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Introduction.

E. Lorenz studied the following system of differential equations in connection
with problems in hydrodynamics [5]:

A= —I10x+ 10y
(1) y=28x—y—xz
f=—8[3z+x.

The apparent dynamical behavior of the solutions of this system of differential equations
has been a topic of recent interest ([1], [12]). The first author introduced a geometric
description of a flow which seems to have the qualitative dynamics of the solutions of
the Lorenz equations (1). This geometrically defined flow has a complicated attractor
which is not topologically structurally stable in a persistent way [1]. The second
author proved that there is an uncountable set of these attractors, each with a different
topological type [12]. These results represent some of the striking behavior which
has been discovered in an attempt to classify generic flows up to topological equivalence.
This paper is an attempt to demonstrate that the Lorenz attractor is not as pathological
as these results indicate. We prove that the continuous family of attractors described
in [12] is indeed a complete family of attractors occurring for flows in a neighborhood
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60 JOHN GUCKENHEIMER AND R. F. WILLIAMS

of the geometric Lorenz flow. In particular, we construct a 2-parameter family of
flows containing the geometric Lorenz flow, which has the property that any perturbation
of the geometric Lorenz flow is topologically conjugate on a neighborhood of the attractor
to a nearby member of the family. In this sense, the geometric Lorenz attractor is
structurally stable of codimension 2. The Lorenz equations (1) are invariant under
rotation of R?® around the z-axis by =. Within the space of flows possessing this symmetry,
the geometric Lorenz flow is structurally stable of codimension one rather than two.
The proofs of these results are based upon

(i) the constructions of suspensions [g9] and inverse limits [11] in dynamical
systems, and
(ii) recent results on the bifurcations of maps of the unit interval [2].

Henceforth, we shall work exclusively with the geometric Lorenz flow, ignoring the
question of whether it accurately portrays the solutions of (1). Thus our principal
result can be stated as:

Theorem. — There is an open set U in the space of all vector fields in R® and a continuous
mapping k of U into a two-dimensional disk, such that

(A) each XeU has a 2-dimensional (‘ Lorenz”) attractor;

(B) X and Ye are topologically conjugate by a homeomorphism close to the identity iff
they have the same image under k.

Note. — Here “ near the identity >> means within M of the identity for the C?distance.
For the “ only if part > M is the diameter of the holes in figure 2, or about 20 units for
equation (1). For the “if part” M is the front to back thickness of figure 2, or less
than 1/10 for equation (1). The underlying problem [12] is that there are conjugacies
changing kneading sequences, but they are not even the identity on =, of figure 2.

There are several natural choices of coordinates in the two-dimensional disk.
However, we do not go into this subject heavily.

We choose a pair, without proving how they are related to kneading sequences,
which would seem to be a natural choice. Another natural choice are the ¢ Parry-
coordinates ’, (m, ¢). Thatis, in [7] Parry proves that any f satisfying (8) is topologically
conjugate to one and only one map P=P,,, given by:

mx—c)+1  o<x<c

(2) P = m(x—c¢) c<x<1.

It would, of course, be nice to know how these coordinates are related to one another.

The authors would like to thank the referee for a number of helpful comments,
including a simpler proof of the Lemma in Section II.
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STRUCTURAL STABILITY OF LORENZ ATTRACTORS 61

1. The model differential equations.

We begin with the topological 3-cell T shaped as in the Figure 1

except that the front and back faces are tangent along the x-axis. Thus the three
“ triangles ” drawn, actually have cusps at their bottom “ vertex ™.
We can best describe T in terms of three model linear differential equations:

X =ax
(3) J=—by, o0<c<a<b.
Z=—cz

Let S, the top square of T, be given by
(4’) 2=1I, —I/QSx,_}JSI/Q.

