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FINITE ELEMENT ANALYSIS OF A SIMPLIFIED STOCHASTIC HOOKEAN
DUMBBELLS MODEL ARISING FROM VISCOELASTIC FLOWS*
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Abstract. A simplified stochastic Hookean dumbbells model arising from viscoelastic flows is con-
sidered, the convective terms being disregarded. A finite element discretization in space is proposed.
Existence of the numerical solution is proved for small data, so as a priori error estimates, using an
implicit function theorem and regularity results obtained in [Bonito et al., J. Evol. Equ. 6 (2006)
381-398] for the solution of the continuous problem. A posteriori error estimates are also derived.
Numerical results with small time steps and a large number of realizations confirm the convergence
rate with respect to the mesh size.
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INTRODUCTION

Numerical modeling of viscoelastic flows is of great importance for complex engineering applications involv-
ing blood, paints or adhesives. In the traditional macroscopic approach the unknowns are the velocity, the
pressure and the extra-stress satisfying the mass and momentum equations supplemented with a so-called con-
stitutive equation. This constitutive equation between the velocity and the stress can be either differential or
integral [9,57].

The simplest macroscopic example is the Oldroyd-B model which can be derived from the mesoscopic Hookean
dumbbells model. The stochastic dumbbells model corresponds to a dilute solution of liquid polymer, that is
a newtonian solvent with non interacting polymer chains. The polymer chains are modeled by dumbbells, two
beads connected with elastic springs, see Figure 1.
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polymer chains

dumbbells

FIGURE 1. The mesoscopic dumbbells model for a dilute solution of liquid polymer.

The mass and momentum conservation laws lead to the following partial differential equations for the veloc-
ity u, the pressure p and the extra-stress o

; (‘Z—jﬁ - v>u) V- @neu) +0) + Vp = . (0.1)

V-u=0. (0.2)

Here p is the density, f a force term, 7 is the solvent viscosity and e(u) = 1 (Vu + (Vu)T) is the symmetric
part of the velocity gradient. On the other hand, the dimensionless spring elongation ¢ satisfies the following
stochastic differential equation

dg = (-(u -V)g) + (Vu)g — %F(q)) dt + \/LX dB, (0-3)

where )\ is the relaxation time, F is the force due to the elastic spring and B is a vector of independent Wiener
processes modeling the thermal agitation and collisions with the solvent molecules. The transport term (u-V)q
in (0.3) corresponds to the fact that the trajectories of the dumbbells center of mass are those of the liquid
particles. The term (Vu)q takes into account the drag force due to the beads. The extra-stress o is then
obtained by the mean of the closure equation

o= 2 (B(g@F(g) - 1), (0.4)

with 7, the polymer viscosity. The case F(¢) = ¢, namely Hookean dumbbells, leads to the Oldroyd-B model
where the extra-stress o satisfies

o+ A (?}—j + (u-V)o — (Vu)o — U(Vu)T) = 2npe(u). (0.5)

The FENE dumbbells model (see [9,57] for a detailed description) is a more realistic model corresponding
to F(q) = #2/(), where b > 0 depends on the number of monomer units of a polymer chain. The goal of
the FENE model is to take into account the finite extensibility of the polymer chains. In that case, there is
no equivalent constitutive relation for the extra-stress, but closure approximations (such as FENE-P, see for
instance [9,57]) have been derived. These approximations can have significant impact on rheological prediction,
see for instance [1,17,43]. Recently, due to increasing computational resources, equations (0.1)—(0.4) have been
solved numerically to obtain more realistic results [14,16,18,43,46,47]. For a review of numerical methods used
in viscoelastic flows we refer for instance to [3,44, 58].
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The kinetic theory can also be formulated by introducing the probability density f(z,q,t) of the spring
elongation which must satisfy a Fokker-Planck equation. We refer to [21,29, 30] for numerical experiments
and [8,62] for a mathematical analysis. This deterministic approach seems to be inappropriate when considering
more complex kinetic models involving chains [44], although recent advances are encouraging [68].

We will focus in this paper on the stochastic description of the simplest dumbbells model, namely the Hookean
dumbbells model F(q) = g. Although the Hookean dumbbells model is too simple to reproduce experiments
such as shear thinning for instance, it already contains some numerical difficulties included in the kinetic theory.
At the continuous level, the model is formally equivalent to the Oldroyd-B model but the equivalence does not
hold when considering equal order finite element discretizations. Thus, to the major difficulties already present
in the macroscopic model, we must add those coming from stochastic modeling. All these difficulties gathered
are:

(i) the presence of the quadratic term (Vu)g which prevents to obtain a priori estimates leading to existence

and convergence for any data;

(ii) the presence of the convective term (u - V)q which requires an adequate mathematical analysis [48] and
the use of numerical schemes suited to transport dominated problems;

(iii) the case ns = 0 which require either a compatibility condition between the finite element spaces for u,
q and p or the use of adequate stabilization procedures, such as EVSS for instance;

(iv) the Wiener process in (0.3) which requires efficient procedures such as variance reduction to be consid-
ered, see for instance [13,18,39,44].

Concerning the analysis and numerical analysis of macroscopic viscoelastic models, a large amount of pub-
lications can be found. The existence of slow steady viscoelastic flow has been proved in [2,61]. For the
time-dependent case, existence of solutions locally in time and, for small data, globally in time has been proved
in [37] in Hilbert spaces. Extensions to Banach spaces and a review can be found in [32]. Finally, existence
for any data has been proved in [52] for a corotational Oldroyd model only. Convergence of finite element
methods for the linear three fields Stokes problem have been studied for instance in [15,33,34,64]. Convergence
of continuous and discontinuous finite element methods for steady state viscoelastic fluids have been presented
in [6,31,56,65], provided the solution of the continuous problem is smooth and small enough. Extension to
time-dependent problems have been proposed in [7,27,28,55].

On the other hand, few papers pertaining to the kinetic theory have been published. From the analysis
point of view, the deterministic (Fokker-Planck) formulation has been studied in [8,51,62,69]. Concerning
the stochastic formulation, existence of FENE dumbbells in one space dimension is proved in [40], long-time
asymptotics are used in [41]. The well posedeness of the dumbbells model in three space dimensions has been
proved for nonlinear elastic dumbbells in [26].

The complete analysis and numerical analysis of a one dimensional Hookean dumbbells shear flows can be
found in [38]. The authors consider the error due to space and time discretization, but also the error due to the
Monte Carlo method. Optimal convergence is obtained for the velocity in the L2(H') norm (the L?*(L?) norm is
considered in [49]), a similar study is available in [25]. From the authors knowledge, the only numerical analysis
in more than one space dimension is [50]. An implicit finite difference method is considered in the unit square
(or cube) with periodic boundary conditions. Assuming the velocity u € C® and the time step 7 = O(h?), the
authors prove optimal convergence rates.

The numerical analysis of a finite element method in more than one space dimension is still missing. In this
paper, only the finite element discretization in space is considered and the numerical analysis is proposed for a
simplified time-dependent Hookean dumbbells problem in dimension two. More precisely, we disregard items (ii)
and (iii) above, assume 7, > 0 and remove the convective terms. The reason for removing the convective terms
is motivated by the fact that this simplified problem corresponds to the correction step in the splitting algorithm
described in [12,36] for solving viscoelastic flows with complex free surfaces. The consequence when removing
convective terms is that the implicit function theorem can be used to prove convergence results, whenever the
data are small enough, using the same techniques as in [10,59]. Existence and regularity has already been
proved in [11], this regularity being sufficient to prove convergence of a finite element discretization in space.
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The outline of the paper is as follows. The continuous problem and its finite elements scheme are described
in the next section. Then, some notations and the results of [11] are presented. Existence of the finite element
solution and a priori error estimates are established in Section 3. A posteriori error estimates are derived
in Section 4. Finally, numerical results with small time steps and a large number of realizations confirm the
convergence rate with respect to the mesh size.

1. THE SIMPLIFIED HOOKEAN DUMBBELLS PROBLEM AND ITS FINITE ELEMENT
APPROXIMATION IN SPACE

Let D be a bounded, connected open set of R%, d = 2 or 3 with boundary 0D of class C2, and let T' > 0.
Let (2, F,P) be a complete filtered probability space. The filtration F; upon which the Brownian process B is
defined is completed with respect to P and is assumed to be right continuous on [0, 7.

