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A MULTI-D MODEL FOR RAMAN AMPLIFICATION

MATHIEU COLIN' AND THIERRY COLIN!

Abstract. In this paper, we continue the study of the Raman amplification in plasmas that we
initiated in [Colin and Colin, Diff. Int. Egs. 17 (2004) 297-330; Colin and Colin, J. Comput. Appl.
Math. 193 (2006) 535-562]. We point out that the Raman instability gives rise to three components.
The first one is collinear to the incident laser pulse and counter propagates. In 2-D, the two other ones
make a non-zero angle with the initial pulse and propagate forward. Furthermore they are symmetric
with respect to the direction of propagation of the incident pulse. We construct a non-linear system
taking into account all these components and perform some 2-D numerical simulations.
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1. INTRODUCTION

1.1. Presentation and statement of the results

The interaction of powerful laser pulse with a plasma gives rise to several complex multiscale phenomena.
It is of great interest since it occurs in the laboratory simulations of nuclear fusion (NIF, Laser Mega Joule).
One of the key mechanism is the Raman instability that can be coupled with Landau damping (see [2]).
In [6,7], we have initiated a systematic mathematical study of the Raman amplification process in plasma by
justifying nonlinear models in 1-D and 2-D. There is a huge physical literature dedicated to the subject, see
for example [3,8,12]. A lot of conclusions and qualitative results are obtained. From the mathematical point of
view, no real multi-D coupled system (i.e. involving coupled several directions of propagation) is available since
the paraxial approximation is always used. The aim of this paper is to construct (as rigorously as possible)
such a quasilinear system. There exists other works related to propagation of beams in transverse directions
see [9,13] for example. In [1], the authors elaborate a formalism for continuous spectrum related to Raman
amplification. At the time being, we are not able to use this formalism in the present work. In this paper, we
focus on the 2D problem. The 3D one seems to be more difficult to handle since it involves a cone of diffraction
that would have to be treated by the formalism of [1], but we are not able to embed a model in this framework.
Finally, we refer to [11] for the mathematical theory of quasilinear Schrédinger equations.
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These models rely on the propagation of three kind of waves: the initial laser pulse (Ko, wp), the Raman
component (Kg,wr) and the electron-plasma wave (K1, wpe+w1) where K and w stand respectively for the wave
vector and the frequency and wp, is the electron-plasma frequency. In order to be efficient, the interaction has
to be a three waves mixing that is the data must satisfy the following relationships:

e The dispersion relation for electromagnetic waves

wp = w2, + | Ko|?, (1.1)

w%:w§e+02|KR|2, (1.2)

where c is the velocity of light in the vacuum.
e The dispersion relation for electron-plasma waves

(wpe+w1)2 :w§e+vfh|K1|2, (1.3)

where vy, denotes the thermal velocity of the electrons (see Sect. 2.1 for its value).
e The three waves resonance conditions

Wy = Wpe + Wg + w1, (1.4)
Koy=Kr+ K. (1.5)

Note that wo, wr, ¢, vy and K are fixed. Therefore, we have 4 unknowns for 4 equations (1.2)—(1.5). Even
in 2-D, one can find solutions of this system such that K;, Kr and K are collinear. This corresponds to the
solution used in [6,7]. The aim of this paper is to provide a more general study in order to understand the
influence of the geometry. We solve (1.1)—(1.5) numerically and show that there exists infinitely many solutions
in the plane. We compute the amplification rates associated to these solutions and show that the backward
solution has a maximum amplification rate when it is collinear to the initial pulse, while the most two amplified
forward directions make a non-zero angle with the laser pulse and are symmetric with respect to the direction
of propagation of the incident pulse (see Sects. 2 and 3).

In Section 4, we introduce a non-linear model taking into account both direction of propagations. First, denote
by Ag the incident laser field, Ky and wq the associated wave vector and frequency, Ag, the backscattered Raman
component, Kr, and wg, the associated wave vector and frequency, Ag, the forward Raman component, Kg,
and wg, the associated wave vector and frequency, and finally Ags the second forward Raman component, K gs
and wp; the associated wave vector and frequency. We denote by Fj| the longitudinal part of the electric field
(see (2.16)). We assume that Ky is collinear to the z-axis and then Kp, and Kr; are symmetric with respect
to the x-axis. p is the low-frequency variation of the density of electrons. Furthermore, we put

kO _ le . k’R2 L kRs
(0);KR1_(£R1)5KR2_<£R2 7KR§_ ER;2 )

O1n=Ki1-X—wiat, Q1o0=Kio - X —wiot, 0125 = Ky 25 - X —wp st

Ko

The variables 011, 01,2 and 6; s represent the phase mismatch between the electron-plasma waves and the three

Raman components. They are defined precisely in (4.1). Using as usual kio (resp. w_l(,) as length (resp. time)

scale, the system reads in a nondimensional form

k2 2k2 cAkd
i(o, + —=20,) A —OA-—5%2) A4
1<t+ R ) ”(mg 2w ) 0
2

w . k’R i —i k'R
= P pAy—V By | Age 0 Ap,e 1012  Ap.eifren) 2 1.6
2w(2)p 0 v I ( . |KR1| +a( fia® * R2e ) |KR2| ’ ( )
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. C2k0 2 4]132 2
i 0+ K]:h'v AR1+ kOAf—(KRl V) AR1