With initial conditions (x,, 7., 1) in S, we solve

X =xg"
(5) y=poe "
) z=¢"",

Now the right hand * triangle ” of T is taken in the plane x=1, so that the trajectory
meets this plane when

x=1
(6) 5)’ =)0%" =JoXy, 0<%H<1/2
(z:x{j"’:xg, 0<s<1<u

with similar equations holding for —1/2<x,<0. We now flow in a smooth, non-
zero (non-linear) way so as to take this “ triangle ” into a subset of S as indicated
in Figure 2.
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62 JOHN GUCKENHEIMER AND R. F. WILLIAMS

Fic. 2

There is of course a choice here. But we can clearly make this choice so that the resulting
Poincaré map F:S—S has the form

F(xo,20) = (f(%0), H(x9, )

where

a) H(xo,yo)>i for x,>o0,

(7) .
b) H(xo,_yo)<—; for x,<o,

and where f satisfies:

a) flot)=—1/2, flo7)=1/2,
(8) b) f'(x)>V/2,
¢) —1/2<f(x)<1/2,

b) and ¢) holding throughout the range —1/2<x<1/2. This describes a flow with
a Lorenz attractor. Condition (8) above implies that f is locally eventually onto [12]. This
means that if JC[—1/2, 1/2] is any subinterval, then there is an n>o0 such that
Sf"(j)=[—1/2,1/2]. Here we have chosen —1/2<x,, 5,<1/2 to simplify our
differential equations. Below, we will use the more usual domain:

o<, y<I.

2. One-Dimensional Analysis.

The Lorenz attractor is a two-dimensional set in R3. In [12] it is described as
the inverse limit of a semiflow on a two-dimensional branched manifold. The return
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STRUCTURAL STABILITY OF LORENZ ATTRACTORS 63
map of this semiflow is a discontinuous function on an interval. This function f:I-1,
as a map of the unit interval, has the following properties:

a) f is locally eventually onto;

b) f has a single discontinuity ¢ and is strictly increasing on [o, ¢)
(9) and (¢, 1];

o) fe)=1, fil)=0, flo)<e<f(1);

d) f'(x) > as x—>c¢ (from right and left).
Figure 3 displays the graph of f.

1

0 c 1
Fic. 3

This section is devoted to a study of the map f. In particular, we use the theory
of symbolic dynamics to obtain two real numbers which characterize f up to topological
equivalence. Recall that two maps f: M—M and g: N—N are fopologically equivalent
if there is a homeomorphism 4: M—N so that hof=goh. The results of this section
are obtained by constructing a topological space from a set of sequences with the property
that the shift map on the sequence space induces a map which is almost topologically
equivalent to f.

We begin by establishing some notation and terminology. Sequences will be
denoted by underbars: x={x;}"_,. The kneading sequences of f satisfying (2) are the
sequences &, b of 0’s and 1’s defined by:

o if fioM)<c
a;= )
ol if fY o) >e
(10) .
p—1© if  ffi7)<c
Tl i fiaT)>e
i=0,1,2,.... In particular ¢ and b are always infinite sequences.
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64 JOHN GUCKENHEIMER AND R. F. WILLIAMS

The (one sided) shift space (on two symbols) X is the set of sequences of 0’s and 1’s,
indexed by the non-negative integers, with the topology it inherits from the distance

defined by a’(&,z):;o]xi—_yih*i. The shift map o:E—X is defined by o(x)=y
where y;=x;,,. A subshift is the restriction of ¢ to a closed subset I'CX which is
invariant under ¢. Define an ordering on £ by x< if there exists an n such that
x;=y; for :<n and x,=o0, y,=1. This agrees with the usual order of the real line
when x and y are the binary expansions of distinct real numbers.

We use the kneading sequences of f to construct a subshift I'CX. Define I' by
xel' if

(11) a<o'2<b, i=o,1,z2,.

Let Iy=[o,¢], I,=[c, 1].
Note that there are numbers vy, 8 such that y<¢<3 and f(y)=f(3)=c¢. We
use the conventions f~!(I,)=[o, y]U[¢, 8] and f~Y(I,)=[y, c]U[3, 1], though f has

n
a discontinuity at ¢. Using this convention, we define I(x,, ..., x,) to be ,ﬂo fUL,)
= 1
for xeI' and n>o.

Lemma. — If xeT, then I(x,, ..., x,) is a closed line interval J suck that f* maps J

.y Ay

homeomorphically into I(x;) for 0o<i<n. The interval J is maximal with respect to this property.

