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Modélisation Mathématique et Analyse Numérique Vol. 35, No 4, 2001, pp. 647–673

THE MORTAR METHOD IN THE WAVELET CONTEXT ∗
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Abstract. This paper deals with the use of wavelets in the framework of the Mortar method. We
first review in an abstract framework the theory of the mortar method for non conforming domain
decomposition, and point out some basic assumptions under which stability and convergence of such
method can be proven. We study the application of the mortar method in the biorthogonal wavelet
framework. In particular we define suitable multiplier spaces for imposing weak continuity. Unlike in
the classical mortar method, such multiplier spaces are not a subset of the space of traces of interior
functions, but rather of their duals.

For the resulting method, we provide with an error estimate, which is optimal in the geometrically
conforming case.
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1. Introduction

In the last few years there has been an increasing interest in the use of wavelet based methods for the numerical
solution of partial differential equations. The existence of diagonal preconditioners for elliptic operators of any
given order [24,28], as well as the possibility of designing efficient adaptive approximation schemes for different
type of problems [9,11,17,22,29], are among the attractive features of such bases, which are raising the attention
of the scientific computing community on the development in this field.

On the other hand, in order for such methods to be applicable in real life problems, several issues still need
to be faced, among which the efficient treatment of non trivial geometries. We recall that such bases were first
introduced in L2(R) [31]. Generalizations to L2(]0, 1[) (and to L2(]0, 1[d)) have been introduced in the early
nineties [2,19], and recently bases were constructed by a conforming domain decomposition approach, allowing
to treat all domains which can be split as union of conformal images of rectangles or cubes [15,26].

Rather than following such a philosophy, we prefer to consider here a non conforming domain decomposition
approach. This has the great advantage of allowing to couple discretizations of different types. By this approach,
wavelet bases can be coupled for instance, with finite elements. This would allow in principle to treat even very
complicated geometries, by decomposing any given domain into subdomains, some of which are (conformal
images of) squares or cubes – and can then be discretized by wavelets – while the remaining ones can be
discretized with finite elements.

Keywords and phrases. Domain decomposition, mortar method, wavelet approximation.

∗ This work was partially supported by the EC-TMR Network Wavelets in Numerical Simulation, Contract No. ERB-FMRX-
CT98-0184. It was done partly while the first author was a member of the Laboratoire ASCI (Université Paris Sud, Orsay).
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In particular we consider here the mortar method [7, 8] which has been designed for such purpose. In the
mortar method the interface of the decomposition is itself decomposed into “mortars” (which in this paper will
be called “multiplier edges” or “sides”): each “mortar” is a whole edge of a given subdomain, and the “mortars”
are disjoint from each other. Weak continuity is imposed by requiring that on each mortar the jump of the
approximate solution is orthogonal to a suitable “multiplier space”. Such method has nowadays been applied
to a wide variety of real-life problems in both two and three dimensions [3,4,33] and it is well suited for parallel
implementation [1]. We consider here the second version of such method [5], in which strong continuity of the
discrete functions at cross points is not required.

The aim of this paper is to introduce and analyze the application of such a method in the context of
biorthogonal wavelet bases. We limit our analysis to the two dimensional case, and for simplicity we assume
that all the subdomains are rectangular. For the sake of notational simplicity we chose to split the paper in
two parts. In the first part we briefly review the theory of the mortar method. While doing that we underline
the basic requirements on the discretization spaces needed in order to get stability and convergence. Moreover
we point out the main differences between what happens in the framework of (for instance) finite elements and
what will happen when dealing with wavelets.

In the second part we show that, for a suitable choice of the “multiplier space”, wavelets fulfill such require-
ments. Due to the particular structure of the mortar method we are able to do that by concentrating on one
subdomain and one “mortar”. In particular we provide an error estimate, which, in the case of a geometrically
conforming decomposition, is optimal.

2. The mortar method

Rather than introducing and analyzing the mortar wavelet method directly, for the sake of notational sim-
plicity we prefer to review at first the theory of the Mortar method in an abstract framework. In doing that, we
will point out some basic assumptions, which we will later check in the wavelet case. We follow essentially the
guidelines of [7, 8]. Most of the proofs are the same in an abstract framework as they are in the finite element
framework, and we will therefore omit them, or sometimes just briefly sketch them, for the sake of completeness.

On the other hand, when dealing with wavelets, one is naturally confronted with two new issues:
• the natural choice of the multiplier space on an edge is not necessarily a subset of the space of traces of

the interior functions, as it is in the classical mortar method; we will see that, under suitable assumptions
which are easily verified in the wavelet case, this does not yield any major modification in the results that
can be obtained, with no substantial difference with respect to the “classical” mortar method (in this
respect see also [36]);
• since interpolation on general non dyadic (even coarse) grids in the wavelet context is still an open problem,

we are led to analyze the approximation error also in the case in which the existence of an approximation
operator that is interpolating at cross-points is not verified; we will see that this leads (in the geometrically
non conforming case) to a loss of a factor of the order of | log(h)| in the error estimate.

2.1. The geometry

Let Ω ⊂ R2 be a polygonal domain. We will consider a decomposition of Ω as the union of L subdomains Ω`,

Ω =
L⋃
`=1

Ω`, (1)

which, for the sake of simplicity we will assume to be rectangular. We set

Γ`n = ∂Ωn ∩ ∂Ω`, (2)
S = ∪Γ`n. (3)
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Figure 1. Geometrical decomposition of the domain Ω.

Throughout this section we will assume that the above decomposition is fixed. The constants in the bounds
that we are going to prove will in general depend on the size of the subdomains, unless otherwise stated.

We denote by γ(i)
` (i = 1, . . . , 4) the i-th side of the `th subdomain:

∂Ω` =
4⋃
i=1

γ
(i)
` .

For ` = 1, . . . , L let ν` denote the outer unit normal to the subdomain Ω`, and for u` ∈ H1(Ω`), let ∂u`/∂ν`
denote the outer normal derivative.

Remark 2.1. The decomposition is said to be geometrically conforming if each edge γ(i)
` coincides with Γ`n(=

∂Ω` ∩ ∂Ωn) for some n. If the decomposition is not geometrically conforming, then each interior edge γ(i)
` will

be in general split as the union of several segments Γ`n:

γ
(i)
` =

⋃
n∈I(i)

`

Γ`n, (4)

where I(i)
` individuates the set of indices n for which the subdomain Ωn is adjacent to the edge γ(i)

` of the
subdomain Ω`:

I
(i)
` = {n 6= ` : |∂Ωn ∩ γ(i)

` | 6= 0} · (5)

We assume that the subdomains are regular in shape, and from now on we will make the following grading
assumption (which is automatically fulfilled in the case of a geometrically conforming regular decomposition):

(G1): the following bound holds

max
(`,i)

(
|γ(i)
` |

min
n∈I(i)

`

|Γ`n|

)
≤ ρ. (6)

The constants appearing in the estimates of the following sections will in general depend on the bound ρ.
For defining the mortar method we start by choosing a splitting of the skeleton S as the disjoint union of

a certain number of subdomain sides γ(i)
` , which we will call “multiplier sides” (in the usual terminology these

are called “non mortars” or “slave sides”). More precisely, we choose an index set I ⊂ {1, . . . , L}×{1, . . . , 4}
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Figure 2. Two possible choices of “multiplier sides”. For the one on the left we have (using
the indexing of Fig. 1) I = {(2, 3), (1, 2), (1, 3), (3, 2)} and I∗ = {(4, 1), (4, 4), (3, 1), (2, 4)}
while for the one on the right I = {(1, 2), (3, 1), (3, 2), (4, 1)}. Remark that in all cases the set
{1, . . . , L}×{1, . . . , 4}\I∪I∗ individuates the edges which belong to the external boundary ∂Ω.

such that

S =
⋃

(`,i)∈I
γ

(i)
` ,

(`1, i1), (`2, i2) ∈ I,
(`1, i1) 6= (`2, i2)

⇒ γ
(i1)
`1
∩ γ(i2)

`2
= ∅. (7)

Furthermore we will denote by I∗ ⊂ {1, · · · , L}×{1, · · · , 4} the index-set corresponding to “trace sides” (“mor-
tars” or “master sides” in the usual terminology), which is defined in such a way that I∗ ∩ I = ∅ and
S = ∪(`,i)∈I∗γ

(i)
` .