2wpr,wo

Wk,
w2 ' kr
pAg, — V- Ef Agelfrn 1 1.7
QWOle R I 0 |KR1| ( )
. CQkO 2,2 4k0 2
i o+ KR2~V AR2+ c kOAf (K32 V) A32
WR,WO 2wr,wo w? Ry
2 0 kR
A V - EjApe'?t2 z_, 1.8
2wow32p e 150 g, (1)
2k, 1 k:
i(@t—i— —_— KR;-V) Agy + (c2k§ 0 (KRs-v)Q) Apg
wR2w0 2w32w0 R2
Ld2 . ijs
= Aps —aV - Eji Agelf2s 2 1.9
QWOwR2p R I 0 |KR§| ( )
0,5+ kD A —pE+V<AoAR1 0, kR, + (A A, €2 + Ag A ) iz ) (1.10)
2wpewo |KR1| : | KR, |
4dme wow Wpe e e
(82 — 2A)p = MA<|EH|Q+i|Ao|Q+L|ARI|Q+L (|ARQ|2+|AR§|2)), (1.11)
i Wpe wo WR, 2
where oo = and |Kp;| = |Kr,|. The constants c, cs, me and m;

are respectively the velocity of light in vacuum, the acoustic velocity, the electron’s and ion’s mass. Note that
we could consider separately the systems involving respectively the backward and forward scattered waves. But
since they are coupled through (1.6)—(1.11), we have to consider the whole system for a complete description of
the phenomena. The methods of [6] applies and one gets the following result.

Existence result. Let s > % + 3, (a,ar,,ar,,ar;, €0) € (H5+2(Rd))5d, po € H*1(R?) and p; € H*(R?).

There exists 7' > 0 and a unique maximal solution (Ao, Ar,, Ar,, Arg, E||,p) to (1.6)-(1.11) such that

s s 5d

(AO’AR17AR27AR27EH) € (C([OaT[’H +2)) )
p e C(0, T H**Y) n CY([0, T[; H*),

with initial value
(AO) ARl ) ARQ; ARS ) EH)(O) = (G/O, aR17 a/R27 aRs, 60)
2 2
p(0) = po, 9p(0) = p1.

In Section 5, we perform some numerical simulations in order to illustrate the phenomena and to emphazise the
new directions of propagation.

1.2. The method

As said before, the Raman amplification is essentially a three waves mixing phenomena. As a consequence,
we introduce three waves vectors Ky, Kr and K; and three frequencies wgy, wr and w; satisfying

{ Ko = Kp+ K1, (1.12)
wo = wr + (Wpe + w1), (1.13)

such that (Ko,wp), (Kg,wgr) satisfy the dispersion relation for electromagnetic waves (2.15) namely
w? = w2, + ?|K|?* and (K1, w1 + wpe) satisfies that for electron-plasma waves w? = w2, + v, |K|?. We choose
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FIGURE 1. Plot of the first part of the dispersion relations (2.14) (dashed line) and (2.15) (solid
line) with w?, =1, ¢ = 1 and v, = 0.01. The plot corresponds to w as a function of |K]|.

the form (K71, w1 +wpe) for the electron-plasma waves because of the relative shapes of the two curves represented
in Figure 1.

Indeed, whatever the value of (Ko, wp), wi + wpe will be close to wpe so that w1 < wpe. However, in this
configuration, K7 can take a continuous range of values.

The weakly non-linear theory consists in decomposing the different fields F' into three components

F = Foei(K0~X—wot) +FRei(KR~X—th) +Fee—iwet + cc.

We then plug this decomposition into Maxwell’s system and collect the different coefficients of the oscillatory
terms in e7iwot eTIWr! and e~wre!, We deal only with the oscillations in time (which is not the case when one
has to derive the paraxial approximation in optics for example) since, as we emphasized before, K; can take a
continuous range of values. This lead to the following result:

(1) For the linear part, each of the component satisfies a Schrodinger-type equation with the suitable group
velocity and dispersion terms.
(2) For the non-linear part, we keep only the resonant terms (with respect to the time oscillations). There-

fore, some phase mismatch terms appear under the form ei(Kl'X 7‘”1t). These terms describe two

phenomena: the first one is the fact that K; can take a continuous range of values and the second
one corresponds to the fact that the relationship wy = wr + wp. is not true and that one has to add a
corrective term wy < wp, in order to obtain the exact relationship (1.13).

We have used this strategy in [6,7]. We would like to emphasize that it is a non-standard method and that it
is not clear which framework could be used from the mathematical point of view in order to justify rigorously
this expansion. For example, the work by Texier (see [14]) can not be adapted in this case because precisely of
this three wave mixing phenomena.

The main contribution of this paper is to deal with the 2D situation. The equations describing the three-wave
mixing have two curves of solutions. One of these curve corresponds to a backward solution, the other one to
a forward solution. The question is: how can we select two particular solutions (one backward, one forward)?
The answer that we propose here is the following one. We derive a non-linear system starting from bifluid
Euler-Maxwell system that describes the three wave interaction for any prescribed solution of the three wave
mixing equations. From this system, as in [7], we compute an amplification rate thanks to a semi-classical
analysis. At the beginning of the phenomena, the Raman components is growing exponentially before to reach



A MULTI-D MODEL FOR RAMAN AMPLIFICATION )

a non-linear saturation regime. Therefore, only the solutions corresponding to the maximal amplification rate
has a significant effect. Since two directions of propagation are involved (backward and forward), we look
separately to both cases. The conclusion is the following one:

e for the backward component, the amplification rate reaches its maximum when this wave is collinear to
the incident laser field,

e for the forward component, the situation is different since the amplification rate is maximum when the
Raman component has a non-zero prescribed angle (depending on the different constants involved in
the system). One has therefore to consider two components that are symmetric with respect to the
direction of propagation of the incident laser field.

Note that in each situation, the amplification rate exhibits only one maximum. We then generalize the construc-
tion of the non-linear system to the case where several directions of propagation are involved. By non-linear
effects, all these waves are coupled and this leads to system (1.6)—(1.11).

The 3-D case is completely open. Indeed, the same analysis can be performed concerning the amplification
rate. Again the backward solution has a maximum amplification rate when it is aligned with the incident laser
field. However, due to the invariance by rotations in the plane that is transverse to the direction of propagation
of the laser, a continuous curve of solutions have the same maximal amplification rate for the forward component.
Therefore, we would have to deal with a continuous family of component and to our knowledge, no mathematical
framework is available in order to deal with the phase mismatch description in this context. In the work by
Barrailh and Lannes [1] where the notion of continuous spectrum is introduced, the non-linear interactions are
basically killed by the analysis except under very special geometrical assumptions on the dispersion relation
that are not satisfied in our case.

