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ERGODIC THEORY
OF DIFFERENTIABLE DYNAMICAL SYSTEMS

by Davip RUELLE

Dedicated to the memory of Rufus Bowen

Abstract. — If f is a C'*° diffeomorphism of a compact manifold M, we prove
the existence of stable manifolds, almost everywhere with respect to every f-invariant
probability measure on M. These stable manifolds are smooth but do not in general
constitute a continuous family. The proof of this stable manifold theorem (and similar
results) is through the study of random matrix products (multiplicative ergodic theorem)
and perturbation of such products.

o. Introduction.

Let M be a smooth compact manifold, f a diffeomorphism, and p an f~invariant
probability measure on M. The asymptotic behavior for large n of the tangent map T, f*
is determined for p-almost all x by the multiplicative ergodic theorem of Oseledec [11].
This theorem (see (1.6) below) is a sort of spectral theorem for random matrix products.
It treats the ergodic theory of the diffeomorphism fso to say in linear approximation. The
aim of the present paper is to tackle the nonlinear theory, and our main result is an “ almost
everywhere ” stable manifold theorem (see Theorem (6.3)). This theorem says that
for p-almost all x, the points » such that the distance of f"x and f"y tends to zero at a
suitable exponential rate (when n—>-+o0) form a differentiable manifold (). The

b

proof goes via a study of perturbations of the matrix products (Theorem (4.1)) occurring
in the multiplicative ergodic theorem. The proof of the multiplicative ergodic theorem
given by Oseledec is not appropriate for our discussion, and we use a proof due to
Raghunathan [15]. A version of this proof is reproduced in Section 1.

We have included in the present paper some results of general interest, which
fitted naturally, but are not needed for the proof of Theorem (6.3). The reader who
only wants to get to the stable manifold theorem may thus omit Section 3 and the

(1) That something like this should be true was suggested by Smale in [20].
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28 DAVID RUELLE

Appendices B and C. We have not tried to present all our results in the greatest gene-
rality. Since the articulation of the proofs is reasonably simple, the reader should be
able to obtain further results without too much work.

Our theorem (6. 3) is very close to results of Pesin ([12], [13], [14]) who has a stable
manifold theorem almost everywhere with respect to a smooth invariant measure,
assuming that such a measure exists. Our techniques are however rather different
from those of Pesin. We refer the reader to the monograph of Hirsch, Pugh and
Shub [6] for the much studied case where a continuous splitting of the tangent space
exists.

The present paper originated in an attempt at proving certain conjectures on the
asymptotic behavior of differentiable dynamical systems. These conjectures, presented
in [18], generalize results obtained for Axiom A systems (see [19], [16], [2]). The
results obtained here constitute a preliminary step towards proving the conjectures
of [18]. Another step is contained in [17] (see also Katok [8]). Ultimately, this
work should serve to determine the measures which describe hydrodynamic turbulence,
and more generally the asymptotic behavior of dissipative physical systems.

(0.x) Note on the multiplicative ergodic theorem.

Besides its applications to differentiable dynamical systems, the multiplicative
ergodic theorem has applications to algebraic groups. The idea is due to Margulis
(see Tits [21]), and involves extending the theorem to local fields. The original proof
of the multiplicative ergodic theorem is due to Oseledec, and applies to flows as well
as maps. In view of the applications to algebraic groups, Raghunathan [15] devised
a simpler proof, based on a theorem of Furstenberg and Kesten [4]. This theorem
in turn is a corollary (Corollary (1.2) below) of Kingman’s subadditive ergodic
theorem ([g], [10]) (see Theorem (1.1) and Appendix A). An extension of the sub-
additive ergodic theorem to quasi-invariant measures has been obtained by Akcoglu
and Sucheston [1], and would permit a similar extension of all our results. While
Raghunathan’s results apply to maps, an extension to flows, following the ideas of Oseledec,
is easy, and carried out in Appendix B (1).

(0.2) Terminology.

Here are a few definitions which might be helpful for what follows.

A class T of subsets of a space M is a c-algebra if JeX, and if X is stable under
countable intersections and complementation (X M\X).

A (finite) measure space (M, X, p) is a space M with a oc-algebra X of subsets
(measurable sets) and a countably additive function p:X—>R, . The function p is

(*) I am indebted to A. Connes, M. Herman, and D. Sullivan for pointing out to me the literature on the
subadditive ergodic theorem, and in general for encouragement in writing the present paper. I also want to thank
J. Tits who informed me of the work of Raghunathan.
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ERGODIC THEORY OF DIFFERENTIABLE DYNAMICAL SYSTEMS 29

a (finite positive) measure. We also assume completeness: if p(X)=o0 and YCX then
YeX (and p(Y)=o0). If o(M)=1, we say that (M, Z, o) is a probability space, and o
a probability measure.

Let M be a topological space; the elements of the c-algebra generated by the open
sets are called Borel sets. In particular, if M is compact metrizable, and p is a positive
Radon measure on M, one can define p(X) when X is a Borel set. A measure
space (M, Z, p) is then defined where the measurable sets are all the sets XUN with
NCY, X and Y Borel, and p(Y)=o.

Let S be a topological space and M a measure space (resp. a topological space).
A map ¢: M-S is called measurable (resp. Borel) if ¢~ '@ is measurable (resp. Borel)
for every open @ CS. These definitions extend to sections of fiber bundles, using local
trivializations. As usual a map from a measure space to a measure space is measurable
if the inverse image of a measurable set is measurable.

1. Some basic results.

In this section (M, Z, p) is a fixed probability space, and ©: M—M is a measurable
map preserving p. Almost everywhere means p-almost everywhere.
We denote by f* the positive part of a function f:f*(x)=max(o,f(x)).

Theorem (x1.1) (Subadditive ergodic theorem).
Let ( f,)nso be a sequence of measurable functions M—~RU{—c0} satisfying the conditions:

a) integrability: fiFeLY(M, p);
b) subadditivity: f, ., < fu+f0ot" a.c.

Then, there exists a =<-invariant measurable function f:M—->RU{—ow} such that
Srell(M, ),

lim iﬁ,zf a.e.,

n-—>0 N

and tim © [ ()6 ) = it £ [ )p(de) = [ £(x)ola).

"> n

This is one version of Kingman’s theorem (see [10], Theorem (1.8)). In
Appendix A we reduce Theorem (1.1) to another version, for which an easy proof has
been given by Derriennic [3].

Corollary (x.2). — Let T : M—M,, be a measurable function to the real m X m matrices
such that '

log™||T(-)||eLY(M, p).
Write T!=T(t""'x)...-.T(wx).T(x).
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30 DAVID RUELLE

Then there exists a v-invariant measurable function y:M—->RU{—c0} such that
1" eLi(M, p),

. I
lim *log] | T2]| = #(+

Sor almost all x, and
Jim, * f1ogl] T2o(dx) —int - [1og]| T2ll(dx) = [ u(x)e(ds)-

This is proved by taking ﬁ,(x)¥log|[T:|[ in Theorem (r1.1).

Proposition (x.3) (*). — Let (T,),~, be a sequence of real m X m matrices such that
(x.1) lim sup ~ log|| T, || <o.

We write:
T =T, ...

n

T,. T,

and assume that the limits:
lim log]| (T")]|

exist for g=1,...,m. Then:
a) hm (Tan)llzn:A

n —> 0

exists, where % denotes matrix transposition.

b) Let exp \<. .. <exp A" be the eigenvalues of A (real A7), possibly \V=—o0), and
UW, ..., U the corresponding eigenspaces. Writing VO ={o} and VW =UM4 . 4+ U,
we have:

lim ~log || T"u||=x"  when ueVO\Vr=D
n—»aon
Sor r=1,...,5.

(1) If the assumptions of the proposition are satisfied, and det A 50 (i.e. A; >—), (1.1) can be replaced by
1 1

im © = lim .1 71l =o.

