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BOUND STATES OF A CONVERGING QUANTUM WAVEGUIDE

Giuseppe Cardone
1
, Sergei A. Nazarov

2
and Keijo Ruotsalainen

3

Abstract. We consider a two-dimensional quantum waveguide composed of two semi-strips of width 1
and 1 − ε, where ε > 0 is a small real parameter, i.e. the waveguide is gently converging. The width
of the junction zone for the semi-strips is 1 + O (

√
ε). We will present a sufficient condition for the

existence of a weakly coupled bound state below π2, the lower bound of the continuous spectrum. This
eigenvalue in the discrete spectrum is unique and its asymptotics is constructed and justified when
ε → 0+.
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1. Introduction

The spectral properties of the Dirichlet Laplacian in unbounded geometries, especially in two-dimensional
tubes, have attracted some attention during the last two decades [1, 3–12, 14–16] because it provides a simple
model for electron motion in quantum wires, i.e., tiny strips of a very pure semiconductor material prepared on
a substrate.

The most spectacular manifestation of this kind of mesoscopic physics is the thin films produced on insulating
surfaces by embossing or by printing. Their thickness ranges from 10-100 nm which means that the transversal
cross-section of such a thin layer contains several atoms only.

The behaviour of an electron in such a structure is, of course, covered by the many-body Schrödinger equation
describing its interaction with the atoms (or molecules) including possible impurities. However, due to the small
size, high purity and the crystalline structure the mean-free-path of the particle can be two or three orders of
magnitude larger than the size of the structure. Hence the electron motion falls in the ballistic regime, as the
experimentalists put it. This means that the propagation of the electron is largely undisturbed by the scattering
on impurities. Hence we may take a potential which is zero inside the channel and infinite outside. In this case
inside the waveguide, the Hamiltonian is just H = p2

2m∗ with some effective mass m∗, which is considerably
smaller than the electron mass, and with the boundary conditions that suppress the particle’s wave function to
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Figure 1. The converging waveguide.

go to zero on the sides of the channel. An interaction term must be added only if the whole structure is placed
in an external field.

The investigation of this kind of quantum motion in a fixed subset of the configuration space is usually
referred to as quantum waveguides in view its natural analogy to the classical wave motion.

The motivation of our paper stems from a fundamental problem in atomic physics, where matter-field coupling
leads to a non-local dressing of the steady states of the Hamiltonian, as well as instability of excited states due to
the resonance interaction. Therefore we consider a two-dimensional ballistic quantum waveguide that consists
of a resonance cavity with co-axial leads on two sides with different thickness. We show that the quantum
waveguide may mimic an atom on a mesoscopic scale. The bound state inside the cavity correspond to the
discrete spectrum of an atom. The advantage of our approach is that one can control physical parameters only
by changing the geometry of the waveguide.

2. The preliminaries and the result

In this paper, we study the bound state spectra of a two-dimensional quantum waveguide Πε composed of
two semi-strips (see Fig. 1)

Π+ = [R,+∞) × (0, 1) ,
Πε

− = (−∞,−R)× (0, 1 − ε) (2.1)

and of the middle part Πε
0 of a finite volume. In (2.1) ε denotes a small positive parameter, i.e. the width 1− ε

of Πε
− is smaller than the unit width of Π+ so that Πε is a converging waveguide. An adequate model of this

quantum waveguide refers to the spectral Dirichlet problem for the Laplace operator Δ = ∇ · ∇

−Δuε (x) = λεuε (x) , x ∈ Πε,

uε (x) = 0 , x ∈ ∂Πε. (2.2)

It is known that the continuous spectrum σε
c of the problem (2.2) consists of the ray

[
π2,+∞) while the discrete

spectrum σε
d of finite total multiplicity may occur in the interval

(
0, π2

)
. Notice that the lower bound λ† = π2

of σc = σε
c is defined by the widest semi-strip in (2.1).

Let us assume for a while that the waveguide is given by

Πε =
{
x ∈ R

2 : x1 ∈ R, 0 < x2 < 1 − εh (x1)
}
. (2.3)

In the case of the local perturbation of the straight strip, namely when the smooth function h in (2.3) vanishes
for both x1 > R and x1 < −R, a result given in [11] says that under the condition∫

R

h (x1) dx1 < 0 (2.4)
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and for all small ε > 0 the discrete spectrum σε
d contains just one eigenvalue λε

1 and, moreover,

λε
1 = π2

(
1 − π2ε2

(∫
R

h (x1) dx1

)2
)

+O
(
ε3
)
.