Corresponding to the splitting (7) we define a normal direction on the skeleton. More precisely for (`, i) ∈ I
(γ(i)
` multiplier side) we set

ν = ν` on γ(i)
` . (8)

Since S = ∪(`,i)∈Iγ
(i)
` , this defines ν on S. For any u = (u`)`=1,... ,L ∈

∏L
`=1H

1(Ω`),
∂u

∂ν
will be defined

accordingly: on γ
(i)
` , (`, i) ∈ I (γ(i)

` multiplier side) we set
∂u

∂ν
=
∂u`
∂ν`

. Moreover, we let [u] denote the jump of

u along the skeleton S with the proper sign: on Γ`n ⊂ γ(i)
` , with (`, i) ∈ I (γ(i)

` multiplier side),

[u]|Γ`n = u`|Γ`n − un|Γ`n . (9)

In order to simplify the notation in the following we will sometimes make use of a multi-index m = (`, i). We
will for instance write γm,m ∈ I (respectively m ∈ I∗) for γ(i)

` , (`, i) ∈ I (respectively (`, i) ∈ I∗).
In the following, letting Ω̂ be either one of the domains Ω, Ω`, ∂Ω`, γ

(i)
` and Γ`n, we will denote by ‖ · ‖s,Ω̂

(resp. | · |s,Ω̂) the norm (resp. seminorm) of the space Hs(Ω̂). Moreover, we will also make use of the norm of

the space H1/2
00 (Ω̂), which we will simply denote by ‖ · ‖

H
1/2
00 (Ω̂)

.
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2.2. The continuous problem

For simplicity we will consider the following model problem. Given f ∈ L2(Ω), find u : Ω−→R such that{
−∆u = f, in Ω,

u = 0, on ∂Ω.
(10)

Given the splitting of the domain Ω introduced in the previous section, we will consider a non conforming
domain decomposition method for the solution of such a problem. In order to do that let

X =
L∏
`=1

{
u` ∈ H1(Ω`)| u` = 0 on ∂Ω ∩ ∂Ω`

}
, (11)

T =
L∏
`=1

H
1/2
∗ (∂Ω`), (12)

where H1/2
∗ (∂Ω`) is defined by

H
1/2
∗ (∂Ω`) = H1/2(∂Ω`) if ∂Ω` ∩ ∂Ω = ∅

and

H
1/2
∗ (∂Ω`) =

{
η ∈ H1/2(∂Ω`), η|∂Ω`∩∂Ω ≡ 0

}
∼ H1/2

00 (∂Ω` \ ∂Ω),

otherwise. The space H1/2
∗ (∂Ω`) will be endowed with the norm ‖ · ‖1/2,∂Ω` , and we will denote by ‖ · ‖−1/2,`

the norm of the corresponding dual space. Remark that in general ‖ · ‖−1/2,` 6= ‖ · ‖−1/2,∂Ω` .

Remark 2.2. Remark that by definition the elements of both X and T (and in the sequel the elements of the
discrete subspaces Xδ and Tδ) satisfy an homogeneous boundary condition on ∂Ω.

On X we introduce the following broken norm and semi-norm:

‖u‖X =

(
L∑
`=1

‖u‖21,Ω`

) 1
2

, |u|X =

(
L∑
`=1

|u|21,Ω`

) 1
2

. (13)

In the following it will also be convenient to introduce the following norm on T :

‖η‖T =

(
L∑
`=1

‖η`‖21/2,∂Ω`

)1/2

. (14)

Moreover, for λ ∈ L2(S) we will use the notation:

‖λ‖−1/2,S =

(
L∑
`=1

‖λ‖2−1/2,`

)1/2

. (15)

Let now a composite bilinear form aX : X×X−→R be defined as follows:

aX(u, v) =
L∑
`=1

∫
Ω`

∇u`∇v`. (16)
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The bilinear form aX is clearly not coercive on X . In order to obtain a well posed problem we will then consider
proper subspaces of X , consisting of functions satisfying a suitable weak continuity constraint.

More precisely, for any subspace M of L2(S) let a constrained space X (M) be defined as follows:

X (M) =
{
u ∈ X :

∫
S

[u]λ = 0, ∀λ ∈M
}
· (17)

We will consider the following problem (depending on the choice of the “multiplier space” M):

Problem 2.3 (PM ). Find uM ∈ X (M) such that for all v ∈ X (M)

aX(uM , v) =
∫

Ω

fv. (18)

In the following we will consider multiplier spaces M satisfying the following assumption.

(BP): There exists a constant CM > 0 such that the following broken Poincaré inequality holds for all u ∈
X (M) :

|u|X ≥ CM‖u‖X. (19)

The bound (19) is evidently equivalent to the coercivity of the bilinear form aX over X (M). By simply observing
that M1 ⊂M2 implies X (M2) ⊂ X (M1) one gets the following well known result (see for instance [7]).

Theorem 2.4. Let M̄ satisfy assumption (BP). Then for all M such that M̄ ⊂M we have the following:
• the solution uM of problem PM exists and is unique;
• for u solution of (10) the following bound holds with constant C̄ = C̄(M̄):

‖u− uM‖X ≤ C̄ inf
λ∈M

‖∂u
∂ν
− λ‖−1/2,S . (20)

2.3. Mortar discrete problem – Approximation spaces

For each ` let now V`δ be a family of finite dimensional subspaces of H1(Ω`) ∩ C0(Ω̄`), depending on a
parameter δ = δ` > 0 and satisfying an homogeneous boundary condition on ∂Ω ∩ ∂Ω`. Set

T `δ = V`δ |∂Ω` , (21)

and, for each edge γ(i)
` of the subdomain Ω` let

T`,i =
{
η : η is the trace on γ

(i)
` of some u` ∈ V`δ

}
(22)

T 0
`,i =

{
η ∈ T`,i : η = 0 at the vertices of γ(i)

`

}
· (23)

We set

Xδ =
L∏
`=1

V`δ ⊂ X, Tδ =
L∏
`=1

T `δ ⊂ T. (24)

For each m = (`, i) ∈ I let a finite dimensional multiplier space Mm
δ on γm be given, also depending on the

parameter δ:

Mm
δ ⊂ L2(γm), dim(Mm

δ ) = dim(T 0
m). (25)
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We set:

Mδ = {η ∈ L2(S), η|γm ∈Mm
δ ∀m ∈ I} ∼

∏
m∈I

Mm
δ . (26)

The constrained approximation and trace spaces Xδ and Tδ are then defined as follows:

Xδ =
{
vδ ∈ Xδ,

∫
S

[vδ]λ = 0, ∀λ ∈Mδ

}
⊂ X (Mδ), (27)

Tδ =
{
η ∈ Tδ,

∫
S

[η]λ = 0, ∀λ ∈Mδ

}
. (28)

We can now introduce the following discrete problem:

Problem 2.5 (PD). Find uδ ∈ Xδ such that for all vδ ∈ Xδ

aX(uδ, vδ) =
∫

Ω

fvδ. (29)

The following result holds:

Theorem 2.6. Assume that M̄ = ∩δ>0Mδ satisfies assumption (BP). Then for all δ > 0, problem Pδ admits
a unique solution uδ which satisfies the following error estimate:

‖u− uδ‖X ≤ C̄
(

inf
vδ∈Xδ

‖u− vδ‖X + inf
λ∈Mδ

∥∥∥∥∂u∂ν − λ
∥∥∥∥
−1/2,S

)
, (30)

with C̄ constant depending on M̄ .

2.4. Stability

In order to apply the result of the previous sections, we need to choose the multiplier spaces Mm
δ in such a

way that M̄ = ∩δMδ ∼
∏
m∈I ∩δMm

δ satisfies assumption (BP). We would like to recall that assumption (BP)
is much less restrictive than it might seem at first sight. It is well known [7] that in the framework considered
here, a sufficient condition for (BP) to hold is the following: for all m = (`, i) ∈ I (γ(i)

` multiplier side), for any
piecewise constant function g, g constant on each Γ`n, n ∈ I(i)

` (we recall that γm =
⋃
n∈I(i)

`

Γ`n), we have

∫
γm

gλ = 0,∀λ ∈ M̄m = ∩δMm
δ implies g = 0. (31)

In fact, roughly speaking, any function for which | · |X = 0, does necessarily take a constant value on each
subdomain, and, if it belongs to the constrained space X (M̄), by (31) such constant values agree. Since the
functions in X (M̄) vanish at the boundary, the function is then identically zero. The validity of assumption (31)
has been studied for several types of discretizations. Several sufficient conditions for it to hold are therefore
known. We recall for instance the following result [6] which can be applied in our framework.

Proposition 2.7 (Sufficient condition I). If card{I(i)
` } ≤ Ñ (card{I(i)

` } being the number of subdomains adja-
cent to γ(i)

` and Ñ being the number of polynomials exactly reproduced in M̄m), then (31) holds.
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It is also easy to prove that the following condition holds.

Proposition 2.8 (Sufficient condition II). A sufficient condition for M̄m to satisfy (31) is that ∀n ∈ I(i)
` there

∃βn ∈ M̄m such that

suppβn ⊂ Γ`n,
∫

Γ`n

βn = 1. (32)

In fact, for g = cn on Γ`n we have
∫
γm
gβn =

∫
Γ`n

gβn = cn, and if g is orthogonal to all the functions in M̄m

this implies cn = 0.

Remark 2.9. In the case of a geometrically conforming decomposition (for all m = (`, k), γm = Γ`n, for
some n) the above condition is also necessary, which is in general not true in the case of geometrically non
conforming decompositions (see for instance the case of the mortar element method in the framework of a
spectral decomposition, in which case the elements of Mm

δ are polynomial functions).