Jim —log || Ty|| = lim ~log||T;*|[=o

1 X L1 .
(In view of a), lim — 2 log|detT,|=1logdet A, hence lim -log|detT,|=o0, and since
N—>oN n=1 n—>on
TR <[ Ty l[™~1/|det Ty,

we have limsupilogHT;‘HSo).
n->c N
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ERGODIC THEORY OF DIFFERENTIABLE DYNAMICAL SYSTEMS 31

Let #<...<#" be the eigenvalues of (T™T")2 By assumption, the limits:

m

lim ~log I 4= lim ~log||(T")7]

n—>o N p=m—q+1

exist for ¢=1, ..., m, and therefore also the limits:

lim ~log £ = y?)

n—->00

for p=1,...,m. Let \W<.. ) be the distinct %?, and U{"” be the space spanned
by the eigenvectors of (T"*T")”2 correspondlng to the elgenvalues £ such that

(x.2) lim - log =",
n—>wpn

We interrupt now the proof of Proposition (1.3) for a lemma. For simplicity
we shall assume that AY+ —oo,

Lemma (x.4). — Given 3>o0, there is K>o0 such that, for all k>o,
(x.3)  max{|(u )| : weUP, w UL, |lull = ||| = 1}<K exp(—n([r'—\%|—3)

We first prove (1.3) for r<r. Equivalently, it suffices to prove that, if ¢, is
the orthogonal projection of ue E U‘) in 2 U, then

(14) H ,.,:HSK“””CXP(—”O\ __)\(r___s)).

It will be convenient to assume 8 less than all |A™)—a"| for r+7, and to write
3*=3/s. In view of (1.1) there is C>o0 such that, for all n,

log || T, +1||<C—|-n—
For large n we have thus:
Ilvir'IICXP((nnL:)(x’ i))<||T"+1u[|
ST ol | T

< exp(C —}—nz) ludl exp(n()\(’)—l— %))

If n is so large that C——)\(")—I—% < n%, this gives:

Hvirlls Hu” CXp(-—-n()\(r')_;\(f)__st)).

From this we obtain in particular:
k—1

”vl:,r+1“§_j§0 ||| exp(—(n +5) (A + 0 — A —5%)
SKlllu” exp(—n()\(’“)__;\(r)_s*))
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32 DAVID RUELLE

with K;=(1—exp(—"*Y—A"—§"))~1 Therefore also:
k—1

145, al1< 2 [Jull exp(— (n-4) (7220 —5)

k—1

+ 3 K [u]] exp(—n(a" =A%) exp(—(n+7) 0 H -2+ —5)
i=o
< K| exp(—n(a"+2— 20— 287).
In general:
175 1<K, _ [[u]] exp(—n(A") =2 —(r'—7)3").

Since (r'—r)3*<3, this proves (1.4).

Notice that the lemma gives bounds on the elements of the m xXm matrix S of scalar
products between the eigenvectors of (T"*T")' and those of (T"+tH*Tn+k)IZ  We
have proved up to now the bounds for the elements on one side of the diagonal of S.
The other bounds are readily obtained from the calculation of S*=S~' by the minors
of S. Allowing for change of § and K, it suffices to use the bounds already obtained,
and the fact that all matrix elements are bounded by 1 in absolute value. This conclude
the proof of the lemma.

Lemma (1.4) shows that (UY),., is a Cauchy sequence for each r. Part a)
of Proposition (1.3) follows from this and (1.2). Let U‘”:}i_r»r}o U"; (1.3) then
becomes:

max {|(u, )| : ue UM, 2’ eU", ||u||=||v'||=1}<K exp(—n(|A"—A"|—-3)).
Therefore we have, for large n, if o%+ueU",
|[T"u||
[l

7\(’)—28§%log <A 423,

hence:

lim ~log || T"«||=2" if weUN\{o}

n->®0 pn

and part b) of the proposition follows.

Corollary (x.5) (of Proposition (1.3)). — Let N'<a<A"+V (put \+V= 4o if
r=s). Then:

R ={ueR™: || T"u||<e™ for all n> o0}
is a bounded open neighborhood of o in V.
That RCV™ is clear from Proposition (1.3) b). Furthermore, we have:

lim || T u|le=™ =0

n —> 0
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uniformly for « in the unit ball B of V., Since RCB, there is N finite such that
R={ueV": ||T"u||<e™ for o<n<N}

proving the Corollary.

Theorem (x.6) (Multiplicative ergodic theorem). — Let T : M—M,, be a measurable
Sunction to the real m X m matrices such that

(r.5) log™ [| T(-)[|eLH(M, ¢).

Write Ti=T(x""'x).---.T(wx).T(x), and use * to denote matrix transposition.
There is TCM such that <I'CT, o(I")=1, and the following properties hold if xeT":
a) lim (T3 T2 =4,

exists.

b) Let exp \I<...<exp N be the eigenvalues of A, (where s=s(x), the N are
real, and N\ may be — o), and UY, ..., UY the corresponding eigenspaces. Let m{"” = dim UY,
The functions x>A\", m" are v-invariant. Writing VO ={0} and VO'=UP ...+ UL,
we have:

lim Xlog || Tu|| =2\ when ueVI\VI—Y

n-—>won

Jor r=1, ...,

According to (1.5) and the ergodic theorem, there is I';CM such that <I',CT,
o(I'y)=1, and

lim Zlog* || T(z"~'x)|| =0 if xel}.

n-—>o© n
By Corollary (1.2), there is also I'y such that <[',CT,, o(T'y)=1, and, for ¢=1, ..., m,

lim > log [|(T2)"|

n—>wo n

exists, and is a t-invariant function of x.
Let I'=I';nT,. The theorem follows from Proposition (1.3) applied to
T,=T(<""'x) for xel.

Corollary (x.7%). — Let xel', uecR™; then:

(1.6) lim ~log || Thu || = %(x, )

n——)oon
exists, finite or —oo. If AeR, the linear space
Vi={ueR™: y(x, u)<:r}

is a measurable function of xel'.
This is an immediate consequence of Theorem (1.6). We have y(x, u)=2"
if ueVO\VI—1, and V2=U{V?: aAN<a}

281
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34 DAVID RUELLE

Remark (x.8). — (1.6) implies
x(ex, T(x)u) =y (#, u).
In particular T(x)V2C VY Tx)VOCVY, If A+ —o, T(x) is invertible and

therefore T(x)VP =V T(x)V2*=V2. On the other hand, the U" do not transform
simply under T(x).

2. The spectrum.

As in Section 1, (M, X, p) is a probability space, and t: M—M a measurable
map preserving p; T:M-—>M,, is a measurable function such that

log™||T(-)[[eL'(M, p).

We write Ti=T(t""'x)..--.T(wx).T(x). According to Corollary (1.2) and the
multiplicative ergodic theorem (Theorem (1.6) and Corollary (1.7)), there is I'CM
with tI'CT, o(T')=1, such that,if xel', wecan define A,; s=s(x); A<, .. <NV=y(x);
Uud, ..., U¥; {o}=VIcVUC...CV®=R"; and the functions ur>y(x,u), rA->V2,

Let m’=dim U?” =dim V?'—dim V¢~Y, The numbers 2 are called charac-
teristic exponents; with the multiplicities m{” they constitute the spectrum of (z, T), or T,
at x. We shall say that VI'C ... CVY¥ is the associated filtration of R™. The spectrum
is t-invariant. If p is t-ergodic, the spectrum is almost everywhere constant. In what
follows we shall determine the spectrum of (r, T"), (+7!, T*) and (7, T*71).

(2.1) Spectrum of (x, TN).

Let T/ MHM(m) be the p-th exterior power of T. We have:
»
TAP(e" = 1x) .« - U TP (1) L TAP(x) = (TO)MP
and Lim ((T2)"AP*(Tw)"\P)2n = ALP,

This determines the spectrum of T"? and the associated filtration of R(”).

m

Writing TA= @ T"?, we obtain in particular:
p=0

lim ~ log | (THM[= 2 mi{.
nd r:A >0

(2.2) Spectrum of (v=1, T*).