Given the initial conditions ¢o : Q2 — R%, ug : D — R?, a force term f, constant solvent and polymer viscosities
ns > 0, n, > 0, a constant relaxation time A > 0, we are searching for the velocity u : D x (0,T) — R?, the
pressure p : D x (0,7) — R and the elongation vector ¢ : D x (0,7) x Q — R? which must satisfy

dg — ((Vu)q - %q) dt — % dB=0 in Dx(0,T) xQ, (1.1)
o (metw) + 2 (Blg2q)~ D)) +Vp=f D x(0,7) (12)
V-u=0 in D x (0,7), (1.3)
u(.,0) =ugp in D, (1.4)
Q('aoa ) = 4o in D x Qa (1 5)
u= on 0D x (0,7T). (1.6)

Remark 1.1. Equations (1.1) and (1.5) are notations for

q(z,t,w) — qot,w) — /0 <(Vu(:c, s))g(z, s,w) — %q(x, s,w)) ds — %B(t,w) =0,

where (z,t,w) € D x [0,T] x .

Due to the regularity of the Brownian process, little Holder spaces will be used. They are closed subset of
the classical Holder spaces C*([0, T|; E) and are defined for all Banach space E and for all 0 < p < 1 by

r([0,T; E) = {fEC“([O,T];E);lim sup 17®) = F$)llg :O}.

H
0=0¢ sefo,1],|t—s|<s |t — S|

Provided with the norm of C*(][0,T]; E), little Holder spaces are Banach spaces and are separable Banach
spaces assuming F is a separable Banach space, see for instance [54] for more details. We will use the notation
hi([0,T]; E) for the restriction of functions of h#([0,T; E) vanishing at the origin. For simplicity, the notation
will be abridged as follows whenever there is no possible confusion. For d < r < oo, the space L" denotes
L"(D;R) or L"(D;R%). Also, for 0 < pu < 1/2 and 2 < v < oo, h*(L") stands for h*([0,T]); L"(D;R)) or
R*([0, T); L™(D;RY)) and LY (h*(L")) for LY (S ([0, T); L™(D;R))) or LY(Q; h*([0,T]; L (D; R%))). The same
notation applies for higher order spaces such as Wb, h1H# (W) and LY (h1HH(WLT)).
The implicit function theorem has been used in [11] to prove that (1.1)—(1.6) admits a unique solution

u € RMH(LT)Y N AW, pe RM(WET ALY, q € LY (W (WhTY), (1.7)
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with 2 <~y < o0, d<r <ooand 0 < pu < 1/2, for any data (f,ug) small enough in appropriate spaces and
assuming the space 2 is rich enough to accommodate a given random vector gy € L7(£2) such that

{qo is independent of B and (go); is independent of (go);,1 <i# j <d, (18)

and IE(qo) = 0, (g0 ® qo) = 1.

Since h#([0,T); WhT(D)) c C([0,T] x D), let us notice that in particular, a process ¢ € LY(h*(W'7)) has a
continuous sample path for almost each realization w € .

In this paper we assume that the above existence result still holds when D is a convex polygon in R2. The
key point to prove this result when D is a convex polygon is to prove that the negative Stokes operator — A,
is still the generator of an analytic semi-group, see for instance [35]. We did not find such a result in the
literature, therefore we will make this assumption and prove convergence of the finite element scheme. It should
be noted that the corresponding property is true in stationary case for some r > 2 depending on the angles of
the polygon, see [59].

Let us introduce the finite element approximation in space for D, a convex polygon in R2. For any h > 0,
let 75, be a decomposition of D into triangles K with diameter hg less than h, regular in the sense of [22].
We consider V;,, R; and @ the finite element spaces for the velocity, dumbbells elongation and pressure,
respectively defined by:

Vi = {vn, € CO(D;RY); vy, |g€ (P1)? VK € T} N H(D; RY),
Ry = {’I“h S CO(E; Rd);Th |K€ (Pl)d VK € ,Th};
Qn = {sn € C°(D;R); s, |[k€ Py VK € T,} N LE(D;R).

We denote i, the L?(D) projection onto V3, Ry or @ and introduce the following stabilized finite element
discretization in space of (1.1)—(1.6). Given f, ug, qo find

(uns qns o) = % (0,T) — Vi x Ry X Qn,
(wvt) ’_)(uh(t)aqh(wat)vph(t))v

such that up(0) = ipuo, qn(0) = go and such that the following weak formulation holds in (0,7 x €

p(% ) 4 20, (en), e)) = (¥ - 0n) + 22 (an @ ) — L e(wn)) = (1. 0)

ah?
+(V-un,sn) + K (Vpn, Vsn) i + (an(t),rn) — (1,78)q0
2
KeT, P

T (/Ot (%qh(k) - (Vuh(k»qh(k)) dk,m) - %Oﬂ“h)B =0, (19)

for all (v, T, sp) € Vi, X Ry X Qp,. Here o > 0 is a dimensionless stabilization parameter and (-, ) (respectively
(-,-)x) denotes the L?(D) (resp. L?(K)) scalar product for scalars, vectors and tensors.

The main results of this paper are Theorems 3.6 and 4.2. Assuming the data f and ug to be sufficiently
small in an appropriate space (the space Y defined in the next section), assuming the mesh size h to be small
enough, Theorem 3.6 states the existence of (up,qn) € L*(V3) x L2(L*°(Ry)) solution of (1.9), unique in the
neighbourhood of (u, q), the solution of the continuous problem (1.1)—(1.6). Moreover, optimal a priori error
estimates hold in the L?(H') norm for the velocity and in the L?(L°°(L?)) norm for the dumbbells elongation.
A posteriori error estimates are then proposed in Theorem 4.2. More precisely, assuming f, ug and h to be
sufficiently small, the error is bounded above by an explicit, residual based error estimator.
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The difficulty in proving such results is due to the fact that no useful (so far) a priori estimates are available
due to the nonlinear term (Vuyp)gn. The interested reader should note that an L'(D) estimate for the extra-
stress has been proved in [53] but it is not sufficent to prove convergence of finite element schemes. We will
proceed as in the continuous problem [11]. More precisely, we will prove that the linearized problem in the
neighborhood of the equilibrium state u, = 0, ¢, = ¢° is well posed (¢° will be defined in the next section).
Then, using an implicit function theorem taken from [20], existence and a priori error estimates will be obtained.

The above nonlinear finite element scheme is closely linked to the Oldroyd-B scheme studied in a previous
paper [10]. However, the numerical schemes are not equivalent, therefore the analysis has to be done again.
Moreover, it should be noted that in this paper the case ns = 0 is not considered, therefore some of the
stabilization terms present in [14] are not included in the finite element formulation (1.9).

2. PRELIMINARIES ON THE CONTINUOUS PROBLEM

In this section, notations and results from [11] are recalled to the reader.

The proof of the existence of a solution (u, q,p) satisfying (1.1)—(1.6) with the regularity (1.7) is based on
the splitting

q=q"+4q".
The equilibrium state ¢° is the Ornstein- Uhlenbeck stochastic process independent of the space variable z € D
which satisfies ) 1
s s

whilst ¢P is the discrepancy with respect to the equilibrium ¢°. The unknown function ¢ satisfies a differential
equation with a stochastic forcing term

dB,  ¢°(0) = qo, (2.1)

dq” D, S
5~ Vule+¢7)+

Let (X, ||.||x) be the Banach space defined by

1

2)\qD =0, q(0) = 0. (2.2)

X = {(u, q) € KT N h“(WQ’T) x LY (R Wby N hg(Wl’T)); q adapted to (]:t)te[O,T]};

and let ||.||x be the product norm. Since existence (and uniqueness) of ¢5 € L7(€;h*([0,T])) (see App. C) is
ensured by classical results on stochastic differential equations, existence and uniqueness of problem (1.1)—(1.6)
for small data arise from existence and uniqueness of (u,q”,p) € X x h*(W" N L) solution of

-~ Vu (qD+qS)+%qD:O in Dx[0,T] x Q, (2.3)
p%fo(u)—?V-(IE((qDJrqS)@(qDJrqS))—I)+Vp:f in D x (0,7), (2.4)
V-u=0 in D x (0,7), (2.5)
u(.,0) =1up in D, (2.6)
q(-,0,.)=0 in D xQ, (2.7)
u=0 on 0D x (0,T). (2.8)

More precisely, given ¢° € L7(Q; h*([0,7])) and (f,ug) € Y small enough, there exists a unique (u,q”,p) €
X x h#(W1T N LE) solution to (2.3)-(2.8) and the mapping

Y —X
(fa UO) }—>(u(fa Uo), qD(fa UO))
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is analytic (see [19], Def. 4.3.1), therefore continuous. The space for the data Y is a subset of h*(L") x W27,
which will be defined precisely later in this section. The above result is based on properties of the linearized
problem: given g € L (9) satisfying (1.8), (f1,u0) €Y, fo € U and w € W, find (4, G",p) € X x h*(WL"NL})
such that

on

Por — 20 V- e(a)