Proof. — We proceed by induction on n. The case n=o0 is trivial. Assume
the lemma is true for #, and consider J=1I(xy, ..., x,,;) for some xeI'. Now cxel’
so that K=1I(x;, ..., x,,,) satisfies the lemma by the induction hypothesis. Note
that J=1I(xo)Nf~*(K). There are several cases to consider. We write o=f(0)

and B=f(1).

Case 1. — KC[«, B]. Then f(I,) DK for x,=oor 1, sothat J=1I(x,)nf~'(K)
is a closed interval and f(J)=K. The two properties of the lemma are clearly satisfied.

Case 2. — o is an interior point of K. If xy=1, then f(I,) DK and we proceed
as in Case 1. Assume x,=o0. Then f(I,) D[« ¢], so that J=I,nf"'(K) has the
form [o, 4], where f maps [o, b'] onto [«, 5"'] and &"’ is the right end point of K. Once
again the properties of the Lemma are clearly satisfied.

Case 3. — B is an interior point of K. This case is similar to case 2.

Case 4. — KCJ[o,a]. If xy=1, we proceed as in Case 1. We further assert
that we cannot have x,=o0. Indeed, we will show that xy=o0 and KC [o, «] imply
that x<g, contradicting the assumption that xel'.

Suppose K=[d,e¢] with 0<d<e<a and x,=o0. Then, for some £<n,
SHK)CI, and f*(e)=c. Otherwise, there would exist an ¢>o0 such that f*(e-- el |

312



STRUCTURAL STABILITY OF LORENZ ATTRACTORS 65

for 0<:i<=n, contradicting the maximality of K. Pick the smallest /<% such that
fie)=c¢ or f‘(x)=c. Then for 0<i<¢, we have f(¢)Cint(I Since e<a,
we have either:

(4a) for all 0<i<?, fi(e) and f(«) are on the same side of ¢ and f*(¢)< f*(a), or:

(4b) there is a smallest integer 0<¢,<¢ such that f4(e)<c¢<f%(a).

Since a=f(0), case (4a) gives x;=ga; for ¢<{. Also, since K is a non-trivial
interval and f*|K preserves orientation for 0<i<n, we have f¢(K)CI,. This gives
x,,,=0. Since f/(«)>¢, we have a,,,;=1, so x<a as required.

zi+1)'

On the other hand, case (46) clearly gives x,=a; for i</, x, ;=0, and
4 1=1 which again gives x<a.

Case 5. — KC[B, 1]. This case is similar to Case 4. The Lemma is proved.

Define now a map ¢:I'—=1I by cp(g)zigof"'(lxi). The above Lemma together

with the expansiveness of f imply that ¢ is well defined. We prove ¢ is onto. First
a,bel’ and ¢(a)=o0, ¢(b)=1. Now let xeI and assume o0<x<1i. Then define
xeX by x=j if fi(x")el,. This means there is an interval (x,3) such that
S(x,8))CIntL. Now ¢(x)=x so it suffices to show xeIl'. But o<x* so that
FiFYoN)<firi(xT) aslong as f(0o™) and fi(x*) are on the same side of ¢, =0, 1, 2, ...
Let n be the biggest such 7. Then:

ay...a,=%,...% but a ,=0<1=x,,,,

so that a<x. Similarly x<b.
The map ¢ is well defined and onto. Moreover, ¢ is 1—1 except on the set of
sequences mapped to { f~*(x)};> by ¢. On this set, ¢ is 2—1 with:

Q(Xyy o ooy Xy, 1,0, 8)=¢(Xq, ..., %, 0, I, b).

This establishes that f: I—1I is topologically equivalent to the map induced by ¢: I'—-T
on the quotient space of I' defined by identifying the sequences {#,, ..., x,,0, 1, a}
and {#x;, ..., %,, 1,0, b}, The map induced by o is not well defined at the point of the
quotient corresponding to {o, 1, a} and {1,0,5}. This is its only discontinuity.

If x is a sequence of o’s and 1’s, denote by x' the sequence obtained from x by
changing all of the terms of the sequence. With this notation we state the main result
of this section.

