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AN ANALYSIS OF NOISE PROPAGATION IN THE MULTISCALE
SIMULATION OF COARSE FOKKER-PLANCK EQUATIONS

Yves Frederix 1 , Giovanni Samaey 1 and Dirk Roose 1
Abstract. We consider multiscale systems for which only a ﬁne-scale model describing the evolution
of individuals (atoms, molecules, bacteria, agents) is given, while we are interested in the evolution
of the population density on coarse space and time scales. Typically, this evolution is described by
a coarse Fokker-Planck equation. In this paper, we consider a numerical procedure to compute the
solution of this Fokker-Planck equation directly on the coarse level, based on the estimation of the
unknown parameters (drift and diﬀusion) using only appropriately chosen realizations of the ﬁne-scale,
individual-based system. As these parameters might be space- and time-dependent, the estimation
is performed in every spatial discretization point and at every time step. If the ﬁne-scale model is
stochastic, the estimation procedure introduces noise on the coarse level. We investigate stability
conditions for this procedure in the presence of this noise and present an analysis of the propagation
of the estimation error in the numerical solution of the coarse Fokker-Planck equation.
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1. Introduction
While multiscale problems naturally arise in many application areas (biochemistry, material science, atmospheric simulations. . . ), their solution poses a challenge to computational science. Often only the slow,
macroscopic dynamics of the system is of interest and the exact dynamics of the ﬁne-scale ﬂuctuations is less
important. Here, we deal with microscopic (ﬁne-scale) individual-based multiscale models, while we are only
interested in the evolution of the population density on a macroscopic, coarse level. As the analytical derivation
of a closed coarse model from the ﬁne-scale description might not be feasible, alternative approaches have to be
explored.
A classical solution strategy is to ﬁrst assume a coarse-scale model, which in our context is typically a
convection-diﬀusion equation. This equation is then discretized on a coarse mesh, on which the unknown convection (drift) and diﬀusion coeﬃcients are precomputed in every grid point from simulations of the microscopic
model. The solution can then be computed using a standard solver. However, when these coeﬃcients are also
time-dependent, this is no longer possible. In such a case, drift and diﬀusion not only have to be estimated in
every grid point, but also at every time step. Due to stochasticity in the ﬁne-scale model, the estimation error
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appears on the coarse level in the form of numerical noise. The aim of this paper is to investigate the eﬀect of
this noise on the stability and accuracy of the coarse-scale simulation.
For convenience of the analysis, we consider processes for which the coarse dynamics X(t) ∈ RN satisﬁes an
eﬀective stochastic diﬀerential equation (SDE) of the form
dX = γ(X)dt + σ(X)dWt ,

(1.1)

with γ the drift coeﬃcient, σ the diﬀusion coeﬃcient and Wt a d-dimensional Wiener process.
The goal is to compute the evolution of the probability density ρ(X, t), which is described by the corresponding
Fokker-Planck equation [21],



1
ρ(X, t)t = −∇X · (γ(X)ρ(X, t)) + ∇X · ∇X · σ(X)σ(X)T ρ(X, t) .
2

(1.2)

A particular class of models that ﬁts in this framework are singularly perturbed systems of stochastic diﬀerential
equations [24],
dx = a(x , y  )dt + b(x , y  )dUt ,
(1.3)
1
1
dy  = f (x , y  )dt + √ g(x , y  )dVt ,


with x ∈ RN and y  ∈ RM the slow and fast variables respectively and the time scale separation given by a
small parameter . Ut and Vt are mutually independent d1 - and d2 -dimensional Wiener processes. Systems of the
form (1.3) have been studied extensively within the framework of averaging for SDEs, see [12,18] and references
therein. If the y-dynamics is ergodic for ﬁxed values of x = X and generates a unique invariant measure
μX (dy  ), it is well known that for  → 0, the slow dynamics x (t) converges weakly to X(t) when γ(X) and
σ(X)σ(X)T in (1.1) are deﬁned as the averages of a(X, y  ) and b(X, y  )b(X, y  )T with respect to the measure
μX (dy  ); see, e.g., [23]. Although averaging theory provides expressions to compute γ and σ, it might not
always be possible to obtain an analytical solution. They can, however, be estimated, which has been the topic
of extensive research, see, e.g., [1,19,20] for some recent results with references to earlier literature. In [4,7,26]
the simulation of a coarse SDE (1.1) is accelerated by estimating the coarse drift and diﬀusion coeﬃcients from
local simulations of the ﬁne-scale model at each coarse time step. There, the authors propose to generate a
time series of the fast variables by simulating the y-dynamics for ﬁxed value of x and to compute the unknown
coeﬃcients by averaging over this time series. Here, we do no allow changes to the ﬁne-scale simulator and use
estimators based on an ensemble average of short time series of the full ﬁne-scale model.
We consider the numerical behavior of a multiscale procedure in which γ and σ are estimated in each time
step in a ﬁnite diﬀerence discretization of (1.2). Hence, the algorithm can also be applied to systems for which
the coarse Fokker-Planck equation, possibly in multiple space dimensions, contains space- and time-dependent
coeﬃcients,



1
(1.4)
ρ(X, t)t = −∇X · (γ (X, t) ρ(X, t)) + ∇X · ∇X · σ (X, t) σ (X, t)T ρ(X, t) .
2
The analysis, however, is carried out for a one-dimensional version of the model problem (1.1)–(1.2), which
simpliﬁes the analysis while retaining the essential properties of the propagation of the estimation error. This
work forms a natural extension of the work carried out in the equation-free [15,16] and heterogeneous multiscale
frameworks [3,5], enabling a better understanding of the propagation of numerical errors due to repeated
estimation of coarse-scale quantities based on ﬁne-scale simulation.
This paper is organized as follows. In Section 2, we introduce estimators for the drift and diﬀusion coeﬃcients
and motivate the main assumption about their statistical properties, which will be used in the analysis. Section 3
then gives a detailed description of the multiscale procedure. In Sections 4 and 5, we present theoretical stability
results and an analysis for the propagation of the estimation error in the coarse solution for a limiting, pure
diﬀusive case of (1.4). The results are illustrated with numerical experiments. In Section 6, we provide numerical
results for the more general case of (1.4) and point out similarities with the derived theoretical bounds. Finally,
in Section 7, we present conclusions and discuss possible future research directions.
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2. Drift and diffusion estimation
2.1. The estimators
This section introduces estimators to compute the coarse drift and diﬀusion coeﬃcients. The performance
of the estimators is illustrated with a numerical example that motivates the characterization of the estimation
error that will be used later on in the analysis.
We assume the availability of a simulator for the ﬁne-scale system (1.3) of which all variables v  = (x , y  )
can be initialized at will. We can then deﬁne a “time stepper” φΔt (v  (t)) that returns an (approximate)
solution v  (t + Δt) for the system with initial condition v  (t). To relate the slow variables X to the ﬁnescale variables v  , we deﬁne the restriction operator M so that X = M(x , y  ) = x . The coeﬃcients γ(X)
and σ(X)σ(X)T are estimated from simulations with the ﬁne-scale model, starting from an ensemble of R
initial conditions consistent with M(vr ) = X. For the estimates to converge, it must be ensured that the fast
variables yr sample the invariant measure μX (dy  ) of y  for ﬁxed x = X; see, e.g., [23,26].
Here, we are interested in accurate estimation of drift and diﬀusion coeﬃcients that may depend on space,
without changing the ﬁne-scale simulator. However, as only their value around a given spatial discretization
point is required and locally these can be assumed to be approximately constant, the estimators should preferably
be based on short localized simulations. For the systems of the form (1.3) considered in this work, we will use
estimators based on ensemble averaging that fulﬁll this condition,

