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1. INTRODUCTION

In this article, consideration is given to the error analysis of a spectral collocation projection of the periodic

Korteweg-de Vries (KdV) equation

Oy + udyu + 03u = 0 (1.1)
on the interval [0, 27]. It is proved that under appropriate assumptions on the initial data, the convergence of
the numerical approximation is exponentially fast. This stands in contrast with previous results that achieved
spectral convergence, or in other words super-polynomial convergence.

Since it was first derived by Boussinesq [5] and Korteweg and de Vries [20] as a model for water waves in
a channel, the KdV equation has been useful as a model equation in a variety of contexts. The discovery
by Zabusky and Kruskal of the elastic interaction of solitary waves [29], and the subsequent formulation of a
solution algorithm by way of solving an inverse-scattering problem [1,10], excited interest in the equation from
both the mathematical and physical point of view. Along with the nonlinear Schrodinger equation, the KdV
equation has subsequently become a paradigm for nonlinear wave equations featuring competing nonlinear and
dispersive effects.

There have been a number of successful numerical schemes for the KdV equation. An interesting review of
some of these methods is given by Taha and Ablowitz in [26]. Here we want to investigate the equation in the
context of periodic boundary conditions, with a corresponding Fourier-collocation method. Since the discovery
by Cooley and Tukey of a fast algorithm to compute the discrete Fourier transform [8], spectral methods based
on the Fast Fourier Transform have become a popular choice for the spatial discretization of nonlinear partial
differential equations. In particular, in wave propagation problems, spectral projection has been widely used
in connection with the Fourier basis. In order to exploit the operational advantage of the fast algorithm, any
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nonlinear terms in the equations have to be implemented pseudospectrally. That means that even though
derivatives are taken in transform space, nonlinearities are computed in physical space, making it necessary to
perform a transform and an inverse transform at each time step. In this way, the convolution product which
inherently takes O(N?) operations can be computed in O(N log N) operations. For large N, this represents a
significant reduction in total operations.

In the Fourier basis, the pseudospectral method is in fact equivalent to a collocation projection. In connection
with this, it becomes clear that instead of the usual Fourier coefficients @(k, t) of the solution u(z,t), the discrete
Fourier coefficients have to be used for the differentiation. These are given by the sum

2N

~ 1 —ikx;

wn (k,t) = N1 ZwN(xjat)e ke, (1.2)
=0

where wy denotes the Fourier-collocation approximation, and x; = % are the collocation points.

The convergence of both the Galerkin and collocation projections of the KdV equation has been proved by
Maday and Quarteroni [23]. In particular, it was shown that for these approximations, spectral convergence is
achieved. This means that for smooth solutions of (1.1), the approximants converge to the solution faster than
any polynomial. It is our purpose in this article to improve the convergence result of Maday and Quarteroni by
showing that if the initial data are analytic in a strip about the real axis, then the convergence rate is actually
exponential. That is, if wy denotes the Fourier-collocation approximation, there exist constants A7 and o,
depending on the initial data and the final time 7', such that

sup Jlu(-t) —wn ()3, < Ape oV, (1.3)
te[0,T)

A similar result for the Fourier-Galerkin method was obtained in a recent article of one of the authors [16].
However, as expounded above, collocation methods are more practical in the implementation, so that it is
imperative to have a proof for the collocation method, as well. The exponential convergence of Galerkin
schemes for parabolic equations has been previously advocated by Ferrari and Titi [11] and proved for the
Ginzburg-Landau equation by Doelman and Titi [9]. In these papers, as is the case in our work, the proofs rely
on existence results in analytic Gevrey classes. The study of the KdV equation in spaces of analytic functions
was initiated by Kato and Masuda in [18]. The problem was subsequently studied by Hayashi [14,15], and more
recently by Bona and Gruji¢ [2] and Bona et al. [3]. In particular, it was proved that the radius o of spatial
analyticity decreases at most exponentially over time [2].

All these studies have been in the context of the initial-value problem on the real line. For the periodic
problem, existence, uniqueness and continuous dependence on the initial data of solutions to (1.1) have been
studied by Temam [27], Kenig et al. [19], and more recently by Colliander et al. [7], and Kappeler and Topalov
[17]. There does not appear to exist any work on the periodic problem in Gevrey-type function spaces.