2. OBTAINING A 2-D RAMAN AMPLIFICATION SYSTEM

2.1. The Euler-Maxwell system

As noticed in the introduction, the main drawback of the model developed in [6] is the fact that the Raman
component and the incident laser field are collinear in the sense that the wave vectors are proportional (in
opposite direction). The aim of this section is to get rid of this hypothesis. We will only sketch the computations
that are very close to the ones done in [6]. We start from the bifluid Euler-Maxwell system. The Euler equations
are

eTe € ]‘
(ng + ne) (Orve + ve - Ve ) = _X Vne — M <E + —ve X B> , (2.1)
me Me C
T ; 1
(no + nz) (8tUi + ;- V’U/L) — _’yl Zvni + M (E + —v; X B) s (22)
m; m; c
One + V- ((ng + ne)ve) =0, (2.3)

om; +V - ((’I’LO + ni)vi) =0.

The Maxwell system is written in terms of the electronic-magnetic fields for the study of the electron-plasma
waves (Langmuir waves)

OB+ ¢V x E=0, (2.5)
OE —cV x B = 47re((n0 + ne)ve — Z(ng + ni)vi),
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while the formulation with magnetic potential, electric potential and electric field in the Lorentz gauge is used
for the study of the electromagnetic waves (light)

o) = cV - A, (2.7)
O A+ cE = ¢V,
OFE —cVxVxA= 471'6((710 + ne)ve — Z(ng + ni)vi), (2.9)

where Z is the atomic number of the ions. We first perform a linear analysis of system (2.1)—(2.9) and compute
the dispersion relations as well as the polarization conditions. Then using the time envelope approximation, we
derive a quasilinear system describing the interaction.

2.2. Dispersion relations and polarization conditions

Since the mass of the ions is much larger than that of the electrons (a ratio of at least 103), the velocity
of the ions is smaller than that of the electrons. Therefore we can neglect the contribution of the ions in the
current in (2.6) or (2.9). We then linearize system (2.1)—(2.9) around the steady state solution 0 and one gets

nodyve = — 1oy, — SN p (2.10)
Me Me

Ome +noV - v, =0, (2.11)

hB+cV x E=0, (2.12)

O E — ¢V x B = 4mwengue. (2.13)

Note that the acoustic part concerning the ions is decoupled from the high-frequency part concerning the elec-
trons and will be considered below. We look for plane wave solutions to (2.10)—(2.11) of the form
el(KX—wt) (ve, Ne, B, E) Two kind of waves can propagate:

(i) Longitudinal waves for which K is parallel to E (electron-plasma wave). They satisfy the dispersion

relation
W = W2, R K2, (2.14)
with
9 4me*ng veTe
Wpe = y Uth = ’
Me Me

(ii) Transverse waves for which K is orthogonal to E (electromagnetic waves). They obey the dispersion
relation

w? zwie + K2 (2.15)

Since for our applications, vy, < ¢, the shape of the graph of (2.14) or (2.15) are very different. Indeed, (2.14) is
very flat near the origin compared to (2.15) (see Fig. 1). Therefore, even if a precise couple (Kp,wp) is imposed
for the incident laser field, we have to consider only the frequency wp. for the electron-plasma wave with a
continuous range K of wave vectors. Therefore, the complete solution reads

B By . B,
Ef_ | B e lwnel 4 Z E;]i G X=wit) | ¢ e, (2.16)
Ve Ve|| = U, |

Ne Ne|| 0
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where || corresponds to the longitudinal part and L corresponds to the transverse part. Furthermore, for all
1<j<k,

w]2- :w§e+02|Kj|2. (2.17)

As usual (BH,EH, Ve||s neH) and (Bi, Ei, ’UZL) satisfy some polarization conditions that are obtained like in [6]
by plugging plane waves in (2.10)—(2.13),

Wpe

1
B, By =0, ng=—-72V-E.

Vo] = —1
ell dreng

For the transverse part, one writes B; =V X A and using the Maxwell system in the Lorentz gauge we get

—iw; A + cE’ =0, (2.18)
— iiji +cK; x K x Ai_ = 4mngve , (2.19)
—iwp! | = fmiEi. (2.20)
e
Using (2.19) and (2.20), one obtains
iy B 4 ok x K x Al = 3TN0 gy
G j j T ey

It follows that Ej_ is orthogonal to K; and therefore so do Aﬂ_ and ’Ug |- In a 2-D geometry, this leads to look
for £’ , A’ and v} under the form

1

Bl AL o) ) =L (2.21)
( 1 1 el)'Kjl

where (Ej_7 Aﬂ_, ’Ug J_) denote now scalar functions. Note that K j‘ is orthogonal to K in the plane defined by
(Ko, Kr). We do not deal with s-polarized waves. The polarization relations on these scalar fields read
e W,

, , Cw
vl = mecAi_, F = 1?141. (2.22)

2.3. The weakly nonlinear theory

We restrict ourself to the 2D case. Since we are interested in the Raman instability, we take k = 2 in (2.16)
and write

B 0 By Br

El_|E o—iwpet | Ey ol (Ko X —wot) | Er el (Kr-X—wnt) 4 oo (2.23)
Ve Ve|| Ve0 VeR

Ne ne” 0 0

where the subscript 0 stands for the incident laser field and R for the Raman component. The purpose of the
weakly non-linear theory is to propose a non-linear system that describes the three wave mixing phenomena.
We recall here our general strategy explained in the introduction for the derivation of the coupled non-linear
system. To this end, we introduce three wave vectors Ky, Kr and K; and three frequencies wy, wr and w;
satisfying

{ Ko = Kp + K\, (2.24)
wo = wr + (Wpe + w1), (2.25)
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such that (Ko,wp), (Kg,wpr) satisfy the dispersion relation for electromagnetic waves (2.15) namely
w? = w2 + AK|? and (K1,w; + wpe) satisfies that for electron-plasma waves w? = w?, + v, |K[®. The

weakly non-linear theory consists in decomposing the different fields F' into three components
F = Foei(KO.Xfwgt) + FRei(KR.Xwat) + Feefiwet +c.c.