γ(X) :=

1
RΔt

1
σ(X)σ(X) :=
RΔt
T

R

(M(φΔt (X, yr )) − X) ≈ γ(X),

r=1
R

(2.1)
(M(φΔt (X, yr ))

−

X) (M(φΔt (X, yr ))

T

T

− X) ≈ σ(X)σ(X) .

r=1

Provided that the initial conditions yr represent a good sampling of the invariant measure μX (dy  ), the estimates
converge in the limit R → ∞,  → 0 and Δt → 0. We assume that the measure μX (dy  ) can be computed
analytically (or numerically) so that we can indeed choose appropriate yr by sampling from the corresponding
distribution. If the ﬁne-scale system has the form (1.3), it is then optimal to use Δt equal to the time step used
for the integration of the ﬁne-scale system.
Note that the choice of initial yr is the stochastic equivalent of what in equation-free computing is called the
lifting problem [16]. For the deterministic case, solutions have been proposed for some speciﬁc settings [11,25],
but in general, lifting is a diﬃcult problem [9].
Example 2.1. We now illustrate the parameter estimation for a multiscale system of the form (1.3),


dx = x − x3 + Ay dt + By 2 dUt ,
dy =

−y
dt +


2
dVt ,


(2.2)

with x, y ∈ R and Ut , Vt independent Wiener processes, in which we choose A = 1/10, B = 1/2 and  = 0.1.
The system is integrated using an Euler-Maruyama scheme with time step δt = 2 = 0.01.
The slow dynamics describes the movement of a particle in a bistable symmetrical double-well potential driven
by the fast dynamics and by the noise term Ut . In this case, the fast dynamics is a fast Ornstein-Uhlenbeck
(OU) process, which, for simplicity, is independent of the slow variable x. Also, as the OU process is ergodic
with invariant measure equal to the standard normal distribution, the slow dynamics can be approximated [23]
for small  by (1.1) with
√
σ(X) = 3B.
(2.3)
γ(X) = X − X 3
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Figure 1. Left: Estimation of the drift for X ∈ [−1.5, 1.5]. The exact value (dashed) and the
estimate for R = 5000 (solid) are shown. Right: Error on the estimate γ(X0 ) with respect to
the exact value as a function of the number of replicas R for X0 = 0.5.
The evolution of the probability density ρ(X, t) is given by the corresponding Fokker-Planck equation


3B 2
ρ (X, t)XX .
ρ(X, t)t = − (X − X 3 )ρ(X, t) X +
2

(2.4)

We estimate drift γ(X) and diﬀusion σ(X) using (2.1) and compare to the exact values√given by (2.3).
Figure 1 (left) shows the estimated drift γ(X) for R = 5000. The right ﬁgure illustrates the 1/ R convergence
of the estimate for ﬁxed X. Note that as the invariant measure μX (dy) is the standard normal distribution,
initialization of the multiscale system amounts to generating high quality samples from this distribution, which
can be accomplished easily using a standard statistical library. The results for the diﬀusion coeﬃcient are
similar (not shown).

2.2. Distribution of the estimates
To be able to investigate the error propagation, a formal link has to be established between the ﬁne-scale
system (from which the drift and diﬀusion are estimated) and the Fokker-Planck description on the coarser
level. This can be done by considering the distribution of the estimated values. Unfortunately, ﬁnding an
accurate quantiﬁcation of this distribution is not an easy task for general ﬁne-scale systems and estimators.
For systems of the form (1.3), however, we can draw some conclusions for estimators of the form (2.1). Indeed,
as these formulas are based on the computation of an average, it follows from the central limit theorem that,
for the number of realizations R → ∞, the distribution of the estimates can be approximated by a Gaussian.
Furthermore, it was illustrated in the above numerical example that for increasing R, the estimators indeed
converge to the correct value of drift and diﬀusion, so that in fact the estimation error is normally distributed
with zero mean. From this observation, we now propose the following assumption on the distribution of the
estimation error, which will serve as the basis for the analysis below. This way, the analysis remains valid also
for more general ﬁne-scale systems and estimators, as long as this assumption holds.
Assumption 2.2. The estimated drift and diﬀusion are normally distributed around their exact values, i.e.,
γ
γ(X) = γ(X) + Aγ · ξX
,
σ
σ(X)σ(X)T = σ(X)σ(X)T + Aσ · ξX
,

(2.5)

γ
σ
with ξX
∈ RN , ξX
∈ RN ×N a vector and matrix with independent standard normal variables. It is also assumed
that the quality of the estimates is identical for all X, i.e., Aγ and Aσ are constants (this can in principle be
accomplished by adjusting the number of realizations R in the estimation procedure).
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Note that, as the estimation involves independent localized procedures around every spatial discretization
point Xi , the random variables ξiγ and ξjγ (resp. ξiσ and ξjσ ) are necessarily independent for any two points Xi
and Xj . Furthermore, as we will use independent simulations to estimate γ and σ, ξiγ and ξiσ are uncorrelated
for all i. If, on the other hand, they are estimated from the same time series, correlations should be expected.
In this case, a detailed quantiﬁcation of these correlations is required before attempting the analysis of the
propagation of the estimation errors. This, however, is beyond the scope of this paper.
By modeling the distribution of the estimation error, the ﬁne-scale model and related estimators are eﬀectively
decoupled from the error on the coarse level. This has advantages, as now the propagation of this error on the
coarse level can be analyzed independently of the exact nature of the ﬁne-scale model. The only constraint
is that Assumption 2.2 should hold for the used estimators. For systems (1.3) this is indeed the case. For
more general ﬁne-scale multiscale systems such as SDE homogenization problems or particle models, it might
be hard to ﬁnd good estimators, i.e., unbiased estimators that asymptotically converge to the correct value with
increasing computational eﬀort, see, e.g., [8,19].

3. Solution of the coarse Fokker-Planck equation
Our aim is to compute the evolution of the probability density of the slow variable of the ﬁne-scale model
directly on the coarse level. This can be accomplished by discretizing (1.4) and estimating the unknown drift
and diﬀusion coeﬃcients in every spatial discretization point at each time step using the estimators from the
previous section. The total error of this scheme consists of a systematic error, which depends on the discretization
parameters, and a statistical error, which is due to the estimation.
The goal of this paper is to analyze the statistical error. To this end, we consider (1.2), discretized using
ﬁnite diﬀerences with ﬁrst order upwinding for the convective part and second order central diﬀerences for
the diﬀusive part. A forward-Euler scheme is used for the time integration. Clearly, higher-order discretization
schemes would decrease the systematic error, but these schemes cannot be analyzed easily. Therefore, we present
the analysis for a simple discretization and provide numerical results for some higher order schemes.
We also restrict ourselves to problems in one space dimension. A treatment of the N -dimensional case would
involve additional complications to the analysis, without providing more insight in the problem. In N space
dimensions, the computational work increases at the same rate as the number of spatial discretization points
(due to the estimations at each time step). The Fokker-Planck equation (1.2) then takes the form
ρ(X, t)t = − (γ(X)ρ(X, t))X +


1
σ(X)2 ρ(X, t) XX .
2

(3.1)