Besides the Gevrey space analysis and the convergence results of Maday and Quarteroni already mentioned,
our proof rests on previous work of Tadmor [25], who showed that for functions analytic in a strip, the Galerkin
and collocation projections (to be defined in the next section) converge exponentially fast. This fact, combined
with the estimates on solutions of the KdV equation provided in [2] and some techniques used by Maday and
Quarteroni [23] will yield exponential convergence of the collocation projection of the KdV equation. In the
present work, only a spatial discretization is considered, so that the resulting semi-discrete equation is a system
of ordinary differential equations. Though time discretization is not addressed here, it goes without saying that
this is also very active field, and time integration schemes for the KdV equation abound.

In the next section, the Galerkin and collocation projections of functions in Gevrey spaces will be discussed,
and a version of Tadmor’s theorem [25] proved. In Section 3, an estimate on the Gevrey norm of the solution
u of (3.1) with periodic boundary conditions will be established. Finally, in Section 4, we put together all the
pieces to prove the estimate (1.3). To close the introduction, we will introduce notation to be used throughout.
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To quantify the domain of analyticity, we use the class of periodic Gevrey spaces as introduced by Foias and
Temam in [12]. Here we follow the notation of Ferrari and Titi [11]. For ¢ > 0 and s > 0, we define the Gevrey
norm | - [lg, , by

2 5,204/ 2,7
£G, =D (1 [k} VIR F k)2,
kezZ
where the Fourier coefficients f (k) of the function f, periodic on the interval [0, 27] are defined by

T 2r

fk) = / " e f(2) da

A Paley-Wiener type argument shows that functions in the space G, s are analytic in a strip of width 20 about
the real axis. Note that by setting o equal to zero, we recover the usual periodic Sobolev spaces H®. These
norms are written as

£l =+ (K% (k).

keZ
In particular, for ¢ = 0 and s = 0, the space L?(0,27) appears. For simplicity, the L?>-norm is written without
any subscript, so that ||f|| = || f||go. In the sequel, we will often use the inner product on this space, given by
27
(fr9)= [ [flx)g(z)da.
0

We will also have occasion to use the inner product on G, s, given by

(f,9)G,. = Y _(1+[k[?)*e*VIHFE f(k)(K).

keZ

For functions f € H® with s > %, we have the Sobolev inequality, namely
[fllze = sup [f(x)] < C|[fll g
x

for some constant C'. The space of continuous functions from the interval [0, T] into H® or G, s is denoted by
C([0,T],H?®) or C(]0,T],Gy,s), respectively.

2. PROJECTION AND INTERPOLATION OPERATORS

The subspace of L?(0,27) spanned by the set

{eikx

is denoted by Sy . The self-adjoint operator Py denotes the orthogonal projection from L? onto Sy, defined by

kez, —Ngng}

Py f(z) = Z ™ f (k).

—N<k<N

Observe that Py may also be characterized by the property that, for any f € L2, Py f is the unique element in
Sy such that

27
/O (Pyf— f)pdz =0,
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for all ¢ € Sy. Using a straightforward calculation, the following inequality can be proved.
If = Pnflla < N"°|| fllme, (2.1)
for 0 <r <s. Moreover, it appears immediately that when f € G, s, the inequality
If = Pxfllar < N™*e M| fl|g,., (2.2)

holds for 0 <7 < s and o > 0. The proof is given by the following computation.

If =Pyl < D L+ [KP)IF(R)P

|k|>N

1 A
< —20k 20\16\ 2
< sup {7(1+|k|2 } E (1 + & ?)°| £ (k)]

1 —0'
< (™) W1

Finally note the inverse inequality

10l < CN)" (18]l s » (2:3)

which holds for r > s > 0 and ¢ € Sy. The proof of this estimate proceeds along the hnes of the proof of (2.2).
We now turn to the interpolation operator In. Let the collocation points be x; = 2N+1 for 5 =0,1,...,2N.

Then, given a continuous periodic function u, Inu is the unique element in Sy, such that Inu(x;) = u(m]) for

j=0,1,...,2N. Note that Sy is an invariant subspace with respect to Iy. In other words, we have

InPy = Py. (2.4)

In connection with the interpolation operator I, we also consider the discrete semi-inner product on the space
of continuous periodic function on [0, 27], defined as

(. )n 2NJr 1 Z¢ 5) IJ) (2.5)

Recall that for functions ¢, € Sy, this inner product is equal to the L?-inner product, as shown by the identity

(6, 9)n = (6,9). (2.6)

It follows immediately from (2.5), (2.6), and the definition of In that
(f:9)nv = (Unf,Ing) (2.7)

for any two functions f,g € L2. The corresponding semi-norm is defined by

1£1% = (f, F)n

An estimate corresponding to (2.1) also holds for the interpolation operator. It has been proved in [21,24] that
when f € H® with s > 1, and 0 < r < s, then there exists a constant C7, such that

1f = Infllr < CIN"72|| f]]s- (2.8)
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Moreover, when f € G4 s for some o > 0 and s > r, then the difference between f and its interpolant Iy f is
exponentially decreasing. This is established in the following lemma.