We then plug this decomposition into Maxwell system and collect the different coefficients of the oscillatory
terms in e~ wof, e7iwrt and e~wret, We deal only with the oscillations. As explained above, this leads to the
following result: the linear behavior of the waves is governed by Schrédinger-type equations. For the non-linear
part, we perform a Fourier analysis in time keeping only the resonant terms. This analysis induces the presence

of phase mismatch terms of the form ei(Kl'X_"“t) that come from the fact that a continuous range of values

of K, are admissible and that the relationship wy = wr + wp. is not exact but approximative in the way that
w1 K wpe (see (2.25)).
From now on, when we deal with a generic vector field, we use the bold character A whereas the notation A
denotes a scalar field.
e Equation on Ag and Agr. The equations satisfied by each of the electromagnetic fields (Bo, Eo, VeO)
and (BR7 ER,veR) are, using the vector potential A (A=Ag or AR)

0?A — PAA = —4mec(ng + ne)ve.

We now write
A — Aoei(K0~X—w0t) +ARei(KR~X—th) ¥ e,
and introduce the scalar components Ag and Agr of Ag and Agr with respect to KOL and K ﬁ,

AO:PK&‘AO’ AR:PKIJ:EAR,

where PKé and PK}% are the orthogonal projector onto K3~ and K7. Collecting the terms depending

on ei(K"'X_“Ot) (resp. ei(KR'X_‘”Rt)) and applying Py (resp. Py ) leads to, as in [6], the following
equations
(04 S KoV ) A+ o cQA—é(K v)?) Ap = 2me? ¢ (V-E)A o—ion B0 Kr
ET e O 900 W 0 0= womep 0 2eme )R |Ko||KRr|’
(2.26)
c? 1 c* 2 27re? e o Ko -Kp
i(0i+ —Kp-V)Ar+—(PA—~ = (Kgr-V)" )| Ar = Ar — — (V- E}) Age' ———=.
1( t+wR r > R+2WR (C W?z( & )) B opm R 2mee( 1) Aoe | Kol KRl
(2.27)

We recall here that p denotes the low-frequency variation of the density of electrons.
e Equation on E;. The electron-plasma part is very similar to that of [6]. We describe briefly the
procedure. Using (2.1), (2.5) and (2.6), one has

OPE + 2V x V x E = 47ed; ((ng + ne)ve)
= 4me ((ng + ne )0t Ve + Vedine)
YeTe

€

= 4re (—(no + Ne)Ve - VVe — Vne

_e(no + Ne)

e (E + %ve X B) —veV - ((no + ne)ve)) .
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Keeping only at most quadratic terms gives

eTe
at2E+CQVXVXE47T€<n0Ve'VV97 Vne
Me

e(ng+n eno
,ME, Ve X B—ngveV - ve |.
Me CMe

Using
E— Eoei(K0~X—wot) + ERei(KR'X—th) + Elle—iwpet T c.c.,
and collecting the e~“r¢t terms leads to
4 T,
OPE)| — 2iwpe )| + AV X V x By — w2 E)| + —teme
Me

= <47re <nove -Vve — ME _ g Ve X B —ngveV - Ve>> ,
Me cme wpe

Vne

where < > denotes the coefficient of e7“»¢* in the expansion. Using the polarization condition
Wpe

1
4me

V'EH,

Mel| = —

and noticing that

eno
wy By = <47Te o E>w

we obtain

O7E|| — 2iwpeE|| + ¢’V x V X E| — 05, VV - E)|

en eng
= (4me | —ngve - Vve — —E — Ve X B —ngveV - ve
Me cme

Wpe

The nonlinear resonant terms are given by

<ve . Vve> = (vo-VVvg + VR - Vo) e 4 vg - v’ﬁVelGl,
Wpe

<neE> = pEH7
Wpe

<Ve X B> = (vo x B + v x Bo) e,
Wpe

<veV . ve> = (voV - vi + VRV - vo) e,
wpe
since vo and v are orthogonal. But
e
BOZVXAﬂa Vo = AU;
mecC
e

AR)

BRZV XAR, VR =
meC
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then, it follows that

un

e
—noVe * VVe —
cm

Ve X B—ngveV - ve>

e Wpe

2
(Ao VAR + AL - VAo + Ag - AL V(if))

e"Nno
T 2.2
méc

+A0><VxAﬁ—i—AﬁxVon—i—AoV-Aiﬁ{—i—AﬁV-Ao)e“’l

62 no

m2c? V(Ao Age™),

since at first order, one has V- Ag = 0 and V - AR} = 0 and therefore for a weakly nonlinear analysis

AoV - AR + ARV - Ag can be neglected. Computing

« Ko-Kgr

Ag- AR =A _
0 R 0 R|KO||KR|,

and using the time envelope approximation GEEH L wpedi By, it follows that

47re? 4dredng 0 Ko Kgr
—2iw,.0:E W xVxE| —v3VV -E|=— E|— ———V [ AgA%elfr — 1 ).
WpeOp )| + €7V XV X By — g, Il e D&y m2c? ( 0A4Re [Ko|| K 7|
The final equation reads
v c? w. ew o Ko-Kg
i0,E ZER VAV DTS VxVxE|= LB + 25V | AgApe ——= ). 2.28
o F 2wWpe : 2wpe XV 2nop I+ 2mec? 04RE | Kol| Kr| (2.28)

e Equation on p. The acoustic part is the same as in [6]. It is obtained by the usual procedure starting

from (2.2)—(2.4) and reads

1 w2,
(affch)p: —A <|E|2+C_Z;(|AO|2+|AR|2)> 5 (2.29)

4mm;

where
C? _ PY’LT’L + PYeTe .
mg Me
System (2.26)—(2.29) is the 2-D Raman interaction system. Note that in this case, the usual pondero-

motive force in the right-hand-side of (2.29) is modified compared to the usual one (see [15]).

