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ABSTRACT

Let X be a germ of holomorphic vector field at the origin of G" and vanishing there. We assume that X is a good
perturbation of a “nondegenerate” singular completely mtegrable system. The latter is associated to a family of linear
diagonal vector fields which is assumed to have nontrivial polynomial first integrals (they are generated by the so called
“resonant monomials”). We show that X admits many invariant analytic subsets in a neighborhood of the origin. These
are biholomorphic to the intersection of a polydisc with an analytic set of the form “resonant monomials = constants”.
Such a biholomorphism conjugates the restriction of X to one of its invariant varieties to the restriction of a linear
diagonal vector field to a toric variety. Moreover, we show that the set of “frequencies” defining the invariant sets is of
positive measure.
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1. Introduction

In this article, we continue our earlier work on germs of singular holomorphic
vector fields in G". Our aim is to give a better understanding of the behavior of com-
plex flows in a neighborhood of an isolated singular point (which will be 0) of such
a vector field.

As it is well known, the behavior of trajectories at the vicinity of the singular
point is very difficult to describe. These difficulties are closely related, in the one hand,
to the problem of small divisors and, on the other hand, to the problem of symmetries and
Surst integrals.

The vector fields for which the situation is well understood are the completely
integrable ones, in a sense which will be recalled later on. One of their main features
is that they are holomorphically normalizable in a neighborhood of the origin. The
analysis of the behavior of the flow can therefore be carried out on the normal form
and then, pulled back by the biholomorphism: all the fibers of an associated algebraic
map (the moment map or the resonant map), when intersected with a fixed polydisc

DOI 10.1007/510240-005-0035-0



100 LAURENT STOLOVITCH

around the origin, are invariant by the flow of the normal form. Moreover, its restric-
tion is nothing but the restriction of a linear diagonal vector field whose eigenvalues
depend only on the fiber.

The situation we shall deal with concerns the perturbed case. By this we mean
the following: we choose a holomorphic singular completely integrable system. Let us
perturb it in some way. What can be said about the behavior of the flow of the per-
turbed system? Roughly speaking, we shall show that, generically, a large set of the
deformed fibers is still invariant under the perturbed flow.

1.1. Classwal hamiltonian framework: Complete integrability and KAM theory

First of all, let us recall Liouville’s theorem [Arn76] which concerns hamiltonian
systems. Let Hj, ..., H, be smooth functions on a smooth symplectic manifold M?";
let 7 : M* — R" be the moment map defined to be w(x) = (H,(x), ..., H,(x)). We
assume that, for all 1 <, j < n, the Poisson brackets {H;, H;} vanish. Let ¢ € R" be
a regular value of 7; we assume that 77'(¢) is compact and connected. Then there
exists a neighborhood U of 77!(¢) and a symplectomorphism @ from U to w(U) x T"
such that, in this new coordinate system, the symplectic vector field Xy, associated to
each H; is tangent to the fiber {d} x T". It is constant on it and the constant depends
only on the fiber. They define quasi-periodic motions on each torus. The family of
hamiltonian vector fields Xy, ..., Xy, is said to be completely integrable.

Nevertheless, completely integrable systems are pretty rare when one looks at
problems arising from physics and in particular, celestial mechanics. One often en-
counters small perturbations of integrable systems. So, the natural question to be asked
is: what can be said about these nonintegrable systems? Do these systems still have
invariant tori on which the motion is quasi-periodic? Of course, the perturbation is
assumed to be hamiltonian.

The answer was given almost fifty years ago by the celebrated KAM theorem. It
is named after its authors Kolmogorov-Arnold-Moser [Kol54,Kol57,Arn63a, Arn63b,
Mos62]. Roughly speaking, this theorem states that, if the integrable vector field which
is to be perturbed is nondegenerate in some sense and if the perturbation is small
enough and still hamiltonian then there is a set of “positive measure” of invariant tori
for the perturbed hamiltonian and it gives rise to quasi-periodic motions of these tori.
The constants defining the quasi-periodic motions of the tori satisfy some diophantine
condition.