- ’fv-(m(qD®qS+qS®qD)+f2) +Vp=fi inDx(0,T), (2.9)
V-i=0 in D x (0,7T), (2.10)
%+%(1D7(va)q5:w in D x (0,T) x €, (2.11)
a(-,0) = uo in D, (2.12)
G’ (,0)=0 in Q, (2.13)
=0 on 99 x (0,7, (2.14)

where ¢% € L7(Q; h#*([0,T])) is defined by (2.1),
U={fo € (W");V- f(0) =0}

and
W = {w € L7 (h*(Wh™));w adapted to (ft)te[o,T]}
are Banach spaces endowed with the norm of h*(W1") and LY(h*(WL")) respectively.
The space Y is now defined. Let us introduce the Helmholtz-Weyl projector P, : L™ — H,, where H, is the
completion of the divergence free C5°(D) vector fields with respect to the norm of L". The Stokes operator

A, = —P.A with domain Dy = w2 n WO1 "'NH, and range H, will be necessary to characterize the space
for the data Y. For this purpose, let

E, o= (HT7DA7')M7OO = {:c € Hr;iglg Htl—uATe—tATm| ) < Jroo}
be a Banach space endowed with the norm
2l g, . =zl ) + igg Htl—uATe—tATﬂ (D)

We will consider the data (f,ug) belonging to Y defined by
Y = {(f,u0) € (L") x Da, such that —n,A,uo+ P, f(0) € Da, "},
provided with the norm ||.||,- defined by
1fswolly = N Fllnn(zry + l1wollwer + [ =15 Artio + Pr.f(0) |l =rme0 -

Finally, it should be noted that since the differential equation (2.11) can be solved explicitly, then the solution
(@,p) € h*HH(L™) N AH(W2T N WOI’T) X (W™ N LE) of (2.9)-(2.14) satisfies

ot

PGy =V (2ne(@) + 2k x (@) + VB = fi + oy . fy+V-g, V-a=0, a(,0) =uo, (2.15)

A
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where k € C>([0,T]) is defined for ¢ € [0,T] by k(t) = Ze~%, g € hly(H,) is defined for ¢ € [0,T] by

t
90) =2 [ e FE (wl) 9450 + 40 9 0(s)) ds, (2.16)
0
and k * €(@) is the convolution in time of the kernel k with e(a)
t
(kxe())(t) = / k(t — s)e(u(s))ds.
0
Moreover, there exists a constant C' > 0 independent of fy, fs, ug and w such that
ou
ot
In this paper, we will assume the results presented in this section still hold when D is a convex polygon. Once

again, the key point to prove these results when D is a convex polygon is to prove that the negative Stokes
operator —A, is still the generator of an analytic semi-group, see for instance [35].

+ || Ayl
hi (L7

porry T 1Plpn iy < C (HflaUOHY + I f2llpwe oy + HwHLw(hu(Ww))) : (2.17)

3. EXISTENCE AND A PRIORI ERROR ESTIMATES

In order to prove that the solution of the nonlinear finite element discretization (1.9) exists and converges to
that of (1.1)—(1.6), we introduce X;, C X defined by

Xy, = L3(Vy) x L*(L*(Ry)),
provided with the norm ||.||x, defined for all 2, = (un,qn) € X by
2 T 2 2
ol =20 [ ey @t + [ sup s 01z, 0P
0 Q tel0,T

The splitting g, = ¢° + ¢P will also be used for the space discretization (remember ¢° does not depend on the
space variable and satisfies (2.1)) where ¢P € L?(L°°(R),)) satisfies

@ 0m)+ ([ (G0~ (Tun )0+ 2 0)) akr ) =0, (31)

for all rp, € Ry, a.e. in (0,7) and a.e. in Q.

It will be shown that there exists a unique (uh,qf? ) € X}, converging to (u,q”) € X and thus a unique
(un, qr,) converging to (u,q). For this purpose, the discrete problem corresponding to the unknowns (up, g2, pp)
will be written in the abstract framework of [20]. Using the splitting g, = q° + th , we rewrite the solution
of (1.9) as the following fixed point problem. Given y = (f,uo) € Y, find 2, = (un,q”) € X, such that

xp =Ty (y7Sc(xh)7Sd($h)); (3.2)
where
S.: L*(HY) x L*(L>(L?)) — L*(L?)
xn = (un, qi)) — Se(zn) = E(qf) @ qf), (3.3)
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Sy: L?(H') x L*(L>=(L?)) — L*(L*(L?))
Ty = (uh,q,?) — Sd(xh) = (Vuh)q}?. (3.4)
The linear operator Ty, : Y x L?(L?) x L*(L*(L?)) — X}, is defined as follow
(f1.u0, f2, w) — Tr(f1,u0, fo,w) = (Wn. G1) € X, (3.5)

where for almost all ¢ € (0,7") and almost all w € 2

(ah7d}?aﬁh) : (w7t) a— (ah(t)aq}?(w7t)aﬁh(t)) S Vh X Rh X Qh

satisfies @y, (0) = épuo and

P(%,Uﬁ) + 21, (e(dh),e(vh)> - (ﬁh,v . Uh) + n—;(IE((j,? 965 +¢50qP) + fg,e(vh)>

- (fl,vh) + (V ' fbmSn) + Z ol (VﬁmVSh)K

2
Kez,, “'

@+ ([ (a0 - (e - w) akn) <0, @)

for all (vp,rh, sn) € Vi X Ry, X Qp, a.e. in (0,T) and a.e. in .
It should be noticed that, given y = (f,ug) € Y sufficiently small, the solution x(y) = (u(y),¢"(y)) € X of
the continuous Hookean dumbbells problem (2.3)—(2.8) also satisfies a fixed point problem, namely

2(y) = T (1. Se(a(w)), Salw(v))). (3.7)
Here the operator T is defined by

T:YxUxW — X

(f17u07f2aw) *)T(flaumf%w) djf (ﬁan)a (38)
where (@, §7,p) € X x h*(WT N LE) satisfy (2.9)—(2.14). Problem (3.7) is well defined since it has been proved
that for x = (u,q”) € X we have S.(x) € (W) and Sy(x) € W (see Rem. 3.6 in [11]). Moreover, since
qP(0) = 0, it follows that S.(z) = IE(¢” ® ¢P) vanishes at time ¢t = 0 and thus S.(z) € U for z € X.

The elongation vector q,? can be eliminated from (3.6) and the next Lemma provides the equation satisfied
by @yp,. This equation is a discrete approximation of (2.15).

Lemma 3.1. Let v > 2,0 < p < 1/2 and r > 2. Let (fi,ug) € Y, fo € L3(L?), w € L*(L*(L?)) and let
g% € LY(h*(WLT)) be defined by (2.1). Then problem (5.6) admits a unique solution (in,GP) € Xy. Moreover,
(Un,pr) satisfies

P(%avh) + 215 <€(ﬁh)a€(”h)) - (75’“ v vh) + Q(k i ihe(ﬁh)’ihe(vh))

+ (V . ﬁh,sh) + Z ahic (Vﬁh,Vsh)K = <f1,vh) + (*Zing - ihg,é(”l)h))a (3.9)

2
Ker, <P

where k € C([0,T]) is defined by k(t) = %pe’t/)‘ and where g € LY (h*(W1T)) is defined by (2.16) and where
in is the L?(D) projection onto R, @ Ry,.
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Proof. In order to prove the existence (and uniqueness) of a solution (i, G-), we will write (3.6) using a basis
of Ry,. Hence, let us introduce ¢}, n =1, 2,¢=1,..., P an orthonormal basis of R;, where P is the number of
nodes of the mesh. Let (j,?;" be the components of q}? and dzl be those of up with respect to the given basis
. We have 7

P
an (W, t,z) = Z Zq,?;n(w,t)gof(x),
n; z;
n(t,2) = 33 w06t ()

t 2 ~
—s 6 7
d,?;n(t) :/ e m <§ ﬁ(s)qs’k(s) —l—w”,(p?) ds, n=1,2,1i=1,...,P,
’ 0

a.e. in (0,7), a.e. in Q and with w = (w!,w?)?. The definition of the L?(D) projection iy, implies for ¢ € [0, T
t t—s
P ) = / e” B (in(Vin)g® + ipw) ds, (3.10)
0
a.e. in Q. Going back to (3.6) we find that (@, pp) satisfies

P(%avh) + 215 (6(%),6(%)) - (ﬁh’v ' vh) + Q(k *ihe(uh)’e(vh))

+ (V : ﬁh,sh) + Z O;h%( (Vﬁh,vsh)K = (fhvh) + (*@fQ - ihg,ﬁ(”h))-

A
KeT, P

Using the property of the L?-projection
(in€(tin), €(vp) —ine(vn)) =0 Vo, € Vp,

we obtain (3.9). Thus, problem (3.6) is equivalent to (3.9) and (3.10). Existence (and uniqueness) of ap €
CY([0,T); Vi) satisfying (3.9) is ensured by a standard argument on Stokes system (see for instance [60]) and
a contraction mapping theorem (see for instance [45] or App. A in [10]). Finally, since ¢° € LY(h*(WL")),
equation (3.10) ensures the existence (and uniqueness) of & € LY(C1(Ry,)) thus in L2(L>(Ry)). O

Remark 3.2. We proved in the previous Lemma that GF belongs to LY(C!(Ry)), thus (3.1) can be rewritten

OqP 1 .
<i,rh) + <ﬁq,?,rh> - ((Vuh)(qs + q;?),rh) =0 Vry € Ry, a.e. in Q. (3.11)

We have the following stability and convergence result.