Lemma 2.1. Let o >0 and s >r > 0. For any f € G, 5, the estimate
If = Infllggr < CINT"*e™ N | fllg;, (2.9)

holds for some constant C7 which only depends on o, r and s.

Proof. The function Iy f can be expressed in terms of the discrete Fourier coefficients of f as

Inf@) = 3 Fp)e,

[p|I<N
where
. 1 2N
flp) = SN 1 flxy)e™ P, (2.10)
=0

The discrete Fourier coefficients f (p) are related to the usual Fourier coeflicients f (k) by the aliasing relation

fo) =Y flp+ (2N +1)k).

kEZ
In order to prove (2.9), it is convenient to split the norm into two parts.
R 2 o
1 = In e = 30 4 P[> fo+ N+ DR+ > @+ b)) (2.11)

lpI<N k#0 lp|>N

An application of the Cauchy-Schwarz inequality yields

. 2 , —
Y iereNsnp[ < 3 @R e VIR S (1 g2 VIEUE (),
k#0 j=p+(@2N+1)k j=p+(2N+1)k

k#0 k#0

where the sums on the right are over k € Z\{0} and j is a function of k. Let us estimate the first factor appearing
on the right-hand side, keeping p fixed for the moment. For any j that can be written as j = p+ (2N + 1)k
with |p| < N and k # 0, we have |j| > (2 |k| — 1)N > 0. Hence,

Z (1 + |j|2)—se—20\/1+|j|2 < Z (1 4 (2 |k| - 1)2N2)*5 e—20\/ (1+(2[k|=1)2N2)

Jj=p+(2N+1)k k#0
k0
< ZN7256720(2\M71)N
k20
_ 2N72se20N Z ef4akN

k>0
§ CIN_286_20N,
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where the constant C; =
to obtain

1—%40 only depends on ¢. Continuing the estimate in (2.11), we sum over |p| < N

S @[S fo+r @V R <aa e NPy Y N N @ VRGP

Ipl<N k#£0 j=p+@N+1)k
[p|I<N
k#£0

In the sum above, for a given j € Z, there exists at most one couple (p, k) with |p| < N such that j = p+(2N+1)k.
Hence, there appears

2\r r 2 2\ n\T—2s . —20 N 2
S AP |Y fo+ @N DR[| < i+ N NN fE
lp|<N k#0

Finally, the last term in (2.11) can be estimated as in the proof of (2.2). O

The error estimate in Lemma 2.1 will be key in establishing the exponential convergence of the collocation
approximation to a solution of the KdV equation. However it is only applicable if the solution u of (1.1) can be
shown to be bounded in a corresponding Gevrey norm. Obtaining such a bound will be on the agenda in the
next section.

3. ESTIMATES IN GEVREY SPACES

It will be now shown that if initial data ug are taken to be analytic in a strip around the real axis, then
for any ¢, the solution u(+,t) of (1.1) can also be continued analytically to a (possible smaller) strip around the
real axis. The key estimate was proved by Bona and Gruji¢ in the case of the real line [2]. Here we outline a
corresponding proof for the initial-value problem on the interval [0, 27r] with periodic boundary conditions. The
periodic initial value problem associated to equation (1.1) is

Oru + udpu + 03u = 0, x €[0,27] ,¢t >0,
u(0,t) = u(2m,t), t>0, (3.1)
u(z,0) = ug(x).

As mentioned in the introduction, existence, uniqueness and continuous dependence on the initial data of this
problem in the usual periodic Sobolev classes have been well documented. For our purposes, the following
theorem suffices.