Suppose that t has a measurable inverse, we shall show that the spectrumof (v, T*)
is almost everywhere the same as that of (r, T). Let A,= '!l_r)r}o (T2 T2 where
Tr=THx"""'x).....T*(x"'x).T*(x). Since the spectrum of A, is r-invariant it is also

the limit almost everywhere of the spectra of the (T%*T%)'" where

~

Tr =T (x) T*(xx). - - - . T*(+"~ ).

282



ERGODIC THEORY OF DIFFERENTIABLE DYNAMICAL SYSTEMS 35

The spectrum of T,*T7 is the same as that of T,T;*=T*T?. Therefore the spectrum
of A, is the same as the spectrum of A,.

(2.3) Spectrum of (z, T*~1).

Suppose that T is almost everywhere invertible and that
log™ || T7*(-) ||eL (M, o).

Define A,= lim (T7T7)" where T7=T*~'(x"~1).- ... T '(xx).T*"!(x). We have
~ n—>

then A,=A;'. Therefore the spectrum of (r, T*~') is obtained by changing the sign

of the spectrum of (r,T):A"=—2¢"7+1, The filtration of R™ associated with

(r, T*~1) is the orthogonal of the filtration associated with (r, T): V{ = V@14,

3. The invertible case.

In this section, (M, X, p) is a probability space, and v: M—M is a measurable
map with measurable inverse preserving p.

Theorem (3.1x). — Let T : M—GL, be a measurable function to the invertible real
mXm matrices, such that

log*||T(-) ], log™||T~'(+)[|eL}(M, ).
Write:
Ti=T("'x).---.T(wx).T(x)
T, "=T"Yr™"x).---. T (7 2x) . T~ (v ).

There is then ACM  such that A=A, p(A)=1, and a measurable splitting
xoWHS ... OWE of R™ over A (with s=s(x)), such that

o1 S \
Jlim_ - log [|Trul| =2 if  ofueWY.

Let again the numbers AV<...<A® with multiplicities ml", ..., m{® constitute

'z > * )

the spectrum of (r, T) at x. Let VC...CVY¥ be the associated filtration of R™.
From Sections (2.2) and (2.3) we know that the spectrum of (t7*, T~1o771) at x consists
of the numbers —A¥<...<—A" with multiplicities m®, ..., m{’. Let:

T )
VEIC. .. CVED

be the associated filtration. Suppose that we can show that
(3.1) VDNV (o}

(3-2) ViU 4+ Ve =R"

for r=2,...,s5, and almost all x. Then, putting
W =viAVn
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36 DAVID RUELLE

we obtain:
R*"=VEIn (VUL VENA (VR LVEN AL . AVE
=WloWle.. oWV

and the theorem holds. It remains thus to prove (3.1) and (3.2).
Define S as the set of those x such that (3.1) does not hold. Given 3>o0 and
re[2, s], let S, be the subset of S such that, if x€S,,

(3-3) I Tzu]| <[|u]| exp n(a{ =¥ +3)  and
(3-4) T u] [ <[lu]] exp n(—2 +9)

for all ueVI=YnV", From (3.4) we get, if xer™"S
(3-5) | T2ul| > [[u| exp n(x—3)

n

for all ueVI=YnV{E", For xeS,nt"S,, (3.3) and (3.5) yield A7—ar—1<g3,
Since p(S,Nnt™"S,)—>p(S) we have A?—Ar—Y<2§ for almost all xeS and, since
3 is arbitrary, we get p(S)=o0. We have proved (3.1); (3.2) follows because

dim VI =Y 4L dim Vi =m.

(3.2) Spectrum and associated splitting.

The characteristic exponents AM<...<A¥ with multiplicities m{’=dim W

constitute the spectrum of (1, T) at x. We call W®.. ®@WY the associated splitting
of R™. Notice that the A" are all finite, and that:

TER)WID =W r=1, ..., .

T

(See Remark (1.8).)

The spectrum of (r, T"?) at x consists of the numbers p=2X7nA" with
r

0<n,<m, and 2n,=p. The subspace corresponding to y in the associated splitting

»
of R('e‘) is generated by wu;A...Au, where ujeng) and X N9=p. (This follows
readily from Section (2.1).) =
The spectrum of (7% T~ 'ot™!) at x consists of the numbers —AP<. .. <—2ll
with multiplicities m®, ..., ml". The associated splitting of R™ is WF®.. o WD
The spectrum of (r, T*~!) at x consists of the numbers —A\I<...<—2" with

multiplicities m, ..., m{!.. The associated splitting of R™ is W{ 9@, . oW
where W=7 is the orthogonal complement of % W/ in R™. (This follows readily
from Section (2.3).) merEr

The spectrum of (7%, T*o7™!) at x is the same as that of (r, T). The associated
splitting of R™is WY@, .. ®W{*. (This follows from what has been said of (r, T*~1)
and (74 T 'or™).)

284



ERGODIC THEORY OF DIFFERENTIABLE DYNAMICAL SYSTEMS 37
Corollary (3.3). — Define:
v,(x)=max{|(u, w)]|: ueWP,v'e X W ||lu]|=||u|=1}
rir &
(put v, (x)=o0 tf s(x)=1). Then:

8,(x) = (1 —,(x)*)""
= min  max{|(4 2)|: 2eW ", ||o]|| =1}

ueWy:|jull =1
and lim % log 3,(7*x) =o.
Let indeed p=m", g=m—p, o*+we(WM?, o#w’e(rl:rzl#rwg'))/\q, then:
1((T5)" ) A((T5) M) || < 8,(") || (T5) P || . | (T5) 20 |

and it suffices to apply what has been said on the spectrum of T” in Section (3.2).

4. A perturbation theorem.

Theorem (4.1). — Let T=(T,),~, be a sequence of real mXxXm matrices such that (*)

(4.1) lim sup ~log || T, || <o.
We write T"=T,...-.Ty. T, and assume the existence of
(42) }l_{g} (Tn*Tn)IIQn:A

with det Afo. Denote by WNI<...<A\ the eigenvalues of log A.
Let >0 be given and, for T'=(T}),,, write

I'T"=T||=sup || T,— T,[| &

and T'"="T,.....T,. T{. Then there are 3, A>o and, given e>o0, there are B, >o,
B.>1 with the following properties:
I T =Tl[<3,

(43) lim (T’"*T/n)l,’zn: A

n ~>»

exists and has the same eigenvalues as A (including multiplicity).  Furthermore, if PV(T’) denotes
the orthogonal projection of A’ corresponding to exp N, and || T —T|| <3, we have:

(4-4) [[PO(T) —PAT) || <A || T T |
(45) BE exp n()\(r)__s)s ”T'"P(r)(T/)HSB; exp n()\(r) + E).

(1) Instead of (4.1) one could write:
lim ~log ||T,||=o.
n-—>ow N
See the footnote to Proposition (1.3).
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38 DAVID RUELLE

If (4.1) holds, it is known (Proposition (1.3) a)) that the existence of the limit (4.2)
is equivalent to the existence of the limits

lim - log [|(T")"a||

n-)OOn

for g=1,...,m. Since (4.1) and ||T'—T|| <400 imply
lim sup - log || T; | <o,

(4.3) will follow if we can prove the existence of

lim ~log || (T"")"1||

n—>on

for g=1, ..., m. Furthermore these limits determine uniquely the eigenvalues of A’.
Therefore, to prove (4.3) and the fact that A" has the same eigenvalues as A, it suffices
to show that

(4.6) lim ~log || (T'") [ = lim ~log ||(T")]].

n—>o© n n->0n

Let 0<%'<% and define:
|| T —T"||=sup | T,"*—Tp|| ™"
n
Then (4.1) implies the existence of E,>o such that
(4-7) | T =T <E, || T'—T]|

for 3<1. Therefore, the replacements T, T2¢, T,»T reduce the proof of (4.6)
to the case ¢=1, t.e.:

lim = log || T™|| = Al

n—>wn

Equivalently, it suffices to find an open set UCR™ such that

limllogHT'"uH:)\(s) for wueU.

n-—)mn
To see this take «, ..., 4™ linearly independent in U and notice that the matrix
norm |||. ||| defined by:

X[ = [ Xa] .+ ]| Xa)]

is equivalent to || - ||. The existence of the limit (4.3), and the fact that A and A’ have
the same eigenvalues, are therefore a consequence of the following result:

Lemma (4.2). — Let A< <M= pe the eigenvalues of log A repeated
according to multiplicity. Let ED, ..., £ be unit vectors spanning R™ and such that

(4.8) lim —:;log || TPED || = A,
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ERGODIC THEORY OF DIFFERENTIABLE DYNAMICAL SYSTEMS 39

There is then 3>0 such that

lim ~log || T""u|| =¥

n—)oon

whenever 0<a<1, ||T'—T||<8a, and uecU, where:

m—1 a(o)
U={ 2 U, k
k=1

Uy I,p<a,§luk|<luml}-

The existence of £, ..., 89 satisfying (4.8) follows from Proposition (1.3) b).
The reason for not assuming the £ orthogonal will appear in Remark (4.7%).