If h is non-positive everywhere, no smallness assumption on ε is needed to conclude that σε
d �= ∅.

Note that formulae (2.3) and (2.4) ensure a positive increment in the volume of the waveguide in comparison
with the straight strip Π0. On the contrary, if the perturbation satisfies the condition∫

R

h (x1) dx1 > 0 (2.5)

the volume of the straight waveguide decreases. In this case, the discrete spectrum σε
d becomes empty for all

small ε > 0.
In our case, the perturbation is no longer local, because in order to fulfil (2.1) the function h must satisfy

the conditions

h (x1) = 0 for x1 > R but
h (x1) = 1 for x1 < −R. (2.6)

Intuitively, it is clear that the relation (2.6) provide the infinite decrease in the volume of the waveguide and σε
d

must stay empty. To prove this fact rigorously, we choose a number R# > R and a function h# such that

h# (x1) = 0 for |x1| > R#,

h# (x1) ≤ h (x1) for x1 ∈ R, (2.7)∫
R

h# (x1) dx1 > 0.

Let us assume that the problem (2.2) in Πε has an eigenvalue λε
1 ∈ (0, π2

)
. By extending the corresponding

eigenfunction uε
1 ∈ H2 (Πε) ∩H1

0 (Πε) (the Sobolev spaces) as zero onto

Πε
# = {x : x1 ∈ R, 0 < x2 < 1 − εh# (x1)}

and writing down the minimum principle we obtain

λε
# = inf

vε∈H2(Πε
#)∩H1

0(Πε
#)

‖∇vε‖2
L2(Πε

#)

‖vε‖2
L2(Πε

#)

≤
‖∇uε

1‖2
L2(Πε

#)

‖uε
1‖2

L2(Πε
#)

(2.8)

=
‖∇uε‖2

L2(Πε)

‖uε‖2
L2(Πε)

= λε
1 < π2.

Here H1
0 (Πε) is a subspace of functions vε ∈ H1 (Πε) which vanish on ∂Πε, and ‖vε‖L2(Πε) denotes the natural

norm in the Lebesgue space L2 (Πε).
By Theorem 10.2.1 in [2], the discrete spectrum of the problem in Πε

# is not empty due to the inequality (2.8),
which contradicts to the above mentioned result in [11] due to the last condition in (2.7), cf. (2.5). Therefore
the discrete spectrum is empty (σε

d = ∅) in the quantum waveguide Πε given by (2.3) and (2.6).
In other words, in the case

Πε
0 ⊂ (−R,R)× (−Cε, 1 + Cε)
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with some constant C > 0 the discrete spectrum of problem (2.2) is always empty since any local perturbation
of magnitude O (ε) cannot compensate for the infinite decrease of the waveguide volume caused by shrinking
the semi-strip Πε

−.
On the other hand, according to result by Jones [21], σε

d �= ∅ provided the middle part Πε
0 is sufficiently big.

In this case the principal eigenvalue of the Dirichlet problem in Πε
0 is less than π2. This fact is again confirmed

by applying the minimum principle similarly to (2.8). Hence the following question is addressed in this paper:
what is the size of Πε

0 to guarantee the existence of an eigenvalue inside the interval
(
0, π2

)
? In this paper we

will show that the width 1 +O
(
ε1/2

)
is sufficient.

To be more precise, we assume that the waveguide is of the form

Πε =
{
x : x1 ∈ R, −√

εH− (x1) < x2 < 1 − εh (x1) +
√
εH+ (x1)

}
(2.9)

and, in addition to (2.6),
H± (x1) = 0 for |x1| > R, H± are smooth. (2.10)

In what follows we will prove the following assertion.

Theorem 2.1. If

H :=
∫

R

H (x1) dx1 >
1

π
√

2
, H = H+ +H− (2.11)

then the problem (2.2) in the waveguide (2.9) has a unique eigenvalue λε
1 inside the interval

(
0, π2

)
. The

eigenvalue λε
1 has the asymptotic behavior

λε
1 = π2 − ε

(
2π2H

2 − 1
)2

4H
2 +O

(
ε5/4

)
(2.12)

as ε→ 0+.

We emphasize that the enlarging of the waveguide Πε
0 yields the diminishing of the eigenvalue so that the

discrete spectrum remains non-empty if (2.6), (2.11) hold true and

Πε
0 ⊃ {x : |x1| < R, −√

εH− (x1) < x2 < 1 − εh (x1) +
√
εH+ (x1)

}
.