2.5. Approximation error

In order to bound the right hand side of (30) we will make the following assumptions on the spaces considered:

(A1): ∀m = (`, i) ∈ I (γ(i)
` multiplier side), there exists a bounded projection operator πm : L2(γm)−→T 0

m,
such that for all η ∈ L2(γm) and for all λ ∈Mm

δ∫
γm

(η − πmη)λ = 0, (33)

and for all η ∈ H1/2
00 (γm)

‖πmη‖H1/2
00 (γm)

. ‖η‖
H

1/2
00 (γm)

; (34)

(A2): ∀m = (`, i) ∈ I (γ(i)
` multiplier side), there exists a discrete lifting Rm : T 0

m−→V`δ such that for all
η ∈ T 0

m

Rmη = 0 on ∂Ω`\γm, Rmη = η on γm, (35)

and

‖Rmη‖1,Ω` . ‖η‖H1/2
00 (γm)

; (36)

(A3): for all m = (`, i) ∈ I (γ(i)
` multiplier side), the following inverse inequality holds: for all elements η ∈ T 0

m

and for all s, 0 ≤ s < 1/2 it holds

‖η‖
H

1/2
00 (γm)

. hs−1/2
m ‖η‖s,γm, (37)

where hm is a discretization parameter acting as “mesh size” on γm.

Remark 2.10. It is well known [35] that for s < 1/2 the Sobolev space Hs(G) (G bounded domain) can be
obtained by space interpolation both as [L2(G),H1(G)]s and as [L2(G),H1

0 (G)]s, the two resulting norms being
equivalent. However, since the constants in the norm equivalence explode as s tends to 1/2, it is not difficult
to realize that for (37) to hold uniformly in s, Hs(γm) has to be defined as [L2(γm),H1

0 (γm)]s. In fact, such
inverse inequalities are usually proven for s = 0 and then extended to s ∈ (0, 1/2) by space interpolation. If
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then Hs(G) is defined as [L2(G),H1
0 (G)]s, it is possible to prove that for G = ∪nGn, G and Gn intervals, it

holds for all u ∈ H1/2−ε(G)

∑
n

‖u‖21/2−ε,Gn .
1
ε2
‖u‖21/2−ε,G. (38)

Moreover we remark that, also by space interpolation, assumption (A1) implies that the projection operator
πm verifies for all s, 0 < s < 1/2:

‖πmη‖s,γm . ‖η‖s,γm (39)

uniformly in s.

Letting

h = min
m∈I

hm

the following lemma holds:

Lemma 2.11. If assumptions (A1–A3) hold, then for any η = (η`)`=1,... ,L ∈ T it holds:∑
m∈I
‖πm([η])‖2

H
1/2
00 (γm)

.
(
1 + | logh|

)2‖η‖2T . (40)

Proof. Let η = (η`)`=1,... ,L be any element of T =
∏
`=1,... ,LH

1/2
∗ (∂Ω`). Using (37) and (39), for any ε,

0 < ε < 1/2 it holds:∑
m∈I
‖πm([η])‖2

H
1/2
00 (γm)

.
∑
m∈I

h−2ε
m ‖πm([η])‖21/2−ε,γm

.
∑
m∈I

m=(`,i)

h−2ε
m

∑
n∈I(i)

`

(‖η`‖21/2−ε,Γ`n + ‖ηn‖21/2−ε,Γ`n)

=
L∑
`=1

h−2ε
∑

n:Γ`n 6=∅
‖η`‖21/2−ε,Γ`n .

h−2ε

ε2

L∑
`=1

‖η`‖21/2,∂Ω`

where the last bound derives from (38). Choosing ε = 1
| log h| we get (40).

We can now define a linear operator π :
∏L
`=1 L

2(∂Ω`)−→
∏L
`=1 L

2(∂Ω`) that we will need in the following:
more precisely, for η = (η`)`=1,... ,L, π(η) is defined on multiplier sides as πm applied to the jump of η, while it
is set identically zero on trace sides and on the external boundary ∂Ω:

π(η) = (η∗` )`=1,... ,L, with (41)

η∗` |γm = πm([η]|γm), for m = (`, i) ∈ I (42)

η∗` |γm = 0, for m = (`, i) ∈ I∗,

η∗` ≡ 0 on ∂Ω` ∩ ∂Ω.
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By observing that for all η ∈ H1/2(∂Ω`) satisfying η|
γ

(i)
`

∈ H1/2
00 (γ(i)

` ), (i = 1, . . . , 4) it holds

‖η‖21/2,∂Ω`
.

4∑
i=1

‖η‖2
H

1/2
00 (γ

(i)
` )

(43)

we obtain the following corollary of Lemma 2.11.

Corollary 2.12. If assumptions (A1–A3) hold, then for any η = (η`)`=1,... ,L in the trace space T it holds:

‖π(η)‖T .
(
1 + | logh|

)
‖η‖T (44)

We are then able to prove the following theorem.

Theorem 2.13. Let assumptions (A1–A3) hold. Then for any u ∈ H1
0 (Ω) we have:

inf
vδ∈Xδ

‖u− vδ‖X .
(
1 + | logh|

)( L∑
`=1

inf
vδ,`∈V`δ

‖u− vδ,`‖21,Ω`

)1/2

. (45)

Proof. For each ` let wδ,` be an arbitrary element of V`δ . Let w̄δ = (wδ,`)`=1,... ,L. Since w̄δ does not necessarily
satisfy the jump condition, it may not belong to Xδ. We now define an element wδ ∈ Xδ as follows:

wδ = w̄δ −
∑
m∈I

Rmπm([w̄δ]), (46)

where, by abuse of notation for η ∈ T 0
m (m = (`, i)) we indicate by Rm(η) the element of Xδ which coincides

with Rm(η) in Ω` and which is identically zero on the other subdomains. We easily check that wδ belongs to
Xδ. In fact for η ∈ T 0

m we have,

[Rmη] = η on γm,

and hence

[wδ] = [w̄δ]− πm([w̄δ]) on γm,

which implies, for λδ ∈Mδ, thanks to (33),∫
S

[wδ]λδ =
∑
m∈I

∫
γm

(
[w̄δ]− πm ([w̄δ])

)
λδ = 0.

We can now bound

‖
∑
m∈I

Rmπm([w̄δ])‖2X =
L∑
`=1

‖
∑
m∈I

m=(`,i)

Rmπm([w̄δ])‖21,Ω` .
L∑
`=1

∑
m∈I

m=(`,i)

‖Rmπm([w̄δ])‖21,Ω`

.
∑
m∈I
‖πm([w̄δ])‖2H1/2

00 (γm)
=
∑
m∈I
‖πm([w̄δ − u])‖2

H
1/2
00 (γm)

,
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where the last equality descends from the observation that for u ∈ H1(Ω) it holds [u] = 0, and hence [w̄δ] =
[w̄δ − u]. Thus, by applying lemma 2.11 for η = [w̄δ − u], using a classical trace theorem we obtain

inf
vδ∈Xδ

‖u− vδ‖2X . ‖u− w̄δ‖2X + ‖
∑
m∈I

Rmπm([w̄δ])‖2X

.
(
1 + | logh|

)2 L∑
`=1

‖u− wδ,`‖21,Ω` .

Since the wδ,` are arbitrary, we get the thesis. 2

Corollary 2.14. Let the family V`δ be given and let Mδ be defined by (26) and Xδ by (27). Assume that the
following properties hold:

(i) accuracy: assumptions (A1–A3) are satisfied for T 0
m and Mm

δ defined by (23), (25);
(ii) stability: M̄ = ∩δMδ satisfies assumption (BP).

Then, for u solution of (10) and uδ solution of (29) the following error estimate holds:

‖u− uδ‖X .
(
1 + | logh|

)( L∑
`=1

inf
vδ,`∈V`δ

‖u− vδ,`‖21,Ω`

)1/2

(47)

+ inf
λ∈Mδ

‖∂u
∂ν
− λ‖−1/2,S .

Remark 2.15. We remark that assumptions (A1–A3) deal independently with each subdomain and also with
the coupling between the discretization on a subdomain and the multiplier space Mm

δ defined on each one of
its sides. In the construction of suitable discretization spaces, it will then be sufficient to study the properties
of the discretization on one subdomain and the multiplier space induced on one of its sides.

Clearly, Theorem 2.13 yields only a sub-optimal error estimate, where, due to the constraint, a factor of the
order | logh| is lost with respect to the optimal approximation rate. Nevertheless, if the solution is sufficiently
regular, an optimal error estimate can be retrieved, provided that a suitable projector exists, verifying an
interpolation property at cross points. More precisely the following theorem holds.

Theorem 2.16. For some s̄ > 1, assume that V`δ ⊂ H s̄(Ω`) and that operators Πδ,` : H s̄(Ω`)→ V`δ exist such
that
• ∀s, t, 0 ≤ s ≤ s̄, s̄ ≤ t ≤ t̄, (t̄ possibly depending on `) for all u ∈ Ht(Ω`) with u = 0 on ∂Ω` ∩ ∂Ω we have

‖u−Πδ,`u‖s,Ω` . δt−s` ‖u‖t,Ω` , (48)

δ` being the “mesh-size” of the discretization in the subdomain Ω`;
• for all A ∈ ∂Ω` such that A is a vertex of Γ`n for some n,

Πδ,`u(A) = u(A), ∀u ∈ H s̄(Ω`). (49)

Then if u ∈ H s̄(Ω) ∩H1
0 (Ω) satisfies u|Ω` ∈ Ht`(Ω`) (s̄ ≤ t` ≤ t̄) it holds

inf
vδ∈Xδ

‖u− vδ‖X .
L∑
`=1

δt`−1
` ‖u‖t`,Ω` . (50)

Remark 2.17. We point out that in the case of general discretizations, for m = (`, i) ∈ I (γ(i)
` multiplier side)

the two mesh size parameters hm in the inverse inequality (37) (corresponding to the “finest mesh size” on γm)
and δ` in the direct inequality (48) (corresponding to the “coarsest mesh size” in Ω`) do not necessarily coincide.
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Proof. Let wδ,` = Πδ,`u. Setting w̄δ = (wδ,`)`=1,... ,L and wδ = w̄δ −
∑
m∈I Rmπm([w̄δ]), as in the proof of

Theorem 2.13 we have

inf
vδ∈Xδ

‖u− vδ‖X . ‖u− wδ‖X .
L∑
`=1

‖u−Πδ,`u‖1,Ω` +
∑
m∈I
‖πm([w̄δ − u])‖

H
1/2
00 (γm)

.