(4-3) Proof of the lemma and further inequalities.

By Proposition (1.3) a):
(4.9) lim Llog || T"20A. .. AT"E0)] = 3,
n=>w p =1

Let £ be a unit vector proportional to T"¢{, and write:
W) TE—
Let also £} be the j-th component of €. The matrix &" =(£})) satisfies [|E"[|<y/m
and, because of (4.9),
Jim *log | det 2| =o.
Therefore

lim llog [[EM=|=0

n—>oon

and given =>o0, we have:
(4.11) D, = sup e[ 2971]| < 4-co.

We write D, =D. ‘

In view of proving (4.5) we shall obtain a result somewhat stronger than the
lemma. We suppose that ||T'—T||<3x and estimate the components ", ..
u™,ul™ of T'u along &M /a, ..., £ Ja, £ for any u+o in R™

Let p be the smallest integer such that

*

(4.12) (Vn) max|u”|>max |u].

(In particular if #eU, we have p=m.) Because of (4.10) and (4.11) we have:

lu™ | < g |u{n=1)] —|—D8e’2”"§|u§”_“[.
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We weaken these inequalities if we replace the £ by #"*>¢" such that

N
I ol
a) lim — 2 log M =2'")  for k<p and
N"°°Nn=1 -
5) £ =g,

In view of (4.8), (4.10), this can be achieved by multiplying the sequences (£), for
k<u, by constants >1. Since n>o0, a) implies the existence of G>o such that,
for all v>o, N>v, and &, /<y,

N-1 N
(4-13) AL o] 11 g < e
One can also choose C independent of .
In view of the above we have |u{”|<U{" for n>v, provided
U,(c")=U“’)=m§1x]u§“)l,
and Ur> U= 4-Dse= 2. m. max U,

Using (4.13) we see that this is satisfied by

N N
(4.-14) UM = :=fv[+1t,(c”)* .n=H+1(1 +mCD3e ™). UM,
We choose
I [ee]
[ )2
(415) S_MCDnl—:Il(I e ) *

In this way mCD3<1, and

Il (14+mCDse™™) «
(4.-16) C="= < II

® n=11—e¢ "™ Tn=1 mCD3
IT (1 —em)
n=1
Therefore (4.14) gives:
N N
(4-17) M| <u®™<a I g I (1—e ™). UM,
- - n=v+1 n=v-+1

In view of the definition of w by (4.12), we may choose v such that

|ul)| = max |u| = U,
Using (4.13) and (4.17) we obtain then, for N>v:

2 159 o~ =D B )
N-1

N
> ¢ W =) ——mCC'DSe‘N”nJ:[Hth”) . n=];I+1 (1—e ™). |ul].
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Using (4.16) gives:

N-1 N-1
N5 (g8 =0]_p=N0 [T ;0 [T (1—e=m) 14"
qu l/tu. ([uu ] ¢ n=v+1t n=V+1(I ¢ )'luy. I)
which implies, by induction,
N N
(418) !ug‘f)l> H AN H (Ik_e—;m)‘[ufr)[.

Ta=vi1 * n=vii

From (4.11), (4.17) and (4.18) we obtain:

(4x0)  Jimlogl| T =l

In particular, if ueU we have r(u)=s, and the lemma results from (4.19).

(4-4) Partial proof of (4.4).

Suppose that the eigenvalue exp A¥ is simple, i.e. the corresponding pro-
m—1 (0)

jection P¥(T) is one-dimensional. If u=k21uk%—|—um£f2¢U, we have:
POCT)al < 1, < max | <[ E9 ] ]

Let £ be a unit vector in the range of P¥(T). Since the kernel of P(T’) cannot inter-
sect U, we have, in view of the above estimate and triangle similarity:

(=PI PT) || =] (1 —P(T))E]| <al| 29,
hence

HP‘/“’;(T’)P(S)(T) sz I— az‘ ‘ E(O)—i ‘ Iz.

We apply this result to the situation where A’ is replaced by A’"?, p being the sum of the
multiplicities of the largest eigenvalues of A’ corresponding to the projections P"”(T), ...,
PE(T).
Writing «, instead of «, o =, || (£¥~)"?||, and
P =PY(T)+...4+P9(T)

P
P'=P(T") +...+PY(T)

I

we obtain:
20 SR 2 ST

A~

PP'P has at most p non zero eigenvalues, with product >1—a'% so each eigenvalue
is >1—a’%. Therefore ||[P—PPP||<«? or [|[(1—P)P||<«. Similarly:

| —P)P'|| <o,

2
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so that ||B'—P|[<2a’ provided | T’ ?—T"?||<8,«, with 3, determined by the

lemma. In view of (4.7), we can take o,= Si o||T"—T||.  This is less than 1 because

4
we choose 3 in the theorem <3, /E, for each p. Thus:

1B B[ <aw’ =SB V)| T~ T,

Therefore:
(4.20) [|[PY(T") —PY(T) || <A||T'—T||
with

— 4 (0) =1y AP
(4.21) A=max LB Z0 )

(4.5) Proof of (4.5)-
If uis in the range of P"(T’), and u#o0, (4.19) shows that r(w)=r. In particular,
we may use (4.17) with v=o0 to obtain
I T u || <Bf||u]| exp n(A" +e¢)
which is the second half of (4.5).

If ueU, then p=m, and one can take v=o0 in (4.18). Therefore (4.11), (4.17),
and (4.18) show that, given e>o0, there are C,, C.>o such that

(4-22) Gl u]| exp n(—e) <|| T""u|| <C||u|| exp (A" + ).

We shall now prove that § may be decreased so that these inequalities hold for all «
in the range of P¥(T’) when ||T'—T||<3.
Let u be a unit vector in the range of P(T), and «’ be such that

(4-23) [ ||[<t,  |Jw'—u|[<(2m|[EO7H]]) 7L
Write

U= % wEY,  u = Zk] TRAE

Then X %£? has norm >1. Therefore |u|> L for some £ with r(k)=s and,
m

k:rk)=s

. I .
by renumbering the £, we may assume |u,|>—. Since
m

o < EOY | — || < =,
|t | SI[EO ][] || <

we have |u;n[>i And since ||«'||<1 wehave |u|<|[E9~!|| for £<m. Therefore
om
u'eU when a<(2m||E®~*||)~" According to (4.20), every vector in the range of
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P¥(T’) is proportional to u’ satisfying (4.23), provided A||T'—T||<(2m|/E0~1()~ 1
We also want ||T'—T||<«d. This is achieved by replacing § by

(4-24) min ((2m]|£971|) 718, (2mA[|£97H]]) 7).

With this choice (4.22) holds whenever u is in the range of P¥(T’) and ||T'—T||<3.
Let ¢ be the sum of the multiplicities of exp A" "%, ... exp \*), and apply (4.22)

with T’ replaced by T’"? and T'A®*Y,  One finds, for « in the range of P"(T’), and
v+o0 in the range of (PU+U(T')+...+PE(T")) A%
T G

[ (T™)M o] Gy

|- exp n(A—c¢).

Therefore:
[T P(T") || > Boexp n(W—c).

This completes the proof of (4.5).