Theorem 3.1. Suppose s > 1, and ug € H*. Then there exists a solution u € C([0,00), H®) of (3.1). Moreover,
there is a constant ks depending on ||ugl|s, such that u satisfies the estimate

sup Hu(at)llhﬁ < Rs. (3.2)
te[0,00)

In order to gain estimates in Gevrey norms, we use a standard approximation procedure based on a Galerkin
projection of the KdV equation. It should be noted here, that the Galerkin procedure is only used as a tool
to obtain existence and estimates for the solution of the KdV equation. The numerical scheme in focus in this
article is the collocation projection of the KdV equation, which is treated in Section 4. The Galerkin projection
of (1.1) is defined as the solution of the equation

{ (Orun + 5 0:(u}y) + Fun,¢) = 0, t €[0T, (3.3)

un(0) = Pnuo,

for all ¢ € Sy. The following theorem was proved by Maday and Quarteroni [23].
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Theorem 3.2. Assume that ug belongs to H*, for some s > 2, and u is a solution of (3.1). Then for N
large enough, there exists a solution of (3.3). Moreover, there exists a constant ¢ > 0 independent of N, but
depending on T and ||uo|| ., such that

sup [|un () — u(-, 1| < eN?7*. (3.4)
t€[0,T]

In connection with Theorem 3.1, we can state the following corollary.

Corollary 3.3. Assume that ug belongs to H®, for some s > 1, and u is a solution of (3.1). Let 0 <r <s—1.
Then for N large enough,
sup HUN('vt)”H" < 2Ks. (35)
t€[0,T]

Proof. Using the triangle inequality, the inverse inequality (2.3), and the estimates (2.1) and (3.4), it follows
that

lun — Pyullar + || Pvu — ull g

2N)""Hun = Pyulla + N"7%||ul -

@2N)" " Hun = ullgs + 2N)""Hlu — Pyl + N™ks
(2N)""LeN?75 4 (2N) "IN Sk, + N %k,

lun — ullar

INIA A IA

Thus it can be seen that

sup flun (- )lar < sup |lun (1) —u(O)lla- + sup |lu(,t)|ar
t€[0,T t€[0,T te[0,T]
< KstKs
for N large enough. O

The next step is the derivation of a priori estimates in Gevrey norms for each of the approximants uy. As
the estimates turn out to be independent of N, a standard argument will yield estimates on the limit function u.
The main result of this section is the following theorem.

Theorem 3.4. Suppose that uw € C([0,T], H®) is a solution of (3.3) with initial data uy € Gg,,s for some
o9 >0 and s > % Then u(-,t) extends uniquely to a function in G, ) s with o(t) given by

—ct3/?

o(t) = er—ctl\w)ﬂcgo,se 7 (3.6)

for some constant c independent of t. Moreover, for any T € (0,T], we have u € C([0,7],Gy(r),s), and the
esttmate

luC-Blg,, . < luollg,, . +evE (3.7)

holds for another constant c independent of t.

Remark 3.5. Note that exponential decay of the radius of analyticity is not an optimal result, and could lead
to the perception of non-analyticity in a short time. Recently, the algebraic decrease of the radius of analyticity
has been proved for the KdV equation on the real line [3]. While it is very likely that a similar result holds for
periodic boundary conditions, it has not yet been established.

The proof of the theorem builds on the following auxiliary results which can be found in [2,12,22].
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Lemma 3.6. Let 0 >0 and s > % Then there exists a constant c(s), not depending on o, such that

1fglle, . <) £l . lgle, . (3.8)

for any f and g in G, 5.

Lemma 3.7. Let o >0, s >0 and r > 0. Then there exists a constant ¢, not depending on o, s or r, such that

I, <cllflgs +eofllg,.,.

fO?” any f € Ga,s-‘rr-

Lemma 3.8. Let 0 >0 and s > % There exists a constant ¢(s), not depending on o, such that

2 2
(udzv, )G, < c(8) [[ull goss [Vl[gs +ocls) ullg, ., e, ...

foru € Gy si1 and v € Gy 5y1/2-

Proof of Theorem 3.4. To prove the theorem, it is more convenient to work with v = wu,. The discrete counter-
part vy satisfies the problem

{ (@UN +’U]2V + unO,vN +0§”UN,¢) = 0 t €1[0,T], (3.9)

un(0) = Pn0Ozuo,

for all ¢ € Sy. Note that uy exists on the time interval [0, 7] by Theorem 3.2, and that it is bounded by
Corollary 3.3. Since vy is sought in C([0,7T], Sn), this is equivalent to a finite-dimensional system of ordinary
differential equations for the Fourier coefficients ox (k,t) of vy (x,t). Short-time existence can be proved using
a standard contraction argument since the nonlinearity clearly satisfies the Lipschitz condition. It is remarked
here that each vy is a member of G, s for all s > 0 and o > 0, and for all times ¢ where the solution exists.

Taking the function ¢(-,¢) € Sy defined by its Fourier coefficients ¢(k,t) = (1 + |k|2)*~Le2VIHEN § (k. t) as
a test function in (3.9), there appears the equation

(atUN + U]2v + UNaa:UN + aa%v]\“ UN)GC, s—1 =0.