The discretized equation becomes
ρk+1
= ρkj + Δt akj (ρk ; ΔX),
j

(3.2)

with

1  k k
k
γj ρj − γj−1
ρkj−1
ΔX

1  k 2 k
k
+
(σj−1 ) ρj−1 − 2(σjk )2 ρkj + (σj+1
)2 ρkj+1 ,
2
2ΔX

akj (ρk ; ΔX) := −

j = 0, . . . , m − 1,

(3.3)

with m the number of spatial discretization points and in which, for ease of representation, we assumed γjk ≥ 0.
We note that if both sub- and superscript indices are present, we use the notation akj := a (xj , tk ). The presence


of only a subindex indicates vector notation, i.e., ak := ak0 , . . . , akm−1 . We restrict the computational domain
to Ω = [xl , xr ] ⊂ R with suitable (Dirichlet, no-ﬂux or periodic) boundary conditions. When xl and xr are
appropriately chosen, i.e., Ω is suﬃciently large to accommodate the important dynamics, this only introduces
a negligible approximation error.
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We can then use (2.5) and substitute the estimated values γ and σ in (3.2) to obtain
ρk+1
= ρkj + ΔtLkj (ρk ; ΔX) ,
j

(3.4)

with the discrete right-hand side (RHS) operator L given by
 k  k
 k 
1  k
k
k
γj + Aγ ξγ,j
ρj − γj−1 + Aγ ξγ,j−1
ρj−1
ΔX
 k
 k  k 2
 k 

1  k 2
k
k
k
+
(σj−1 ) + Aσ ξσ,j−1
ρj−1 − 2 (σjk )2 + Aσ ξσ,j
ρj + (σj+1 ) + Aσ ξσ,j+1
ρj+1 .
2
2ΔX
(3.5)
This expression can be split into a sum of a deterministic and a stochastic part,
Lkj (ρk ; ΔX) = −

Lkj (ρk ; ΔX) = akj (ρk ; ΔX) + bkj (ρk ; ΔX, ξγk , ξσk ),

(3.6)

in which

Aγ  k k
k
ξγ,j ρj − ξγ,j−1
ρkj−1
ΔX

Aσ  k
k
k
ξσ,j−1 ρkj−1 − 2ξσ,j
ρkj + ξσ,j+1
ρkj+1 ,
+
2
2ΔX

bkj (ρk ; ΔX, ξγk , ξσk ) := −

(3.7)

where the dependence of bkj on Aγ and Aσ is not made explicit.
For future reference, we introduce a short hand notation Φ for the above procedure,


ρk+1 = Φ (ρk ) := ρk + Δt ak (ρk ; ΔX) + bk (ρk ; ΔX, ξγk , ξσk ) ,

(3.8)

which can also be written as
ρk+1 = Φk+1 (ρ0 ) .

(3.9)

In the next sections, we investigate the numerical behavior of Φ in the presence of estimation errors, i.e., we
quantify the error propagation and derive a suitable stability criterion.
Note that the chosen discretization might not be optimally suited to compute an accurate solution of the
(deterministic) Fokker-Planck equation. Our goal, however, is solely to investigate the eﬀect of the estimation
errors on the computed result. Hence, instead of attempting the rigorous treatment of a general discretization
scheme, we investigate in detail the error propagation for a simpler scheme. These results can then serve as an
indicator for the expected behavior if higher-order schemes are used.

4. Stability analysis
In this section, we assume stability of the deterministic solver and only consider the eﬀects due to the
estimation errors. We show that for ﬁxed Δt and ΔX the procedure Φ becomes unstable for Aγ and Aσ above
certain critical values Âγ and Âσ of the noise level. We explore how (3.8) can become unstable and under which
conditions on the estimation error a stable algorithm is obtained.

4.1. Derivation of the stability condition
We derive a theoretical stability criterion to ﬁnd Âσ for the case of pure diﬀusion, i.e., γ ≡ 0. Afterwards,
in Section 6, we show numerically how the results carry over to the case γ = 0.
To avoid technical issues in the analysis, we will use periodic boundary conditions in this section. This
change does not inﬂuence the nature nor the behavior of the error propagation signiﬁcantly and merely serves
to facilitate the derivation below.
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If we deﬁne the diﬀusion coeﬃcient D(X) := D = σ 2 /2 and set γ ≡ 0, the Fokker-Planck equation (3.1)
becomes
(4.1)
ρ(X, t)t = (Dρ(X, t))XX .
Although we choose the exact diﬀusion D to be constant, it is nevertheless estimated in every spatial discretization point. Using Assumption 2.2 and suppressing the subscript σ, we can then write the estimated
diﬀusion
k
Dj = D + A · ξjk ,
(4.2)
with ξj ∼ N (0, 1), j = 0, . . . , m − 1 and m the number of spatial discretization points. Equation (3.8) then
becomes
k
k
− 2ρkj ξjk + ρkj+1 ξj+1
ρkj−1 − 2ρkj + ρkj+1
ρkj−1 ξj−1
k
ρk+1
=
ρ
+
DΔt
+
AΔt
·
(4.3)
j
j
ΔX 2
ΔX 2
For convenience, we rewrite this expression in matrix form
⎤
⎡
ρk0 · ξ0k
⎥
⎢
..
ρk+1 = (I + μDU ) · ρk + μAU · ⎣
(4.4)
⎦,
.
k
ρkm−1 · ξm−1

with I ∈ Rm×m the unit matrix, μ = Δt/ΔX 2 and U ∈ Rm×m the discretization matrix for the diﬀusion equation with central diﬀerences and periodic boundary conditions. We note for later use that the matrix U is both
symmetric and circulant and has an orthonormal eigenspace with known eigenvalues λj and eigenvectors Pj [13],

λj = −2 + 2 cos

2πj
m


,

(4.5)

1  −2πij/m
1, e
, . . . , e−2πij(m−1)/m
Pj = √
m

T

,

j = 0, . . . , m − 1,

(4.6)

with i the imaginary unit. Note that some of the λj are equal. By taking appropriate linear combinations of
the corresponding eigenvectors, it is possible to ﬁnd a set of orthonormal real eigenvectors.
To be able to analyze the stability, we ﬁrst need to formulate a formal stability condition. Inspired by SDE
literature, we choose a deﬁnition in the mean-square sense.
Definition 4.1 (mean-square stability). The procedure Φ is called mean-square stable for given Δt and ΔX if
lim E

n→∞


ρn

2
ΔX

≤ C,

with ρn = Φn (ρ0 ), E [·] the expected value operator and C a constant that depends on the used discretization
scheme and the quality of the parameter estimation.
√
As customary in stability analysis, a modiﬁed discrete
norm · ΔX = · 2 ΔX is used.

For the analysis, we thus need to consider E ρn 2ΔX and investigate the result for increasing n. Our
strategy consists in ﬁrst making an ansatz for the form of the solution,

2
E ρn ΔX = ρT
(4.7)
0 Qn ρ0 · ΔX.
The stability condition can then be derived from the spectral properties of the matrix Qn .
Before stating the main stability result, we establish the following lemma.
Lemma 4.2. Let B ∈ Rm×m be a circulant matrix and h a scalar, then all elements on the diagonal of
2k
Hk = B (I + hB) B are equal.
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Proof. It can easily be veriﬁed that Hk is a circulant matrix. Equality of the diagonal elements then follows
trivially.

For D the diﬀusion coeﬃcient, μ = Δt/ΔX 2 and I ∈ Rm×m the unit matrix, we deﬁne the matrix Mk as it
will appear in the analysis below,
2k
(4.8)
Mk = U (I + μDU ) U.
As the discretization matrix U is circulant, it follows from Lemma 4.2 that all elements on the diagonal of Mk
are equal.
Definition 4.3. Deﬁne vk to be the value of the diagonal elements of Mk , with Mk given by (4.8), i.e.,
diag (Mk ) = vk diag (I) .