Lemma 3.3. The operator Ty, is well defined and uniformly bounded with respect to h: there exists C7 > 0 such
that for all h > 0 and for (fi,up) €Y, fo € L?(L?), w € L*(L?*(L?)) we have

ITa(f1s w0, fo,w)l|x,, < Cu (111, wolly + 1 fellzaee) + el zeqeaay )- (3.12)
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Moreover, there exists Cy > 0 such that for all h > 0 and for all (f1,u, fa,w) €Y x U x W, we have
(T = Tu)(Frs 0, fosw)llx, < Cah(If1s uolly + 121l + [lollw ). (3.13)

Proof. Let us use the notation (@, G2) = Tr(f1,uo, f2,w), where (ip, GF) € X}, satisfies (3.9). From Lemma 1
in [66], we have

/ / = (ine(an(s)),ine(an(t))) ds dt > 0. (3.14)
Therefore, choosing v, = up(t) in (3.9), there exists a constant C' independent of fi, f2, g such that
anllzarny < C(1frsuolly + 1 F2llceqee) + linglliaws ) (3.15)

where g € hf(W'T) is defined by (2.16). Moreover since iy, is bounded in L?(D), using the continuous embedding
h#([0,T]) Cs L*(]0,T]) and Cauchy-Schwarz inequality, we have

||ih9||L2(L2) <C ||‘IS||L2(M) Hw||L2(L2(L2)) (3.16)

where C' is a constant independent of h, w, ¢° and g.
On the other hand from (3.10) we have

HQDHLz(Lw(Lz)) <C (||uh||L2 (HY) + ||wHL2(L2(L2))) (317)

where C'is a constant independent of h, fi, uo, f2 and w. Thus (3.16) in (3.15) and (3.17) leads to (3.12). The
proof of (3.13) is provided in Appendix A. O

Our goal is now to prove that (1.9) has a unique solution (uy,q) converging to that of (2.3)—(2.8). Since ¢°
does not depend on = € D, it suffices to show that (3.2) has a unique solution (uy,q?) converging to (u,¢")
solution of (1.1)—(1.6). For this purpose, we use, as in [10,59], an abstract framework and write (1.9) as the
following problem : given y = (f,uo) € Y, find zp, = (up,q) € Xj such that

Fy(y,xn) =0, (3.18)

where F}, : Y x X, — X}, is defined by

Fi(y,zn) = on — Ty (% Se(zn), Sd(xh))-

In order to prove existence and convergence, we use Theorem 2.1 of [20]. The mapping Fj, : ¥ x X}, — X, is
C'. We first prove that the scheme is consistent and that D, F}, is locally Lipschitz.

Lemma 3.4. Lety = (f,uo) € Y be sufficiently small, let x(y) = (u(y), ¢”(y)) € X be the solution of (2.3)—(2.8).
Then, there exists a constant Cy such that for all0 < h <1, for all y € Y we have

1Bty ina(o))x, < Crb(Ilylly + lo)lx + Il ). (3.19)

Moreover, there exists a constant Cy such that for all h > 0, for all y € Y, for all z € X}, we have

. Cs .
Do Fi(y, ine(y)) — DaFa(y, )|l pox,) < == llinz(y) — zllx, - (3.20)
(Xn) h
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Proof. From the definition of F} we have
Fu(y,inz) = ipe — T (y, Se(inz), Sd(ih$)>
= (ipx —x) + Tp(0,0,Se(x) — Sc(inx), Sa(x) — Sq(inx)) + (T — Tr)(y, Sc(x), Sa(z))

so that,

1 . . . .

3 1Eu(y, int)|%, < llinz — zll%, + [1Ta(0,0, Se(x) — Se(inz), Sa(x) — Sa(in®))|%,

(T = Ta)(, Se(x), Sa(2)) %, -

Using standard interpolation results for the first term of the right hand side, Lemma 3.3 for the second and
third terms, it follows that

1Fw (s ina)lx, < C (R llzllk + 15e(®) = Selin@) | Faqze) + ISa(@) = Salin®)l3a(zaze)

2 2
+ 02 lylly + B2 1Se(@) | rry + h° HSd(x)HL?(hN(leT)))’ (3.21)

C being independent of h and y. Proceeding as in Corollary 3.5 in [11], we have

<Clal%x, (3.22)

A
—IE(¢” ® ¢°)
Mp

+ H(Vu

1wy + 18460 iy = | L PR

h”(leT)

C being independent of h and y. On the other hand, we also have

Sy(z) — Sq(inz) = (Vu)g® — (Vipu)ing®
= (V(u—inw)g” + (Vinu)(g” — ing")

so that, using Cauchy-Schwarz inequality
[[Sa(x) — Sd(ih$)||L2(L2(L2)) < Cllz —inzl x, (HqDHL2(Loe(Loe)) + ||Vihu||L2(L°°))
C being independent of h and y. Standard interpolation results lead to
l —inz]x, < Cihlllly

and
||Vihu||L2(Loo) < ||VU||L2(L00) +[V(u— Z‘hu)||1;2(1;oo) <Oy ||uHhu(W2n~) 5

for 0 < h < 1 and where C, Cs are constants independent of h and x. Thus we obtain
[Sa(x) = Sa(in@)l L2 (p2(r2)) < Ch |zl x (3.23)
C being independent of h and y. Similarly, we obtain
[Se(x) = Sc(in)ll 212y < Chll2| x - (3.24)

Finally, (3.22), (3.23) and (3.24) in (3.21) yields (3.19).
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Let us now prove (3.20). Let z = (v,7) € X}, let 2= (9,7) € X, we have
(Dth(y, int) — DyFa(y, z))g ~- T, (o, 0, (DSu(inz) — DSe(2))Z, (DSalinz) — Dsd(z))z).
Using Lemma 3.3 we obtain
|(D2Fn(y,ine) — DaFi(y, 2)) 2l
<C (ll(DSc(ith) = DS5e(2))Zll L2 (12) + (DSalinz) — DSd(Z))5||L2(L2(L2))> , (3:29)

C being independent of i and y. Using Cauchy-Schwarz inequality, there exists a constant C' independent of h
and y such that

|(DSa(ine) = DSa(2)2 pazarayy < C(IV G = )l pago [l poe 1o FIT N paromy (1007 =7l o ey )-

A classical inverse inequality yields

) - C ) ~ - )
[(DSa(inz) — DSd(Z))Z||L2(L2(L2)) < E(”V(Zhu - ”)||L2(L2) ||7’||L2(Loo(L2))+||VU||L2(L2) ||thD - 7""1:2(];90(,;2)))7

C being independent of h and y, so that we finally have

. - c .. -
[(DSulina) ~ DSu(2)2l aqaray < 5 line — i, 12l - (3.26)
Similarly, we obtain

[(DSe(inz) — DSc(Z))5||L2(o,T;L2(D)) < Clling - 7"||L2(Loo(Loo)) ||7~’||L2(Loo(L2))

c,. -
< 5 lline =zl x, 121, - (3.27)

Inequalities (3.26) and (3.27) in (3.25) yields (3.20). O
Before proving existence of a solution to (3.18) we still need to check that D, F(y,ipx) is invertible.

Lemma 3.5. Lety = (f,ug) € Y be sufficiently small, let x(y) = (u(y), ¢”(y)) € X be the solution of (2.3)—(2.8).
Then, for y sufficiently small, for all h < 1 we have

HDl.Fh(y,ihx(y))flﬂﬁ(xh) < 2.
Proof. By definition of F}, we have
D, Fp(y,inx) =1 — T1(0,0,DS.(inx), DSq(ipx)),
so that we can write
D, Fp(y,ipx) =1 -Gy with G =T,(0,0,DS.(irx), DS(ipx)).