3. THE AMPLIFICATION RATES AND THE MOST AMPLIFIED DIRECTIONS

3.1. Semi-classical asymptotic

As in [7], we introduce a semi-classical limit of system (2.26)—(2.29) in order to obtain amplification rates.

Following [7], we take p = 0 in order to focus on the three waves mixing phenomena. We rewrite (2.26)—(2.28)
under the following way by introducing a small parameter € that describes the order of magnitude of the inverse
of the frequency of the waves. Therefore, the phase 6 can be written

(Kl - X —wlt)
91 = 77
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where K7 and w; are dimensionless wave number and frequency. We perform a semi-classical expansion in the
spirit of [5] to obtain

1(8 +c—2K0~V) Ao+ — (62A6—4(K0~V)2) Ag = —¢ (V-E )ARe—i‘hM (3.1)
‘ wo 2w 3 2wome : |K0||KR|’ .
02 e 2 e : Ko-KR
i —Kg - A — (A - K Ap =— CEl) Agel!t ————= 2
1 <8t + on R V) R+ 2o (C wl%b( R V) > R EQmee (V ||> S |K0||KR|7 (3 )
) c? EWpe « i0, Ko Kgr
18tEH +e€ <2w o V x V x E) Qmec \Y <A0A |K0||KR|> : (3.3)

Note that, since the right-hand-side of (3.3) is a gradient, one has V x Ej| = 0. Then Ey| is a gradient and then

a straightforward calculation (see [6] for more details) gives, after applying successively the operators V- and
VA~! on (3.3)
V2 ewp Ko -Kgp
i0,E —|—5—AE =53 v (A Apelh ) : 3.4
2 1= g Y (Ao Kol r] (34)

. (K- X—wyt) .
Denoting E|| = Eel c we obtain

. 02 1> 2 C4 2
ilOy+—Kog-V|Ag+ — CA7—2(K0'V) Ay
wo 2 w

wo 0
K() . KR € KO ' KR
=—1i—K; -EA —¢ V- E)Ap————, 3.5
QwOme VOTRIK KRl 2wome (V-€) K[| KRl (3:5)
2 A
1(& + C—KRV> Ap + < <C2A — (KRV)Q) AR
WR 2WR W
e Ky -Kgr e Ko Kgr
=i—K;-EA —¢ V.-E")A , 3.6
Qwpme UIKo||Kr| 2wrme ( ) Ao TR Al |Ko||Kx| (3:6)
. 1 v 2 Vg, v
18t+— wl——|K1| +1—K1~V E+eAE
€ 2wpe Wpe 2wpe
. EWpe « Ko-KR EWpe KO KR
=i—— (A — | K — A 3.7
e (i) Ko e (i 30
Now recall that the third wave (wpe + w1, K1) satisfies the dispersion relation (2.14)
(wpe + WI)Q = W;Q;e + Ut2h|K1|27
and thus a direct expansion gives
2 2
wy A Vip | K1 )
2Wpe
Then the equation (3.7) on & reads
1)2 ew KO KR ew KO KR
i{ 0 th ¢, . E+eAE = Pe [ ApA% K —re Ao A7 3.8
1( t+wpe 1 v) +e 12mec 0 R|KO||KR| 1+52m602v 0 R|KO||KR| ( )
Finally, denoting by
Whe K&
fo = fr= f==

|Ky|
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equations (3.5), (3.6) and (3.8) become at leading order with respect to €

2
K
(at + 5K, v> fo = fuffR cos(0), (3.9)
wo 2wome
2
K
(at +Kp- v) fr= B pe ) cos(o), (3.10)
WR 2mewR
2
Uth €|K1| *
K, - - 11
(at + g, v) = o o cos(o), (3.11)

where 6 denotes the angle between Ky and Kg.

3.2. Amplification rates

In order to point out the amplification rates, we study the stability of the trivial solution (fo,0,0) where fj
is a constant. Applying the Fourier transform in space in equations (3.10) and (3.11), we obtain (we denote
by f the Fourier transform of a function f)

—~ .2 —~ eKy| , =~
Otfr+i—¢& Krfr = fof*cos(0) (3.12)
WR 2MeWR
— 2 — K —
o f* + ivt—hg K fr = e[ K| 15 freos(0). (3.13)
Wpe 2mewpe

In order to decouple equations (3.12) and (3.13), we apply the operator 9; + i:jip’;{ - K7 on (3.12) to derive,
using (3.13)

— (v c? — 2v? 2| K112 fol?cos?(6)\ —~
0t2fR+1( lthK1+—KR) €01 fr — (—th (€ K1)(§- Kr) + St |2f0| ( ))fRZO- (3.14)
Wpe WR WpeWR AMmEwRrWpe

The discriminant associated with equation (3.14) is then equal to

2 2 2 2.2 2 2 2. .2
A=- <<MK1 - :—RKR) ~£> +4 <—C Uik (¢ . gy (€ - Fep) + IR Lol Teos (9)>

Wpe WpeWR Am2wrwpe
21 K121 £+12cos2(6 2 2 2
_ ,E | fofeos™(6) Yih e~ S ) e (3.15)
Am2wpwpe Wpe WR

It is obvious that (3.15) reaches its maximum for

’U2 02
¢ (ﬂKl — —KR) =0, (3.16)
Wpe WR

which means that the growth rate of the solutions of equations (3.12) and (3.13) is maximal if £ satisfies (3.16).
The amplification rate is therefore proportional to

Recall that the incident field propagates along the xz-axis and that

k k k
Koz(oo),KRng),Kl:(gll),



A MULTI-D MODEL FOR RAMAN AMPLIFICATION 13

and remark that we have g = —¢;. The dispersion relation (2.14) and (2.15) gives

wh = w2, + kg,
wh = w2, + (k% 4 03)c, (3.17)
(Wpe +w1)? = wi + v, (K + £2).

w

We take wpe as unit for w and 2= as unit for k. Introduce
v
p= Lh < 1,
c
then system (3.17) can be rewritten into
wi =1+k3,
wh =1+ (k% + (%), (3.18)

(1+wi)? =1+ p?(k? + £3).