(4-6) Proof of (4.4)-

The earlier ¢ partial proof of (4.4) > in Section (4.4) yields (4.20). We obtain
(4.4) from (4.20) by the replacement THT"" if A can be chosen independent of T"". In
view of (4.21) this is achieved if we can replace T by T in Lemma (4.2) and get bounds
on 37, E, (defined by (4.7)) and [|£9~|| uniform in T”. Since ||T,||<||T,||+3
it is easy to obtain a bound on E,. We take the vectors £, ..., £ in the lemma to
be orthogonal, so that ||£9~!|=1.

The choice of 8 made in the proof of the lemma is given by (4.15). Therefore
it suffices that we find upper bounds to C and D independent of T*". Remember that
C is given by (4.13), and D is given by (4.11). In view of (4.5) we can bound C by
(B/B,)?. exp(—A¥). Applying (4.5) to T"’A™ we obtain an estimate:

(m)

|det E(”)|Z%nexp(—n(m+ 1)e).

Taking e=mv/(m+1) vyields the desired bound on D.

(4.7) Complement to Theorem (4.1).

If, instead of (T,),,, we consider the sequence T¥=(T,,,),>,, the conditions
of Theorem (4.1) are again satisfied. We check here that §~%, A, and B, can be chosen
to increase with ¢ at most like ¢, ¢, and ¢" respectively. This result will be used
in Remark (5.2) ¢) and the proof of Theorem (6.3).

First, we replace in Lemma (4.2) the vectors &7, ..., £ by &9, ..., £¥, Then
D, and C are multiplied at most by ¢* and ¢/”. Therefore § is multiplied by a factor
not smaller than =%,

Replacement of T by T? replaces 3 by 3, which is multiplied by a factor not
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—2f7

smaller than e The E, (see (4.7)) are multiplied by at most ¢~ "), and therefore

3,/E, is multiplied by at least ¢=“*"~"). Remember that mgn 3,/E, is the choice of &

used to prove the existence of the limit (4.3), and also in Section (4.4). From (4.11)
it follows that the choice of A given by (4.21) does not grow faster than /&7~ +¢),
The choice of 3 in (4.24) therefore does not decrease faster than ¢ {n=7+2¢) 4, =31
if v’ =2¢; going over to min §,/E, does not change this.

In Section (4.5), B;, C/, C7!, B7! do not increase faster than ¢ for any &'>o,
e.g. ¢ =m. Therefore in Section (4.6) we obtain finally that A does not increase faster
than ",

5. A nonlinear ergodic theorem.

In what follows we denote by B(a) the open unit ball of radius « centered at the

origin of R", and by B(«) its closure. We shall say that a map is of class C"° if its
derivatives up to order r are Holder continuous of exponent 0; similarly for manifolds.

Theorem (5.1). — Let (M, Z, o) be a probability space and ~: M—>M a measurable map
preserving o.  Given an integer r>1, and 0e(o, 1], let x>F, map M to C~°(B(1), 0; R™ o).
We write

FZ:FT"_I:CO o .. OFT:::OFQ:

and denote by T (x) the derivative of ¥, at 0.  We assume that x>T(x), ||F,||, o are measurable
and that

(5-1) [log*[[F, .o (dx) < + co.

We choose Z<o and assume that almost everywhere the spectrum of T at x contains neither \
nor —oo (the spectrum is finite, in particular 'T'(x) is invertible).
There is then a measurable set T' CM such that ~I'CT, o(I')=1, and there are measurable
Sunctions B>a>o0, yv>1 on I' with the following properties:
a) If xel' the set
v ={ueB(a(x)) : ||Fru||<B(x)e™ for all n>0}
is a C° submanifold of B(w(x)), tangent at o to V*.
b) If u, vev), then
| Fpu—Fgo|] <y (x)||u—v]le".
If o is ergodic, the spectrum may be assumed constant on I'.  If N <X\ and the interval [\, k]

is disjoint from the spectrum, there exists v’ measurable on T' with the property:
b’) when u, vev!, then

(| Fyu—Fpo|| <y'(2)||lu—2 |

We first study the case r=1; the case r>1 will be dealt with later.
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We may take I'CM such that <I'CI', p(I')=1, and, if xel*:

(5.2) 31});30 (T T — A

(5-3) det A,+0, det(A,—e*1)+0 and
. I

(5-4) lim ~log*||Fan-1, |, = 0.

This follows from Theorem (1.6) for (5.2), by assumption for (5.3) and from (5.1)
and the ergodic theorem for (5.4). Notice that (5.4) implies

lim ~log*|| T(+"~'x)|| =o.

n—>on

Let 0<4n<—2N\9; we may then write, using (5.4),

G= SupIIF‘E”‘I:::”LGCXP(“”Y)_)\G) <+
(5-5) i
|[Fan-1,]]y,0 exp(r(20 4 31) —20) <G.

Given xel', we write A,=A and let log A have the eigenvalues AV<... <)l
(characteristic exponents) with the multiplicities m™, ..., ml®. Let V®C.. .CV®
be the associated filtration of R™ We assume that A”) is the largest characteristic
exponent <A. Therefore, with the notation of Corollary (1.7), V2=V, We write
(5.6) e=A—AP,

Given B, o<B<1i1, we shall use the definitions:

(5.7) $'(B) —{ueR™: [|F2u]|< pe for 0<n<v},
(5-8) S(B) ={ueR™: ||Fru||<Be™ for all n>o0}.

There are 3, A>o0 such that Theorem (4.1) holds with » as defined above and

T,=T(x""'x). We can make § smaller so that

(5.9) AS<

V2

and then choose B=8(x) satisfying
(5.10) o<p<I, Gp<s.

The functions x+3, A may be assumed measurable, as follows from their (essentially)
explicit construction in the proof of Theorem (4.1). Therefore also x—fB may be

assumed measurable.
Take »>1 such that xB<1, G(xB)®<3. We shall show that there is «e(o, B)

such that, for all v>o,
(5.11) B(a) nS*(B)n{ueR™: || Th; Fu||< Be™ for all n>v}
=B(a) N S*(xB) N (F2)~'V},.
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Let indeed ueS*(xB)N(F})~'V),. The mXm matrices:
T = f:DFanz(tF:_lu)dt if <y,
T/ =T, i >y,
are such that
T"wu=T,. .- . Tiu=Fu if nly,

and using (5.7), (5.5), we have
|T"—T|| = sup || T,—T,|[ " < sup || DF.a-1,]|o (xB)° exp(n(a0 + 31) —210) <G (xB)° < 3.
n n<vy

Therefore, Theorem (4.1) applies. In particular « is in the space V' CR™ spanned
by the eigenvectors of log A’ corresponding to the eigenvalues A, ..., A?.  Using (5.6),
(4-.5) gives

[T u]| <BLe™||u]

uniformly in v and ueS'(kB)N(F)~'V},. If a=g/B,<B, we see that the right-
hand side of (5.11) is contained in the left-hand side. The converse inclusion is
immediate. As for B, we can assume that x>« is measurable.

Let D’(«) be the set defined by (5.11). Since the boundary of S'(xB) is disjoint
from S¥(B), and hence from D"(a), we conclude from (5.11) that DY(«) is open and closed
in B(a) N (FY)~V3h,.

Let now u,veD"(a) or u,veB(a)NS(B)=v) (in the latter case, write v=o00).
The mXxm matrices

T,’szolDFTn_lx(tF:_lu—{—(I—t)F;‘lv)dt it n<y,
T,=T, if n>v,

are such that
T u—v)=T,. - . T(u—v)=Fu—Fiv if a<y,

and, using (5.7) or (5.8), and (5.10), we have
[T —T|<sup [ DFn-1,[|o B° exp (3 + 319) —29)
_<_G—B°<8.
Therefore Theorem (4.1) applies and, since z—u is in the range of P?(T"), (4.5) yields
(5.12) [ Fu—Fpo|| <y[lu—v]||e™.