Now if o is allowed to depend on ¢, it is plain from the definition of v and the inner product on G, ;1 that

d

- (o, ow)

1 L= 2(0tUN7UN)G01571 + Qd('UN7UN)G

o,5— o,s—1/2

Since the third derivative operator is skew-symmetric, the equation

1d

§E(UN;’UN)G —('T(UN,UN)G + (’U]Q\];’UN)G(K‘Sil + (UN@;C’UN,UN)G =0

o,s—1 o,s—1/2 o,s—1

appears. Using Cauchy-Schwarz and the previous inequalities, one may now estimate the third and fourth terms
of this equation in order to arrive at the differential inequality

d 2 . 2 3
g lov il .y — (G +calonlg,, ) lvvlle < Cllonllge-r,

o,s—1/2 —
for two constants ¢ and C. Recall that it was established in Corollary 3.3 that uy(-,t) is bounded in the
H#-norm for t € [0,7] . Thus the right hand side of the differential inequality is strictly less than a constant,
say K2. Accordingly, we may write

d 2 . 3
3 o COlE, -, — @+ ealionla,, ol , < Clluxll. < K. (3.10)

o,s—1 o,s—1/2 —
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Now define 9 2 .3/2
o(t) = erfctll cuollg,, . N L (3.11)

and note that for t = 0, we have
d 2
S len (0N, < K,

so that at least for a short time t € [0, )

fow Dl ., < I9suoll,, + KVE (3.12)
Let ¢ be the largest time such that (3.12) is true for all ¢ € [0, t). Then, if we assume that ¢ < T, we have

len D, = 1ol , +EVE (3.13)

For all ¢ € [0, 1], it follows from (3.11) and (3.12), that
510) < o) lox (D,

so that (3.10) implies that < H’UN(',t)Hé ot < K? and, after integrating,

lon Dl ., < l@stollg,, .+ KVE,

for all ¢+ € [0,#], which contradicts (3.13). Thus we can conclude that (3.12) holds for all + € [0,7], and
hence HUN("t)”GC,(t).S < ||81u0|\G0078 + K+/t. Since this estimate is uniform in N, it appears that a compact-
ness argument can be used to conclude that the sequence uy has a subsequence that converges strongly in
C([0,T),Go(ry,s—¢) for any € > 0. By uniqueness, the limit is a classical solution of (3.3). Moreover, it can

be shown by an elementary argument that the limit function is bounded by the same constant in the space
C([0, T, Go(ry,s)- O

All the pieces are now in place to proceed to the proof of the main convergence theorem in the next section.

4. THE FOURIER-COLLOCATION METHOD

The collocation approximation to (3.1) is given by a function wy from [0,7] to Sy, such that

{c%wNJr%E)IIN(w?V)Jrang =0, te[0,T7],

wWN (0) = INUO.
Thus we assume that the solution is written as the sum

wn(z,t) = D an(k, e,
~N<k<N

where the @y (k,t) are the discrete Fourier coefficients of wy (z,t) as defined in (1.2).

Theorem 4.1. Let u be the solution of the periodic initial-value problem (3.1) with initial data ug € Gey,s,
where gg > 0 and s > g, and let T' > 0 be given. For N large enough, there exists a unique solution wy of
the finite-dimensional problem (4.1) on the time interval [0,T]. Moreover, there exists constants Ar and or,

depending only on T and HUOHGC,O ., such that

sup |lu(-,t) —wn(-,t)|| < ApN3=se=oTV, (4.2)
t€[0,T
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The remainder of this section is devoted to the proof of this theorem. The short-time existence of a maximal
solution of (4.1) is proved using the contraction mapping principle, and the solution is unique on its maximal
interval of definition, [0,¢}%), where ¢ is possibly equal to T. Since the argument is standard, the proof is
omitted here. Note that as stated in Theorem 3.1, the standard theory of the KdV equation yields the existence
of a constant kg, such that

sup ||'U/(,t)||HS < Rg.
te[0,T)

The main ingredient in the proof of Theorem 4.1 is a local error estimate which will be established by the
following lemma.