The amplification rate (3 is given by

/1.2 2

VIR A B R+

For given kg, wo satisfying w? = 1 + kZ, we therefore need to find the maximum of 3(kg, k1, ¢1) subject to the
constraints

wh =1+ (k% +0%), (L+w)? =1+ p2(kI+63), ko = kg + k1.
Replacing kr by ko — k1 in (3.19) gives

JETE ko — k
14 ko — k| (3.20)

1+ (ko — k)2 + 2 (ko — k1)2 + 02

with

\/1+k2:\/1+(k0—k;1)2+18§+\/1+p2(k%+18§). (3.21)

Note that since wg =1+ wr + w1 and wg > 0, w1 > 0, one has thanks to (3.18), wr > 1 and therefore wy > 2,
which is the dimensionless version of the well-known condition wp. < % for the existence of the backward
Raman scattering.

3.3. Conclusions

The above problem (3.20)—(3.21) is solved numerically. The conclusions are the following ones. For the
backscattered component (k < 0), the maximum is reached for ¢; = 0. This means that the most amplified
direction corresponds to the case where the Raman field is collinear to the incident laser field (see Fig. 2, left
picture).

This model is used in [6]. For the forward component (k > 0), one can see in Figure 2 (right picture) that
the maximum of f3 is reached for ¢; # 0. Therefore, the Raman field makes a non-zero angle with the incident
laser pulse and gives rise to new direction of propagation.

For the sake of completeness, we now present some curves representing the amplification rate 3 with respect
to ¢1 for different values of parameter p. In Figure 3, we take p = 0.05 and in Figure 4, p = 0.001. One can
observe in Figures 3 and 4 that the qualitative behaviour of 3 is the same than that observed in Figure 2.

The next step is to take into account this new direction of propagation.
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Fi1GURE 3. ( with respect to ¢; with p = 0.05 and respectively, from left to right, £ < 0 and k£ > 0.

4. A COMPLETE MODEL
4.1. Some basic tools

In order to describe the directions of propagation, one introduces the three wave vectors for the Raman
component given by problem (3.20)—(3.21)

kg, kr

2

satisfying
Ko=Kgr, + K11 =Kg, + K12 = Kgy + K1 25,

ko\ _ [ kr, k1

(o) =G )+ ()
[ kR, k12
() (o2)
o kR% k172s
- (e )+ (52)

that is
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FIGURE 4. ( with respect to ¢; with p = 0.001 and respectively, from left to right, £ < 0 and k& > 0.

We then introduce the Raman frequencies wg,, wr, and w R solution to

Wo = Wpe + WR, + wi,1
= Wpe + WRy + wi,2

= Wpe + WRy + W1,2s.

Note that (Ko,wo), (KR,,Wr,), (KR,,wr,) and (Krs,wrs) satisfy the dispersion relation for electromagnetic

waves (2.15) while (K11, w1,1), (K1,2,w1,2) and (K7 2s, w1 2s) satisfy the one for electron-plasma waves (2.14).
That means that we have

Wiy = \JwRe + (R, + )
w327\/w2 + c2(kg, +0%,)
wpp—\/wQ + 2 k29+€29)

Since Ky and K35 are symmetric with respect to Ky, choosing Ky collinear to the z-axis, we have kr, = kps
and lr, = 7635. Therefore, one has wr, = WR and w2 = Wi, 2s

. In the sequel, we replace wry and wy 2s by
respectively wg, and wq 2.

4.2. The equations

As in Section 2, one gets the following set of equations, assuming that Kj is collinear to the z-axis,

, c? kg ct 2
1 8t+—2K0~V A + A*—4(K0~V) Ag
wg 2w 0 2w
27‘(62 e . K()-KR 0 KO KR i0 I(O'I(RS
= pAg — V-E (A P i it L2 W W [ kel Mt - B (SR L S it it
mewe’ 0 2mewg I\ KRR, TR K[ KR, | Ko[| Ky
(4.1)
. 02 1 2 4 2
ilO+—Kg, -V )| Agr, + —— cA—T(KRl-V) Ag,
WR, 2wg, wh,
27‘(62 e : K()-KR
Ap, — ——V - Ef Agelfr1 =2 T 4.2
T T e 7o Fromy “2)
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. c? ) ct 2
1 ater KRz'V AR2+ CA*MT(KBb'V) A32

2wr,

2 R
2me? Ko - Kg
_ pA _ v E*A 61612727 43
MeWR, fiz Qmesz I 0 |K0| |KR2 | ( )
2 1 ct 2
io V) Ag A~ ——(Kny V)" ) Arg
1(t+w32 § ) R2+2WR2(C W?%Q( E )) "
2me? e i Ko - Kpy
pArs — —V - EjjA 6161’25727 4.4
MeWRy . 2MmewR, 150 | Kol | K rs| o
2 w2 i KO ' KR
i0/E)| + 1= AB)| = <A°A*1e‘91’171
17 5, 2HI1 = " | Kol | KR, |
o Ko Kg 0, .. Ko Krs
+A A* 6161’272—’— A A sel e 2 9 45
04Ry |Ko|[Kg,| 07" | Kol KRy )
5 2 1 2 w;e 2 2 2 2
(at 7CsA)p: 47‘r7n,A |EH| + c2 (|AO| +|AR1| +|AR2| +|AR§ ) ’ (4.6)