In this formula we have written y=B;>1, and x>y may be assumed measurable.
This proves part b) of the theorem. Part b’) is also obtained if we take e=A"—AaA"
instead of (5.6). From (4.4) we obtain:

(5-13) || (1 =P#UT)) (u—2) || = [[(P?/(T") — PP)(T)) (u—2) || < A ||u—v]|
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which implies:
A3
V1i—(A3)?
Define @: (VP nB(«)) x (VWL AB(«)) - B(x) by:

(5-14) (1= P?(T)) (x—2)|| < || P#/(T) (u—2)]l.

Uy —
O (uy, ”2)=f\/°‘2_llu2“2+”z-

Let ©(u, 1), (1, 1) D) o Bx)nS(@). Then (5.13) yields |[uy], |14]| < A3
and, by (5.14):
V1—(Ad)? , I I =,
e < Tl V=Tl

< e Tl 2!

4

I
A PATM |

< Ada|[lwf|—nl |

— = |u,—u
e Tl
Ad
< |y, — 1} + U, —u;
—'\/1—(A8)2”2 2” ||y —u ||
so that
V1—(AS)? AS )
X Uy— Uy —_—— 1 <||u,—u]].
(5-15) [ 2”( AS \/I—(A8)2 <||wy—uy]|

In view of (5.9) the expression in parenthesis is >o0. Since D"(«) is open and closed
in E(a)n(F;)_IV,"vx as a consequence of (5.11), we conclude from (5.15) that D"(«)
is the connected component of o in B(x)N(F})~'V},. Furthermore ®~!'D¥(«) is the
graph of a C! function ¢’: VN B(x) - VLN B(«) with derivative bounded uniformly
with respect to v.

Let ¢ be the limit of a uniformly convergent subsequence of (g,). Since
®(graph ¢*) =D"(«)C B(x) nS*(B), we have ®(graph ¢)C B(«)nS(B). The converse
inclusion follows from (5.15) applied to B(x)nS(B). Therefore

®(graph ¢) =B(«) N S(B)=1;,
and, by uniqueness of o,

lim ¢*=¢ uniformly.

Let u,veD’(«) and define mXxm matrices:
T, =DFa1,(Fi7"%), T,=DF.1,(F'~'%) if a<y
T,=T,=T, if =a>v.

b
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Then ||T'—T]||, ||T”"—T||<3. Using (5.12) we have also
1T —=T | <[IDFa-v,[[o. || Fz " u—Fz 7 0| |°
S Fa-rlls,0v°llu—2]|" exp(n—1)2
if #<v, and therefore
T =T | <Gy°||u—v]|"
By (4.4) we have then
[|POT) —PP(T) || <(AGY*)||u—a] %,

where the ranges of P?(T’) and P¥/(T") are the tangent spaces to DY(«) at « and .
Letting v—>o0 we find that the tangent space to B(x)NS(B)=v} at w also depends
Hélder continuously on w, with exponent 8. This tangent space is the range of P?(T),
where T, =DF_._1,(F"~'w) for all 2: to see this notice that we may assume I T —T|| o
as v—oo, and apply (4.4). In particular the tangent space to v at o is P?/(T), i.e. V2.
This proves part a) of the theorem when r=1.

We prove now that v} is C"° by induction on r for r>1. Let
F.: Ba)oR">R"@R"
be the C'~%°® map defined by
F.(u, v) = (F,u, DF,()v).

We can apply the results obtained till now to F instead of F. In particular, let S(B)
be replaced by g(ﬁ) CR"®@R"™. The above identification of the tangent space to S(B)
as the range of PP(T) shows that (u, 2)eB(«)NS(B) if and only if ueB(x)NS(B) and
v is tangent to S(B) at » and sufficiently small. Since B(a)NS(B) is C"~"® by induction,
the dependence on u of the tangent space to B(a)NS(B) at u is C"~%°% Therefore
B(2)NS(B) is C"° if o' <a.

Remarks (5.2). — a) The theorem as we have stated it assumes only the measurability
of x>T(x), ||F,|l, . One could easily give an ‘ abstract” version for a sequence
of maps F,eC"°(B(1),0; R" 0) satisfying conditions corresponding to (5.2), (5.3),
(5.4). On the other hand further measurability properties of x—F, would imply
measurability properties of xt>v}. Such properties follow from the fact that v} is the
C" limit, as v—oo, of the connected component D*(«) of o in B(a)N(F)~'VA, (with
C"? estimates uniform in v).

b) Let T,=DFa-1 (F'~'u). The range of PO(T). for q=1....,s, has Cr—1°
dependence on wev). This was shown above when ¢=p. For general ¢ the step r=1

is the same; the argument used for 7>1 has to be modified by writing
F(u, v) = (F,u, ¢* =" DF, (1))
where 2’ is not in the spectrum and ¢ is the largest characteristic exponent <\'.
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¢) From Section (4.7) and (5.9), it follows that we can take 3 at ‘x to decrease
at most like ¢7%", From (5.5) we see that G increases at most like ¢/”. Therefore,
by (5.10), we can take B(t'x) to decrease at most like ¢~4", Since «=pg/B!, a(<'x)
decreases at most like ¢=%4°,

(5.3) The C* case.

Theorem (5.1) has a G version as we now indicate. Let x—F, map M o

C*(B(1), 0; R™, 0). We assume that x—T(x), ||F,||, are measurable and, instead of (5.1),
that

(5.16) J1og " ||l p(dx) < +<o0

Jor every integer r>0. Then the conclusions of Theorem (5.1) hold with v} a C* submanifold
of B(a(x)).

Let T, o,, B,, v, be a choice of I', a, B, ¥ according to Theorem (5.1), for r>1

and any 0e(o, 1], say Ozé. Let:

Ty(n) ={xeT,: By(x)e"<a,(v"x)}.
We have o<p;<1 (see (5.10)) and o<«,<1; therefore JM - )ar(r"x)p(dx)ge“,
implying lim p(M\TI,(rn))=o0. Let I',= '.>Jo I',(n); then p(F;)I\ 1. If xel'), there

is some n>o0 such that F2 maps v}, (i.e. v} defined with «; and B,) onto a subset of

the C” manifold v}, , (i.e. v}, defined with «, and 8,). Since F7is ', and is a C* diffeo-

morphism on v}, it is also a C diffeomorphism, and v}, is therefore C". Let now

r,= le_ofr"‘l";. We have p(I'y)=1 and <[ CT_; let «,, By, Yo be the res-

trictions of oy, By, v, to I'y,.  Then the desired C® version of Theorem (5.1) is obtained
with I', a,, By, Yo in place of T', «, B, 7.

Notice that we have also shown the following: if the conditions of Theorem (5.1)
are satisfied, the functions o, B, vy can be determined by considering x>¥, as a map from M to
CLO(B(1), 0; R, 0) (but T' might depend on r).

(5-4) The analytic case.

Let B(1) denote here the open unit ball centered at o in C" and H(B(1), o, C", 0)
be the space of maps holomorphic in B(1) and continuous on B(1). The holomorphic
version of Theorem (5.1) is as follows. Let x—F, map M to H(B(1), 0; C™ o). We
assume that x—>T(x), ||F,||y are measurable and, instead of (5.1), that

(5-17) [1og*(|F,|l1p(dx) <+ oo,

Then the conclusions of Theorem (5.1) hold with v} a holomorphic submanifold of B(«(x)).
Notice that (5.17) implies:

Jlog* || E,||; o(dx) <+ o0
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where ||-||; is the C? norm on a ball with radius <1. Therefore a C! manifold is defined
by Theorem (5.1). By construction, this manifold is a limit of holomorphic mani-
folds D(a), defined by (5.11), and therefore v} is holomorphic.

In Section 6, this result on holomorphic maps will be used to handle real-analytic
maps.

6. Stable manifold theorem.

Let M be a compact differentiable manifold, and f: M—M a C'map. Applying
Appendix D with r=f, E=TM, T=Tf yields a Borel set I'CM with the following
properties:

I. fTCI and o(I')=1 for every f-invariant probability measure ¢ on M.

II. For each xel, the spectrum {A", ..., A} of Tf and the associated filtration
VIWC...CVE=T,M of T,M are defined. We write V= U{VP:aP<a},

III. T" is the union of disjoint Borel subsets I', indexed by the f-ergodic measures,
such that <[ ,CT,, and

lim 'S o( f44) = o(e)

N> 9 k=0
whenever xel') and ¢: M—R is continuous. The spectrum is constant on each I',.