Thanks to (49), [wδ − u] belongs to H1/2
00 (γm), hence we can write∑

m∈I
‖πm([w̄δ − u])‖

H
1/2
00 (γm)

.
∑
m∈I
‖[w̄δ − u]‖

H
1/2
00 (γm)

.

We now observe that [w̄δ − u]|Γ`n ∈ H
1/2
00 (Γ`n) for all `, n. Then, by writing it as the sum of functions ζn each

one coinciding with [w̄δ − u] on Γ`n and vanishing identically on γm \ Γ`n, since the zero extension operator is
bounded from H

1/2
00 to H1/2

00 we get

‖[w̄δ − u]‖
H

1/2
00 (γm)

.
∑
n∈I(i)

`

‖ζn‖
H

1/2
00 (γm)

.
∑
n∈I(i)

`

‖[w̄δ − u]‖
H

1/2
00 (Γ`n)

whence, since on Γ`n, |[w̄δ − u]| ≤ |Πδ,`u− u|+ |Πδ,nu− u|∑
m∈I
‖πm([w̄δ − u])‖

H
1/2
00 (γm)

.
∑
`,n

‖Πδ,`u− u‖H1/2
00 (Γ`n)

.

The conclusion follows by observing that

‖Πδ,`u− u‖H1/2
00 (Γ`n)

. δt`−1
` ‖u‖t`,Ω` .

This last bound can be proven by space interpolation [35]. On one hand, we have Πδ,`u− u ∈ H s̄−1/2
0 (Γ`n) and

‖Πδ,`u− u‖s̄−1/2,Γ`n . ‖Πδ,`u− u‖s̄−1/2,∂Ω` (51)

. ‖Πδ,`u− u‖s̄,Ω` . δt`−s̄` ‖u‖t`,Ω` . (52)

On the other hand

‖Πδ,`u− u‖1/4,Γ`n . ‖Πδ,`u− u‖3/4,Ω` . δ
t`−3/4
` ‖u‖t`,Ω` .

Since H
1/2
00 (Γ`n) can be obtained as the interpolated of order θ = 1/[4(s̄ − 1) + 1] between H1/4(Γ`n) and

H
s̄−1/2
0 (Γ`n), we obtain that

‖Πδ,`u− u‖H1/2
00 (Γ`n)

. δ(1−θ)(t`−3/4)
` δ

θ(t`−s̄)
` ‖u‖t`,Ω` = δt`−1

` ‖u‖t`,Ω` .

Corollary 2.18. Under the assumptions of Theorem 2.16, if for all ` = 1, . . . , L the solution u of (10) satisfies
u|Ω` ∈ Ht`(Ω`) for some t`, s̄ ≤ t` ≤ t̄ then

‖u− uδ‖X . inf
λ∈Mδ

‖∂u
∂ν
− λ‖−1/2,S +

L∑
`=1

δt`−1
` ‖u‖t`,Ω` . (53)
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Remark 2.19. If we consider the Lagrange multiplier formulation of problem (29), Corollary 2.12 would imply
that a discrete inf-sup condition of the form

inf
λδ∈Mδ

sup
uδ∈Xδ

∫
S [uδ]λδ

‖λδ‖−1/2,S‖uδ‖X
≥ α(h) > 0

is fulfilled with a stability constant α = α(h), decreasing as | logh|−1. In fact, it is easy to see that Fortin’s
Lemma [13] can be applied by setting the Fortin projector equals to (Id − π). An alternative to such an
approach is to work with suitable mesh dependent norms. Then, in the finite element framework, a discrete
inf-sup condition can be proven to hold uniformly in h [12]. However, working with mesh dependent norms
usually yields (when, as in the present framework it is not possible to work “triangle by triangle”), a dependence
of the constant in the estimates obtained on the ratio between the coarser and the finer “mesh sizes” of each
subdomain. This is due to the concurrent use of direct and inverse inequalities. In the case of a very non
uniform discretization, as one would have in an adaptive wavelet scheme, such a ratio can be much larger than
the logarithmic factor in the bound (44) and in the resulting error estimate. Therefore, though for the sake of
simplicity we will concentrate, later on, on a uniform wavelet discretization, we chose here to use natural norms
such as ‖ · ‖−1/2,S. We remark that in the geometrically conforming case, if the solution is sufficiently regular,
we still get an optimal error estimate (see Th. 2.16 and 3.21).

3. The mortar wavelet method

We now come to the problem of constructing mortar approximation spaces in a general wavelet context. In
view of Remark 2.15 we focus here on one (rectangular) subdomain Ω` which for simplicity we identify with
the unit square. The approximation spaces on ]0, 1[2 will be obtained from tensor-product of one-dimensional
spaces. Starting from a (now classical) multiresolution analysis on the interval (see for instance [2, 19]), we
construct a wavelet family (adapted to the “multiplier” sides) which will allow to define a suitable multiplier
space verifying by construction the basic assumptions (A.1–A.3) needed to apply the abstract result of the
previous section.

3.1. Multiresolution analyses on the interval and approximation properties

3.1.1. Scaling functions on the interval

The construction of multiresolution analyses and associated wavelet bases on the interval, which preserve the
approximation properties of the wavelet bases on R has nowadays already been discussed in a number of papers
(see [2, 19] for the first constructions, but also [18, 25, 30, 34]). To be as general as possible, we will consider
the case of biorthogonal wavelet bases, that includes the one of orthonormal bases. Let us point out which are
the properties of such bases, which will be needed for the design and the analysis of the mortar wavelet method
and which we will assume to be verified by the chosen basis. We recall that a wide class of bases exists, which
satisfy by construction such assumptions.

We assume that we are given a couple of biorthogonal multi-resolution analyses (MRA) of L2(0, 1), that is
a couple of increasing sequences of finite dimensional subspaces (Vj = Vj(]0, 1[))j≥j0 and

(
Ṽj = Ṽj(]0, 1[)

)
j≥j0

,

whose respective union is dense in L2(0, 1). Without loss of generality, we can assume that dimVj = dimṼj =
2j + 2 (see [2, 21,32] for example).

The spaces Vj and Ṽj are respectively spanned by biorthogonal scaling function Riesz bases (ϕj,k)k=0,... ,2j+1

and (ϕ̃j,k)k=0,... ,2j+1, verifying: ∫ 1

0

ϕj,kϕ̃j,k = δkk′ , ∀k, k′ = 0, . . . , 2j + 1.
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We recall that by the definition of Riesz’s basis, the two following norm equivalences hold uniformly in j:

‖
2j+1∑
k=0

ukϕj,k‖0,]0,1[ '

2j+1∑
k=0

|uk|2
1/2

(54)

and

‖
2j+1∑
k=0

ukϕ̃j,k‖0,]0,1[ '

2j+1∑
k=0

|uk|2
1/2

. (55)

The scaling function bases are usually constructed as a modification of the corresponding (compactly supported)
scaling functions in L2(R) (see [27]). In this process, one naturally distinguishes between edge (left and right)
functions and interior functions: interior functions coincide with scaling functions on the line whose support
is included into ]0, 1[ while edge function are linear combinations of scaling functions on the line (restricted
to ]0, 1[), whose support overlaps the left (resp. right) edge. Consequently, for j ≥ j0, the scaling basis of Vj is
usually indexed as follows, with N a given integer:

• ϕleftj,k , k = 0, . . . , N − 1, the N scaling functions at the left edge;
• ϕj,k, k = N, . . . , 2j −N + 1, the interior scaling functions;
• ϕrightj,k , k = 2j −N + 2, . . . , 2j + 1, the N scaling functions at the right edge.

Similarly for the scaling basis of Ṽj biorthogonal (again Ñ is a given integer):

• ϕ̃leftj,k , k = 0, . . . , Ñ − 1, the Ñ scaling functions at the left edge;
• ϕ̃j,k, k = Ñ , . . . , 2j − Ñ + 1, the interior scaling functions;
• ϕ̃rightj,k , k = 2j − Ñ + 2, . . . , 2j + 1, the Ñ scaling functions at the right edge.