(4.9)

We are now ready to state the main stability result.
Theorem 4.4. Let ρn = Φn (ρ0 ) be computed via (4.4). If we have stability of the deterministic integrator
(μD < 0.5), it holds that

2
(4.10)
E ρn ΔX = ρT
0 Qn ρ0 · ΔX,
with
2n

Qn = (I + μDU )

2

n−1

+ (μA)


vk Qn−k−1

,

(4.11)

k=0

and vk given by (4.9).
Proof.
To derive the desired result, we follow a top-down approach and repeatedly apply (4.4) to rewrite

2
E ρn ΔX in terms of the initial density ρ0 , assuming that Qk is known for k < n. For convenience, we
introduce a shorter notation for the stochastic factor in (4.4),
n
ρξ,n := [ρn0 · ξ0n , . . . , ρnm−1 · ξm−1
]T .

We have
E


ρn

2
ΔX

(4.12)



= E ρT
n ρn ΔX.

Application of (4.4), while taking into account that E [ρξ,n−1 ] ≡ 0, results in



2
2
2  T
2
E ρn ΔX = E ρT
n−1 (I + μDU ) ρn−1 ΔX + (μA) E ρξ,n−1 U ρξ,n−1 ΔX .




 
E2

E1

First consider E2 . Because of the presence of E [·] and the independence of the estimation errors, only the
elements on the diagonal of U 2 (that contain terms in ξj2 with j = 0, . . . , m − 1) have a contribution. Using
Lemma 4.2 and equation (4.9), this value on the diagonal is equal to v0 . The term E2 can then be written as


2
2
T
E2 = (μA) v0 · E ρT
ξ,n−1 ρξ,n−1 ΔX = (μA) v0 · ρ0 Qn−1 ρ0 · ΔX.
Next, we turn to E1 and again apply (4.4) to obtain


4
2
2
ΔX
E1 = E ρT
(I
+
μDU
)
ρ
+
(μA)
E
ρT
n−2
n−2
ξ,n−2 U (I + μDU ) U ρξ,n−2 ΔX .


 


E3

E4

(4.13)

(4.14)
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2

For E4 we again note that due to the presence of E [·], only the elements on the diagonal of U (I + μDU ) U
have a contribution. From Lemma 4.2 all elements on this diagonal are equal and we recognize v1 from (4.9).
Substitution in E4 results in


2
T
E4 = (μA)2 v1 · E ρT
ξ,n−2 ρξ,n−2 ΔX = (μA) v1 · ρ0 Qn−2 ρ0 · ΔX.

(4.15)

The above process can be repeated for E3 until the term in ρ0 is reached, giving rise to extra terms containing vk . Using this notation and taking into account that the term in ρ0 is deterministic, we obtain the desired
result

2
E ρn ΔX = ρT
(4.16)
0 Qn ρ0 · ΔX,
with
2n

Qn = (I + μDU )

2

n−1

+ (μA)


vk Qn−k−1

,

(4.17)

k=0



and vk given by (4.9).

While the values vk could be computed in a straightforward manner by many multiplications of large matrices
(m and n are typically large), a more eﬃcient way is to use the spectral properties of U .
Theorem 4.5. Let vk be deﬁned by (4.9) and λj be the eigenvalues of U . It then holds that
vk =

1
m

m−1

λj (1 + μDλj )2k λj .

(4.18)

j=0

Proof. Let U = P ΛP T be the eigenvalue decomposition of U , with eigenvalues given by (4.5). The columns
of P are normalized so that P P T = P T P = I, with identity matrix I ∈ Rm×m and m the number of spatial
discretization points.
We know from the deﬁnition of Mk in (4.8) that all its diagonal elements vk are equal. Substituting the
decomposition of U in (4.8) results in

2k
P ΛP T .
Mk = P ΛP T I + μDP ΛP T

(4.19)

The jth diagonal element is equal to vk and can, e.g., be extracted by multiplication on the left and right by
T
the jth canonical basis vector ej = [0, . . . , 0, 1, 0, . . . , 0] ,

2k
T
vk = eT
I + μDP ΛP T
P ΛP T · ej
j · P ΛP

2k
T
I + μDP ΛP T
= pT
P Λpj
j ΛP
2k

= pT
j Λ (I + μDΛ)

Λpj ,

(4.20)

with pj the jth row of P .
It is important to note at this point that the above expression is valid for all choices of j. As we know from
√
T √
(4.6) that the ﬁrst elements of the eigenvectors are all equal to 1/ m, a good choice is pj = [1, . . . , 1] / m.
After substitution in (4.20) we obtain the desired result.

We now discuss some properties of the matrices Qn . From their deﬁnition in Theorem 4.4, it follows that
the eigenvectors of Qn are equal to those of U . Furthermore, as these eigenvectors form an orthonormal basis
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for Rm×m , it is possible to treat all modes of the initial density independently. This way, the properties of the
matrix Qn can be studied via the following scalar expression,
2n

qn (λj ) = (1 + μDλj )

+ (μA)

2



n−1

j = 0, . . . , m − 1,

vk qn−k−1 (λj ) ,

(4.21)

k=0

with λj the eigenvalues of U as given by (4.5) and q0 (λj ) = 1, ∀λj .
For increasing n, qn (λj ) contains two contributions: assuming the deterministic algorithm is stable, the ﬁrst
always decreases due to the diﬀusive damping, while the second may increase exponentially due to the addition
of estimation errors in every time step. Hence, we can ﬁnd the overall stability condition on A, by computing
the maximal noise level for each individual mode λj , i.e., the value Âj for which limn→∞ qn (λj ) is a constant,
and taking the minimum Â = minj Âj . It will be proven, however, that all Âj are equal and independent of λj .
For later use, we state an auxiliary lemma, the proof of which is given in Appendix A.
Lemma 4.6. Let ak be a strictly decreasing series with a0 ≥ 0 and lim ak = 0. Furthermore, let bk be a series
k→∞

n−1

for which lim bk = K ∈ R. If lim

n→∞

k→∞

ak is ﬁnite, it then holds that
k=0
n−1
n→∞

n−1

ak bn−k−1 = K lim

lim

n→∞

k=0

ak .

(4.22)

k=0

We are now ready to formulate the following theorem.
Theorem 4.7 (stability). The algorithm (4.4) is mean-square stable for given μ = Δt/ΔX 2 if
⎞−1
⎛
m−1
1
−λ
D
j
⎠ ,
⎝
A2 ≤
μ m j=0 2 + μDλj

(4.23)

with λj the eigenvalues of U and m the number of spatial discretization points.
Proof. To compute the maximal noise level Â for stability of Φ, we ﬁnd the value of A for which lim qn (λj ) is
n→∞
equal to a constant Kj = 0,

lim qn (λj ) = lim

n→∞

n→∞

2n

(1 + μDλj )

+ (μA)

2



n−1

vk qn−k−1 (λj )

= Kj .

(4.24)

k=0

Furthermore, using that for a stable deterministic algorithm μD < 0.5, and, hence, that |1 + μDλj | < 1 for
all λj , we know from equation (4.18) that the series vk is strictly decreasing in k with maximum at v0 = 6. As
a result, in the sum in equation (4.24), the terms qn−k−1 (λj ) for large k are multiplied by increasingly small vk
so that the contribution of the initial qn (λj ) (i.e., for small n) in the overall sum decreases. By Theorem 4.6,
we have that in the limit n → ∞,
n−1

lim

n→∞

n−1

vk qn−k−1 (λj ) = Kj lim
k=0

n→∞

vk .
k=0

(4.25)
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Again using the fact that |1 + μDλj | < 1, the ﬁrst term in the right-hand side of (4.24) disappears for n → ∞
so that after substitution of (4.25) we have
∞

2

Kj = (Aμ) Kj

vk .