It is remarkable that the profile function h is not involved in the main asymptotic term of (2.12).
Let us outline several results about the local perturbations of the cylindrical quantum waveguides. First of

all, the above mentioned result in [11] was complemented in [18] by demonstrating that, in the waveguide of
the form given by (2.3) and (2.6) having h with vanishing average, both the existence and non-existence of an
eigenvalue in

(
0, π2

)
may occur. In the paper [10], the asymptotic behaviour of the eigenvalue, if it exists, was

constructed.
In [19, 20] the perturbation of the Laplace operator by a small second-order differential operator was con-

sidered in a waveguide in R
n. Such perturbations, after an appropriate change of coordinates, cover a regular

perturbation of the boundary as well as a gently twisting of the cylindrical waveguide in R
3 (notice that in the

last case the discrete spectrum is empty, see [20]). The existence of eigenvalues below the continuous spectrum
in gently curved quantum waveguides in R

n was proved in [17] and the asymptotic expansion was constructed.
Cranked waveguides were studied in [1, 27].

All the above cited papers consider quantum waveguides which, outside a big ball, have constant cross-sections
and it looks that the present paper for the first time considers a waveguide with the different width of the outlets
into infinity. Also the methods applied here are different from the ones in the cited publications. To derive the
representation (2.12) in Section 3, we use the asymptotic analysis [25] although we find out another argument
to compute the correction term O (ε). The justification scheme in Section 4 is based on the spectral measure
technique (see [2], Chap. 5.6).
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3. The formal asymptotic analysis

We search for an eigenvalue of the problem (2.2) in the form

λε = π2 − εβ + λ̃ε, β > 0. (3.1)

The asymptotic behavior of the corresponding eigenfunction uε ∈ H2 (Πε)∩H1
0 (Πε), as x1 → ±∞, is described

by the following main terms:

cε+ sin (πx2) exp
(
−x1

√
π2 − λε

)
in Πε

+,

cε− sin
(
π (1 − ε)−1

x2

)
exp

(
x1

√
π2 (1 − ε)−2 − λε

)
, in Πε

−. (3.2)

Inside a finite part of the waveguide, the expressions in (3.2) decompose as(
c0+ + ε1/2c′+ + . . .

)
sin (πx2) exp

(
−x1ε

1/2β1/2 + . . .
)

= sin (πx2)
(
c0+ + ε1/2

(
c′+ − c0+ε

1/2β1/2x1

)
+ . . .

)
,(

c0− + ε1/2c′− + . . .
)

(sin (πx2) + . . .) exp
(
x1ε

1/2
(
2π2 + β

)1/2
+ . . .

)
= sin (πx2)

(
c0− + ε1/2

(
c′− + c0−ε

1/2
(
2π2 + β

)1/2
x1

)
+ . . .

)
. (3.3)

Here and in the sequel the dots stand for lower order terms inessential for our formal asymptotic analysis.
We thus make the asymptotic ansatz

uε (x) = u0 (x) + ε1/2u′ (x) + · · · (3.4)

for the corresponding eigenfunction. Setting ε = 0 in equations (2.2) and (2.9) leads to the following homogeneous
(gp = 0) limit problem in the straight strip Π0 = R × (0, 1) :

−Δu0 (x) = π2u0 (x) , x ∈ Π0,

u0 (x1, p) = gp (x1) , x1 ∈ R, p = 0, 1. (3.5)

This problem has two explicit solutions

u0
0 (x) = sin (πx2) , u0

1 (x) = x2 sin (πx2) . (3.6)

Immediately, we conclude that u0 (x) in (3.4) satisfies the homogeneous problem (3.5). Considering the
expansions (3.3) as representations of the right-hand side in (3.5), we detect that u0 (x) → c0± sin(πx2), when
x1 → ±∞. Therefore, we conclude that

c0+ = c0− = 1, u0 (x) = u0
0 (x) = sin (πx2) . (3.7)

Notice that we have fixed c0± = 1 in order to normalize the eigenfunctions.
The function u0 satisfies the Helmholtz equation in Πε with the parameter λ0 = π2 but leaves the discrep-

ancies

u0 (x) |�ε
0

= −ε1/2πH− (x1) +O (ε) ,

u0 (x) |�ε
1

= −ε1/2πH+ (x1) +O (ε) (3.8)
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in the boundary conditions on the upper and lower parts


ε
0 = {x2 = −ε1/2H− (x1)}

and

ε

1 = {x2 = 1 + ε1/2H+ (x1) − εh (x1)}
of the curved strip Πε. In (3.8) we have used the Taylor formula. Thus, the correction term u′ intended to
compensate for the discrepancies in (3.8) has to satisfy the problem (3.5) with the right-hand sides

g0 (x1) = πH− (x1) , g1 (x1) = πH+ (x1) .