Let (0, 1) be symplectic coordinates (angles-actions) of T” x R" (T" denotes the
n-dimensional torus). Assume that the flow of the unperturbed hamiltonian H,

0 = w()
i=o0
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with w(I) belongs to R" and is such that det( %‘;’f)(O) # O (this 1s the classical nonde-

generacy condition). Let us consider a small analytic perturbation of Hy:

6 =) +¢/6,1, €
I=eg0,1, ¢ '

According to the nondegeneracy condition, for any £ > 1, there is an analytic change
of coordinates (¢, J) such that

¢ = i (]) + €%, ]. )
J=a(J, 0 +€g@.]. e

It is defined on some open set in the J coordinates. This is known as the Lindstedt
procedure. We shall call this a Lindstedt normal form up to order £. One can get
rid of the fast variables (angles) up to any order of the perturbation. Moreover, if we
assume that the perturbation is still hamiltonian then we have

¢ = wi()) + €., ©
J=¢u@.J.e ’

The KAM procedure says that Lindstedt normalization process can be carried out
“until the end” if the slow variable J belongs to some well chosen set: there 1s a sym-
plectic change of coordinates such that, if J, € R" belongs to this set, we have

¢ = ws(Jo)
J=0 '

This shows that the torus T" x {Jo} is an invariant manifold in the new coordinates.
We refer to [Arn88, Chap. 5]. Moreover, it is required that w.(Jo) be diophantine,
that 1s

3C. v >0, YQ € Z'\ {0}, [(Q. wn(J)| > |QC|U,
where (.,.) denotes the usual scalar product of R" and |Q) | denotes the sum of the
absolute values of the coordinates of Q).

Both the nondegeneracy condition and the diophantine condition have been im-
proved by H. Riissmann [RisO1].

A very nice introduction to these results can be found in the exposition at Sémi-
naire Bourbaki of J.-B. Bost [Bos86]; it contains a proof of the KAM theorem based
on the Nash-Moser theorem (see also [Zeh75,Zeh76,Eli88]). Other surveys on that
topic are [Arn88], [Arn76, Appendix 8] and in particular, the book [BHS96] by Broer,
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Huitema and Sevryuk, which contains an extensive bibliography. About Lindstedt ex-
pansion, one can consult the article [El96].

Since then, a lot of work has been done on that subject. A closely related theme
is the existence of invariant circles of twist mappings of the annulus [Riis70,Riis72,
Her83,Her86, Yoc92] as well as the bifurcation of elliptic fixed point (smooth case)
[Che85,Yoc87]. These topics together with their links with celestial mechanics are ex-
plained in the books by C. L. Siegel and J. Moser [SM71], by S. Sternberg [Ste69a,
Ste69b] and by J. Moser [Mos73].

All this literature is concerned with nonsingular hamiltonian dynamical systems.
Few results have been obtained in the singular case [Arn61].

1.2. Singular complete integrability

From now on, we shall be concerned with singular holomorphic vector fields
in a neighborhood of the origin of C", n > 2. Let us recall one of the statements of
a previous article [Sto00] (see also [Sto05]).

Let g be a [-dimensional commutative Lie algebra over C. Let A4, ..., A, be com-
plex linear forms over g such that the Lie morphism S from g to the Lie algebra of
linear vector fields of C" defined by S(g) = Z?:l A:(g)x;0/0x; 1s injective. For any
Q = (q1,...¢) € N"and 1 <7 < n, we define the weight ag ;(S) of S to be the
linear form Z;L:l qjri(g) — Ai(g). Let us set |Q| = ¢ + -+ + ¢, Let ||. | be a norm
on the C-vector space of linear forms on g. Let us define a sequence of positive real
numbers

wi(S) = inf {[laqill #0,1 <i<n2<]Q| <2

We define a diophantine condition relative to S to be

@) - 3" <o,

k
k=0 2

Let 2" (resp. ﬁzf) be the Lie algebra of germs of holomorphic (resp. formal) vector

fields vanishing at order greater than or equal to £ at 0 € C". Let (é\”ﬂl)s (resp. @5)
be the formal centralizer of S (resp. the ring of formal first integrals), that is the set
of formal vector fields X (resp. formal power series /) such that [S(g), X] = 0 (resp.
Lyp(f)=0)forall g eg.