If we prove that [|Gp||(x, ) < 1/2 for y sufficiently small, then Dy Fj(y, ipx) is invertible and

[DaFin(y, inz) ™| £, < 2
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Let z = (v,7) € Xp,. Using Lemma 3.3 we have

1GA()lx, < Cr (IDSin)2l aguey + 1DSalin®)2l pa(iauzy)) -
C1 being independent of y and h. Proceeding as in the proof of Lemma 3.4, we have

|DSa(in2)2ll g auyy < Co(IVul 2wy

D
1Tl L2 (poe (p2)) + IVl 22y llq HLz(Loo(Wl,r)))a
C5 being independent of y, h and z. Hence,

1G(2)lx, < Callzllx lI2lx, »

where Cj is independent of y, h and z. From Lemma 3.10 in [11], the mapping y — z(y) is continuous, thus if
[ly|ly is sufficiently small we have ||z||, < 1/(2C3) so that

1
IGh () x, < 5 lzllx, - -

We can now prove existence of a solution to the finite element scheme (1.9) and convergence to the solution
of (1.1)—(1.6).

Theorem 3.6. Let y = (f,uo) € Y be sufficiently small, let x(y) = (u(y),q"(y)) € X be the solution
of (2.8)-(2.8). Then, there exists ¢ > 0 such that for y and h sufficiently small, there exists a unique
o (y) = (un(y), g2 (v)) in the ball of X, centered at inx(y) with radius Ch, satisfying

Fiu(y, zn(y)) = 0.

Moreover, the mapping y — xp,(y) is continuous and there exists C' > 0 independent of h and y such that the
following a priori error estimate holds

lz(y) —zn(W)llx, < Ch. (3.28)
In order to prove the above theorem, we will use the following abstract result.

Lemma 3.7 (Thm. 2.1 of [20]). LetY and Z be two real Banach spaces with norms ||.||y and |||, respectively.
Let G:Y — Z be a C' mapping and v € Y be such that DG(v) € L(Y; Z) is an isomorphism. We introduce
the notations

e= Gz,

7= HDG(U)_IHE(Y;Z) ’

L(a) = sup [DG(v) — DG(»T)HL(Y;Z) )
z€B(v,a)

with B(v,a) = {y € Y3 |lv —ylly < a}, and we are interested in finding u € Y such that
G(u) = 0. (3.29)

We assume that 2yL(2ve) < 1. Then Problem (5.29) has a unique solution u in the ball B(v,2ve) and, for all
x € B(v,2ve), we have
[ —ully <2v[1G(@)ll -
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Proof of Theorem 3.6. We apply Lemma 3.7 with Y = X}, Z = X},, G = Fj, and v = ipz(y). According to
Lemma 3.4 there exists a constant C; independent of y and h such that

‘ 2
¢ = 1B inz)llx, < Cuh(llly + 2@l + l2w)I%). (3.30)
According to Lemma 3.5, for ||y||y sufficiently small

Y = 1D Fn(y, in ()l £(x,) < 2-
According to Lemma 3.4, there is a constant C3 independent of y and /A such that

) C
L@ = _swp  [DFa(ine(y) = DFu(@)gx,) < 7o

z€B(in(y),a)

Hence, we have

2 L(2e) < 2252 (z.aclh(nyny + o)l + ||x<y>||§))
=16C1C2 (Jlglly + Iz @)lx + l=@)I )-

Using the continuity of the mapping y — x(y) it follows that, for sufficiently small y € Y

1

2
lylly +lle@)llx + =)l < fee60

then 2yL(2ve) < 1 and Lemma 3.7 applies. There exists a unique x(y) in the ball B(isz(y), 2ve) such that

Fu(y,zn(y)) =0

and we have

linz(w) = ea(w)lx, < 29e < 4CR(llglly + la@)lx + 2w )

1
< —h. 3.31
— 4Cy ( )

It suffices to use the triangle inequality

lz(y) —zn@Wlx, < lz@) —inz@)lx, + linz(y) — 2 (W), ,

and standard interpolation results to obtain (3.28). The fact that the mapping y — x5, (y) is continuous is a
direct consequence of the implicit function theorem. O

Corollary 3.8. Under the assumptions of Theorem 3.6, there exists a constant C independent of h and y
such that

tel0,T
Moreover, there exists a constant C independent of y and h such that

swp [ B0 0070 - 08 £ 0) < €1~ [y

2
sup / IE (¢”(t) ® ¢°(t) — af (t) @ ¢ (1)) | < CR2.
te[0,7] J D
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D1
p(B2) wo ()
q= )’ @

It follows, using Cauchy-Schwarz inequalities that

Proof. Let us use the notation

5]

2

sup / IE(qP (1) @ ¢P(t) — au(t) @ qu(t) | = sup / E(¢" (0)g" (1) = g (0)ay 7 (1))
tel0,T)J D te[0,T) Di,j:l

< s [ ST 0~ P (0 2B 0 + 0 (0)°)

t€[0,T] —1 i=1

Fubini’s Theorem and an Holder’s inequality lead to

2 2 2
tes[l(l)pT]/D E(”®) @ q”(t) — a0 @’ O) [ < (|07 = @[ 210 052200y 1187 + @ | 2200100 0,00 (0

It remains to prove that the term HqD + q,?HiQ(Q,LOO(O T:L%(D))) is uniformly bounded with respect to h. Since

ip, is bounded from L>°(D) to Wh"(D) we have
||‘1D + qf?||L2(L°°(L°°)) < H‘Ii? - ihqD"LQ(Lm(Lm)) +C ||qD||L2(L°°(W1v7')) )

where C' is independent of A and y. Using an inverse estimate we have

, C ,
HQ;? - thDHL2(L°°(L°°)) < 7 Hqi? - thDHL2(L°°(L2)) :
where C' is independent of h. From (3.31) ||q,? — ihqD||L2(L°°(L2)) < Ch so that we obtain

HqD Jr‘ZfILjHL2(Loc(Loe)) <G,

with C a constant independent of h, which yields to the first estimate of the Corollary. The second estimate is
a consequence of Theorem 3.6. O

4. A POSTERIORI ERROR ESTIMATES

Let us consider again the operator Ty : Y x L*(L?) x L?(L?(L?)) — X}, defined by (3.5). A residual based
error estimator for T}, is now introduced using the notations of [4]. For any triangle K of the triangulation 7,
let Ex be the set of its three edges. For each interior edge [ of 7}, let us choose an arbitrary normal direction n
and let [.]; denotes the jump of the inside quantity across edge I. For each edge [ of 7}, lying on the boundary

0D, we set [.]; = 0. The local error estimators corresponding to (3.6) are then defined by
T 8ﬂh n. 2
u%((fl,uo,fg,w):/ {h%( p—r — 205V - €(tp) + Vpr —2k* V- €(tp) — fr — =V -fo—V-g
0 ot A L2(K)

- 1 - -
FIV il 2oy + 5 S0 1 (2@l 2 + 1255 lelEnnlila, )

leEx
. 2 . ~ ~ 2
+ ling = 91 aquc) + I * Gineliin) = (@)l 22
6@}? 1 ~D - S . 2
[ - P - Vane® = o — ol g
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almost everywhere in [0, 7] x ©, where (@, G2) = Tr(f1,uo, fo, w) is given by (3.6). We recall that i, denotes
indifferently the L2-projections onto Vj, or M and that given ¢ € L7(Q;h#([0,T])) and w € LY(h*(W1LT)),
the function g present in the error estimator ug is defined for ¢ € [0, T] by

o) = [ HE () 200+ °(0) 9 u() ds.

Let T: Y xU x W — X be the continuous linear operator defined by (3.8). The following a posteriori error
estimate holds for the operator T — Ty,

Lemma 4.1. There exists C such that for all h > 0 and for all (f1,ug, fa,w) €Y x U x W we have

[T = Tw)(fry 0. o, w) |, < C D pic(fr uo, fo,w).

KeTy,

The proof of Lemma (4.1) is provided in Appendix B.
We are now in position to state a posteriori error estimates for the solution of (3.2).

