Vi = Vi & V2 and Q4
satisfy the BabuSka—Brezzi condition with a constant proportional to 7. First, in Lemmas 1 and 2, we prove
the validity of (7) and (8). Then, in Lemma 3, we establish a Babuska—Brezzi condition with a ‘wrong’ norm of
gn and, finally, in Theorem 1, we prove the desired Babuska—Brezzi condition applying the modified Verfiirth
trick.

Lemma 1. We have

Oqn Oqn
- dz = d
T T)

(Ag)/ 0idz  Van€Qn,i€{l,...,Na}. (19)
Q

Proof. Consider any T' C P} and g, € Qp, and set gr = g o Fr. Since
(Van)(Fr(@) = Jr(®) " Ver(®@) VEeT, (20)

where V = (8/8%,,0/8%2)T, we have

/witfl-thda:=/A@“tfz-J;T%?jﬂdetJTlde. (21)
T T
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It is easy to verify that

OFr2  OFn
L1 9% | 0%
T 7 detJp OFps OFpy

07, 07,

Since the Z;—derivative of a function from Q:(T) is a linear function of Z, which does not depend on Z; (and

similarly for the Za—derivative), we infer that (det Jr) JT VqT € Ql(T) Using the fact that det Jr # 0 on T
it follows from (21) and (13) that

/w@t};-thdz:t}'l~(J;T§§T|detJT|)(ﬁa)/A(ﬁ"‘di.
T T

Applying (13) with § = | det Jr| and using (20), we get

0 : . o : .
I o4 dx = £ - (Vgn)(AL) / 3> |det Jp|dZ = qf (A%) / @i dz.
T 3th h T
O
Remark 6. If 7, consists of parallelograms, then Jr = const. and it follows from (21) that
/ ¢gtg.thdx=ﬁ 7° T - Vgrdz|det Jr|/|Jrt |,
T T
where we assume that ¢} = Jrt /|JT?I| (if ¢, = —Jrt / |JTZQ|, we can proceed analogously). Denoting
ar(@) =&+ & 71+ & Tx + €371 T2 and A* = (a1,a2), we haveforz € T
g aq: o og
I (3) = QT (Aa) +&3 (22 —@2), 2z z) = QT (Aa) +&3 (71 —a1) .
071 073
Hence
. Var@) =1 Var(A*) + &a% - (3 - A%)
and we see that, for proving (19), it suffices to assume (18) instead of (13).
Lemma 2. There exists a constant Cy independent of h such that, for any T € Tn, we have
2 2 Oqn
i < Cukt Y |58 VaneQn. (22)

A” €T

Proof. Let A € T, 7' € R?, || = 1,4 = 1,2, 3, be points and vectors satisfying (17) and let againt = (A%, 7t),
1=1,2,3. Let usset for € T and i1 =1,2,3

{AZ+1 (A’L 1 A'L 1) ﬁi_l (ﬁi-l—l . 214—1)} . (_51,&;\2) + (ﬁi+1 x ﬁ’i—l) /x\l 52 ,
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with the convention that i —1 =3 fori =1and i +1 =1 for ¢ = 3. For any ¢ = ({1,%2) and 7 = (£2,%1), we
have

~
aatzt\ (1_) _ {(n x ﬁz—v—l) ~1—1 Az 1) _ (n NE ~i— 1)(ﬁz+l Az+1)} + (A/H_l ,\,,, l)ﬁ
so that
g; (A)=8"%%6;,  4,j=123,

where 5123 is defined by (16), 6;; = 1 for i = j and 6;; = 0 for i # j. Thus, for any g € Q1(T), the function

3 ~
1 8q ~. N N —~
7) =q(0) + = — (A ¢ (), TeT,
(@) = 4(0) 5123;3?( ) (2)
satisfies
B ay=% 7y, =123 (23)
ot Bt

Let us show that p = g. We denote p(Z) — q(T) = &1 Z1 + &2 T2 + €3 T1 2. Then it follows from (23) that
ORL+E6EAL+EGA R =0, i=1,2,3, (24)
which implies that
(A xR +&{(A-aHYai— (A A%l =0, i=1,2.