Lemma 4.2. Let u be the solution of the periodic initial-value problem (3.1) with initial data ug € Go, s, where

00 >0 and s > 3. Suppose there is a solution wy of (4.1) which exists on the time interval [0,ty] and satisfies

SuPseo,ex,] lwn ()]l < A, for some A > 0. Then there exist two constants or and Ar, which only depend on T,
[uwollg, . and A, such that

sup |Ju(-,t) —wn (-, t)|| < ApN3~se 0N, (4.3)
te[0,t%]

Proof. Let wy be a solution of (4.1) which exists on the time interval [0, t3,] and satisfies supye o = | [lwn (-, £)]] g2
< A. In the remainder of this proof, we will always consider ¢ € [0,t%]. For the sake of readability, the
t-dependence will be suppressed whenever possible. The constant o is given by (3.6) with t = 7 = T. We
denote by C\ 7 a generic constant that depends only on A, T" and HUOHGGO,S but not on N. Using this notation,

(3.7) can be written as

sup |Ju(-t)llg,, . < Cxr-

t€[0,7] e
Let h = wy — Pyu. We apply the projection operator Py to (3.1) and take the scalar product of the resulting
equation with an arbitrary function ¢ € Sy. We obtain

(Pnug, ) + % (PnOs(u?),¥) + (PnO2u, ) = 0. (4.4)
After taking the scalar product with v, we subtract (4.1) from (4.4) and, since Py commutes with 9, we get
(Och + O2h + 20,1 (wk) — 3 PnOL(u?), 1) =0 (4.5)
for all ¢ € Sy. For ¢ = h, (4.5) yields
(he,h) — % (P (u2) — Dol (W), h) + (3R, 1) = 0.
By integrating by parts, one easily checks that (é?gh, h) = 0. Hence,

2 (¢, h) = (9:(Pn (u?) — In(w})), h)
= — In((Pyu)?)), k) + (0uIn((Pyu)® — wy), h)
= (0(Pn(u®) = IN((Pxw)®)), h) = (In((Pnw)®) = In (w), he)

after one integration by parts, and

2(0uh, ) < 1h]] | Pr (%) — In ((Prcu)| s + el v ((Pren)? = )] (46)

LAs can be anticipated, A will be chosen to be A\ = 2k4.
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Let us estimate the terms on the right-hand side of (4.6). First note that

|1 ((Pyu)® = wiy)|| = [In (h(Pyu + wy))||
= [[(h(Pnu+wn))| y (see (2.7))
< Ally I1Pru+wn o
= [|A[[ I Pru +wnl o 5

105

because ||h||y = ||h|| as h € Sy, see (2.6). Using the convention we introduced earlier for C r, the last

inequality reads
[ ((Pyu)® = wi)|| < Cax b,

(4.7)

as || Pnull e < Clullg: < Car (the first inequality corresponding to the Sobolev embedding of H' into L)
and [|[wy || e < Cllwn|l g < CX = Cx . Using the triangle inequality, the first term on the right in (4.6) may

be estimated as
| Py (u®) = In((Pyu)®)|| 0 < [Py (u?) — (Pavu)?|| 0 + |[(Pyvu)? = In((Pyu)?)| 0 -

Lemma 2.1 yields
|(Pnu)? — In((Pyu)®)||, < CrN'Se 7N H(PNU)QHGU,S .

Recall Lemma 3.6 which states that G, is a continuous algebra for s > % Accordingly, it follows that

H(PNU)2 - IN((PNU)Q)HHI < C]C(S)NI_SG_UTN ||PNu||QGM

< Ch\pN'=se7omN,
Using the triangle inequality again, we have
[(Pru)® = P ()| o < [[(Pyvu)* = o + [|u® = Pr ()]
The second term on the right may be estimated using (2.2), so that

le? = P (@) [ g < NP 2]l

§ C)\’TlesefchN.
Similarly, it appears that

H(PNu)2 - U2HH1 < C||Pnvu—ull g [|Pyu+ ul| g1 (H' is a continuous algebra)

< CAVTNI*Se*"TNQHL
Finally, using the last six inequalities, it is immediate that
| Py (u?) = In((Pxu)®)|| i < Cr e N'%e 7N,
Then the inequalities (4.6), (4.7) and (4.8), yield
2(0ch, h) < Cxr B (19sh]] + N'~*em7r ™).

In conclusion, we obtain the differential inequality

d
= IRl < Car(luhl] + N e,

(4.8)
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Our next task is to estimate ||0,h||, which appears on the right-hand side of (4.9). For this purpose, we take
¢ = 02h in (4.5). Since (93h,d2h) = 0, we obtain

(Ouih, Doh) = —% (In(w}) — Py (u?),0°h) | (4.10)

after integrating by parts. Next, we take ¢ = 31y (w%) — 3Py (u?) in (4.5) and get

The last term in (4.11) vanishes. Comparing (4.10) and (4.11), we obtain
2 (Oyih, Oxh) = (8ih, In(w3) — Pn(u?)),

or equivalently
d
T 10:h]1* = (94h, In(w}) — Pr(u?)).