Moreover, extracting from (3.3) the multiplier on ε1/2, we impose the following conditions at infinity

u′ (x) = sin (πx2)
(
c′− + c0−

(
2π2 + β

)1/2
x1

)
+ · · · , as x1 → −∞,

u′ (x) = sin (πx2)
(
c′+ − c0+β

1/2x1

)
+ · · · , as x1 → +∞. (3.9)

By the general theory, the homogeneous problem (3.5) has just two linearly independent solutions. Hence,
according to the theory of elliptic problems in domains with cylindrical outlets into infinity (see [22–24] and [28],
Chap. 2.5), the problem (3.5) with the asymptotic behaviour (3.9) admits a solution if and only if two compat-
ibility conditions are fulfilled.

The first one can be derived in the following way (cf. [23] and [28], Sect. 5.3). We insert u′ and u0
0 into the

Green formula on the truncated strip Π0 (T ) = (−T, T )× (0, 1) and let T → +∞. Taking into account the first
formula in (3.3), we obtain

0 = lim
T→+∞

∫
Π0(T )

(
u0

0 (x2)
(
Δ+ π2

)
u′ (x) − u′ (x)

(
Δ+ π2

)
u0

0 (x2)
)
dx

= lim
T→+∞

(∫ 1

0

(
u0

0 (x2) ∂1u
′ (T, x2) − u0

0 (x2) ∂1u
′ (−T, x2)

)
dx2

+
∫ +∞

−∞

(
u′ (x1, 0)∂2u

0
0 (0) − u′ (x1, 1)∂2u

0
0 (1)

)
dx1

)
= −1

2
β1/2 − 1

2
(
2π2 + β

)1/2
+ π2

∫
R

H (x1) dx1. (3.10)

Recall that H = H+ + H−, i.e. ε1/2
∫

R
H (x1) dx1 is the main asymptotic term of the volume increment in

the waveguide (2.9).
To get the second compatibility condition, one deals with the functions u′ and u0 in the same way as in (3.10).

As a result one obtains the following relation:

c′+ − c′− = 2π2

∫
R

x1H (x1) dx1. (3.11)

The equation

β1/2 +
(
2π2 + β

)1/2
= 2π2H := 2π2

∫
R

H (x1) dx1

inherited from (3.10), has the positive root

β1/2 =
2π2H

2 − 1
2H

(3.12)

if and only if the requirement (2.11) is satisfied. The correction term εβ in the eigenvalue asymptotics (3.1)
is found out from the condition on the existence of the eigenfunction correction term u′ in (3.4) whose be-
haviour (3.9) at infinity is matched with decompositions (3.3).
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4. Justification of the asymptotics

The problem (2.2) gives rise to an unbounded self-adjoint and positive definite operator Aε in L2 (Πε) with
the domain

D (Aε) = H2 (Πε) ∩H1
0 (Πε) .

By spectral theorem (see for example [2], Thm. 6.1.1) this operator generates a spectral measure EAε , which
in turn associates to each Uε ∈ L2 (Πε) the scalar measure μUε = (EAεUε, Uε)Πε on R. In the sequel, we need
the following formulae, which can be found out in the Proof of Theorem 6.1.1 in [2]:

‖Uε‖2
L2(Πε) =

∫
R

dμUε(t) (4.1)

for Uε ∈ L2 (Πε) and

‖AεUε − ΛεUε‖2
L2(Πε) =

∫
R

(t− Λε)2dμUε(t) (4.2)

for Uε ∈ D (Aε) , Λε ∈ R.
Our justification relies upon the following arguments. First, we fix Λε = π2 − εβ with β > 0 satisfying the

equation (3.12). Secondly, we assume that the interval

Υ ε =
(
Λε −Kε5/4, Λε +Kε5/4

)
(4.3)

is free of the essential spectrum of Aε, where K > 0 is some constant. Notice that Υ ε ⊂ (0, π2
)

for a sufficiently
small ε > 0. Therefore, Υ ε may include only the discrete spectrum σε

d of Aε of the problem (2.2). Then, for any
Uε ∈ D (Aε), we deduce by (4.1) and (4.2), that

