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NON-UNIFORMLY EXPANDING DYNAMICS
IN MAPS WITH SINGULARITIES

AND GRITICALITIES
by STEFANO LUZZATTO and WARWICK TUCKER

ABSTRACT

We investigate a one-parameter family of interval maps arising in the study of the geometric Lorenz
flow for non-classical parameter values. Our conclusion is that for all parameters in a set of positive Lebesgue
measure the map has a positive Lyapunov exponent. Furthermore, this set of parameters has a density point
which plays an important dynamic role. The presence of both singular and critical points introduces interesting
dynamics, which have not yet been fully understood.
wmcn plays an important dynamic role. ihe presence
dynamics, which have not yet been fully understood.

FIG. 1. — Lorenz-like families with criticalities and singularities
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1. INTRODUCTION AND STATEMENT OF RESULTS

In this paper we study the dynamics of one-dimensional maps in which critical
points and singular points (discontinuities) with infinite derivative coexist and have
meaningful dynamical interaction. We consider the simplest setting of a one-parameter
family with one singularity and two symmetric critical points, although the techniques
are quite general and can easily be applied in the case of arbitrary numbers of critical
points or singularities. The specific class of maps we consider are also motivated by
models of the return map for the Lorenz flow for certain parameter values close to
the classical ones, see [Spa82].

We prove that for a positive measure set £2* of parameters, the critical points
satisfy a strong bound on the recurrence in both the critical and singular regions, and
exhibit exponential growth of the norm of the derivative. We also show that there
exists a parameter value which is a full Lebesgue density point of ^2* for which on
the contrary the critical points land on the singularity after a finite number of iterates.
The arguments and estimates obtained in the proof can be used to prove the existence
of an absolutely continuous (with respect to Lebesgue) invariant probability measure
for all parameters in Q*. Under the additional hypothesis of topological mixing this
measure exhibits exponential decay of correlation. The details will appear in a future
paper [HL].

On a more technical level we develop further the work started in [LVOO] and
make significant progress in clarifying the effect of the interaction of the critical and
singular points on the dynamics. In particular we uncover a remarkable duality between
criticalities and singularities as far as control of the distortion and the dynamics is
concerned. The infinite expansion at the singularity allows us to obtain somewhat
stronger statements as compared to analogous results in the smooth case but it creates
non trivial technical difficulties which require strong control of the recurrence. It turns
out that the bounded recurrence condition which is needed is exactly the same as that
needed to control the recurrence near the critical points. Consequently the arguments
for estimating the parameter exclusions need to be significantly generalized compared
to those used (for example by Benedicks and Garleson [BG91]) for the quadratic family
which take advantage of certain characteristics of the critical point (in particular the
notion of binding) which cannot be used in the context of singularities. We have set up
the statistical argument in a more general way which allows us to treat the singularities
and criticalities simultaneously and also clarifies the principal steps in the smooth case.

We will consider one-parameter families of interval maps {fa}a^R of the form

/^)=sgn^(/(M)-^),
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where/: R'^ —> R^ is C2 (except at the critical point where it is C1) and satisfies:

l./(^=^), 0 < ^ < 1 ;

z./^-^-y^+^d^-^), ^>i;
3./^)<0, .̂,

4. 0 <^) < x^ where/'(^) = ^/2,

5. K/2/^)! > 2 for all x E [-^, ^ \ {0} such that^) € [x^c].

We also require the orders of the critical points and the singularity to satisfy

0 < ^ A < 1 and ^ + ^ < 2 .

We shall call families of maps satisfying the above conditions, Loren^-like families of maps
with criticalities.