An integration with respect to time now yields
2 2 !
10:h(-, O)II” = |02h(-, 0)|I” = /O (Oeh, In(w}) = P (u?)) (1) d7.

Note also that

O¢h, h(wy + Pyu)) y + (8:h, (Pyvu)® — Py (u?))

=5 (8:(R*), (wn + Pyuw)) y + (8th, (Pyu)? — Py(u?)) -

(8ih, In(w};) — P (u?)) = (O¢h,wiy — Py (u?))
1

Combining the last two identities, and integrating by parts with respect to time leads to the following formula

T=t
7=0

10:h (- 0)1* = 10:h (- 0)I* = 5 [(h?, wy + Pyu) y (7)]

N | =

]- T=t

B 5 /0 (h27 at(wN + PNU))N (T) dr + [(ha (PNU)2 - PN(U2))N (T)} =0

—/O (h,0u((Pyu)? — Py (u2)))  (r)dr.  (4.12)

In order to conclude this part of the proof, all terms on the right-hand side of (4.12) have to be estimated. For
the first one, we simply have

| (h%,wy + Pyu) | < lwy + Pyl o [|hlly
< Chr |Ih?, (4.13)

because ||wn ||« < Cllwn|l; £ AC = Cy 1. For the second one, note that

| (12,0 (wn + Pyu)) | < [0 [0s(wn + Pru)| poe - (4.14)
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Since

10cwn | g1 = ||0adn (wi) + O3wn || 1 from (4.1),
<IN (WR)]] o + lwn Il

< Clwi gz + lwnllga = Car,
and similarly ||0;Pvwn | ;1 < Ca,r, the inequality (4.14) implies
(h?,0i(wn + Pyuw)) < Car IRl

Using the estimate ab < $(a? + b?) for a,b € R, it can be inferred that

| (0 (Pxw)? = P () v | < 5 = (113 + 1Py — Px()]1%)
and that

|0:((Pyu)® — Py (u?))||y = 2 | Pn (u) Py (8yu) — Py (udyu)||
=2 ||In(Pn(u) Py (0su)) — Py (udu)||, see (2.7) and (2.4)
< 2|[In(Pn (u) Py (9ru)) — Py (u) Py (Gpu)
+ 2| Py (u) Py (Oyu) — Py (udyu)||
< 2N? 7=V || Py (u) Py (Opu) |,
+ 2||Pn(u)Pn (0¢u) — PN(uatu)H .

Using (3.8) and (3.1), we get

I1PxuPn (O, < 1PN (W)lq, ., I1Px(0w)lq

o,s—3

<P ()ll, ., , [|Px (udzu) + Pyull,

< ull, ., (
<Chr.

o,5—3

g, ., llule, ., +lulg, )

One may get a bound of the same type for ||Py(u)Pn(0ru) — Py (udiu)]|| in (4.17) by writing
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(4.15)

(4.16)

(4.17)

| Pn (u) Py (Oru) — Py (udsu)| < || Py (uw) Py (0ru) — Py (u)Orw)|| + || Py (u)0ru — udpu)|| + ||udsuw — Py (udu)]| -

In summary, there appears the estimate
Hat PNU) 7PN HN<C,\TN3 sgmorV.
Inserting this into (4.16), we obtain

| (h, 0 ((Pyu)? — Py(u?))) | < Ca([[hl* + (N?~e=7N)2),

(4.18)

The only term which remains to be estimated in (4.12) is (h, (Pyu)? — PN(uQ))N. This is done in a similar way
as (4.18). In fact, it is even more straight forward since it does not involve a time derivative. The result is that

|(h’ (Pyu)® = Py (u )N‘ < C)\T(”h” + (NTsem7mN)2),

(4.19)
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Let us now define v(t) = sup,¢p 4 [|h(, 7)||. From (4.12), using (4.13), (4.15), (4.18) and (4.19), we obtain

[10h(,)]I” < [[0h(-, 0)[1* + Co (N 27" N)2 || A(-,1)|%)
t
+ C)\,T/ ( I (-, 7')||2 + (N37567”TN)2) dr
0
< [0:h(,0)[1? + Car(v(t)? + (N3=2e77N)2),

Hence
10k ()| < Car([9h(-, 0)[| + v(t) + N3=se=7r ),

and since [|0;h(-,0)|| < [|h(-,0)||, < CN1=se=o7N it follows that

o, D]l < Car(wt) + N*5e=or™),

(4.20)