Theorem. — Let fy, fo: 11 be two maps of the unit interval satisfying properties (2).
Then f, and f, are topologically equivalent if and only if the kneading sequences of f, and f, satisfy

{a1, by} ={as, by}, ay=gay, by=0b, or a;=b;, by=a,.

Proof. — Denote by T, , the subshift constructed from the kneading sequences

of a map f. If the kneading sequences of f; and f, agree, then both f; and f, are topo-
logically equivalent to the map induced by ¢ on the same quotient of T,,. Note
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66 JOHN GUCKENHEIMER AND R. F. WILLIAMS

that ¢ and b determine which sequence pairs of the form (x,,...,%,,1,0,2) and
(%15 -« s %,, 0, 1, b) occur in T, ,.  If the second set of equalities is satisfied and g:I—1I
is the map g(x)=1—ux, then f; and gof,0g have the same kneading sequences. There-
fore, f; and gof,og are topologically equivalent. Since g=g~', f; and f, are also
topologically equivalent. Therefore, f; and f, are topologically equivalent if one of the
sets of conditions on the kneading sequences are satisfied.

On the other hand, if f; and f, satisfying (2) are topologically equivalent, the
topological equivalence 2 must map the discontinuity of f; to the discontinuity of f,.
Moreover, £ must map the endpoints of I to themselves. If % is orientation preserving,
this implies that the kneading sequences of f; and f, agree. If % is orientation reversing,
this implies that @, =5, and b,=aga;, proving the theorem.

As a final remark, we note that if f: I—1I satisfies the equation f(1—x)=1—f(x),
then its kneading sequences satisfy @' =5. Therefore, one binary sequence characterizes
the topological equivalence class of a map satisfying this identity.

3. Inverse Limits; The Poincaré map F.

The next topic we consider is the construction of an almost everywhere 1 —1 map
of the unit square which reflects the dynamic properties of the map f:I—I studied
in Section II. This will be the Poincaré map of our example. Denote the unit square
in R?2 by S. Given a map f:I—1 satisfying properties (9), define a map F:S—S
with the following properties:

a) F(x, y)=(f(x), g(x,»)) for some smooth function g.
b) Fis 1—1 on the complement of {¢}XxI, where ¢ is the disconti-
nuity of F.
og 1
c) 5< 2
d) As x—c¢* from the right or left, the functions f|xxI tend uni-
formly to a constant function, 5*.

(12)

These properties yield the picture of the image of F shown in Fi'gure 4:

I ——

e ]

Fic. 4
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STRUCTURAL STABILITY OF LORENZ ATTRACTORS 67

The intersection of the iterated images of S by F constitutes a complicated 1-dimen-
sional set A which is the w-limit of almost all points of S. Here we study the topology
of A and the dynamics of F|,. We prove that F|, is almost the ¢ inverse limit > of

the sequence of ‘ maps” O O DU (Recall that f is poorly defined at ¢.)

Let us briefly describe the construction of the inverse limit for well defined maps.
If f: X—X is a map on a metric space, then the inverse limit of f is defined on the space X
consisting of sequences xCX such that f(x,,,)=x. The map f: X—X is defined
by f(x)= y with y;=f(x;). If Xis a space of one-sided sequences and f is the shift
map, then fis the shift map on a space of two-sided sequences. A point of X consists
of a point of X together with a history for the point.

There is a general technique for realizing the inverse limit of a map f:X—+X
on a ‘“good” space X as an invariant set for a map which is 1—1. The technique
consists of embedding X in a larger space so that X has a tubular neighborhood and so
that f can be approximated by an embedding which extends to a fiber preserving map
of the tubular neighborhood. This fiber preserving map of the tubular neighborhood
is required to be a contraction on each fiber and to project to f by the projection map
of the tubular neighborhood. Then the map g has an invariant set to which its restriction
is the inverse limit of f: X—»>X.

For the balance of this section, we regard F as defined at ¢xI with two values:
F(c* xI)=05%; similarly, f(c*)=o, 1.