Conditions 1 and 2 just say that/has a singularity at 0 and a critical point at c.
Condition 3 is a natural convexity assumption. Conditions 4-5 are open conditions used
in [LVOO] to prove that for parameters a < c the dynamics is uniformly expanding. At
the parameter value a = c the critical points enter the domain of the maps (see Fig. 1),
and for a > c there will be parameters for which it is periodic. Thus there will exist
open sets of parameters for which an attracting periodic orbit exists. Nevertheless, as
shown in [LVOO], c is a Lebesgue density point of parameters for which the dynamics
continues to be of an expanding nature. The proof uses the fact that for a = c the
singularity maps to the critical point, and the condition 0 < £^c < 1 which implies
that the expansion near the singularity is stronger than the contraction near the
critical point in the sense that the norm of the derivative off^(x) tends to infinity as
x approaches the singularity (2Lndf(x) approaches the critical point). This implies that
the maps /, a > c continue to be uniformly expanding outside some small, parameter
dependent, neighbourhood of the critical points.

Here we will impose quite different starting conditions on our maps: we will start
bifurcating with the critical points well inside the domains under consideration, and
we consider the situation in which the critical points are mapped into the singularity
after some finite number of iterations, thus making no assumptions on the orbits of
the singularity. Figure 2 illustrates the situation we are considering. To guarantee the
suitable expansivity properties for this new starting parameter and its perturbations,
i.e., uniform expansion estimates outside some parameter dependent neighbourhoods
of the critical point, we need to impose the additional condition is + ^c < 2, see the
proofs of Propositions 3.2 and 3.3 for details of the way in which this condition comes
into play.
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FIG. 2. - (a) At the bifurcation we have /^g(=bc) = 0. (b) f^^{±c)^ 0

To state our results precisely, we suppose that f^(±c) = 0 for some small e > 0
and k = 2. The case A: ^ 2 can also be treated with very minor modifications in the
proof. Our bifurcation parameter will be r|, and we will study the bifurcation

Jc+e ^c+e+ri-

Theorem 1.1. — Let {fa} be a Loren^- like family of maps with criticalities and suppose
thatf^c) = 0 for some small e > 0 and k = 2. Then there exists K > 0 and a set a* C R of
positive measure such that, for all a € ^2* and for a.e. x € {—a, d\,

liminf^ log |(/:)^)|^.
n—roo ^

Also, the parameter a = c + £ is a two-sided Lebesgue density point ofQ*, i.e.,

m(fl* n [c + £ - K } , C + £ + T|]) _

TI-O 2T1

The proof actually gives a stronger but rather more technical statement about
the recurrence of the critical points in the singular and critical regions. It also shows
that each parameter value a G Q* is accumulated by parameters not belonging to £2*
for which the conclusions of the theorem hold, i.e., which satisfy the properties of
our map fc^ and which can be used as starting points for the entire construction.
We remark once again that we could easily suppose k ^ 2 in the assumptions of the
Theorem and obtain the same result with essentially no modification of the arguments;
we only use the fact that the derivative of/^~1 is uniformly bounded above and below
(in phase and parameter space) in a neighbourhood of the parameter c + e and of the
point fa(c).
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Before giving an outline of the proof, we make a final remark on the relation
between the families of maps we have defined and the so-called Loren^ Equations [Lor63].
This system of ordinary differential equations in R3 has been enormously influential
in Dynamics, providing inspiration for the definition of a variety of examples including
the geometric models of [ABS77, GW79] and Henon maps [Hen76, HP76]. The
one-dimensional families of maps we study are a simplified model for two-dimensional
return maps associated to the flow of the Lorenz Equations. Here we attempt to
describe the transition between the essentially hyperbolic dynamics for r w 28, and
the dynamics for r w 32 in which the geometry changes through the appearance of
folds, modelled by critical points. In joint work with M. Viana [LV], the first author is
generalizing the one-dimensional techniques presented here and the two dimensional
techniques of [BC91, MV93] to study the dynamics of a two-dimensional model of
the return maps. For the so-called classical parameter value r = 28, the second author
has recently solved a more than 30 years-old open problem by showing that the actual
Lorenz equations exhibit a global non-trivial attractor whose first return map satisfies
strong hyperbolic properties [Tuc99].

Acknowledgments. — We gratefully acknowledge the financial support of the
Swedish Royal Academy of Sciences and the PRODYN programme of the European
Science Foundation as well as IMPA, Warwick University and Uppsala University
for financial support and for providing the most stimulating and productive research
environments.