Theorem 4.2. Let y = (f,uo) € Y be sufficiently small and let z(y) = (u(y),q”(y)) € X be the solution
of (2.8)-(2.8). Let h be sufficiently small and let 1 (y) = (un(y),q? (y)) € X be the solution of (3.2). Then
there exists a constant C independent of h and y such that the following a posteriori error estimate holds

1/2
lz(y) —znWlx, <C < > Mf((fvuovsc(wh(y)),Sd(fﬂh(y)))> ~
KeTy
Proof. We recall that x = z(y) € X and 5 = 2,(y) € X}, satisty
z=T(y, Se(x), Sa(x)),  an =Ty, Se(zn), Salxn)),
where the operators S, and Sg4 are defined by (3.3) and (3.4) respectively. It follows

z —xp = T(y,S(2), Sa(z)) — Th(y, Se(xn), Salzn))
=T(0, Se(w) — Se(wn), Sa(x) — Sa(wn)) + (T — Ta)(y, Se(wn), Sa(xn)). (4.1)

We now bound the first term in the right hand side of the above equation. Let T = (7, 7") be defined by
T =T(0,S5:.(x) — Se(xn), Sa(x) — Sa(zr)),
then there exists p € L?(0,T; LZ(D)) such that
(@,g”) € L>(0,T; L*(D)) N L*(0,T; Hy(D)) x L*(; L= (0, T; L*(D)))

and satisfies

ou
pap — sV - e(T) + VP - n_;v E@G° ®¢° +4°07")) = n_;(sc(m) = Selan)),
V-u= 07
g 1 _ _
= 357~ (V)¢S = Su(x) = Salwn).
u(0) = 0,
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Recalling that fOT(k: x€(U), e(u)) > 0 (Lem. 1 in [66]) and using a classical method to obtain energy estimate for
the Stokes system, there exists a constant C independent of h, x and xj such that

Hﬂa @DHXh <C (||Sc(=’ﬂ) = Se(@n)llp2(p2) + 1Sa(@) — Sd(fﬂh)”m(m(m))) .
Now we have

Sa(x) = Sa(zn) = (Vu)g” — (Vup)qy)
= (Vu—un)q” + (Vun)(d” — q)),

so that
[|Sa(z) — Sd(ﬂfh)”/:z(Lz(Lz)) <|[[V(u— Uh)||L2(L2) H‘ZDHLz(Loo(Lm)) + ||Vuh||L2(Loo) ||qD - Q}?HLz(Loo(Lz))
< lz —anllx, (HqDHiz(Lw(Lw)) + ||V“h||i2(Loo)>1/ -
Let us now bound ||Vup||p2(f). We have

[Vunllpz(roey < IV —un)llp2zoy + VUl 2 o)
S IV(u —inu)llpz(poey + IVEnu — un)ll 2 gy + VUl g2 gy »

where iy, is the L2-projection onto V3. Standard interpolation estimates, an inverse estimate, and a Sobolev
imbedding theorem can be used to obtain

1 .
IVenlaqsm) < € (Wil + IV = 0)lasn ).
with C independent of x, x;, and h. Using estimate (3.31) we find

2
190l 22y < C (lelly + 2l + 21k

so that
18a(@) = Sal@n)ll gaquaqusy < € (Illy + lolx + o)

C being independent of h, y and x. Similarly, one obtains

2
186(2) = SeCen)lzaary < € (Melly + ol + al% )
Thus, we have shown that
IT(0, Se(2) = Se(xn), Sa(x) = Sa(en))llx, < Clle—znlly, (||y||y +llzllx + ||$||§() : (4.2)
where C is independent of h, y and .

In order to bound the second term in the right hand side of (4.1), we use Lemma 4.1. There exists a constant
C independent of h, y and x such that for h sufficiently small

T =T w0, Sean), Sale)l, < O( 3 el Selan). Sutw))
KeT,,
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Finally, using the above estimate and estimate (4.2) in (4.1) one obtains

lo = anllx, < (Il = anllx, (Il + ol +lI2l) + 3wk (fu0, Sel@n(y)), Sa@n(®)))).

KeTy,

From the continuity of the mapping y — z(y) we conclude the proof for y € Y sufficiently small. O

5. NUMERICAL RESULTS

Let (u,q) be the solution of (1.1)—(1.6), let (up, qn) be the solution of (1.9). According to Theorem 3.6 and
Corollary 3.8, our goal is now to check numerically that

T 1/2
</ IV(UUh)|%2<D>> + sup [[E(¢®q) —E(gr ® qn)|r2(p) = O(h),
0 0<t<T

for a simple test case. For this purpose we consider the fully discretized scheme corresponding to (1.9). Then,
we check convergence with respect to the mesh size h when the error due to the time step and that due to the
Monte Carlo method is negligible.

Following [13,18], we use equilibrium control variates in order to reduce the variance due to the Monte Carlo
method. This corresponds to computing u,p,q and ¢° (the so-called control variable corresponding to the
dumbbells elongations at equilibrium) such that

1 1
dq((Vu)q 2)\>dt\/XdBO,

dg® +ﬁ Sdtf\/—XdBfO,
ou

ror =V (2nse(U) + n—; (E(qg®q) —E(¢° ® qs))) +Vp=f,

and using the same random numbers for ¢ and ¢°. The reader should note that ¢° = ¢°(¢,w) only. Let P be
the number of mesh vertices, ;, i« = 1, .., P, be the usual hat functions attached to the vertices. Let N be the
number of time steps, let 7 = T/N be the time step, t" = nr, n = 0,..., N. Finally, let J be the number of
realizations of the Monte-Carlo method. At time ¢t = 0, we set the initial dumbbells elongations

Qh] ZQJcpt VLL’GD,

where the two components of qJQ, j = 1,..,J, are independent N (0,1) random variables. We also set the
initial control variates qf’o to the same random variables, that is qf’o = q?, 7 =1,...,J, and the initial velocity
u) =ipug € Vi. Then, for n =0, ..., N — 1, we proceed as follows. Assume that ul! € V},, ap,; € Rnj=1,....J,

and that the random variables qf’”, j =1,..,J, are known. We first compute u"“ € V, and anrl € Qn
such that

n+1 n h
p (B ) 2 (e () elon)) = (9 ) (9 ) 3 G (T Vi)
KeTy, p

J
1
= (f(tn+1)a Uh) - 77?1’) 7 Z (qh,] ® qh] S7n ® qf,n> 76(Uh) )
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for all (vp,rn) € Vi, X Ry. Then, the dumbbells elongations are updated

T T
(1 + ﬁ> (gnstrn) = (i jorn) + 7(Vupah 5 rn) + \/;Bjn,

T S,n+l _  Smn T Hn

Here the two components of B}, j = 1,...,.J, are independent N(0,1) random variables. As usual, the mass

matrices are lumped so that the computation of q,’fjl becomes explicit. Following the theoretical results of [38]

(one-dimensional shear flow) and the numerical results reported in [13], it is expected that

<l =

N 1/2
(ZTIIV(U(t")UZ)I%zw)) + max ||E(q(t") @ q(t")) —

0<n<N
n=0 - T

J

1
> an; ®ar O<h+r+—).
j:1qiw n.; NG

L*(D)

Therefore, when 7 = O(h?) and J = O(h™*), then the error due to time discretization and the error due to the
Monte Carlo method should be negligeable, so that O(h) convergence should be observed.

The following simple test case is considered. Let D = (0,1)? be the unit square, the velocity field u is defined by

(a1, 72) = <“1(‘E2) - e) (w1, 22) € D.

u?(z1) = €1

Setting
112
o o
U(xhx%t) = (0.12 0_22) ;

the simplified Oldroyd-B counstitutive relationship for the extra-stress o — equation (0.5) without the convective
term — becomes

dott
11 —otulYVel?) =
o —l—)\( Ey (u') o ) 0,

60’12

73 (%5 (ot = o) =yl + ()

do??
22 otV e2) =0
o —l—)\(at (u) o ) 0
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Choosing ¢(0) = 0, a simple but tedious calculation yields to the following formula for the extra-stress

PT— AN (ul) (w2 2\ w2y

= <MV+WWY<MWW—1 o RN T e L

—4L4A<wwmmgﬂuuﬂmmwg)

+(1- 2/\\/(ul)’(uz)’)e—%<1+2A\/<u1>'<u2>'>>),

“”2%1“ﬁ;$ﬂ;ye“ﬁy‘% (0 AT T e sV BT

— (1= 20/(ul) (u2) )em F 2V ‘“”"“2"’)),

whenever A < 1/y/4max|(u')(u?)'] = &= ~ 0.184. Using (0.4), that is

ol = n—p(IE(qlql)—l), o2 = %p(IE( 1), o2 — @(E(qzqz)_l),

1
where ¢ = ( 32 ), we therefore obtain explicit formula for IE(¢q'), IE(q'q?) and IE(¢%¢?).

The viscosities are n, = 1, = 1, the elastic relaxation time is A = 0.1 and the GLS stabilization parameter
in (1.9) is « = 0.01. In Table 1, we have reported the error for the velocity and extra-stress defined by

n=0

N 1/2
eus = (Zﬂwui(m - UZ’”N%%D)) i=12

1

kmn I, —
7] qhnqn kal_1527

2J h.g

M'\

Egkl = LI E(qk(t")ql(t”)> -
1

L*(D)

ul,n qlm

n __ h noo__ h,j
up = < 2,n> and Ihj = 27% .