Apart from the discontinuities, the map F has all of the properties necessary for
containing the inverse limit of . We regard the unit square as a tubular neighborhood
of a horizontal interval with vertical fibers and projection map =. Then F is a fiber
preserving map which contracts the fibers and projects onto f. The only novelty in
our situation lies in the discontinuities or ambiguities of f and F. Let us therefore

0
examine the set A:,ﬂoF‘(S), paying particular attention to the treatment of the
i=

discontinuities. Since the map F fibers over the map f (i.e. moF=fon) each orbit
of F lies over an orbit of /. Labelling the two halves of S by S;, S, as shown in Figure 2,
and the closure of the images of S, and S; by A and B, it is clear that the specification
of the projection w(x) determines whether f(x) lies in A or B for i>o.

We assert that F|, is topologically equivalent to a certain quotient space of the
inverse limit of f. The pinched inverse limit P of f is the quotient space of 1 by the equi-
valence relation which identifies two sequences x and y if there is an ¢ for which x;=y,=o0
or x;=y,=1. We assert that the map {¢:A—P defined by ¢(x)=x, x=n(F"*(x))
is a topological equivalence between F|, and the map finduces on P. Note that ¢ is
well defined for those points of A which do not project onto points in the f-orbit of cel
since F is 1—1 on the complement of =~*(c). For points of A which do project onto
points in the f-orbit of ¢, there is an ambiguity, but this ambiguity disappears when
one passes from TtoP. Itisclearthat ¢ oF=fo{. Thus, toprove that ¢is a topological
equivalence, we need only establish that it is a homeomorphism.
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68 JOHN GUCKENHEIMER AND R. F. WILLIAMS

First, we assert ¢ is 1—1. If ¢(x)=¢(»), then =n(x)=m=n(y). Hence x and y lie
on the same vertical segment in S. Now F~! expands vertical segments by a factor
of at least 2. Therefore distinct points x, y on a vertical segment cannot have the
property that F~**1x and F~**!y lie on the same vertical segment in S for i sufficiently
large. We conclude that {(x)=¢(») implies x=p and ¢ is 1—1. Next we argue
that ¢ is onto. If xeP, we need to find a point x in n~*(x;) so that ¢(x)=x. Lety
be the sequence of 0’s and 1’s determined by y;=; if xel,. Then the point x is
identified as (igoF‘(Syi))ﬁn_l(xo). The argument that this set is nonempty is very

much like the argument that the map ¢ defined in Section II is well defined, so we do
not repeat it here. The map ¢ is a topological equivalence from F|, to the map induced
by fon P. Since fand P are determined up to topological equivalence by the kneading
sequences of f, so is F|,.

Before proceeding further with the construction of a Lorenz attractor from the
information contained in the kneading sequences of f, we examine the stability properties
of F.

Proposition. — Let F:S—S be a map satisfying properties (12). Assume that f is
piecewise smooth and f'>+/2. Let G have the form 1'oF’ where ¥’ satisfies (12) and is near F
and 1" is a C perturbation of the identity. Then there is a piecewise continuous map g such that:

1) g satisfies (9);
2) g is GO near f;
3) G has an invariant set topologically equivalent to the pinched inverse limit of g.

(13

The key step of the proof revolves around the persistence of the “ strong stable

foliation > for F (compare [4]).

Lemma. — Let ¥ and G be as in the preceding proposition. Then S has a G-invariant,
contracting partition into continuous curves which intersect each horizontal line in a single point.

Progof. — We make the observation that the set D of iterated inverse images of
the discontinuity of F:S—S is dense in S. Indeed, D is a set of vertical segments
projecting onto the set of iterated inverse images of f. Since f is locally eventually
onto, this set is dense in I.

We assert that the set D’ of iterated inverse images of the discontinuity of G also
consists of a family of almost vertical segments and is dense in S. This is proved by
a(x) o
b(x) a’(x))

a(x) ¢ (x)
b'(x) d'(x))
with a’>4/2, d'<1[2, &' is small, and ¢’ is very small. This implies that DG (hence
DG™!) always has a nearly vertical eigenvegtor. If Ais an angular sector in R2 containing

examining the derivatives of G. The derivative of F has the form ( where

a>4/2, d<1/2 and b is small compared to d. Therefore DG has the form (
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