2. OUTLINE OF THE PROOF AND REMARKS

2.1. Notation

In what follows, we will use the positive constants 9, 67 and K, satisfying the
following conditions:

i<e<e'<^ ,nd i<-«^.

We also fix some small £ > 0 and a > 0. Our bifurcation parameter T| is always small
compared to £, i.e. £ 3> T|.

We define the parameter space ̂  = [c + e — T|, c + £ + T|], and its associated
dynamical space 1̂  = [—{c +£+T| ) , ( ;+£+T| ] .

We will also be using a few neighbourhoods in our proofs. Let us define the
following critical neighbourhoods

A^ = (±.-£K, ±.+£K), ̂  = (±,-^9, ±^9), A^ = (±C-^\ ±C^\
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and the following singular neighbourhoods

Af^-e21^), A9^-^), A^-^'V).

Observe that we have A^, D A^, D A '̂,, and A8 D A® D A®'. We will also define unions
of these neighbourhoods:

A^A^UA^UA8,

and similarly for 6 and 9'.
We will define a dynamic distance as follows:

S{x) = min{|4, \\x\ - c\}, S)((o) = infS)(^),
jceco

where (D is a non-empty interval. Throughout the text, we will also use the notation
Xj = xj{d) =fja{x) for all x e [—a, a] and for allj ̂  0. In particular, we will study

)̂ =/^),

and view this as a function from parameter space to dynamical space. Finally we
introduce the notion of bounded recurrence.

Definition 2.1. (Bounded Recurrence). — If a G 0^ and if 1 < Vi < ... < \s < n are
the times at which c^ C A0', we say that the parameter a satisfies (BR)̂  = (BR)̂ (a, T|) if for all
k G [1, n\ we have

^{c^^e-^ and ^^ ^ e-^.
n-

V^k ''

Notice that the first condition becomes redundant for times larger that

e' - e ,
N = ———logrT1.

uc

2.2. Outline

In section 3 we discuss the dynamics and in particular the derivative estimates
outside the critical region A9' (from now on we shall often talk about critical region
when referring to the union of the corresponding critical and singular regions). We state
some estimates from [LVOO] which show that the dynamics is essentially expanding
outside A8: the small derivative at points near A^ is pre-compensated by the large
derivative at their preimages which lie very close to the singularity The neighbourhoods
A^, however, are much smaller and this is not longer true for points in A^\A^. Thus
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the main idea here is to use the fact that, at the bifurcation, points near the critical
points are mapped very close to the singularity. This suggests that the contraction
near the critical points can be compensated almost immediately, and in fact result in
expansion. For these points the derivative is post-compensated by the large derivative at
their images which lie near the singularity. We also show that condition (BR)^ implies
exponential derivative growth along the critical orbit at rates which are bounded above
and below by constants independent of n.

On both a heuristic and technical level these expansion estimates are the
fundamental and essentially the only ingredients of the entire proof. Combined with a
Lemma comparing derivatives with respect to the parameter to derivatives in the phase
space they imply a degree of randomness in the distribution of high iterates of the
critical points (for different parameter values). Therefore iterates of the critical points
at certain given times are essentially equally likely to be anywhere in phase space.
Consequently there is a very small probability of them being very close to the critical
points or the singularity. The fact that our bounded recurrence condition implies an
exponential growth of the derivatives allows us to continue to take advantage of this
principle for those parameters which are good at a given stage in the iteration. The
fact that Q* is not an open neighbourhood of T) reflects the fact that the uniform
expansion estimates only hold a priori outside a neighbourhood of the critical points.
On the other hand, the fact that T| is a full Lebesgue density point of t2* reflects the
fact that the expansion estimates hold on a set which tends to the entire phase space
as T| —> 0.