(4.26)

k=0

We can then divide out the factor Kj and use (4.18) to obtain
2

∞

1
m

1 = (Aμ)

k=0

m−1

λ2j (1 + μDλj )

2k

.

j=0

After changing the order of the summations, we recognize a geometric series in the sum over k, so that
1
m

1 = (Aμ)2
= A2 μ

1
m

m−1

λ2j lim

n→∞

j=0

m−1
j=0

2n

1 − (1 + μDλj )

1 − (1 + μDλj )2

,

λj
,
(−2 − μDλj ) D

in which we again used that |1 + μDλj | < 1. Equation (4.23) is obtained by simple rearrangement of the terms
and by noting that the computed A is an upper limit for the noise level for stability.
Although (4.26) depends on λj via Kj , the resulting stability condition (4.23) does not. In other words, we

obtain the same Â for all λj , indicating that all modes become instable at the same time.
It is interesting to note that for increasing number of discretization points m, the bound of Theorem 4.7 can
be simpliﬁed even further. From the analytical expression of the eigenvalues equation (4.5), we ﬁnd that the
sum in the denominator of (4.23) deﬁnes a Riemann sum. Taking the limit m → ∞ results in
1
m→∞ m

m−1

lim

j=0

−λj
=
2 + μDλj



1

2 − 2 cos (πx)
dx,
2
+
μD
(−2 + 2 cos (πx))
0
√
1 − 1 − 2μD
√
=
·
μD 1 − 2μD

After substitution in (4.23), we obtain the following asymptotic stability condition
√
1 − 2μD
√
·
A ≤D
1 − 1 − 2μD
2

2

(4.27)

Remark 4.8. The above analysis for the case γ ≡ 0 builds heavily on the structure and associated spectral
properties of the matrix U . For γ = 0, the involved discretization matrices change and no longer possess these
properties. Numerical experiments, however, indicate that the asymptotic behavior of the critical values Âγ
and Âσ for γ = 0 is similar; see also Section 4.2 below.

4.2. Numerical example
To validate the above stability results for (4.1) with estimated diﬀusion coeﬃcient D, we compare the
theoretical bounds with a numerically determined estimate of the maximal noise level. The latter is computed
using the fact that for Aγ and Aσ larger than Âγ and Âσ the algorithm is unstable, and hence, that the norm
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Figure 2. Left: Dependence on μ = Δt/ΔX 2 of the experimental () and theoretical value
of Â for D = 3B 2 /2. The experimental value is computed from equation (4.28) with te = 10
and C = 10. The theoretical values are computed from (4.23) (solid) and (4.27) (dashed). Also
√
shown are the 1/ μ line (dotted) and the deterministic stability boundary Dμ = 0.5 (dashdotted). Right: Dependence on D for ﬁxed μ = 0.05 of the experimental () and theoretical
values of Â. The theoretical values are computed from (4.23) (dashed) and (4.27) (solid).
of the ρn increases rapidly with n in such case. An approximation of Âγ and Âσ for ﬁxed Δt, ΔX and tn can
thus be found by computing the values of the noise level for which
E [ ρ(tn )

ΔX ]

= C,

(4.28)

with C a suﬃciently large constant. Note that Âγ and Âσ are typically overestimated, with the magnitude of
the overestimation depending on the exact choice of C and tn .
For eﬃcient testing, we assume that the exact diﬀusion D is known and use (4.2) in each spatial discretization
point and at every time step to emulate the estimation procedure. The computational domain Ω = [−30, 30]
and the initial condition ρ0 = a sin(2π(x + 30)/60), with a such that ρ0 ΔX = 1.
We now compare the experimentally determined Â with the theoretical bounds from (4.23) and (4.27). For the
computation of the experimental value of Â, we apply the above-mentioned approach and solve (4.28) iteratively
using a robust bisection method with C = 10. Both the dependence of Â on μ = Δt/ΔX 2 and on D are
considered for a time horizon te = 10. In Figure 2 (left), Â is shown as a function of μ. The diﬀusion coeﬃcient
is chosen as in Example 2.1, i.e., D = 3B 2 /2 = 0.375. There is good correspondence between the experimental
() and theoretical values from (4.23) (solid) and (4.27) (dashed) for all μ. In fact, both theoretical values are
indistinguishable from each other on the ﬁgure, indicating that the asymptotic approximation of (4.27) is very
accurate. Furthermore, away from the deterministic stability condition Dμ < 0.5 (dash-dotted) we observe that
√
Â ∝ 1/ μ. We found this behavior to be persistent as well for other time integrators such as, e.g., a fourth order
Runge-Kutta integrator. Figure 2 (right) shows the dependence of Â on D for μ = 0.05 and m = 380. Again,
we ﬁnd good correspondence between the experimental () and the theoretical results using (4.23) (dashed)
and (4.27) (solid). The latter two are again almost indistinguishable. For small D, the added noise in every
time step is only slightly damped, and the method quickly becomes unstable (Â is small). The same is true for
larger D, as in that case, we are close to the deterministic stability condition.

4.3. Discussion
We have derived a stability condition for the procedure Φ (see Sect. 3) for the limiting case of (3.1) with
γ ≡ 0. This was done by relating the expected norm of the solution at time tn to the initial condition ρ0 via a
matrix Qn . By studying the properties of this matrix and imposing that in the limit n → ∞ its norm should
be a constant, we obtained a closed expression for the maximum noise level (4.23) for the given discretization.
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We also provided an approximate boundary if the number of spatial discretization points is large. In Section 6,
we present numerical results for the more general case in which also γ = 0.
For simplicity, we also assumed a constant diﬀusion coeﬃcient D. In the case that D(X) depends on
space, bounds for the maximal noise level can obtained by using an eﬀective constant diﬀusion coeﬃcient
D = minj D (Xj ) resp. D = maxj D (Xj ) in Theorem 4.7.

5. Accuracy analysis
We now investigate how the estimation error propagates in the numerical solution of the coarse Fokker-Planck
equation and how it inﬂuences the order of convergence of the deterministic PDE solver. Both consistency and
error propagation are considered, although for the theoretical analysis of the latter, we again limit ourselves to
the case of a forward-Euler scheme with γ ≡ 0.

5.1. Consistency
We start by exploring consistency of Φ for (3.8) and consider the corresponding discrete RHS operator (3.6)
in each spatial discretization point j and at time tk . As we know that in the deterministic case the integrator is
k
k
consistent, we only consider the stochastic term bkj (ρk ; ΔX, ξγk , ξσk ); see (3.7). As ξγ,j
and ξσ,j
are independent
k
k k
Gaussian random variables for all j, bj (ρk ; ΔX, ξγ , ξσ ) is a Gaussian variable as well, so that, with slight abuse
of notation, the discrete RHS operator for each spatial discretization point (3.6) can be rewritten as
Lkj (ρk ; ΔX) = akj (ρk ; ΔX) + bkj (ρk ; ΔX)ξjk ,

(5.1)

with ξjk ∼ N (0, 1), akj (ρk ; ΔX) as in (3.3) and bkj (ρk ; ΔX) given by
⎛ 
bkj (ρk ; ΔX) = ⎝

ρkj

2

2  2

Aγ
+ ρkj−1
ΔX 2


2
2  2 ⎞1/2
 2 
Aσ
ρkj−1 + 4 ρkj + ρkj+1
⎠ ·
+
4
4ΔX

(5.2)

Since the stochastic part disappears under the expected value operator, (5.1) shows that Φ is expected to be
consistent for all tk and for all choices of ΔX. For decreasing ΔX, however, the variance on the RHS goes to
inﬁnity, which hints at problems in the repeated evaluation of the RHS in the numerical solution of the equation.
Indeed, it turns out that to avoid large errors and an unbounded increase of the variance, the accuracy of the
estimates should increase with decreasing spatial discretization, so that Aγ and Aσ depend on ΔX. How this
manifests itself on the coarse level is discussed in more detail in the error analysis below.