Uh 9h,j

The results reported in Table 1 are given with two digits. They correspond to averages over 30 runs. The
95% confidence intervals are reported that is average value + twice the root mean square. Clearly, the error
is O(h) which corresponds to theoretical results. It should be noted that the memory required to perform the
last computation corresponding to the last row in Table 1 is 1.7 Gb (400 vertices times 256 000 dumbbells thus
400 x 2 x 256 000 x 8 = 1.64 Gb). Therefore, performing a computation with a 40 x 40 mesh and 16 times more
dumbbells would require more than 64 Gb memory. This is possible only with a parallel, distributed memory
machine and is not within the scope of this contribution.

where we have set
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TABLE 1. Error with respect to mesh size h, with 95% confidence intervals corresponding to 30 runs.
Mesh h T N J [ €2 €y11 €,12 €,22
5%x5 0.2 0.01 50 1000 | 0.073 & 0.000 | 0.073 £0.000 | 0.36 £0.18 0.46 = 0.17 0.36 £0.17
10 x 10 | 0.1 0.0025 | 200 | 16000 | 0.037 £ 0.000 | 0.037 £0.000 | 0.13 +0.04 0.19 +0.03 0.13 £0.03
20 x 20 | 0.05 | 0.000625 | 800 | 256000 | 0.018 £ 0.000 | 0.018 £ 0.000 | 0.061 £ 0.006 | 0.089 £ 0.003 | 0.060 £ 0.005

Acknowledgements. A.B. thanks Claude Le Bris and Tony Lelievre for interesting discussions during a short stay at
CERMICS, Ecole nationale des ponts et chaussées, Paris. A.B. and M.P. thank Alexei Lozinski and Jacques Rappaz for
the permanent interest they have shown for this research.

APPENDIX A. PROOF OF (3.13) IN LEMMA 3.3

Let

Cu = ipl — ’a}“

Cp = inD — D,
where (@, pp) solve (3.9) and (@, p) solve (2.15). Using the triangle inequality we have
leall L2y < IMallp2ggny + 1Cull L2 gy -
Using classical interpolation results, we obtain
IMull 2y < CRAll 22y -

We now estimate ||Cy|| 2z The solution of (2.15) satisfies

p(%,vh) + 2, (@), e(vn) = (5, V- vn ) + 2k €@, e(on)) = (froon) + (V- itosn) + (Lfe = goelon)) =0

for all (vp, sn) € Vi, x Qp. Subtracting (3.9) to the above equation, it follows that

p(% on) + 204 (eew) e(on)) = (e, 7 0n) + 2 (ks (e() — ine(iin), e(vn))

+ (V-eu,rh) + Z ol

2
Ker, “'W

(Vep — Vp, VT}l)K - (g — ing, e(vh)> =0, (A1)

for all (vp,, ) € Vi, x Qp. On the other hand, from the definition of i), (the L? projection onto the finite element
spaces), C,, and II,,, we have

(kz * ipe(Cy), ihe(Cu)) = (k *ipe(Cy), E(Cu))
(k % (e(@) — ine(@n)) + k * (ine(@) — e(@)) — k * ine(ILy), e(Cu)).
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Hence, we obtain

2
ahy,

p(@C@

St Cu) 2. (e(C),e(C) ) = (G V-Cu ) 42 (orine(Cu)sinel(C) )+ (V-Cu Gy )+ 3

KeTy, p

(vcp, vcp) B

= (Pt ) 4 o, (clew 1), e(C)) — (6~ 11,9 1)

+ 2(kz * (e(@) — i;le(dh)),e(cu)) - 2<k * (e(@) — ihe(d)),e(Cu)) - Q(k ¥ ihe(Hu),e(Cu))

+ (v (e — L), c,,) + Y O;h—%( (V(e,, ~11), vcp) (A.2)

K
Ker, ~'P

From the definition of 75, again, we obviously have

OIL,, B
<W; Cu> - 0;

so that, using (A.1), (A.2) yields

p(@Cu C’u) + 21, (G(Cu), e(Cu)) + Z ahic (VC’,,, VC’p>K + 2(k * ipe(Ch), ihe(Cu))

ot KET, 2y
— _op, (e(Hu),e(Cu)) n (Hp,v : cu) - (v : (Hu),cp) -y O"f( (vnp,vcp)K
Ker, ~P
+ 3 O;h% (V6. VCy) 42k (@) — ine(@), e(C)) +2(k * ine(IL), €(Cu) ) + (9 = ing. e(Cu))

KeT, ~'P
=L+ --+1Ig. (A3)

It now remains to bound the terms Iy, ..., Is in the above equality. Using Cauchy-Schwarz and Young’s inequal-
ities, we have

I = ~2n, (€(IL,), €(Cu))
< 2ns]le(ILu) || 22 (D)l [€(Cu)l| L2 (DY
s
< 5|l €M) |72 py + €||€(Cu)||%2(D)-

Similarly, we have

L= (1, v-C,)

IN

5 s
4—775||Hp||%2(13) + §||V - CullZ2(p)

5 s
< 4—775||Hp||%2(13) + §||€(Cu)||%2(p)~

An integration by parts yields, since II, = 0 on 9D

Iy = (V- (),G,) = = (T, ¥C,) = = 3 (11, VG,)

K
KeT,

ahy 2 31p 2
< E IVCpl|72(ky + E o M| 72 -
121, ahy,
KeTy, KeT,
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Again, Cauchy-Schwarz and Young’s inequalities yield

ah? O‘hK 3
I =— Z T(VHP,VCP)K < Z 121, IVColl7e(rey + ||VH 1Z2(p)
rer, < KeT,

and

ah?. ahj 3

=Y SE(VYG), < ¥ FEIVGIw + ||Vp||L2<D>
KeT, P KeT,

Since k € C*([0,T]) C~ L*°([0,T]), using Cauchy—Schwarz and Young’s inequahtles yield

. - ~ ) .~ ~ Ns
I = =2k s i) = (@) €(C2)) < 2 ¥l o) inel) — €@y + 2 JeCl

and

Ns

. 5
= 2k xine(IL),€(C)) < o (K[ N2y + (G

where in the last inequality we used the stability of 5, : L?(D) — L?(D). Finally, Cauchy-Schwarz and Young’s
inequalities again yields

. . s
Is = (g —ing,e(Cy)) < —ingllZ2cpy + 5 le(Cu) 172

The above estimates of I, ..., Is in (A.3) yield

aC, 1 1 ah?. . .
oG Cu) + 520 (). e(C)) + 5}(; S (VCp, VCy) 42k xinel(C),ine(Cu)
h

1 -
c <||€(Hu)||2L2(D) + ||Hp||%2(D) + Z h_QHHU||2L2(K) + h2||VHp||2L2(D) + h2||vP||2L2(D)>
KeT, K

where C' depends only on p, ns, 7, k and a. Time integration for 0 < s < T yields

SNy 1 [ ICC oy +2 [ (ks inel )5 ine( o)) s
p S
< §||Cu(0)”%2(p) + C/o (||€(Hu)||%2(p) | 72(py + [T [72py

1 -
+ Z h_2||HuH%2(K)+h2||VHP||%2(D)+h2||Vp||2L2(D)'
KeT, K

Using standard interpolation results and (3.14), we obtain

2 ~ ~
e(Cu)llp2(r2) < Ch? (H“| }Qzu(ww) + ||p|\%m(W1w) + ||V“0||2L2(D) + Hg||2L2(W1vT(D))>7

where C' does not depend on h, f1, fa2, ug and g. Then, since
||9||L2(W1 oy = <C ||QSHL2(Q Lo ([0,T)) HwHLz(Lz(Wl ) and HVU0||L2(D) <C HUOH’DAT

we obtain
le(Cullzzzzy < C(Ilf1,wolly + I1fallo + llwllw ),
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where C' does not depend on h, f1, f2, ug and w. Thus

le(ea)llzazay < Ch (1L wolly + I falle + ol ). (A4)

It remains to prove that
la” —ar || < Ch{|lylly + [lf2llo + [wl] (A.5)
q dh L2(L>(L?)) = Ylly 211U w s .
where C' does not depend on h, f1, f2, ug and w. The solution (@, §”) = T(y, f2, w) satisfies for ¢ € [0, 7]
t t—s
G (t) = / e~ ((Va)g® + w) ds.
0

Hence, (A.5) follows by substracting (3.10) to the above equation.