The precise formulation and formalization of these ideas involves the construction
of a special family of partitions satisfying some combinatorial and analytic estimates
which allow us to show that sufficiently often the distribution in phase space of high
iterates of critical points is sufficiently close to that of a random process. In section 4
we give the complete proof of the Theorem modulo two technical estimates which are
proved in the remaining sections. We start with the inductive definition of a nested
sequence of sets Q.^ C ... C ^(1) = ̂  and associated partitions ^9(n)...^(l) satisfying
certain properties, maybe the most important one being that the recurrence junction

^)--Ei°g^
V^k 'I

is essentially constant on elements on ^(A;), k ^ n (we note that the definition of ^{k}

given below differs slightly from this one) and satisfies J^ ^ OCTZ, i.e., condition (BR)^
is satisfied. The precise definition is by induction and the general inductive step will
be proved in sections 7.1 and 7.2.

We then define the set B* as the intersection of all ^), and show that |Q*| > 0
and that it has c + e as a Lebesgue density point. To achieve this, we show that the
measure of t2^~^ \ Q,^ is uniformly exponentially small in n and that there exists
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N(r|) —> oo as T| —> 0 such that no exclusions need to be made before time N,
i.e., Q.^ = ^(J-1) for all j < N. The second part of this statement depends on the
specific combinatorics of the maps; the first part amounts to estimating, in probabilistic
language, the conditional probability of not satisfying (BR)^ given that (BR)^_i is satisfied.
The approach is the following: we consider the 72:th iterates of maps in Q^"^ and
refine ^2-1) to a partition S^ {ri) of Q^"^ based on the dynamics up to time n, and

such that J%^ is essentially constant on elements of S^ ^. A key technical estimate
(whose proof is postponed to sections 6.1 and 6.2) allows us to link the si^e and number
of elements of S^ {n) to their recurrence, and in particular to show that the elements
with large recurrence are small and not too many. Therefore the average value of J^^ over
Q(^-I) is very low and it follows by a standard large deviation argument that for most
parameters J^ will be small and so they will belong to Q^.

2.3. Remarks

The kind of results and techniques presented here can be traced back to the
fundamental paper ofjakobson [Jak81] in which he proved the (measure-theoretical)
persistence of maps with absolutely continuous invariant probability measures (acip's)
for the quadratic family of one-dimensional maps. There exist today several proofs
of this result, including [BG85, Ryc88, Tsu93b, Yoc] (see also [LuzOO] for a proof
in the spirit of the proof given here and for a discussion of the similarities and
differences between some of these approaches), and some generalizations including
[dMvS93] where smooth maps satisfying a non-recurrence condition of the critical
points are shown to be Lebesgue density points of maps with acip's for generic
families and [Tsu93a] where this is further generalized to smooth maps satisfying a
bounded recurrence condition similar to our condition (BR) and some other technical
assumptions. In [Ree86] an analogous result was proved for rational maps', in [Rov93]
a family of so-called contracting Loren^ maps was studied where a discontinuity coincides
with the critical point; the case of coexisting critical points and singularities with
infinite derivative was first studied in [LV99]; in [PRV98] a class of maps with an
infinite number of critical points and in [Thu98] a family of maps with completely
degenerate (flat) critical points are considered. There exist also some higher dimensional
generalizations of the methods and results presented here, see [BC91, MV93, Ly PRV.
Gos98].

We remark that the existence of acip's is a consequence of some more basic
geometrical/analytical properties. Thus the kind of results we are discussing can be
conveniently split into a first stage in which such conditions are shown to be persistent
in parameter space and a second stage in which they are shown to imply the existence
of an acip. Several of the references mentioned above only deal with the first part of
the work although remarkably the invariant measures can usually be constructed using
essentially the same arguments and estimates as those used in parameter space, see for
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example [You98, HL]. In fact this is a very deep aspect of the theory whose complete
significance is not yet completely clear. Notice also that in the higher dimensional
context the invariant measures are not usually absolutely continuous with respect to
Lebesgue since they are supported on zero-measure sets but they satisfy the so-called
SRB property: conditional measures on unstable manifolds are absolutely continuous
with respect to Lebesgue measure restricted to these manifolds.