For notational simplicity, we will omit in the following the suffixes “left” and “right”. We will then denote
(ϕj,k)k=0,... ,2j+1 and (ϕ̃j,k)k=0,... ,2j+1 the above bases. We recall that these functions have compact support
and are scale invariant, i.e. ∀j ≥ j0, ∀x ∈ [0, 1], and ∀k = 0, . . . , N − 1 (resp. ∀k = 0, . . . , Ñ − 1 for the second
equality) on the left boundary it holds

ϕj,k(x) = 2
j−j0

2 ϕj0,k(2j−j0x), ϕ̃j,k(x) = 2
j−j0

2 ϕ̃j0,k(2j−j0x),

while on the right boundary we have ∀k = 2j −N + 2, . . . , 2j + 1 (resp. ∀k = 2j − Ñ + 2, . . . , 2j + 1)

ϕj,k(1− x) = 2
j−j0

2 ϕj0,k(2j−j0(1− x)),

ϕ̃j,k(1− x) = 2
j−j0

2 ϕ̃j0,k(2j−j0(1− x)).

Moreover, the interior scaling functions coincide with the original scaling functions on the real line and ∀j ≥ j0,
∀k = N, . . . , 2j −N + 1, and they take the form:

ϕj,k(x) = ϕj,N (x− 2−j(k −N)) = 2j/2ϕ(2jx− k),

where ϕ(x) = 2−j0/2ϕj0,N(2−j0(x + N)) is the scaling function of the corresponding multiscale analysis for
L2(R). An analogous relation holds for the duals ϕ̃j,k.

Finally we can also suppose, that all scaling functions of Vj vanish at the edges 0 and 1, except one function at
each edge. For example we will assume that only the functions ϕj,0 and ϕj,2j+1 verify a non-vanishing boundary
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condition:

ϕj,0(0) 6= 0 and ϕj,2j+1(1) 6= 0 ,

ϕj,k(0) = 0, ∀k = 1, . . . , 2j + 1, (56)

ϕj,k(1) = 0, ∀k = 0, . . . , 2j.

We will assume that the two MRA are respectively R-regular and R̃-regular, that is for all j, k in the range
considered it holds ϕj,k ∈ HR(0, 1) and ϕ̃j,k ∈ HR̃(0, 1), with R ≥ 1, R̃ > 0.

Following [19], these scaling functions are constructed in such a way that they satisfy Strang-Fix conditions,
that is they allow to reconstruct polynomials up to degree N − 1 in the space Vj and up to degree Ñ − 1 in the
space Ṽj . More precisely, we will have for all j ≥ j0 and for n = 0, . . . , N − 1

2j/2(2jx)n =
2j+1∑
k=0

ank ϕj,k(x), and 2j/2
(
2j(1− x)

)n
=

2j+1∑
k=0

bnk ϕj,k(x), (57)

and for n = 0, . . . , Ñ − 1

2j/2(2jx)n =
2j+1∑
k=0

ãnk ϕ̃j,k(x), and 2j/2
(
2j(1− x)

)n
=

2j+1∑
k=0

b̃nk ϕ̃j,k(x), (58)

with ank and ãnk reals independent of j. We recall that the parameters R, R̃, N and Ñ necessarily satisfy the
relations R ≤ N and R̃ ≤ Ñ .

Let now V 0
j ⊂ H1

0 (0, 1) be the space of functions of Vj vanishing at the boundaries of the interval:

V 0
j = Vj ∩H1

0 (0, 1) = span〈ϕj,k , k = 1, . . . , 2j〉,
Vj = V 0

j ⊕ span〈ϕj,0 , ϕj,2j+1.〉.

When designing the mortar wavelet method, the space V 0
j will play the role of the space which, in Section 2.3,

was denoted T 0
m, that is the space of traces on a “multiplier side” of discrete functions, vanishing at the extrema.

The corresponding multiplier space (which will play the role of the Mm
δ of Sect. 2.3) is most naturally defined

with the aid of a suitable dual space, which will have to satisfy the assumptions of Section 2.5. The construction
of such dual space for V 0

j is the object of the following theorem.

Theorem 3.1. Let j ≥ j0. Assume that the two linear systems

Ñ−1∑
k=0

ãnkαk = ãn
Ñ
, and

2j+1∑
k=2j−Ñ+2

b̃nkβk = b̃n
2j−Ñ+1

, ∀n = 0, Ñ − 1 (59)



662 S. BERTOLUZZA AND V. PERRIER

admit solutions (αk)k=0,Ñ−1 and (βk)k=2j−Ñ+2,2j+1 satisfying α0 6= 0 and β2j+1 6= 0. Then the family:

ϕ̃∗j,k = ϕ̃j,k − αk
α0

ϕ̃j,0 , for k = 1, Ñ − 1

ϕ̃∗
j,Ñ

= ϕ̃j,Ñ + 1
α0

ϕ̃j,0 ,

ϕ̃∗j,k = ϕ̃j,k , for k = Ñ + 1, 2j − Ñ

ϕ̃∗
j,2j−Ñ+1

= ϕ̃j,2j−Ñ+1 + 1
β2j+1

ϕ̃j,2j+1 ,

ϕ̃∗j,k = ϕ̃j,k − βk
β2j+1

ϕ̃j,2j+1 , for k = 2j − Ñ + 2, 2j

(60)

is biorthogonal to the basis
{
ϕj,k , k = 1, . . . , 2j

}
of V 0

j , that is for all n, k = 1, . . . , 2j it holds

∫ 1

0

ϕj,kϕ̃
∗
j,n = δn,k.

Moreover the space Ṽ ∗j defined by:

Ṽ ∗j = span〈ϕ̃∗j,k , k = 1, . . . , 2j〉 (61)

contains all polynomials of degree Ñ − 1.

Remark that Ṽ ∗j does not verify homogeneous boundary conditions.

Proof. The biorthogonality between families (ϕ̃∗j,k) and (ϕj,k) is a trivial consequence of the biorthogonality
between (ϕ̃j,k) and (ϕj,k). By construction, the (ϕ̃j,k) reproduce polynomials up to order Ñ − 1. Indeed, by
equation (58) we have, ∀n = 0, . . . , Ñ − 1:

2j/2(2jx)n =
2j+1∑
k=0

ãnk ϕ̃j,k(x)

=

ãn0 +
Ñ−1∑
k=1

ãnk
αk
α0
−
ãn
Ñ

α0

 ϕ̃j,0(x) +
2j−Ñ∑
k=1

ãnk ϕ̃
∗
j,k(x) +

2j+1∑
k=2j−Ñ+1

ãnk ϕ̃j,k(x)

where we applied the definition (60).
Since the αk satisfy the following equation:

ãn
Ñ
−
Ñ−1∑
k=0

ãnkαk = 0,∀n = 0, Ñ − 1 (62)

we have

2j/2(2jx)n =
2j−Ñ∑
k=1

ãnk ϕ̃
∗
j,k(x) +

2j+1∑
k=2j−Ñ+1

ãnk ϕ̃j,k(x).
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Then each polynomial P of degree Ñ writes:

P (x) =
2j−Ñ∑
k=1

pk ϕ̃
∗
j,k(x) +

2j+1∑
k=2j−Ñ+1

pk ϕ̃j,k(x)

with pk =< P |ϕj,k > for k = 1, . . . , 2j + 1. In particular

2j/2
(
2j(1− x)

)n
=

2j−Ñ∑
k=1

b̃nk ϕ̃
∗
j,k(x) +

2j+1∑
k=2j−Ñ+1

b̃nk ϕ̃j,k(x). (63)

Using (60) again this yields

2j/2
(
2j(1− x)

)n
=

2j−Ñ∑
k=1

b̃nk ϕ̃
∗
j,k(x) +

b̃n
2j−Ñ+1

+
2j∑

k=2j−N+2

b̃nk
βk

β2j+1

−
b̃n
2j−Ñ+1

β2j+1

 ϕ̃j,2j+1(x).

Since the βk satisfy the following equation:

b̃n
2j−Ñ+1

−
2j+1∑

k=2j−N+2

b̃nkβk = 0,∀n = 0, Ñ − 1 (64)

we have

2j/2
(
2j(1− x)

)n
=

2j∑
k=1

b̃nk ϕ̃
∗
j,k(x). (65)

Since clearly the set {2j/2
(
2j(1− x)

)n
, n = 0, . . . , Ñ − 1} generates the set of polynomials of degrees less or

equal than Ñ − 1, this yields the thesis.

Remark 3.2. We assumed here that the matrices [ãnk ]0≤k,n≤Ñ−1 and [b̃nk ]2j+Ñ+2≤k,n≤2j+1 are invertible and
that the coefficients α0 and β0 are non vanishing. This can be proven in particular cases, such as for biorthogonal
spline wavelets [20, 25] or orthogonal wavelets. In this last example ϕj,k = ϕ̃j,k and for instance on the left
boundary the coefficients ãnk =

∫ 1

0 x
nϕ̃j,k can be written as ãnk = pn(k), where pn is a polynomial of degree

n [32]. [ãnk ]0≤k,n≤Ñ−1 is then a nonsingular Vandermonde type matrix. The fact that the coefficients α0 and
β2j+1 are non vanishing descends from the same argument, by considering the matrix [ãnk ]0≤n≤Ñ−1,1≤k≤Ñ . In
general we will have to verify case by case that such an assumption holds. Remark that, thanks to the scale
invariance property of the scaling functions, it will be enough to verify it once and for all for j = j0.