5.2. Error propagation
To investigate the propagation of the estimation error through the procedure Φ, we compare the computed
solution with the deterministic solution at time te . As already mentioned, the analysis will be done for pure
diﬀusion, i.e., for (4.1).
Theorem 5.1 (error propagation). Let ρn be the discretized density at t = te computed via (4.4). If we have
stability of both the deterministic integrator (μD < 0.5) and Φ (see Thm. 4.7), then the asymptotic behavior of
the expected value of the squared error on ρn with respect to the exact, deterministic solution ρ̂n is of the form
E



ρ̂n −

with MQ a constant.

2
ρn ΔX

2

4

 O(Δt ) + O(ΔX ) +



A
D

2


1 − 1 − 2DΔt/ΔX 2
MQ 
· ρ0
1 − 2DΔt/ΔX 2

2
ΔX

,

(5.3)
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Proof. We rewrite the expected squared error as
E



ρ̂n − ρn

2
ΔX


T
= E (ρ̂n − ρn ) (ρ̂n − ρn ) ΔX,


 T 
 T 
= E ρ̂T
n ρ̂n ΔX − 2E ρ̂n ρn ΔX + E ρn ρn ΔX.

While the ﬁrst term is completely deterministic, the second term contains ρn which is stochastic as it includes
the accumulated eﬀect of the estimation errors. After taking the expected value of this term, we recover the
solution ρ̃n = E [ρn ] at time te , computed with the deterministic solver, which for now we assume to be of
order p in Δt. We then have
E



ρ̂n − ρn

2
ΔX

 T 
T
= ρ̂T
n ρ̂n ΔX − 2ρ̂n ρ̃n ΔX + E ρn ρn ΔX,



T
= (ρ̂n − ρ̃n ) (ρ̂n − ρ̃n ) ΔX −ρ̃T
ρ̃n ΔX + E ρT
n ρn ΔX .


 n


E1

(5.4)

E2

The ﬁrst term E1 represents the squared error for the deterministic solver. This error is bounded due to the
stability of the algorithm and is of order O(Δt2p ) + O(ΔX 4 ).
For the stochastic part E2 , we again consider a forward-Euler scheme for the diﬀusion equation with estimated
diﬀusion D; see (4.4). We obtain
E2 =

−ρT
0

2n

(I + μDU )
2

= (μA) · ρT
0

ρ0 · ΔX +

n−1

ρT
0

2n

(I + μDU )

+ (μA)

2

n−1
vk Qn−k−1

ρ0 · ΔX,

k=0


vk Qn−k−1

!

ρ0 · ΔX

(5.5)

k=0

with Qn−k−1 and vk as in Theorem 4.4. If we use that the integration is mean-square stable (as in Thm. 4.7),
it holds that Qk 2 is bounded for all k and for all stable choices of Δt and ΔX. Denoting this maximum value
by MQ , we have
n−1

2

E2 ≤ (μA) MQ


vk

2
ΔX

· ρ0

k=0

.

(5.6)

Now consider only the sum over vk . Using the alternative expression for vk given by (4.18), this can be written
as
n−1

n−1

vk =
k=0

k=0

=

1
m

1
m

m−1

m−1

2k

λj (1 + μDλj )

λj ,

j=0

λ2j

j=0

1 − (1 + μDλj )

2n
2

1 − (1 + μDλj )

,

with λj the eigenvalues of U . For n large, we obtain after substitution in (5.6):
2

E2 ≤ (μA) MQ

1
m

m−1
j=0

λ2j

2

1 − (1 + μDλj )

· ρ0

2
ΔX

.

(5.7)
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Figure 3. Left: Dependence of the error at te = 10 on the time step Δt for a forward-Euler
integration of a pure diﬀusion equation with D = 0.375 and for diﬀerent noise levels A = 0
(dashed), 5 × 10−7 (solid) and 10−5 (dash-dotted). Right: Dependence of the error at te = 1 on
ΔX for a forward-Euler integration of a pure diﬀusion equation. Results are shown for constant
A = 0.2 (solid), A ∝ ΔX (thick dotted) and A ∝ ΔX 2 (dashed). The upper bound of (5.8) is
shown in dash-dotted line.
As in Section 4.1, we can use the analytical expression for λj (see (4.5)) and approximate the Riemann sum in
this equation by the analytical value of the corresponding integral. We then have

E2 

A
D

2


1 − 1 − 2DΔt/ΔX 2

MQ
· ρ0
1 − 2DΔt/ΔX 2

Finally, substitution of this expression in (5.4) concludes the proof.

2
ΔX

.

(5.8)


Note that only to deal with the stochastic part of (5.4), we needed to assume a particular discretization of the
Fokker-Planck equation. How the results generalize to other time integrators will be discussed and exempliﬁed
below.

5.3. Numerical example
To illustrate the error bound of equation (5.3), we consider the diﬀusion equation with estimated diﬀusion,
see (4.1). We then compute the error for Φ as a function of Δt and ΔX with D = 3B 2 /2 = 0.375. Figure 3 (left)
shows the error as a function of Δt for ﬁxed ΔX = 0.1 and te = 10. The reference solution was computed from a
deterministic simulation with Δt = 10−8 . As we want to assess the inﬂuence of the magnitude of the noise, the
results are shown for diﬀerent noise levels A. For (relatively) large A = 10−5 (dash-dotted) the squared error
behaves as O(Δt), while for A = 0 the convergence is O(Δt2 ) as in the deterministic case. For a well chosen
value of the noise level A = 5 × 10−7 , both eﬀects are observed: for large Δt there is deterministic convergence
and for small Δt the slower convergence due to the stochastic estimation errors becomes apparent. We remark
that for other time integrators such as, e.g., a fourth order Runge-Kutta scheme, we found similar behavior, i.e.,
for large noise level the error behaves like O(Δt), while for smaller values the deterministic O(Δt8 ) convergence
is recovered. This will be illustrated for the more general case in Section 6 below.
In Figure 3 (right), the dependence of the error on ΔX is shown for ﬁxed te = 1. For constant A = 0.2
(solid), we observe that away from the deterministic stability boundary Dμ < 0.5, i.e., for large ΔX, the error
increases proportionally to O(1/ΔX 2 ) with decreasing ΔX, as predicted by the bound in (5.3) (dash-dotted).
Furthermore, we know from (5.3) that it is possible to obtain convergence for ΔX → 0 by increasing the quality
of the estimates while decreasing ΔX. For A ∝ ΔX (thick dotted), the error is more or less constant in ΔX. For
A ∝ ΔX 2 (dashed), we observe convergence as O(ΔX 2 ). For small ΔX, while approaching the deterministic
stability boundary, there is divergence as 1/(1 − 2μD) for all cases.
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5.4. Discussion
In this section, we have analyzed the propagation of the estimation error in the numerical solution of (3.1)
with estimated coeﬃcients. It was pointed out that, although there is consistency in every time step, the
variance on the discretized RHS increases for ΔX → 0, which became clear in the error analysis. An expression
for this error at ﬁxed te was derived for a forward-Euler integrator in (5.3), which allowed us to predict the
evolution of the error when ΔX → 0 and Δt → 0.
The eﬀect of increasing variance on the RHS for decreasing ΔX is clearly visible in the theoretical expression
for the dependence of the error on ΔX for ﬁxed Δt. To be able to reﬁne the spatial discretization error with
ﬁxed Δt, without at the same time destroying the numerical result, the quality of the estimates must increase
as ΔX decreases. For instance, to obtain the deterministic second order convergence, the estimation error must
behave like A ∝ ΔX 3 , without violating the stability condition on Φ. In terms of the multiscale estimation,
this translates into an increase of the number of realizations R ∝ 1/ΔX 6 . This is a serious limitation and is in
a way inherent to the parameter estimation strategy. In Section 7, we discuss possible ways to improve on this
point.
For ﬁxed ΔX, equation (5.3) indicates that for Δt → 0, the asymptotic error contains two components.
The order of the ﬁrst component is equal to the order of the deterministic integrator and is visible for small
estimation error. The second component, originating from the estimation errors, has lower order. Although
there always is convergence, the exact rate depends on the magnitude of the estimation error and on Δt.
The results for the error propagation were only rigorously established for a forward-Euler scheme and the
case of pure diﬀusion (γ ≡ 0). In the next section, we present numerical results for the more general case in
which also γ = 0.