It also seems worth to point out that notwithstanding the extensive amount of
research work mentioned above, the feeling is that we are just breaking into the field
and do not yet have a complete and clear understanding of the basic principles at
work. In particular, specific examples still have to be approached on an ad hoc basis
and it is not clear how general the methods used so far really are. The proofs of most
of the results mentioned are long and technical. This appears to be due in part to the
nature of the subject and in part to the fact that it can still be considered pioneering
work. Therefore an overall, mature, heuristic overview is not easy to present. We have
made a special effort here to break up the proof as much as possible into small steps
so as to clarify the extent to which the various arguments hold more generally, and
the extent to which they are tied to our specific example.

Finally we give a few words of motivation and some open questions which arise
naturally out of the present work. Maps with discontinuities are extremely natural and
important, arising for example in billiards or as return maps for flows with equilibrium
points, and very often in modeling and applications. Discontinuities bring with them a
significant amount of technical problems even in the uniformly expanding or uniformly
hyperbolic situations and thus so far must research has been essentially restricted
to these cases. However it is to be expected that critical points, or in the higher
dimensional context folds and homoclinic tangencies, will also occur quite naturally
and therefore examples of systems in which both phenomena occur are bound to
constitute an important object of study in the next few years. Techniques such as the
ones presented* here will hopefully play a significant role.

Clearly it would be particularly interesting to identify and study phenomena
which do not occur in the smooth context and which arise specifically from the
interaction between criticalities and singularities. For example we mention the question
of the existence of renormalizable maps in which the renormalization domain includes
both the critical points and the singularity. Are there such infinitely renormalizable
maps? What are their dynamical and ergodic properties? Are there fixed points of
renormalization? Another question is the existence (and persistence) of maps having
strictly non-uniform negative Lyapunov exponents., i.e., maps in which the derivative
along certain orbits is asymptotically decreasing exponentially but which accumulate the
singularity This problem might be related to the existence of wandering intervals since
by Pesin theory such a point would have a local stable manifold which would amount
essentially to a wandering interval.
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3. EXPANSION ESTIMATES

In this section, we will prove that critical points satisfying certain bounded
recurrence properties (see Definition 2.1) have positive Lyapunov exponents. The rest of
the paper will be devoted to estimating the measure of the set of parameters for which
the corresponding critical points satisfy the required bounded recurrence condition.

For the results of this section we shall rely constantly on some estimates about
the relative positions of first and second interates of the critical and singular regions
with respect to each other. These estimates are collected in the Appendix. For the
moment we just observe that by our definition offa-> we have the following inequalities:

Ml: For all x ^ 0 close enough to the origin,

|/^)+sgn(^| ~ \xf5,

/^)-1^-1.

M2: For all x close enough to one of the critical points, ± c,

\fa(c)-Mx)\^\\X\-cfc,

I/^MN-^'.

Here fa(x) + sgn(x)a ^ {xf' means fa(x) + sgn(x)a = ^(1^1^). We shall use this
notation in the remainder of the paper.

In the proofs of the two first propositions below, we will use the following, slightly
modified version of Lemma 2.3 from [LVOO]:

Lemma 3.1. — Let p € (0^ 1). There exists CQ,'k > 0 such that/or any a (E [^+pe^ ^+£]^»
where £ e (0, Co), and/or any x G \—a, a] we have the following:

1. ifx = ̂  .... ̂ -i ̂  then W(x)\ ̂  min{̂  \fM}^n~{} ;

2. if, in addition, Xn C A^ then |(/^(^)| ^ A

The two following propositions improve Lemma 3.1 by allowing much closer
returns. Our first proposition states that we have expansion along pieces of orbits that
stay outside the critical region A9 for a while, and then fall into it.

Proposition 3.2. — Let a = c + £ + r\, where £ and T| are taken sufficiently small. Then, for
any x € [—a, a], we have the following:

ifx = XQ, .... ^_i ^A9', but Xn € A8', we have |CO'( |̂ > e^.for some X > 0.

Proof — Case 1: Suppose that xj ^A8 for all 0 ̂ j ^ n— 1. Then the second part
of Lemma 3.1 directly gives the result by taking £ + r| G (0, Co) and r) <^ £.