3.1.2. Projectors on MRA spaces and approximation properties

Let Pj and P̃j be the biorthogonal projectors associated to Vj and Ṽj defined, as usual, for all η and λ in
L2(0, 1) by:

Pj(η) =
2j+1∑
k=0

〈η|ϕ̃j,k〉ϕj,k

P̃j(λ) =
2j+1∑
k=0

〈λ|ϕj,k〉ϕ̃j,k (66)
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where 〈·|·〉 denotes the L2(0, 1) scalar product.
It is well known that under the assumptions of the previous section, the following Jackson and Bernstein

inequalities hold:

Theorem 3.3. Let 0 ≤ r ≤ s ≤ N , r ≤ R, then for all η ∈ Hs(0, 1), we have:

‖η − Pj(η)‖r,]0,1[ . 2−j(s−r)‖η‖s,]0,1[, (67)

while, for 0 ≤ r ≤ s ≤ Ñ , r ≤ R̃ and for all λ ∈ Hs(0, 1) it holds:

‖λ− P̃j(λ)‖r,]0,1[ . 2−j(s−r)‖λ‖s,]0,1[. (68)

Moreover, a scaling argument yields the following inverse inequalities

Theorem 3.4. For all r, s, 0 ≤ r ≤ s ≤ R one has:

‖η‖s,]0,1[ . 2j(s−r)‖η‖r,]0,1[, if η ∈ Vj , (69)

and for all r, s, 0 ≤ r ≤ s ≤ R̃ one has:

‖λ‖s,]0,1[ . 2j(s−r)‖λ‖r,]0,1[, if λ ∈ Ṽj . (70)

In the following it will also be useful to consider the biorthogonal projector on V 0
j induced by its dual Ṽ ∗j and

its adjoint π̃j .

Definition 3.5. Let πj : L2(0, 1)→ V 0
j be defined, for all η ∈ L2(0, 1) by:

πj(η) =
2j∑
k=1

〈η|ϕ̃∗j,k〉ϕj,k. (71)

Moreover let π̃j : L2(0, 1)→ Ṽ ∗j be the adjoint of πj :

π̃j(λ) =
2j∑
k=1

〈λ|ϕj,k〉ϕ̃∗j,k. (72)

The natural environment for analyzing the projectors πj consists in the spaces with null zero-th order trace.
More precisely, for s ≥ 1 we denote by Hs0(0, 1) the space

Hs0(0, 1) = Hs(0, 1) ∩H1
0 (0, 1),

endowed with the Hs norm. For s = 0 we set H0
0(0, 1) = L2(0, 1), and for 0 < s < 1 we define Hs0 by space

interpolation. We remark that H1/2
0 (0, 1) = H

1/2
00 (0, 1).

Since V 0
j ⊂ Vj and Ṽ ∗j ⊂ Ṽj and since they reproduce locally respectively all polynomials of degree N − 1

satisfying homogeneous boundary condition at the edge 0 and 1 and polynomials of degree Ñ − 1, the following
bounds also hold.

Theorem 3.6. For all r ≤ R, for all s, 0 ≤ r ≤ s ≤ N , πj is continuous from Hs0(0, 1) to Hr0(0, 1), and for all
η ∈ Hs0(0, 1) we have:

‖η − πj(η)‖Hr0(0,1) . 2−j(s−r)‖η‖Hs0(0,1). (73)
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For all r ≤ R̃, for all s, 0 ≤ r ≤ s ≤ Ñ , for all λ ∈ Hs(0, 1), we have:

‖λ− π̃j(λ)‖r,]0,1[ . 2−j(s−r)‖λ‖s,]0,1[ (74)

Moreover, for all 0 ≤ r ≤ s ≤ R, for all η ∈ V 0
j , it holds

‖η‖Hs0(0,1) . 2j(s−r)‖η‖Hr0(0,1). (75)

Proof. It is not difficult to check that both πj and π̃j are L2(0, 1) bounded projectors. Let us for example
consider πj(η): using the definition of ϕ∗j,k and the Riesz’s basis property (54) it is not difficult to realize that

‖πj(η)‖20,]0,1[ = ‖
2j∑
k=1

〈η|ϕ̃∗j,k〉ϕj,k‖20,]0,1[ .
2j+1∑
k=0

|〈η|ϕ̃j,k〉|2 . ‖Pj(η)‖20,]0,1[ . ‖η‖20,]0,1[

As far as π̃j is concerned, we first observe that, by the definition of ϕ̃∗j,k and using the Riesz’s basis property
(54) it holds

‖
2j∑
k=1

ukϕ̃
∗
j,k‖20,]0,1[ .

2j∑
k=1

|uk|2 + |
Ñ∑
k=1

ckuk|2 + |
2j∑

k=2j−Ñ

dkuk|2 .
2j∑
k=1

|uk|2,

where the coefficients ck and dk are given by (60):

ck = −αk
α0
, k = 1, . . . , Ñ , c0 =

1
α0
, dk = − βk

β2j+1
, k = 2j − Ñ + 2, . . . , 2j , d2j−Ñ+1 =

1
β2j+1

·

Then

‖π̃j(λ)‖20,]0,1[ = ‖
2j∑
k=1

〈λ|ϕj,k〉ϕ̃∗j,k‖20,]0,1[ .
2j∑
k=1

|〈λ|ϕj,k〉|2 . ‖P̃j(λ)‖20,]0,1[ . ‖λ‖20,]0,1[.

Using the polynomial reproduction properties of the spaces V 0
j and Ṽ ∗j , as well as the Bernstein inequalities (69)

and (70), the theorem then results by applying standard arguments.

In particular it holds

Corollary 3.7. πj is continuous from H
1/2
00 (0, 1) to H1/2

00 (0, 1), that is for all η ∈ H1/2
00 (0, 1):

‖πj(η)‖
H

1/2
00 (0,1)

. ‖η‖
H

1/2
00 (0,1)

. (76)

Moreover, for all η ∈ L2(0, 1) and for all λ ∈ Ṽ ∗j ,∫ 1

0

(η − πj(η))λ = 0. (77)

3.2. Wavelets

We can now introduce two couples of biorthogonal wavelet bases, which will both be needed for the analysis
and/or for the implementation of the mortar wavelet method. On one hand we will need the complement spaces
Wj and W̃j defined as follows.



666 S. BERTOLUZZA AND V. PERRIER

Definition 3.8. The complement spaces Wj and its dual W̃j are defined by:

Wj = (Pj+1 − Pj)Vj+1, (78)

W̃j = (P̃j+1 − P̃j)Ṽj+1.

Let us now introduce the complement space W 0
j of V 0

j in V 0
j+1 and its dual. To do this, we will use the

biorthogonal projector π̃j defined in the previous section.

Definition 3.9. The complement spaces W 0
j and its dual W̃ ∗j are defined by:

W 0
j = (πj+1 − πj)V 0

j+1, (79)

W̃ ∗j = (π̃j+1 − π̃j)Ṽ ∗j+1.

Following [20] it is possible to construct wavelet bases for Wj , W̃j , W 0
j and W̃ ∗j . We will then have biorthogonal

wavelet Riesz bases {ψj,k, k = 1, · · · , 2j}, {ψ̃j,k, k = 1, · · · , 2j}, and {ψ0
j,k, k = 1, · · · , 2j}, {ψ̃∗j,k, k = 1, · · · , 2j}

such that the following identities hold for all f ∈ L2(0, 1):

(Pj+1 − Pj)f =
2j∑
k=1

〈f |ψ̃j,k〉ψj,k, (80)

(P̃j+1 − P̃j)f =
2j∑
k=1

〈f |ψj,k〉ψ̃j,k, (81)

(πj+1 − πj)f =
2j∑
k=1

〈f |ψ̃∗j,k〉ψ0
j,k, (82)

(π̃j+1 − π̃j)f =
2j∑
k=1

〈f |ψ0
j,k〉ψ̃∗j,k. (83)

Remark 3.10. The functions in the complement spaces W̃ ∗j do not satisfy an homogeneous boundary condition.

As usual in the wavelet framework, norm equivalences hold for Sobolev spaces of negative and/or fractional
smoothness (either of the type Hs(0, 1) or Hs0(0, 1) as defined above), in terms the expansions in either one of
the bases {ψj,k}, {ψ̃j,k}, {ψ0

j,k} and {ψ̃∗j,k}. It is beyond the goals of this paper to precisely state such norm
equivalences. We will therefore limit ourselves to state the following theorem, which will play a key role in both
the analysis and the implementation of the Mortar Wavelet Method and which can be proven by applying the
results of [14,23].

Theorem 3.11. Let f ∈ L2(0, 1). The following two norm equivalences hold:

∀f ∈ H1/2(0, 1), ‖f‖21/2,]0,1[ ∼
2j0+1∑
k=0

|〈f |ϕ̃j0,k〉|2 +
∑
j≥j0

2j∑
k=1

2j |〈f |ψ̃j,k〉|2, (84)

∀f ∈ H1/2
00 (0, 1), ‖f‖2

H
1/2
00 (0,1)

∼
2j0∑
k=1

|〈f |ϕ̃∗j0,k〉|
2 +

∑
j≥j0

2j∑
k=1

2j |〈f |ψ̃∗j,k〉|2. (85)

Remark 3.12. Moreover f ∈ H1/2(0, 1) (resp. f ∈ H1/2
00 (0, 1)) if and only if the sum on the right hand side

of (84) (resp. (85)) is finite.
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3.3. Mortar approximation spaces in the wavelet framework

3.3.1. 2D multiresolution analyses

As usual in the unit ]0, 1[2 we will consider as approximation spaces a two-dimensional MRA Vj defined by
tensor products of one-dimensional MRA:

Vj = Vj ⊗ Vj ∼ span〈Φj,k , k ∈ Kj〉,
Ṽj = Ṽj ⊗ Ṽj ∼ span〈Φ̃j,k , k ∈ Kj〉,

where the multi-index set Kj is defined by Kj = {k = (k1, k2), k1, k2 = 0, . . . , 2j + 1} = {0, . . . , 2j + 1}2 and
where, using the notation (f ⊗ g)(x, y) = f(x)g(y) the functions Φj,k are defined by

Φj,k = ϕj,k1 ⊗ ϕj,k2 and Φ̃j,k = ϕ̃j,k1 ⊗ ϕ̃j,k2 .