‖AεUε − ΛεUε‖2
L2(Πε) =

∫
R�Υ ε

(t− Λε)2 dμUε (t)

≥ K2ε5/2

∫
R�Υ ε

dμUε (t)

= K2ε5/2

∫
R

dμUε (t)

= K2ε5/2‖Uε‖L2(Πε)2 . (4.4)

Next we construct a function Uε ∈ D (Aε) satisfying the inequalities

‖AεUε − ΛεUε‖L2(Πε) = ‖ (Δ+ π2 − εβ
)
Uε‖L2(Πε) ≤ Cε,

‖Uε‖L2(Πε) ≥ cε−1/4, (4.5)

where c and C are some positive constants. If we now fix K < (C/c)1/2, the inequality (4.4) contradicts to (4.5)
and, thus, the interval (4.3) contains an eigenvalue, which certainly has the asymptotic form (2.12).

The last argument, to conclude the statement of Theorem 2.1, uses the following assertion:

Lemma 4.1. Let wε
1 be the principal eigenmode in the mixed boundary value problem

−Δwε (x) = τεwε (x) , x ∈ Πε
0 ,

wε (x) = 0, x ∈ ∂Πε
0 ∩ ∂Πε,

∂1w
ε (±R, x2) = 0, x2 ∈ (0, 1) . (4.6)
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Then any function uε ∈ H1
0 (Πε) satisfying the orthogonality condition∫

Πε
0

wε
1 (x) uε (x) dx = 0 (4.7)

satisfies the estimate
‖uε‖L2(Πε) ≤ π−1‖∇uε‖L2(Πε). (4.8)

Note that, due to the Max-Min principle (cf. [2], Thm. 10.2.2), the validity of inequality (4.8) under only one
orthogonality condition guarantees that the interval

(
0, π2

)
cannot include two eigenvalues of the problem (2.2).

Proof. When ε = 0, the middle part Πε
0 of waveguide (2.9) becomes the rectangle (−R,R) × (0, 1). The

problem (4.6) with ε = 0 has the eigenvalues

τ0
1 = π2, τ0

2 = min
{
4π2, π2

(
1 + (2R)−2

)}
.

A simple asymptotic analysis (cf. [26]) of the problem (4.6) delivers the convergence

τε
1 → τ0

1 , τε
2 → τ0

2 > π2 as ε→ 0+.

Thus, the orthogonality condition (4.7) provides the Poincaré inequality

‖∇uε‖2
L2(Πε

0 ) ≥ τε
2‖uε‖2

L2(Πε
0 ) (4.9)

while the factor τε
2 on the right is bigger than π2 for a small ε > 0. To obtain (4.8), we make use of the Dirichlet

condition on the lateral sides of the semi-strips (2.1) and add to (4.9) two Friedrichs’ inequalities

‖∂2u
ε‖2

L2(Π+) ≥ π2‖uε‖2
L2(Π+),

‖∂2u
ε‖2

L2(Πε
−) ≥ π2(1 − ε)−2‖uε‖2

L2(Πε
−). �

Remark 4.2. According to [25], Chapter 5.9, the asymptotic formula for the principal eigenvalue in prob-
lem (4.6) reads as

τε
1 = π2 − ε1/2 π2

R1/2

∫
R

H (x1) dx1 +O (ε) . (4.10)

Thus, the same argument as in the Proof of Lemma 4.1, owing to (4.10), maintains the absence of eigenvalues
in the interval

(
0, π2

)
in the evident case H < 0 only. The authors do not know any information on the discrete

spectrum for H ∈ [0,√2/π
]
.

To prove our theorem, it suffices to construct a function Uε ∈ D (Aε) satisfying the mixed boundary value
problem (4.6). To this end, we recall the asymptotic decompositions (3.3) and (3.4). From their ingredients, we
construct a global approximation Uε to the eigenfunction uε

1.
First, we extend u′ smoothly over a neighborhood of Πε

0 , so that the terms of the asymptotic ansatz (3.4) are
defined in Πε. Then we construct a function which compensates for the discrepancies of the sum u0 + ε1/2u′ in
the boundary conditions on the lower and upper parts 
ε

0, 

ε
1 of the curved strip (2.9). On the lower part 
ε

0,
we have(

u0 (x) + ε1/2u′ (x)
)
|�ε

0
=u0(x1,−ε1/2H−(x1)) + ε1/2g0(x1) + ε1/2(u′(x1,−ε1/2H−(x1)) − g0(x1))

=u0
(
x1,−ε1/2H− (x1)