Theorem (6.1). — Let M be a compact differentiable manifold and f: M—~M a diffe-
rentiable map of class C"° (r integer >1, 0€(o, 1]). Let d be a Riemann metric on M and
denote by B(x, o) the open ball of (sufficiently small) radius o centered at x in M. Given A<<o
there are Borel functions B>a>0 and y>1 on the set

I'*={xel': the spectrum of Tf at x contains neither A nor —oo}
with the following properties:
a) If xeT* the set
vMa(x)) ={yeB(x, a(x)) : d(f"y, f"x) <B(x)e™ for all n>>0}
is a C"° submanifold of B(x, «(x)), tangent at o to V*. If M and f are G* (resp. C©, i.e. real-
analytic), then v}(x(x)) is G (resp. C®).
b) If y, zevi(a(x)), then
("9, f"2) <y (x)d(p, 2)e".
Given p ergodic, if N <\ and the interval [N, \] is disjoint from the (constant) spectrum

on L'y, there exists a Borel function x>y’ >y with the property:
b) If 9, zevy(a(x)), then

d(f"9, /"2 <y (x)d( p, 2)e™.

We may assume that M is G®. There is then a G* map (x, u)>{,(z) of TM
to M such that ¢, maps the open unit ball of T,M diffeomorphically onto a subset of M
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and ¢ ,(0)=x. With a finite Borel partition of M trivializing the tangent bundle we
may associate a Borel map (x, )¢, (¢) which is piecewise CG®, is a bijection of M x R™
onto TM, and is such that {¢,:R"—>T,M is a linear contraction. We choose 3 so
small that the image by fU,¢. of the closed ball B(3) is contained in 4 ¥, B(1) for all x.
Define now ¥,={¢,¢;8:B(1)>M and F,=%¥;'cfo¥,. Given 1<o, the proper-
ties (5.2), (5-3), (5.4) hold if xeT* Therefore Theorem (5.1) holds (with I'*
replacing I') and we obtain readily the CG"® version of the present theorem. The
(essentially) explicit construction of x>a, B, y ensures that these functions are Borel.

In the CG® case, Section (5.3) should be used instead of Theorem (5.1).

If M and f are C°, let f be a holomorphic extension of f to a neighborhood N
of M in a complexification M. There is then a C® map (x, u)>{,(2) of TyM to M
such that ¢, restricted to the open unit ball of T,M is a holomorphic reality preserving
diffeomorphism onto a subset of N, and ¢, (0o)=x. With a finite Borel partition of M
trivializing T,y M we may associate a Borel map (x, u)>{.(«) which is piecewise C®,
is a bijection of M X C™ onto Ty M, and is such that {,: C"—T,M is a C-linear reality
preserving contraction. Choose now 3§ so small that the image by 7{,{. of the closed
ball B(5) (in C™) is contained in $$,B(1) for all x. Define V,=¢,{;3: B(1)»>N
and F,=¥;"'ofo¥,. Given A<o we may apply section (5.4) and we obtain a family
of holomorphic manifolds. Their real parts are the desired C® manifolds v}(«(x)).

Corollary (6.2). — If o is ergodic and all the characteristic exponents of Tf are strictly
negative on I',, then o is carried by an attracting periodic orbit.
Let the characteristic exponents be <A<o. There is xeI') such that

e(B(x, «(x))) =<>o0.

Since we have here v}(a(x))=B(x, «(x)), we find
S"B(#, a(x)) CB(f"x, B(x)e™)

and we have

o(S"B(x, a(x))) 2e.

Thus the set B(f"x, B(x)¢") has measure at least e. Using compactness, and taking
a limit, we find a point with mass >e. Its orbit carries p by ergodicity, and is finite.
Clearly, it is also attracting.

Theorem (6.3). — Let M be a compact differentiable manifold, and f a diffeomorphism
of class C°  We have here fT'=T, and the following properties hold:

a) Let \I<...<09 be the strictly negative characteristic exponents at xeT'. Define
WC ... Cul? by

ugf’)z{yeM : lim Sololp;'zlog d(f"x, f") 57‘?)}

for p=1,...,q. Then oP is the image of VI by an injective C"°® immersion I, tangent to
the identity at x.
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b) If xeT and WP'<o, then vP'CT, for some ergodic o. The filtration V"C ... CVY
has C'=%° dependence on 17 'yeV'P).

One may in the above replace C™° (resp. CG'~1° in b)) by C* or C©.
With ¢=¢(x) defined above, choose a Borel function ¢ on I' such that
0<g(x)<—N2,

We take ¢+ 1 numbers Ay, ..., A, n such that

*o g
(6.1) A< <A<, <L L <D<, < = (x),
0< 1< 202(x),
5
and such that A, ..., A, 1 are constant on a countable family of f-invariant Borel
sets forming a partition of I'' On each one of these sets, and for p=1,...,¢, a

function « is defined by Theorem (6.1) with respect to A=»,. We call again « the
minimum over p of these functions. This new function « defined on I' is again Borel,
and is such that whenever A is one of the A, v}(a(x)) is defined and Theorem (6.1)
holds. The number v is that appearing in the proof of Theorem (5.1), it satisfies
0<4n<—20 as it should.

By reference to Appendix D one sees readily that if xel,, then ul(a(x))CT,.
(The main point is to check that v}(«(x))CI'. This follows from the inequality
H'T‘—THSS in the proof of Theorem (5.1), and application of Theorem (4.1).) In
particular, if A=2,, v}(x(x)) is tangent to V{?) for each yeuv}(a(x)). Also the filtration
VIC...CVY¥ has C"~"° dependence on y as noted in Remark (5.2) 4). (In the
C* case, the dependence is C® (cf. Section (5.3)); in the C® case the dependence is C®:
use a complex extension of f and M as in the proof of Theorem (6.1).)

We come now to the proof of the theorem. For the fact that fI'=I see
Remark D.2 a).

By Remark (5.2) ¢), we know that a( f“x) decreases at most like e~ %"°, (This
asymptotic behavior is not changed by the mappings in the proof of Theorem (6.1).)
Here 57/0<¢(x) by (6.1), so that «(f“x) decreases less fast than ¢~‘*®. Therefore
for each k>o0 there are arbitrarily large integers />0 such that

(6.2) ke 0 < o ( flx).
Let xeT, aP’<o, and A=21x,. If yevl”, there is k such that, for all n>o,
d(f"x, f") <ke™.
In particular there are arbitrarily large />0 such that, for n>o,
A1y, f1mx) < ke 500 < g flx)e™ < B(fx)em™,
Therefore f{yeuﬁx(a(f[x)), hence

o= U 4% (al f2)).
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The argument applied above to yeul?’ also applies uniformly to all yef="v} («(f"x)).
Thus, for each n>o0 there is />n such that

o (")) Cf =y (al ff5),

and we may assume that f/~"v},_(a(f"x)) is contained in the open ball B( f’x, a(f’x)).
In particular v” is the union of an increasing sequence of ¢ disks” f _’ufl,z(oc( ffx)

tangent to VI at x. It readily follows that v? is the image of V! by an injective
immersion tangent to the identity at x (see Hirsch [5], Chapter 2, Section 5). This
proves a) and b).

Remarks (6.4). — a) If f is replaced by /!, T will be replaced by a set I'", and
there is no reason to expect in general that I' and I'™ will coincide.
b) One sees easily that

dp=yeM: Jim Llog d( s, <o)

={yeM : Iirnn_)s;}p;zlog d(f"x, f"y)<min(o, A\P+") }
In particular the manifolds
u(mq).—_{_yeM : lim sgp%log d(f"x, f"y)<o}

may be called stable manifolds for f. They provide a foliation (discontinuous in general)
of the set I Theorem (6.3) provides a variety of other foliations depending on the
choice of an f-invariant function A<<o on I
ArpPENDIX A. Proof of Theorem (1.1).
The assumptions a) and b) of the theorem imply that
ﬁt+_<_‘f1+ —{—f;+ oT+... +ﬁ+oT"_1€L1.
Therefore I,= f fo(x)p(dx) exists, finite or —oo, and b) gives I, ,<I, +1I. The

sequence (I,) being subadditive, we have

(Ax)  Jim o [fwed)=int [ (3o,

For every positive integer N, define
SV (x)=max{f,(x), —nN}.