Note that since the Raman components are not resonant one another, one gets two distinct equations without
coupling terms like Ag, A% and the same procedure as in Section 2 can be used. A non-dimensional form can
be obtained. Using WLO as time scale, ﬁ as space scale and denoting

Wpe A

AVO:\/ 0 c 77AVR1_\/MR1

Wpe ARl Wpe AR2

Ap, = /
c ~ ) Ry = \/WR, c 5 )

~ w ARS ~ /wpe
ARy = \/WT”T By =""F,

with - 2mewo

\/ WoWpeWR
eko p 19

we obtain (dropping the tildes) and recalling that

= YR
wRQ’
2k2 c2k2 Ak
(v ) e (- )
wo 2w
Whe i kg, ) k
Ag— VB [ Age 1 2B | o(Ag,e 2 4 Apggei®rar) L ) e
= 9w 2p 0~ ||( R K] a(Ap,e R3 )|KR2| (4.7)
2k 1 452
1| O+ ¢ KR, -V | Ag, + ch:gA—C_(KRl V)2 Ag,
WR,Wo 2wg,wo le
w2 k
* 011 "VR1
_ QWOwR pARl V- E|| Ape |K | (4_8)
1 Ry
2k k2
i0+ ¢ %o Kgr, -V | Agr, + CQk(Q)Afc Y (Kp, V)2 An,
WRy,Wo 2LUR2 wo ng
2 -
AR, — E| " Ape'"? —= 4.9
2w0w AR, —aV Byt doe™ e (4.9)
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(04 R K ) Amg + 22n — CK (e 9)7) 4

1 s - s C [ — s . s

TN R R 2WR,Wo 0 W R R
w? . k

— pe Aps —aV - E * A 1912‘*&

2wowR2p Ry @ I oe | KR,

0,8 + 225 AR e p v ApAy, o R
I Bwpewy T 20! B Kg,|

. : kr
0 01,25
+ oz(AoA*R2el b2 4 AOA*R;e‘ 1.2 )|_22|)’

).

Remark 4.1. Note that the only new coefficient is the ratio of the Raman frequencies Zil .
2

dme wowp, w w w
(07 — 2A) p= —=EA(E) 2 + 22 Ao)? + 22| AR, |2 + =22 (|AR,|? + |Arg
m;  Wpe wo WR, WRy

5. NUMERICAL SIMULATIONS

5.1. The scheme

17

(4.10)

(4.11)

(4.12)

We adapt the scheme introduced in [7]. We consider a regular mesh in space. The fields are approximated

by A;; fori =0,..,N, and j = 0,..., N,. We use periodic boundary conditions that is for all j = 0,..., IV

sy LVy,
Ap; = An, ;. In space, we consider centered finite difference discretization for each differential operator.
Introducing
1 +1 +1
Xn+1 Ag + Ag Xn+1 ATIf"il + A?ﬁ Xn—i—l _ Azz + A%b
o = » ARy T P PRy T ’
2 2 2
n+1 n
Xn—i—l B ARE -|—A 5 X B EnJrl +En XnJrl B anrl +pn
e T R

as new unknowns, the scheme reads

QngH L

ioxg e+ (Ga - Shar)
w

2 4
At 5 2w§ 2wy
wz%e e N41gzn+3) o
= Q—Q)(Q)Xp XO — 5 (lI/E XR1 + V . XE q)ARl ) e 1,1
1
Q (ontd ontl Nttgnti\ —ioVF2 kn,
— — (UL 2 X 4+ V- X D, 2 )e 12
2 ( E e E Ay |KR2|
1
Q (ontg 1 Nt1gan+i) —io" 2 kr,
— — (g X v X2 ) e e
2( B TR B Tdng |Kr,|’
where
1
nt3 n—gz n+3 n—3
‘IIE +‘IIE *VE" ARl + AR AN
2 - ’ 2 R
ntg n—% nt3 n—3
q)A 2 + A 2 q)ARs +®AR5
Ro Ry — A" 2 2 — A"
2 - Ry> 2 RS

N+3 le
|KR1|

(5.1)
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are auxiliary functions. The equations of system (4.8)—(4.12) are discretized in the following way

XnJrl _ An ij 4k
2 0Ky, VX 4 (c%gA— —O(KRl-V)Q) Xt
t WR,Wo 2wR, wo le
w2 1 +2 k
_ pe  yntlyntl (‘I,TH-a) X+l _FRy 5.9
2wowr, P o E |KR1| (5:2)
XZH — Ag Ak A2
pyE—_ 2 * Kp, - VX3 2620 — S0 (K, - V) ) X3
! At + WRyWO R + 2w R,Wo ¢ %o w%, (K, - V) Ry
w2 1\ * ontd |
o Xn+1Xn+1 (\IITH_E) Xn+1el‘91v2 Ry ’ 53
2&)0&)32 p E 0 |KRQ| ( )
XZ+1 A%&, Qk, 4k.
P i— L P g 2620 — S0 (K, - V) ) X3
! At + WR,Wo Ry R3 + 2w32w0 ¢ %o wR2 ( Ra ) R3
w2 1\ * oty kb
_ Xn+1anr1 (\Iln-l-i) Xn+1 191723 Ro 5.4
QWOWRQ p R3 E 0 € |KR2| ) ( )
Xpth —Xxp 03 kR w « ot kR
: AXTH—I “pe XnJran—i-l \V/ Xn+1 q) 19 A0
! At + 2Wpew0 E N ( ARl ) |KR1|
ntl(gqnt sy * 191 Nl pnt iy 19’1”3% kr
ta (XO (q)AR2 ) 2 + X (@AR;?) S > |KR22|> ) (55)
pn—i-l _ 2pn +pn—1 2A pn+1 +pn—1 4me WOWRl A - 2 wpe An )
At? ~ % 2 oy B + | |
0 pe
Wpe

P€|A |2

2
on, (1A%, I* + AR,

2)> . (5.6)
The scheme is inspired from that of Besse [4] and Glassey [10].