6. Numerical results for a general case
In the previous sections, we derived rigorous stability and error bounds for Φ for the case of pure diﬀusion.
A general Fokker-Planck equation as described in Section 3, however, contains both a convective and diﬀusive
part, in which case the spectral properties of the discretization matrices change, thus preventing the derivation
of stability and error conditions using a similar strategy. In this section, we present numerical results for this
more general case and illustrate their relation with the results for pure diﬀusion from Sections 4 and 5. It
should be stressed that our experiments only illustrate what can be expected when Φ is used for the solution
of a general Fokker-Planck equation, and that no theoretical analysis is provided.
For our experiments, we return to Example 2.1 of Section 2 and compute the solution at tn = nΔt over the
computational domain Ω = [−6, 6] with homogeneous Dirichlet boundary conditions. The initial condition is
always chosen to be ρ0 (x) = a cos (πx + 1) for x ∈ [−1, 1] and zero otherwise, with a such that ρ0 ΔX = 1.
Recall that the Fokker-Planck equation is given by (2.4).
Stability. We ﬁrst present numerical results for the dependence of Â on μ = Δt/ΔX 2 . Its value is the solution
of (4.28) with C = 10; see Figure 4. The solid line represents Â(μ) with perturbation only on the diﬀusion
coeﬃcient, i.e., Aσ = 0 and Aγ = 0. The dash-dotted line shows the result if the quality of the estimates is
equal for drift and diﬀusion, i.e., Aσ = Aγ = 0. The lines almost coincide, indicating that for stability the
√
diﬀusive part dominates. Furthermore, we ﬁnd the same asymptotic behavior 1/ μ as we found in the case
with γ ≡ 0 (compare Fig. 2). In other words, the stability result of Section 4 seems to extend to the case γ = 0
in the sense that the asymptotic behavior of Â(μ) in both cases is similar if the noise on the estimated drift and
diﬀusion is of comparable magnitude. This leads us to conclude that typically the stability of Φ is dominated
by the error on the diﬀusion.
If, however, the noise level on the drift is much larger than this of the diﬀusion, the eﬀects due to convection
start playing a larger role. Figure 4 illustrated this eﬀect for Aγ = 100Aσ (dotted). We observe that Â(μ)
now behaves like 1/μ1/4 . For intermediate values such as Aγ = 10Aσ (dashed), there is an interplay between
both eﬀects, which can clearly be seen in the ﬁgure. The observed behavior is in fact typical for large errors on
the convection term and can fully be explained from an analysis of (3.4) with σ ≡ 0. In order not to overload
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Figure 4. Dependence of the experimentally determined maximum noise level Â on μ for a
Fokker-Planck equation with D = 3B 2 /2 and te = 10. This value is computed from (4.28)
with C = 10. The results for noise on the diﬀusion coeﬃcient only (solid) and noise on
both diﬀusion and drift with Aγ = Aσ (dash-dotted) are plotted. Also shown are results for
Aγ = 10Aσ (dashed) and Aγ = 100Aσ (dotted).
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Figure 5. Left: Dependence of the error at te = 10 on the time step Δt for a forward-Euler
integration of a Fokker-Planck equation with D = 0.375 and for diﬀerent noise levels Aγ = Aσ .
Used values are Aσ = 0 (dashed), 5 × 10−7 (solid) and 10−5 (dash-dotted). Right: Dependence
of the error at te = 1 on ΔX for a forward-Euler integration of a Fokker-Planck equation with
D = 0.375 and for diﬀerent noise levels Aγ = Aσ . Results are shown for constant Aσ = 0.15
(solid), Aσ ∝ ΔX (dash-dotted) and Aσ ∝ ΔX 2 (dashed).
this paper, we do not consider this case explicitly and only show results for the case in which the estimation
errors for drift and diﬀusion are comparable, so that diﬀusion is expected to dominate. The full analysis and
numerical experiments to deal with convective eﬀects will be presented elsewhere.
Accuracy. We also illustrate the error propagation for the Fokker-Planck equation (2.4) from Example 2.1 with
γ = 0, and apply Φ with Ω = [−6, 6] and Dirichlet boundary conditions. The reference solution is computed
from a deterministic simulation with Δt = 10−7 . In Figure 5 (left), we show the dependence of the error on Δt
for forward-Euler with ΔX = 0.1 and te = 10. To illustrate the eﬀects of using a higher-order time integration
scheme, Figure 6 shows the results for the same experiment with a fourth order Runge-Kutta integrator. It is
found that indeed for small noise levels Aγ = Aσ , the order of the deterministic integrator is recovered. For
larger noise levels, we retain the O(Δt) convergence as expected. We also illustrate the dependence of the
error as a function of the spatial discretization ΔX with constant te = 1; see Figure 5 (right). For constant
Aσ = Aγ = 0.15 (solid), we initially see ﬁrst order convergence (this is expected, as a ﬁrst order upwind scheme
is used). For smaller ΔX, as in the case of the diﬀusion equation, divergence proportional to 1/ΔX 2 is observed.
For Aσ ∝ ΔX (dash-dotted) a constant error is obtained. If Aσ ∝ ΔX 2 (dashed), we obtain the deterministic
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Figure 6. Dependence of the error at te = 10 on the time step Δt for a fourth order RungeKutta integration of a Fokker-Planck equation with D = 0.375 and for diﬀerent noise levels
Aγ = Aσ . Used values are Aσ = 0 (dashed), 10−8 (solid) and 10−10 (dash-dotted).

convergence rate O(ΔX 2 ). Therefore, if the quality of the drift and diﬀusion estimate is comparable (i.e.,
Aγ  Aσ ), the numerical results suggest that the asymptotic error propagation and convergence behavior that
were derived theoretically for the case of pure diﬀusion, are recovered for a Fokker-Planck equation (3.1) with
γ = 0.