)
− u0 (x1, 0) + ε1/2H− (x1) ∂2u

0 (x1, 0)

+ ε1/2
(
u′
(
x1,−ε1/2H− (x1)

)
− u0 (x1, 0)

)
=O(ε).
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This discrepancy is compensated by a function ûε
0 with a support in the neighborhood of the line segment

{x : x2 = 0, |x1| ≤ R} in such a way that

Δûε
0 (x) +

(
π2 − εβ

)
ûε

0 (x) = O (ε) . (4.11)

A similar discrepancy on 
ε
1 does not have a compact support because of the shrinking of Πε

−. To avoid this
difficulty, we employ the asymptotic structure in the method of the compound expansions (see [25], Chap. 2)
using the cut-off functions 0 ≤ χ± ≤ 1 such that

χ± (x1) =

{
1 for ± x1 > R+ 1,

0 for ∓ x1 < R.
(4.12)

Namely, we set

Uε(x) = ũ0(x) + ε1/2ũ′ (x) + ûε (x) + χ+ (x1)
(
1 + ε1/2c′+

)
sin (πx2) exp

(
−x1

√
π2 − Λε

)
+ χ− (x1)

(
1 + ε1/2c′−

)
sin
(
π (1 − ε)−1

x2

)
exp

(
x1

√
π2 (1 − ε)−2 − Λε

)
(4.13)

where ũ′ is the exponentially decaying remainder in the decomposition (3.9),

ũ0(x) = u0(x) −
∑
±
χ±(x1) sin(πx2),

ũ′(x) = u′(x) − χ+(x1)(c′+ − β1/2x1) + χ−(x1)(c′− − (2π2 + β)1/2x1)) × sin(πx2), (4.14)

and the coefficients c′± in (3.3) are fixed under the restriction (3.11). Note that ũ0(x) = 0 for |x1| > R+ 1.
The function ûε compensates for the discrepancy left by the sum ũ0 + ε1/2ũ′ ∈ H2 (Πε) and, similarly

to (4.11), it is chosen such that
‖Δûε +

(
π2 − εβ

)
ûε‖L2(Πε) ≤ cε. (4.15)

We write (4.13) as
Uε (x) = ũ0 + ε1/2ũ′ + ûε + χ+V

ε
+ + χ−V ε

−

and observe that the functions V ε± satisfy the Helmholtz equation with the parameter π2 − εβ. Then we obtain(
Δ+ π2 − εβ

)
Uε =

(
Δ+ π2

) (
ũ0 + ε1/2ũ′

)
+
∑
±

[Δ,χ±]V ε
± − εβ

(
ũ0 + ε1/2ũ′

)
+
(
Δ+ π2 − εβ

)
ûε (4.16)

where [Δ,χ±] is the commutator of Δ and χ±:

[Δ,χ±]V ε
± = 2∇χ± · ∇V ε

± + χ±ΔV ε
±. (4.17)

Since functions (4.17) have supports in the squares

{x : ±x1 ∈ [R,R+ 1], x2 ∈ [0, 1]},

we can use the Taylor formulae (3.3). Thus one can see that L2-norms of the differences between functions (4.17)
and

[Δ,χ+]
(
1 + ε1/2

(
c′+ − ε1/2β1/2x1

))
,

[Δ,χ−]
(
1 + ε1/2

(
c′− − ε1/2 (2 + β)1/2 x1

))
(4.18)
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are just of the order O (ε). After the substitution (4.17) �−→ (4.18), we obtain

ψε =
(
Δ+ π2

)(
ũ0 + ε1/2ũ′

)
+
∑
±

[Δ,χ±]V ε
± �−→ (

Δ+ π2
)(
u0 + ε1/2u′

)
.

Note that
(
Δ+ π2

)
u0 = 0, while

(
Δ+ π2

)
u′ vanishes inside Π0 and equals to O (ρ) in Πε \Π0, where ρ is

the distance to the sides of the strip Π0. As a result of this consideration, we obtain

‖ψ(ε)‖L2(Πε) ≤ cε. (4.19)

Together with the obvious estimate

‖εβ
(
ũ0 + ε1/2ũ′

)
‖L2(Πε) ≤ cε,

the inequalities (4.15) and (4.19) guarantees the first inequality in (4.5) which completes our Proof of
Theorem 2.1.

We observe that the remainder order can be shown to be ε3, but for this we need to construct low-order terms
and we do not show this in the paper although the construction and justification scheme remains the same.
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