It is easy to see that the sequences ( ;) o again satisfy the subadditivity condition b)
of the theorem. Let us assume that the conclusions of the theorem hold for these sequences. Then

%fn(N) has a limit f™ a.e. for each N, and there is f: M —RU{—oo} such that
(%) =max{f(x), —N}
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for almost all x. In particular

(A.2) lim - f=f ae  and

n—>on

[ F#)o(dx) = inf [ £ (x)p(dx).

Since the conclusions of Theorem (1.1) hold for (f™),., by assumption, we have

[7)etan) =int [ 2 190 (av).
Thus
(A.3) [ 7)ot =int [ 2 19 x)otan

—inf f > fie(ds).
In view of (A.1), (A.2), (A.3), Theorem (1.1) is a consequence of the following result.

Theorem (A.x). — Let (f,),~o be a sequence of real functions such that
a) f,eL{(M, p);

b) frnin<Sn+Soot" ae.;

c) there is N>o such that | f,(x)p(dx)>—nN.

. Lo . I
Then there is a ~-invariant real function feL'(M, o) such that - f,, tends to f almost every-
where.  Furthermore:

(A.4) lim —

n-—>won

[rwetan—=ine [ £e(an
—[f@wea.

For a proof, see Derriennic [3].

ApPENDIX B. Semiflows.

In this Appendix, (M, X, ) is a fixed probability space, and (7);>0: M—>M
is a measurable semiflow preserving p. (This means that (x,¢)—<'x is measurable
MxR,—M, °is the identity, v°**=1°07, and each ' preserves p.) Almost every-
where means p-almost everywhere.

Theorem (B.1) (subadditive ergodic theorem).
Let the map (x, t) > fi(x) : MXR, —RuU{—00} be measurable and satisfy the conditions:
a) integrability:

o= sup fFeli(M,p), = sup fL,ov"eli(M,p)

0<u<1 0<u<t
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b) subadditivity:
Jori:<[fi+fior® a.e.

Then there exists a (t')-invariant measurable function f=M — RU{—o0} such that

STell(M, o),

lim if, =f a.e, and

t—>ow f

lim & [ f(s)eld)=ind§ [ fw)ola) = [ Sp(a).

t-—>o0

Let n be the integral part of ¢. We have then
Jor1— 0T S S fuF @10t

and, since ¢, ¢,€Ll, we have

. I . I
lim ~ ¢, 07" = lim —g,0t" =0 a.e.

%> n—>wop

by the ergodic theorem. The above theorem follows thus from the corresponding
theorem (r1.1).

(B.2) Cocycles.

A map (x,t)» T from MxR_ to M, (the real mXxm matrices) will be called
a cocycle if

Tyt =T, T}

TSy X

We also assume that the cocycle is measurable MR, —M,, andthat the functions ¢, ¢,
defined by

(B.1) ¢1(¥)= sup log" || T5]|
0<u<1

(B.2) pa(x)= sup log" || Tz
0<u<1

are in LY(M, p). From Theorem (B.1) we obtain the existence, for ¢=1, ..., m,
and almost all x, of

.1
(B.3) lim —log [|(T2)"]|.
We also have, for almost all x,
Tle

(B.4) lim sup-I- sup log || Tyt <o.
N t—>w tosusl
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To see this, write t=n+v (n integer, 0<v<1) and observe that
Tt [ S [Tkt - | el

(thz)
e | < ToEe | Thay|| GF 2+0>1)
yield
10g+HT:l-;uH§<P2(Tnx) + @1(T"+1x) -+ cpl(r"+2x)_

(B.4) follows then from the ergodic theorem.
Using the existence of (B.3), and (B.4), the proof of the multiplicative ergodic
theorem in Section 1 is easily adapted to flows.

Theorem (B.3) (Multiplicative ergodic theorem).

Let (T'),>, be a measurable cocycle with values in M, (the real mXm matrices) such that
the functions @y, @, defined by (B.1), (B.2) are in L}(M, p).

There is T'CM such that +'T'CT for all t>o0, and the following properties hold
if xel:

a) lim (TETY)" = A

P
exists.

b) Let exp A\N<...<exp A be the eigenvalues of A, (where s=s(x), the N\ are
real, and \Y may be — o), and UL, ..., U the corresponding eigenspaces. Let m!” = dim UV
The functions x>\, m" are (<')-invariant. Writing VI ={o} and VO =UL 4 ... + U,
we have

}imélogHTiull=k¥) when  ueVI\VI—1
—> 0
SJor r=1,...,5.

AprEnpIX C. Local fields.

The multiplicative ergodic theorem extends to local fields (*), as noticed by Margulis.
If R is replaced by G, matrix transposition has to be replaced by Hermitean
conjugation in Theorem (1.6). In general, replacing mXxm complex matrices by

. I
am X 2m real matrices reduces the complex case to the real case. (Let IH( 1)’

el )

We shall not discuss ultrametric local fields, for which see Raghunathan [15].

ArrENnDIX D. Continuous maps.

Let M be a metrizable compact space, t: M—M a continuous map, =: E—~M
a continuous m-dimensional vector bundle over M, and T : E—~E a continuous vector
bundle map over r.

(*) For definitions, see WEIL [22].
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Proposition (D.x). — There ts a Borel se¢ T'CM such that <I'CT, and o(T')=1
Jor every w-invariant probability measure c on M.  Furthermore, for each xeT, there is a t-ergodic
probability measure o, such that

(D.x) lim 1 3 () = pu(e)

7n —> o nk:l

Sor all continuous ¢ : M—>R, and
. I . I . I
Jim, 1o [|(T2)" | = Jim * [1og | (T3)" |l ¢(d) = inf . [1og (T3] ()

Jor g=1,...,m, where we have written Tt=T(t""'x).---.T(x).
Let I'; consist of those xeM such that

F(x) = lim > log || (T3)"||

n —> 0

exists, and
(D.2) F4(x) = F4(zx)

for g=1,...,m. Then I'; is a Borel set and o(I';)=1 for every invariant probability
measure ¢ by Theorem (1.1). We write I"= DO = "Iy,

Let T'; be the set of all xe M for which there is a t-ergodic probability measure p,
such that

. 1 n—1
vague lim - kzjo Sk = @y

n-—> oo

Then T', is a Borel set, <I';,CTI'y, and o(I';)=1 for every t-invariant probability
measure o. This follows from the Bogoliubov-Krylov theory (see Jacobs [7]). Further-

more, if ¢ is a 7-invariant probability measure we have, by (D.2), for s-almost
all xel"'NT,,

(D.3) Fi(x) = [ F1(3)p.(dy).
We define continuous functions Fj, by
F},(x) = max{log ||(T3)"*||, —¢}.

From Theorem (1.1) we get:

[FOeudr) = lim [ 10g (1T ()

n —> oo

n—>o £ —>00

— lim lim% F4,(x) p,(dy)

N—1
T Y i

= lim lim lim - | = X FY ().
n—»co[-—»ooN—»oon Nk=0 n

Therefore the set I' of those xeI"NT', for which (D.3) holds is Borel, <I'CT, ¢(I')=1,
and Proposition (D.1) holds.

305



58 DAVID RUELLE

Remarks (D.2). — a) The proof of the proposition gives tI'=T" when T(x) is
invertible for all x.

b) Since E can be trivialized by a finite Borel partition of M, a multiplicative
ergodic theorem follows from Proposition (D. 1) and Proposition (1.3). The arbitrariness
in the choice of norm on E is without consequence for the definition of the spectrum
of (v, T) at xel', and the associated filtration of E(x). '
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