Evidently, the preceding argument was inspired by the corresponding computation for the third conservation
law of the KdV equation. However, the fact that the interpolation operator Iy does not commute with the
derivative d, makes the proof that much more complicated. Having in hand an estimate for ||0,h|, we can
return to the main thread of the proof. We integrate (4.9) with respect to time, and use the bound for ||0;h||

given by (4.20) to obtain
¢
IAC N < A, 0)[ + C,\j/ (’U(T) + N3—Se—0TN) dr
0
t
< CO\pNP7Pe 7N 4 C/\,T/ v(r)dr.
0

Since v is positive, the function on the right is increasing, so that

¢
A, )| < CrrN3 =S¢ 4 C,\7T/ v(r")d7r’, for any 7 € [0, ].
0

Taking the supremum over [0, ¢], it transpires that
t
v(t) < ChpN3 =S¢ 0N 1 CA,T/ v(7T)dr.
0

Gronwall’s Lemma now yields
u(t) < C’A,TNB*Se*"TNeC*ﬂTt,
which implies that
1A, )] < CarN>~2e=7r N
for all ¢ € [0,¢}]. Finally, we have

[u = wnl|| < flu = Pyvull + [|Pnu — w ]
<N N Jullg,  + [|R]

S C)\,TN?)—SG—O'TN.

(4.21)

(4.22)

Since (4.22) holds for any t € [0,¢%], the estimate (4.3) follows directly from (4.22), with Ap chosen to be the

constant C r appearing in (4.22).

O
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Proof of Theorem 4.1. We want to extend the estimate (4.3) to the time interval [0, 7. Let

A=2 sup |lu(-,t)|| s < 2K4. (4.23)
t€[0,T]
We now define t}; by
ty =sup{t € [0,T] ] forall ¢’ <t |lwn(-,t)| e <A}. (4.24)

Thus the time ¢% corresponds to the largest time in [0, 7] for which the H*-norm of wy is uniformly bounded
by A and Lemma 4.2 applies for this particular A\. From (2.9), we obtain that

[ nuoll s < lluollgs + CrN*=e™7N [|ug||

a(Q,s

IN

A
5 + CIN4fsefaoN HuOHGUOWS

<A

for N large enough. Hence, |[wn(-,0)|| a2 = [[Into||ga < A and t}y > 0 for all large enough N. Note that t}; is
necessarily smaller than the maximum time of existence. On the other hand, we are going to prove that there
exists IV such that

ty =T forall N> N, (4.25)

and therefore the supremum in (4.3) holds on [0, T]. By definition (4.24), we either have t§, = T or t}3, < T and
in this case, since ||wn (t)|| 4 is a continuous function of time, ||wy (¢} )| = A. Assume that ¢}, < T. Using the
triangle inequality, we have

A= [lon (5 00 g4
< lhow (s tn) =uls tlls + sup, [ )] ra

s

* * A
= lon G th) = uls )l + 5

by the definition of A. Hence, 3 < lwn (-, ty) — u(-,ti)|l ;72 By (4.21), the triangle inequality and the inverse
inequality (2.3), it follows that

A< ONT=se=orN (4.26)

for some constant C' independent of N. However, since limy_.oo N” %= °7N = (, there exists N such that for
all N > N, N"=%e=o7N < \/C. For such N > N, (4.26) does not hold and therefore we cannot have t5, < 7.
Thus it is plain that t§ = T', and the claim (4.25) is proved. It follows that for N > N the solution wy of (4.1)
is defined on [0,T] and, from (4.3), we get

sup |lu(-,t) —wn(-,t)|| < ApN3=5e=oTN, (4.27)
t€[0,7] (]

It appears that when the initial data have sufficient Gevrey-class regularity, then the power of N on the right-
hand side of (4.27) can be eschewed, and the result advertised in the introduction appears. The statement is
summarized in the following corollary.

Corollary 4.3. Let u be the solution of the periodic initial-value problem (3.1) with initial data ug € Ggy s,
where g > 0 and s > 3; and let T' > 0 be given. Then for N large enough, there exists a unique solution wy of
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the finite-dimensional problem (4.1) on [0,T]. Moreover, there exist constants Ar and o, depending only on
T and Hu0||GGO .» such that

sup |lu(-,t) — wy (- t)]| < Ape” 77N,
t€[0,7]

Similar error estimates in higher Sobolev norms can be proved by using the triangle inequality, the inverse
inequality (2.3), and the estimates (2.2) and (4.21).
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