5.2. The test case

The values of the different parameters are the same as the ones used in [7] and we refer to [7] for a complete
description. In particular, vy, vg, and vg, denotes respectively the propagation speeds of Ag, Ar, and Agr,. We
denote 6 the angle between the wave vectors Ag and Ar, and by 0,.x the angle corresponding to the maximum
amplification rate for the Raman Component propagating in the forward direction. We work on a system in
dimensionless form. The unit of length is R and the unit in time is —-. The spatial domain is = € [0, 300] and
y € [0,200]. The number of discretization points in x is N, = 300 and the one in y is N, = 200. We compute
on a time interval [0, T] with 7' = 200. The number of time steps is Ny = 576. The initial data for Ag is of the
form

Ap(0, ) = ae e @=1)* =By ly=m)%

e Case 1. We consider a collision test case. We take 0 = 0,.x. We define o = 0.1, 3, = %50, By = ﬁ.
The initial data for Ar, and Agr, are localized at different positions. Therefore, after some time, these
components interact in the middle of the computational box. More precisely, the interaction takes place
at the point x = 100, y = 100. Taking into account the propagation speed of the different fields, we
introduce the following parameters

x _ VR,

Ry —

” . (), L%, =100 — L%, +tan(6).
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FIGURE 5. 2D-geometry, Case 1. Modulus of the rescaled fields at time ¢ = 50 with initial
conditions (5.7). From left to right, first line Ag and Ag,, second line Ag,.

We take

Ag(0, ) = ae=Bex(@=50)% g=By*(y=100)*

L _ O Bus(a—(100+L% )2 —By*(y—100)?
AR = 150° e ; (5.7)
A% = %e_ﬁm*(l‘—(lOO—Lj}Q))zefﬁy*(y,L%QV.

The initial conditions for E and p are equal to 0. This case corresponds to the maximum amplification
rate for the second Raman component that is 0 = ;..

e Case 2. We now let 6 varying from %Hmax to gemax and we keep Lzléw =100 — L%, * tan(#). The initial
conditions are the same as the ones used for Case 1.

e Case 3. We keep Ag as in Case 1 and we set the Raman components to zero. We also take pg = p; =0
and a non-zero initial value for E, for instance E, = £, = Ag.

5.3. Comments

For convenience, we have rescaled all the fields. For each component, the maximum of the modulus is equal
to 100. In Figure 5, we can observe the very beginning of the interaction at time ¢ = 50. The maximum of
the amplitude of Ag is still near its maximum whereas the ones for Ar, and Ag, are far from their maximum.
In Figure 6, we have reached the impact point. The support of the different Gaussians are nearly equal and
so the amplification process is maximal. The two Raman components are growing exponentially whereas the
amplitude of the incident laser field is decreasing. It is of course in agreement with the conservation law coming
from system (4.7)—(4.12) and preserved by our numerical scheme

d ,
T [ Gl + AR + [ AR, [* + [AR,|* + [E[?) ds = 0.
R

In Figure 7, the interaction has stopped since the supports became disjoints. One can observe the effects of the
dispersion on the fields.
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Incident laser field

First Raman component

| Second Raman component

FIGURE 6. 2D-geometry, Case 1. Modulus of the rescaled fields at time ¢ = 66 with initial
conditions (5.7). From left to right, first line Ag and Ag,, second line Ag,.

Incident laser field
i
AN

First Raman component

FIGURE 7. 2D-geometry, Case 1. Modulus of the rescaled fields at time ¢ = 150 with initial
conditions (5.7). From left to right, first line Ag and Ag,, second line Ag,.

In Figure 8, we have plotted the maximum of the fields Agr, and Ag, with respect to the parameter v = 5 aa .

We can observe that the angle § has no influence on the field Ag,. The influence on Ap, is of great interest. As
expected, the maximum for Ag, is achieved for v = 1. Furthermore one can observe that the process is much
more efficient for v = 1 than for example v = %. Indeed, the ratio between the two maximum of the amplitude
is around 20 per cent, which means that the gain is considerable.

Note that the shapes of the curves of Figures 2 and 8 are not the same although the maximum is reached
at the same point. It is due to the fact that Figure 2 comes from a very basic analysis while Figure 8 takes
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FIGURE 8. Case 2. Maximum of the fields with respect to the parameter v = 2. We let
gamma vary from % to %. From left to right, Ar, and Ag,.
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FIGURE 9. 2D-geometry, Case 3. Modulus of the fields at time ¢ = 75 with initial condi-
tions (5.7). From left to right, first line Ag and Ag,, second line Ag,.

into account all the complex phenomena involved in the Raman instability. For example the influence of the
fluctuation of the density of electrons is crucial and it is not taken into account in the linear analysis developed
in Section 3.2. However we would like to emphasize that we obtain the right angle leading to the maximum
amplification rate. Moreover, the curve of Figure 8 is flat at the maximum. It is due to the fact that the pulse is
not monochromatic and therefore even if we prescribe the angle at a value that is different from the one giving
the maximum amplification rate, a larger region is involved. Geometrically, the critical value is also concerned
and the amplification is larger than that predicted by the linear theory.

In Figure 9, one can observe that, even if we start from a zero initial data for the Raman components, Ag,
and Ap, do not stay equal to zero. This is due to the coupling quasilinear terms involved in equations (4.2)
and (4.3). Indeed, Ay plays the role of a pump-wave in (4.2)—(4.3) and then excite the two Raman components.
In Figure 9, we do not have rescaled the fields. One can note that the maxima of the modulus of the Raman
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fields are very small compare to the one of the incident laser field. This is due to the fact that the interaction
time corresponding to the superposition of the support of the different gaussians involved is very short.
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