Subtracting the second equation multiplied by 7' x A° from the first equation multiplied by #i> x A%, we infer
that & 75 S22 = 0. Analogously we obiaiu from (24)

& @ xah) + & {(A-r)ad - (& aY)alt=0, =12,
and & 73 5123 = 0. Thus, &3 = 0 and it follows from (24) that
GA'xA)=0, L@ xn)=0, 4,7=12.3,

which gives &, = & = 0 in view of (17). Therefore, p = . Since |Z| < /2 for any Z € T, we have '—‘—(uu)l <3v2
for any ¢ € R? with [t| = 1. Hence, applying (17), we get

9 108 i)
|ﬂ1’ lf)\ll T — (A ?
which implies (22) in view of (12), (20) and (10). g
Lemma 3. We have
b(vp,
sup  Amd) 5 S Rlmlr Ve Q. (25)

veviv(oy [Vrlio 1V 02 Ci\l 7z,
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. Noo s s .
Proof. Consider any vy, € Vi. Then vy, = ;" o ¢} t}, for some real numbers a'. We can assume that

Jo ¥hdz #0for i =1,..., N} since otherwise v, = 0 and (25) holds. Thus, we have because of the definitions
of C3 and

d
o= X it <G 5 S latPlvifte < % 5% it o Bt (20

TeT, TeT), i=1,
A;eT

Applying Lemma 1, we obtain for any gn, € Qpn

9qn i d h th
b(vm%):/ Vh - Vthx—Z / 8t’ 8t’ )/ ¢ dz .

Choosing

i Pil>  Oqn, i
Ja ¢idz ot

it follows that

=

Al |fo, ¥hd dz|*]* 2]*
_ iz [Jo #h xl Q2 |fQ G xl 2 a‘Zh i
b(vha qh) - ; |Ol I |P1|2 Z l I IP1|2 Z IPh! atz ’
which implies (25) owing to (26), (9) and (22). O

Theorem 1. There exists a constant Cs > 0 independent of h such that the spaces Vi, = Vi @ Vi and Qp
satisfy the Babuska—Brezzi condition

b(vp,
sup  2OMI) 5 o lon Van € Q. @7)
v, €VL\{0} |vh|1,Q

Proof. Applying the modified Verfiirth trick presented in [7], pp. 2565256, we obtain

b(vp,
s ) 5 o - [ Rals  VaneQ (28)
vLEV,\{0} |vh|l,0 TeTh

with a constant C' > 0 independent of h and the theorem follows from Lemma 3 and the bound v, < 2C;. For
completeness, we recall the main arguments leading to (28). Since the spaces H}(Q)? and L3(2) satisfy the
inf-sup condition (6), we have

b(v,
Blahoas sup 229y eq,. (29)
veH] (2)%\{0} 171!1,9

Using an operator 7, : H}(Q2)? — V), satisfying

Ithvlig < Clvlig, [, hpllv—molis <Clvliq  Vwve H(Q)?,
TET),
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where C is independent of h, we get for any v € H}(2)? and g, € Qx

b(w — Thv, gn) = / (v —mh0) - Vandz < Clolg | S halanl 7,
Q2 TETH

=~ b ThU,4hn =~ b Uh, qh
b(mnv,qn) < C vl q 16(mhv, gn)| <Clvliq sup b(vh, qn)
|7Th'”|1,9 vLE€VE\{0} |’Uh|1,9
Substituting the sum of these two relations into (29), we derive (28). O

Remark 7. Let [~ ¢*dZ > 0 for any o € P. Consider any T € T, and ¢ € {1,..., Ny} and let ¢} | = >0 Fr*
for some a € P. Then, according to (13),

/w;dz=[w|detJT|d§=|detJT(ﬁa)|/Aaadf
T T T

and hence, in view of (10) and (9),

/¢;dsz|Pg| inf /(ﬁo‘d:’f, i=1,...,Ns,
Q #0 JT

aeP, pe

where C' > 0 is a constant independent of h. Finally, applying (12), we get

inf / P> dz
a€P, 22 £0 Jp
bl

M =C e
sup | =
a€eP | Il’T

where C' > 0 is again independent of h. Thus, if P is finite and [» $*dZ > 0 for any $* # 0, then v, > C >0
with C independent of h.

4. EXAMPLES OF STABLE ELEMENTS IMPLYING THE STABILITY OF KNOWN ELEMENTS

In this section, we derive several explicit examples of supplementary spaces V2 such that the pair V; =
Vi ® V2, Q satisfies the Babuska—Brezzi condition. All examples which will be discussed in this section can
be divided into three classes. The first class is characterized by the fact that V} @ V3 is a proper subspace of
the space

VO = {v e HY(Q)? vo Fr € Qx(T)* VT € Th},

where Q2 (T\) is the space of biquadratic functions defined on T'. In this way, we get an alternative proof for the
stability of the Q2/Q1—element. The second class will be constructed such that V} & V2 is a proper subspace
of the space

Vi = {v € Hj(Q)* vo Fr € Qu(T)” VT € Ty},

where T}, /5 is a triangulation obtained from 7, by dividing each quadrilateral T' € 7 into four quadrilaterals
connecting the midpoints of opposite edges of T. This also represents a new proof for the stability of the
4Q1/Q;1—element. The basic feature of the last class is that the space V2 consists of bubble functions, i.e.,
any function from V3 vanishes on all edges of the triangulation 7,. Here we recover the stability of the Q-
bubble/Q;—element [17] by our general approach.