In the same way, V0
j , the subspaces of Vj verifying homogeneous boundary conditions and its dual Ṽ∗j are, for

K∗j = {1, . . . , 2j}2 ⊂ Kj

V0
j = V 0

j ⊗ V 0
j ∼ span〈Φj,k , k ∈ K∗j 〉,

Ṽ∗j = Ṽ ∗j ⊗ Ṽ ∗j ∼ span〈Φ̃∗j,k , k ∈ K∗j 〉.

It is well known that the family (Vj) constitutes a MRA of L2(]0, 1[2), and (V0
j ) a MRA of H1

0 (]0, 1[2). The
two-dimensional biorthogonal projections on respectively Vj and V0

j will be denoted by Pj and Πj and their
adjoint by P̃j and Π̃j . They are defined respectively as:

Pjf =
∑
k∈Kj

〈f |Φ̃j,k〉Φj,k, Πjf =
∑

k∈K∗j

〈f |Φ̃∗j,k〉Φj,k,

P̃jf =
∑
k∈Kj

〈f |Φj,k〉Φ̃j,k, Π̃jf =
∑

k∈K∗j

〈f |Φj,k〉Φ̃∗j,k.

Two-dimensional wavelets are constructed (as usual) by tensor products of univariate bases. In particular, we
will then have two couples of biorthogonal wavelet bases, which we will denote by {Ψj,κ}κ∈Ij , {Ψ̃j,κ}κ∈Ij , and
{Ψ0

j,κ}κ∈I∗j , {Ψ̃
∗
j,κ}κ∈I∗j defined in such a way that:

(Pj+1 −Pj)f =
∑
κ∈Ij

〈f |Ψ̃j,κ〉Ψj,κ (86)

(P̃j+1 − P̃j)f =
∑
κ∈Ij

〈f |Ψj,κ〉Ψ̃j,κ (87)

(Πj+1 −Πj)f =
∑
κ∈I∗j

〈f |Ψ̃∗j,κ〉Ψ0
j,κ (88)

(Π̃j+1 − Π̃j)f =
∑
κ∈I∗j

〈f |Ψ0
j,κ〉Ψ̃∗j,κ, (89)
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where Ij and I∗j will denote suitable multi-index sets. The corresponding complement spaces will then be denoted
by

Wj = (Pj+1 −Pj)Vj = span〈Ψj,κ, κ ∈ Ij〉
W̃j = (P̃j+1 − P̃j)Vj = span〈Ψ̃j,κ, κ ∈ Ij〉
W0
j = (Πj+1 −Πj)Vj = span〈Ψ0

j,κ, κ ∈ I∗j 〉
W̃∗j = (Π̃j+1 − Π̃j)Vj = span〈Ψ̃∗j,κ, κ ∈ I∗j 〉

(90)

Remark 3.13. There are several ways of building wavelet bases for the spacesWj , W̃j ,W0
j and W̃∗j . The basis

which is classically used in the context of wavelet discretization is constructed starting from the observation
that the space Wj can be decomposed as

Wj = (Vj ⊗Wj)⊕ (Wj ⊗ Vj)⊕ (Wj ⊗Wj).

The functions in the basis take then the three forms ϕj,k ⊗ ψj,k′ , ψj,k ⊗ ϕj,k′ and ψj,k ⊗ ψj,k′ .
A second basis for Wj can be obtained by further decomposing Vj as Vj = Vj0 ⊕j−1

m=j0
Wm, which yields a

decomposition for Wj of the form

Wj = (Vj0 ⊗Wj)⊕ (Wj ⊗ Vj0)⊕j−1
m=j0

(Wm ⊗Wj)⊕jm=j0
(Wj ⊗Wm)

The basis functions take then the forms ϕj0,n ⊗ ψj,k, ψj,k ⊗ ϕj0,n, ψm,n ⊗ ψj,k and ψj,k ⊗ ψm,n (with m ≤ j).
The same alternative holds for the three other spaces W̃j , W0

j and W̃∗j . Depending on the choice made, the
index sets Ij and I∗j will have different forms. In the first case, the multi-index κ will be a triplet κ = (k, k′, ε),
where the “type parameter” ε = 1, 2, 3 distinguishes between the three forms ϕj,k ⊗ ψj,k′ , ψj,k ⊗ ϕj,k′ and
ψj,k ⊗ ψj,k′ . In the second case, it will be a quadruplet (m,n,m′, n′) with suitable restrictions on the values of
m and m′ (max{m,m′} = j and, using the convention ψj0−1,k = ϕj0,k, m,m′ ≥ j0 − 1). We remark however
that Theorem 3.15 in the following holds for both choices.

Again, Jackson and Bernstein inequalities and norm equivalences analogous to (67–73) and (84–85) are still
valid in dimension 2. In particular, the following two theorems hold.

Theorem 3.14. For all r, 0 ≤ r ≤ R, for all s, r ≤ s ≤ N and for all u ∈ Hs(]0, 1[2) it holds

‖u−Pj(u)‖r,]0,1[2 . 2−j(s−r)‖u‖s,]0,1[2. (91)

For all r, s, 0 ≤ r ≤ s ≤ R, and for all u ∈ Vj

‖u‖s,]0,1[2 . 2j(s−r)‖u‖r,]0,1[2. (92)

Theorem 3.15. The following norm equivalences hold: for all u ∈ H1(]0, 1[2)

‖u‖21,]0,1[2 ∼
∑

k∈Kj0

|〈u|Φ̃j0,k〉|2 +
∑
j≥j0

∑
κ∈Ij

22j|〈u|Ψ̃j,κ〉|2, (93)

and for all u ∈ H1
0 (]0, 1[2)

‖u‖21,]0,1[2 ∼
∑

k∈K∗j0

|〈u|Φ̃∗j0,k〉|
2 +

∑
j≥j0

∑
κ∈I∗j

22j |〈u|Ψ̃∗j,κ〉|2. (94)
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3.3.2. Trace and multiplier spaces

In order to use such spaces in the framework of the mortar method, for each edge of ]0, 1[2 we need to define
a space suitably coupled with the space of traces of the functions in Vj , as required in Section 2.5, to be used
as multiplier space if the edge is chosen to be a multiplier edge.

Let then γ be any edge of ]0, 1[2. Thanks to the tensor product structure of the space Vj , the space Tj(γ) of
traces of functions of Vj can be identified to the space spanned by the basis of scaling functions on the interval:

Tj(γ) = Vj|γ ∼ Vj = span〈ϕj,k , k = 0, . . . , 2j + 1〉. (95)

Then, the space T 0
j (γ) ⊂ H1/2

00 (γ) of functions of Tj(γ) vanishing at the extrema of γ verifies:

T 0
j (γ) ∼ V 0

j = span〈ϕj,k , k = 1, . . . , 2j〉. (96)

The choice of the multiplier space on the edge γ is the object of the following definition.

Definition 3.16. If γ is a multiplier side a natural choice for the multiplier space Mj(γ) on γ will be:

Mj(γ) ∼ Ṽ ∗j = span〈ϕ̃∗j,k , k = 1, . . . , 2j〉. (97)

Remark 3.17. The multiplier space Mj verifies Mj ⊂ T̃j, and not Mj ⊂ Tj as usual in the mortar methods,
see [8] (we fall back in the classical mortar method framework, i.e.Mj is a subspace of codimension 2 of Tj, if
orthonormal wavelets are considered). Such a choice has some advantage over a choice implying Mj ⊂ Tj . Such
a space is in fact exactly the dual space of T 0

j . Thanks to the biorthogonality property of the two bases for the
spaces Mj and T 0

j , the matrix appearing in the linear system that has to be solved for computing the projector
πj is diagonal. This also happens for spectral approximation, while for P1 finite elements, the corresponding
linear system involves a tridiagonal matrix. We recall that the computation of the projector πj is needed for
imposing the constraint in the numerical resolution of the linear system stemming from (29), if one wants to
avoid the explicit construction of a basis for Xδ.

Theorem 3.18. The spaces T 0
j (γ) and Mj(γ) verify assumptions (A.1–A.3).