7. Conclusions
In this paper, we analyzed a procedure to compute the evolution of the probability density function of the
slow components of a multiscale system directly on the coarse level. After assuming the form of the coarse PDE
describing the dynamics, the unknown drift and diﬀusion coeﬃcient therein are estimated from simulations of
the ﬁne-scale model using estimators based on ensemble averaging. The PDE is then discretized with ﬁnite
diﬀerences and solved via standard solvers. As the unknown coeﬃcients could be time-dependent, the estimation
is not only carried out for every spatial discretization point, but also at every time step. We illustrated the
procedure and its analysis for a class of multiscale stochastic systems for which the equation for the probability
density, the coarse Fokker-Planck equation, is known and for which good estimators (unbiased, converging and
based on localized short simulations with the ﬁne-scale model) exist.
The procedure was analyzed to quantify its behavior in the presence of estimation errors. To make abstraction
of the speciﬁc choice of the estimation procedure, we decoupled the analysis on the coarse level from the
estimation procedure on the ﬁne-scale level by modeling the distribution of the estimated coeﬃcients. For
the class of multiscale systems studied in this paper, good estimators are available, and it was argued that
the estimation error in this case follows a Gaussian distribution. The latter was then proposed as the basic
assumption for further analysis.
We considered stability of the procedure for a ﬁnite diﬀerence discretization of the coarse Fokker-Planck
equation using a forward-Euler scheme in time. A condition was derived for the case of pure diﬀusion. The
addition of a drift term did not change the numerically observed asymptotic behavior if the quality of the
estimates was comparable for drift and diﬀusion. This indicated that stability for the Fokker-Planck case is
typically diﬀusion dominated. If, however, there is an imbalance, and the noise on the drift estimate is much
larger than this on the diﬀusion, we illustrated numerically that the convective eﬀects cannot be ignored and
should be taken into account. A full analysis of the latter case will be published elsewhere.
Furthermore, the use of higher-order discretization schemes complicates the derivation of an exact analytical
stability condition. We found, however, numerical evidence that the qualitative behavior of the numerical
solution is similar to this of the analyzed case, indicating that the mechanism that leads to instability of the
overall procedure is identical in the case of other discretizations.
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We also analyzed the propagation of the estimation error. It was shown that the spatial discretization error
cannot be reduced without at the same time increasing the accuracy of the estimated coeﬃcients. It was also
found that for decreasing time step the scheme always converges. The exact order of convergence, however,
depends on both the quality of the estimates and the time step itself. For large estimation error and for small
Δt, the stochastic eﬀects result in slow convergence. For small estimation error, the order of the deterministic
integrator is recovered. Although the analysis was only performed for the diﬀusion equation and a forwardEuler scheme, we numerically observed similar behavior for the Fokker-Planck equation (3.2) and for other
higher-order time integrators.
Increasing the accuracy of the estimated coeﬃcients to reduce the spatial discretization error can be expensive
due to the nature of the estimation procedure (in every spatial discretization point and in every time step).
To address this issue, it might be reasonable to assume that the coeﬃcients do not change too much in space
and time, and information from neighboring points may thus be interpolated. The interpolated values can then
directly be given to the solver, or alternatively, might be used to increase the convergence speed of the estimation
procedure. Clearly, the computational cost would decrease, but the above strategies involve a compromise
between additional errors due to the interpolation and errors due to the use of estimated coeﬃcients. Another
strategy is to use identical random numbers to estimate the coeﬃcients in neighboring points, as is done, e.g.,
in [17] for the micro/macro simulation of dilute polymer solutions. As this introduces correlations between the
estimates, the analysis of the resulting scheme would be more complicated, see, e.g., [14] for an analysis in the
context of polymeric ﬂuids. Incorporation of these ideas into our setting will be explored in future research.
The procedure as presented in this paper and its analysis were motivated directly by observations made for
a speciﬁc family of multiscale problems. However, in principle, it can be applied to other ﬁne-scale models
described by, e.g., particle models or black box simulators. Possible dependence of drift and diﬀusion on time is
dealt with by reestimating them in every time step. If they are space-dependent, the coeﬃcients are estimated
in every spatial discretization point as well. Although the analysis in this work is no longer exact for such
general cases, it does provide a frame of reference and indicates what eﬀects (due to estimation errors) can be
expected in the solution of a coarse Fokker-Planck equation if the coeﬃcients are estimated from simulations.
To conclude, we brieﬂy comment on the requirements for the successful application of the procedure to more
general problems. First, it is known that standard estimators do not perform well for a general multiscale
problem (slow or no convergence) [19], so that it might be diﬃcult to ﬁnd good (localized) estimators for the
considered ﬁne-scale model. Second, to apply these estimators, every simulation should be assigned a “correct”
internal state, i.e., the unspeciﬁed fast variables of the system should be initialized consistently with the given
coarse initial state. This might be achieved via a constrained runs algorithm [11], but the solution to this lifting
problem is not straightforward. We hope to extend our approach to even more general problems for which the
Fokker-Planck equation is non-linear and the coarse drift and diﬀusion depend on the density. Equations of this
form occur, for instance, in the context of bacterial chemotaxis models, where γ depends on an external food
gradient S, which in turn is inﬂuenced by the local particle density [2,6,22]. If good estimators are available,
the density-dependence could also in this case be addressed by reestimating them in each time step. However,
the additional diﬃculty lies in the initialization of the ﬁne-scale system since locally around each discretization
point the density of the reinitialized system should be consistent with the prescribed value, see, e.g., [10].

A. Appendix A
Lemma A.1. Let ak be a strictly decreasing series with a0 ≥ 0 and lim ak = 0. Furthermore, let bk be a
k→∞

n−1

series for which lim bk = K ∈ R. If lim
k→∞

n→∞

ak is ﬁnite, it then holds that
k=0
n−1

lim

n→∞

n−1

ak bn−k−1 = K lim
k=0

n→∞

ak .
k=0

(A.1)
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Proof. For convenience, we start by changing the indexation in the summation,
n−1
n→∞

n−1

ak bn−k−1 = lim

lim

n→∞

k=0

an−k−1 bk .

(A.2)

k=0

From the fact that limn→∞ bn = K, we know that ∀, ∃N : n > N ⇒ |bn − K| < . The sum in (A.2) can
then be split into two parts,
n−1
n→∞

N

an−k−1 bk = lim

lim

n→∞

k=0

n−1

an−k−1 bk + lim

n→∞

k=0

an−k−1 bk .
k=N +1

The ﬁrst term is equal to zero as limn→∞ an = 0 for all ﬁnite N . For the second term, we have that
 n−1

n−1
n−1
n−1
lim

n→∞

an−k−1 bk − K

an−k−1 bk = lim

n→∞

k=N +1

k=N +1

an−k−1 + K
k=N +1

n−1

≤ |bk − K| lim

n→∞

,

n−1

an−k−1 + K lim

n→∞

k=N +1

n−1

an−k−1 ,
k=N +1

n−1

≤  lim

n→∞

an−k−1
k=N +1

an−k−1 + K lim

n→∞

k=N +1

an−k−1 .
k=N +1

"
The ﬁrst term in this equation can be made arbitrarily small as limn→∞ n−1
k=0 an is assumed ﬁnite and  can
"N
be chosen freely. Furthermore, as limn→∞ an = 0, also limn→∞ k=0 an−k−1 = 0, so that we ﬁnd that
n−1

n−1

lim

n→∞

an−k−1 bk = lim K
k=0

n→∞

N

an−k−1 + K lim
k=N +1

n→∞

an−k−1 ,
k=0

n−1

= K lim

n→∞

ak .
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