APPENDIX B. PROOF OF LEMMA 4.1

Let (@, ¢7) = T(f1,uo, f2,w), where (@, G°, p) is the solution of (2.9)—(2.14) and let (@, G2) = Tr(f1, uo, f2, w),
where (@i, G2, pr) is the solution of (3.6). Let

ey = U — Un, I, = ey, — i ey, ep =D — D, (B.1)
where ¢ is the Clément’s interpolant [23]. Using (2.15) it follows
Oey,
(G ren) + 2m(eleu)sele) + 2k clen) )
ouy,

— (1= iea) = (Lt greten) = p ( Fotoen ) = 2m.(elin). elen) - 2 (elin). )

where g is defined by (2.16). The decomposition (B.1) leads to

p (%, eu) + 2ns(e(ewn), €(ew)) + 2k * (e(ew), €(ew))

= (1= V100 = (ot g0e(1L) — p (TG T ) = 2. el 1)) = 28 e, (11,)
U = i) - (Lot gelifen)) - o Gifen) = el i en) - 2bx (). (i)

Hence, using relation (3.9) and since V - u = 0, we have after reordering the terms

p (%, eu> + 2ns(e(ew), €(ew)) + 2k * (e(ew), €(ew))

= —2ns(€(@n), €(Iw)) + (Pn, V - ) — 2k * ((tin), €(Tlu)) — (n—;fz +9,€(Iu))

+ (f1,10,) —p (%, Hu) +(ep, V- up) + (ing — g, €(if en)) + 2k * (ine(iin) — e(n), €(is eu)).
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We then proceed as in [5,67], integrate by parts on each triangle K € 7}, the first four terms in the right hand
side of the above equation and use Cauchy-Schwarz inequalities, interpolation results for Clément’s interpolant
to obtain

p(Gen) +2m(elen) clen) + 26 (el elen)
1/2
§ C < Z N%((flauoaf%w)) (”ePHL?(D) + ||€(eu)HL2(D)) 3
KeT,

where C'is a constant only depending on the physical domain D. Then, a time integration and Young inequalities
lead to
1 : 2 ’ 2 2 Lo
5 lewM T2y + s lelea)lTagrey + | 2k el Tamy < C Y wic(fiyuo, fosw) + 5 lleplfaray,  (B2)
2 0 KeT; 2 e
h

where C' is a constant independent of h.
In order to estimate the last term of the right hand side, let us consider w € H'(0,T; H=*(D))NL2?(0,T; H*(D))
and r € L%(0,T; L?(D)) a solution of the problem

—p (%_I:j) + 2ns(e(w), €(@)) + 2(k x e(w), €(0)) — (r, V- 0) + (F, V - w) = (e, D), (B.3)
for all (v,7) € HJ(D) x L*(D). Recalling that fOT(k * e(w),e(w))) > 0 (Lem. 1 in [66]) and since

fOT(k * €(ew), €(w)) < [kl poc 0,7 T ll€(ea) | 2 (r2) lle(w) [ 12(r2), there exists a constant Cq independent of (w,r)
and e, such that

Thus, choosing T =0, 7 = e, in (B.3) and after time integration we have

+ o lwO)l g2 (py + 205 le(w)ll 22y + 217l 122y < Callepll p2p2) - (B.4)
L2(H-1)

T
HepHiz(Lz) :/0 (ep, V- w),

so that equations (2.15), (3.9) lead to
, T T T 0
leplaquy = 20 [ (et elllw) + 20, / b (el () = [ (o0 ¥ Tu) + (o + g2 (1)

+/0 ( 85? fan) (pa;: )+2ns/0T (e(eu),e(w))+2/0T (k = e(en), e(w))

T
- / (ing — g, € (ifw)) — 2k * (ine(up, — e(un)) , € (if, w)).
0
where Iw = w — i$w and 7§ is the Clément’s interpolant [23]. We then integrate by parts on each triangle
K € 7T, the first four terms in the right hand side of the above equation, use Cauchy-Schwarz and (B.4)
inequalities to obtain

T B u T T
lepl o <€ 3 wielfrona o)+ [ (05t w)+ 2 [ (elen)ew) +2 [ (e eten).cw))

KeTy,
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where C' is a constant only depending on D. Integrating by parts the second term in the right hand side, using
equation (B.3) and estimate (B.4), we obtain

2 2
||epHL2(L2) <C Z pi (f1, w0, f2,w) + Ca Hep”Lz(Lz) (V- eu”L?(L?) + Heu(O)HI}(D))-
KeTn

Since V - u = 0, a Young inequality implies

||epH2L2(L2) <C Z 1 (f1, u0, f2, w).

KeTy,
The above estimate coupled with (B.2) leads to
He(eu)||2L2(L2) S C Z :u’%((flaumf%w)ﬂ (B5)
KeTy,

where C' is a constant independent of (f1,uo, fo,w), (i, ¢",p) and (@n, G2, pn).
It remains to prove the a posteriori estimate for e, = g° — GP where g* satisfies (2.11) and G satisfies (3.6).
We have

Bt ot axe

Time integration, Cauchy-Schwarz inequalities and estimate (B.5) conclude the proof.

(aeq ) b Mepen = - (% I (th)qs,eq) + (Vi — ), e)-

APPENDIX C. REGULARITY OF THE ORNSTEIN- UHLENBECK PROCESS

Let a > 0, b # 0, ¢ be three constants and T" > 0 be the final time. In this appendix, it will be proved
that given W the Brownian motion and gy ~ N(0,c?) an initial condition independent of W, the solution
q:Qx(0,T)— R of

dq = —aqdt +bdW,  ¢(0) = qo, (C.1)

satisfies
q € L7(Q;h*([0, T R)) (C.2)
forall 1 <y < oo and 0 < p < 1/2. The proof proposed in this appendix follows the ideas of Theorem 5.20

in [24], where the case of linear stochastic equations in infinite dimensions is treated.
We first note that, in order to prove (C.2), it suffices to show that

q € CY3([0,T}; LV (), (C.3)

for all 1 < v < co. Indeed, using the Kolmogorov criterion (see for instance [63], Thm. 2.1), we know that if ¢
satisfies (C.3) then we have

q € LY(Q;CY2V7=¢([0, 7)),

forall 1 <~y < ooand 0 < e < 1/2—1/5. Since for 0 < ¢/ < p < 1 we have that h*([0,T]) c C* ([0, T])
(see [54]), thus we find that if ¢ satisfies (C.3), then ¢ satisfies (C.2) for all 1 < v < 00, 0 < pu < 1/2.
We now prove (C.3). Let us recall that

lla(t) — q(s)||
lallcrrzry = sup lla(®)llp, + sup Y R
t€[0,T) o) [t — s
S
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Let 1 < v < oo. Counsider the first term in the right hand side of the above equation. From [42], we know that
the solution ¢ of (C.1) satisfies for ¢, s € [0, T

E(q(t)) =0, Cov(q(t), q(s)) = <02 + ; (e2a min(t,s) _ 1)> e~ a(tts), (C.4)

when a > 0 (note that E(q(t)) = 0, Cov(q(t),q(s)) = ¢? + b*min(t, s) when a = 0). Let m > 1 be an integer
such that v < 2m. By using Hoélder’s inequality and since P(£2) = 1, it follows

la@ll L+ < lla@®)l Lom -

Since ¢ is a Gaussian process, using integrations by parts there exists a constant C only depending on -, a, b
and c such that

la@®ll -~ < Clla®)ll 2 -
Using (C.4) and since for x < 0, 1 — e” < |z |, we obtain for ¢ € [0,T]

la®)ll- < CV e+ 02T, (C.5)

and

sup [lg(t)]|,, < oo. (C.6)
t€[0,T]

The same arguments can be applied to prove that

la(t) = q(s)ll

|1/2 < 0. (C.7)

teclor |t —s
t#s

Indeed, by using Holder’s inequality it follows that for ¢, s € [0, T

la(®) = a(s)lln < lla(t) = a(s)ll 2m »

where m > 1 is an integer such that v < 2m. Again, ¢(t) — ¢(s) is a Gaussian process and we have

) ~ . < Clla®) — ()l = € (la®I2 + la(s) 2 — 2Cou(a(t).ats)))

where C is a constant only depending on v, a, b and ¢. Using again (C.4) and since 1 — e” < |z | for x < 0, a
simple but tedious calculation yields for ¢, s € [0, T

o <C 2/ .—2as —2at b21 —2a min(s,t) 1/2 o 1/2
la(t) —a(s)llx < C(cH(e™™ +e7 ™) +0°(1 +e ) =,

and (C.7) follows. The estimates (C.6) and (C.7) show that ¢ € C'/2([0,T]; L7 (2)), for all 1 < v < oo.
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