Proof. The projection: πj : L2(γ) → T 0
j (γ) defined by (71) verifies assumption (A1). This result is given by

Corollary 3.7. Moreover, if γ is a multiplier side of ]0, 1[2, for all η ∈ T 0
j and s < 1

2 , we have by (75):

‖η‖
H

1/2
00 (γ)

. 2−j(s−1/2)‖η‖s,γ ,

and the assumption (A.3) is fulfilled with h = 2−j . Then we only need to prove that (A2) holds.
For simplicity let us assume that γ = {(x, 0), x ∈]0, 1[}. The following map: Rj : T 0

j (γ) → Vj defined, for
all η ∈ T 0

j (γ) by:

Rj(η) =
j−1∑
j′=j0

2j
′∑

k=1

〈η|ψ̃∗j′,k〉
ϕj′,0(0)

ψ0
j′,k ⊗ ϕj′,0 +

2j0∑
k=1

〈η|ϕ̃∗j0,k〉
ϕj0,0(0)

ϕj0,k ⊗ ϕj0,0

is a lifting from H
1/2
00 (γ) to H1(]0, 1[2) which verifies assumption (A2).

In fact, let us consider the MRA V̌j = V 0
j ⊗Vj and its dual V̂j = Ṽ ∗j ⊗ Ṽj . If we denote by {Ψ̌j,κ, κ ∈ Ǐj} and

{Ψ̂j,κ, κ ∈ Ǐj}, the corresponding couple of biorthogonal wavelet bases, (with an analogous notation for scaling
functions) the following norm equivalence holds: for all u ∈ H1

0 (]0, 1[2), satisfying u(0, y) ≡ u(1, y) ≡ 0 for all
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y ∈]0, 1[:

‖u‖21,]0,1[2 ∼
∑

k∈Ǩj0

|〈u|Φ̃j0,κ〉|2 +
∑
j≥j0

22j
∑
κ∈Ǐj

|〈f |Ψ̂j,κ〉|2,

where Ǩj0 = {1, . . . , 2j0} × {0, . . . , 2j0 + 1}. Now we observe that for suitable κ = κ(k) we have

Ψ̌j,κ(x, y) = ψ0
j,k(x)ϕj,0(y), Ψ̂j,κ(x, y) = ψ̃∗j,k(x)ϕ̃j,0(y).

Therefore, applying the previous norm equivalence to Rj(η), and observing that ϕj,0(0) ' 2j/2 we get

‖Rj(η)‖1,]0,1[2 ∼
2j0∑
k=1

2−j0 |〈η|ϕ̃∗j0,k〉|
2 +

j−1∑
j′=j0

2j
′∑

k=1

2j
′ |〈η|ψ̃∗j′,k〉|2, (98)

and the right hand side of (98) is equivalent to ‖η‖
H

1/2
00 (γ)

, thanks to norm equivalence (85).

3.4. Error estimates

We can now use the function spaces just defined in the framework of the mortar method described in
Section 2. For simplicity we will just consider the case in which all the subdomains are discretized by wavelets.
More precisely, for each ` = 1, . . . , L let F` : Ω` →]0, 1[2 be a linear mapping of the (rectangular) subdomain Ω`
onto the reference domain and for each edge γ(i)

` let F (i)
` : γ(i)

` →]0, 1[ (F (i)
` ∼ F`|γ(i)

`

) be the mapping induced

on γ(i)
` by F`.

In each subdomain Ω` let the approximation space V`δ be given by:

V`δ = Vj(`) ◦ F`

with some fixed j(`) ≥ j0. To each edge γ(i)
` we associate the trace space of V`δ :

T`,i = Tj(`) ◦ F (i)
`

For m = (`, i) ∈ I (γm = γ
(i)
` multiplier side), the multiplier space is

Mm
δ = Mj(`) ◦ F (i)

` .

The constrained approximation space Xδ and its multiplier space Mδ are then defined according to (27, 26).
If the decomposition is geometrically conforming, the resulting multiplier space Mδ will automatically satisfy

assumption (31) (ensuring stability), while in the case of a geometrically non conforming decomposition we will
have to choose j(`) in such a way that either one of the sufficient conditions I and II of Section 2.4 are satisfied.
This is true, provided one of the following two conditions is satisfied (we recall that I(i)

` is defined as the set of
those subdomains whose boundary intersect γ(i)

` (see (5)):

(i): card{I(i)
` } ≤ Ñ (Ñ being, we recall, the number of polynomials exactly reproduced in Ṽj0); in this case

stability will hold for all j ≥ j0;
(ii): if (i) does not hold, then we need that for each n ∈ I(i)

` there exists ϕ̃∗j,k ∈Mm
δ such that suppϕ̃∗j,k ⊂ Γ`n;

this certainly holds provided that

j(`) ≥ max
n∈I(i)

`

inf{j : ∃ϕ̃∗j,n ∈Mj(γm), suppϕ̃∗j,n ⊂ Γ`n}. (99)
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With such a choice of the spaces, we will consider problem (29). Since assumptions (A.1–A.3) are fulfilled (as we
checked in the previous section), the solution uδ of such problem will satisfy the following error estimate.

Corollary 3.19. Let u be solution of (10), and let uδ be the solution of problem (PD-29), with the above choice
of approximation and multiplier spaces. If u|Ω` ∈ Hs`(Ω`), s` > 3/2, then it holds

‖u− uδ‖X .
(
1 + | logh|

)( L∑
`=1

2−2j(`)(s`−1)‖u‖2s`,Ω`
)1/2

+ (100)

+
( ∑
m=(`,i)∈I

2−2j(`)(s`−1)

∥∥∥∥∂u∂ν
∥∥∥∥2

s`−3/2,γm

)1/2

(101)

Proof. Either one of the conditions (i) and (ii) is sufficient to ensure that assumption (BP) is satisfied with a
constant C̄ ultimately depending on the geometric decomposition of Ω in subdomains and on the particular
wavelet space chosen. Since the approximation and multiplier spaces satisfy assumption (A.1–A.3), we can then
apply Corollary 2.14, which, together with the Jackson type inequalities (91) and (74) yields (100).

Remark 3.20. In the case of a geometrically non conforming decomposition, condition (ii) might be quite
restrictive, forcing the discretization to be very fine (2−j(`) ≤ N−1 inf |Γ`n|). It is opinion of the authors that
such condition can in practice be relaxed by only asking 2−j(`) ≤ inf |Γ`n|.

In the geometrically conforming case we have instead the following (optimal) error estimate:

Theorem 3.21. If the decomposition is geometrically conforming, under the assumptions of Corollary 3.19, it
holds

‖u− uδ‖X .
( L∑
`=1

2−2j(`)(s`−1)‖u‖2s`,Ω`
)1/2

+
( ∑
m=(`,i)∈I

2−2j(`)(s`−1)

∥∥∥∥∥∂u∂ν
∥∥∥∥2

s`−3/2,γm

)1/2

. (102)

Proof. The result follows from Corollary 2.18, provided it exits a projector Π̌j satisfying the assumptions of
Theorem 2.16. Indeed, observing that for a geometrically conforming decomposition all cross points are vertices
of all the subdomains to which they belong, the projector Π̌j : Hs(]0, 1[2)→ Vj can be defined as:

Π̌j(u) = Pj(u) +
4∑
i=1

(
u(Ai)

ΦAij (Ai)
− 〈u|Φ̃Aij 〉

)
ΦAij

where for each vertex Ai of [0, 1]2 we use the notation ΦAij to indicate the only scaling function among the
elements of the basis of Vj that does not vanish at Ai, (that is for instance:

if A0 = (0, 0), then ΦA0
j (x, y) = ϕj,0(x)ϕj,0(y),

if A1 = (1, 0), then ΦA1
j (x, y) = ϕj,2j+1(x)ϕj,0(y),

· · ·

and so on). It is easily verified that Π̌j is indeed a projector and that it verifies Π̌j(u)(Ai) = u(Ai) for any
vertex Ai. Moreover it is not difficult to check that the Jackson inequality of the form (48) is valid for s̄ = R
and t̄ = N , provided Π̌j is bounded from Ht(Ω`) to Hs(Ω`). This is the case if 1 < t.
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3.5. Some remarks on the implementation

It is well known that in the implementation of the mortar method, the multiplication by the stiffness matrix
can be performed by applying subdomainwise the local stiffness matrix (which does not take into account the
constraints), after multiplication by a “transfer matrix” which gives the values of the constrained degrees of
freedom (the ones living on the interior of multiplier sides) in terms of the remaining (free) degrees of freedom.
The transfer matrix is a discrete realization of the projector π (Sect. 2.5).

In the case that a geometrically conforming decomposition is considered and that all subdomains are dis-
cretized by wavelets, applying such projector (πj , see (71)) reduces to performing either a fast wavelet transform
or an inverse fast wavelet transform depending on which of the two discretizations on the “trace” and on the
“multiplier” side is finer.

In general, when a non geometrically conforming decomposition is considered and/or wavelets are coupled
with some other method, in the case in which a multiplier side γm is chosen in a subdomain discretized by
wavelets, then, thanks to (71), applying the transfer matrix reduces to computing the scalar products of the
functions on the corresponding “trace sides” with the scaling functions ϕ̃∗j,k, k = 1, . . . , 2j. We refer to [16] for
an analysis of the effect that using numerical quadrature in computing the projector π has on the method.

Furthermore, in the numerical resolution of the linear system arising from the wavelet mortar method it is
possible to take advantage of the features of wavelet basis in order to design efficient preconditioners . This can be
done for instance by using the good spectral properties of wavelets in an iterative substructuring approach [10].
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