A nonlinear deformation S+ € of S is a Lie morphism from S to 2. such that
€ € Homg(g, 27). Let ® be a formal diffeomorphism of (C", 0) which is assumed to
be tangent to Id at 0. We define &D*(S +e€)(g) := CTD*(S(g) +€(g)) to be the conjugate
of S+¢€ by ®. After having defined the notion of formal normal form of S+¢ relative

to S, we can state the following
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Theorem 1.2.1 [851098,5t000]. — Let S be an wnjective diagonal morphism such that the
condition ((S)) holds. Let S + € be a nonlinear holomorphic deformation of S. Let us assume it
admats an element of Homg (g, 0F ®c S(g)) as a_formal normal form. Then there is a formal

normalizing diffeomorphism & which is holomorphic in a neghborhood of 0 n C".

Such a nonlinear deformation is called a holomorphic singular completely
integrable system. Let us make a few remarks about this. Assume that the ring
(0,)% of formal first integrals of S doesn’t reduce to the constants. Then is is gener-
ated, as an algebra, by some monomials ¥*!, ..., x* of C" ([Sto00, Proposition 5.3.2,
p- 163]), R; € N". These are the resonant monomials. We define the resonant
map 7 to be the map which associates to a point x of G, the values of the mono-
mials at this point; that is

7ixeC > (N, . N e e,

where %5 is the algebraic subvariety of G’ defined by the algebraic relations among
the ¥*s. The fibers of this mapping will be called the resonant varieties (they may
have singularities).

The conclusion of the previous theorem has the following geometric interpre-
tation: let D be a polydisc, centered at the origin and included in the range of the
holomorphic normalizing diffeomorphism. In the sequel, when we say fiber of 7, we
mean its intersection with D. Our previous result implies that, in the new holomor-
phic coordinates, the holomorphic vector fields are tangent to each fiber over w(D),
they are pairwise commuting and, when restricted to a fiber, they are just the restric-
tion to the fiber of a linear diagonal vector field whose eigenvalues depend only on
the fiber (see Figure 1).

This reminds us of the classical complete integrability theorem of hamiltonian
systems. The fibers, which can be regarded as the toric varieties, play the role of the
classical tori. 'The flows associated to the restrictions to the fibers of the linear vector
fields to which the original vector fields are conjugate to, play the role of the quasi-
perwodic motions on the tori.

1.3. A KAM phenomenon for singular holomorphic vector fields

With respect to what has already been said, the natural question one may ask
is the following: starting from a holomorphic singular completely integrable system in
a neighborhood of the origin of G" (a common fixed point), we consider a holomor-
phic perturbation (in some sense) of one its vector fields. Does this perturbation still
have invariant varieties in some neighborhood of the origin? Are these varieties bi-
holomorphic to resonant varieties? To which vector field on a resonant variety does
the biholomorphism conjugate the restriction of the perturbation to an invariant var-
iety? Is there a “big set” of surviving invariant varieties?
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(6/7., C Cp

FiG. 1. — Singular complete integrability: in the new holomorphic coordinate system, all the fibers (intersected with
a fixed polydisc) are left invariant by the vector fields and their motion on it is a linear one

The aim of this article is to answer these questions. Before fixing notation and
glving precise statements, let us give a taste of what it is all about.

Let S: g — Z' be as above. This defines a collection of linear diagonal vector
fields on G" we shall work with. Let X be a holomorphic vector field in a neighbor-
hood of the origin in C". Let X, be a nondegenerate singular integrable vector
field (in the sense of Riissmann). We mean that X is of the form

l

Xo=D g0, a™s;,  qe6)

J=1

where the range of the map (ay, ..., /) from (C", 0) to (C/, 0) is not included in any
complex hyperplane.
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Then, we consider a small holomorphic perturbation X of X,. Let us set X =
Xo+ R, where R,,, 1s a germ of holomorphic vector field at the origin and of order
greater than or equal to m, at that point. One of the difficulties is that there are no
natural actions-angles coordinates to play with. Nevertheless, we shall construct some-
thing similar: we add new variables u,, ..., u, which correspond to the resonant mono-
mials (which are assumed to be algebraically independent). These are the “slow vari-
ables”. To the holomorphic vector field X in (C”, 0), we shall associate a holomorphic
vector field X in (C**”, 0) where the coordinate along ;;_ 1s the Lie derivative of the

resonant monomial x% along X. This vector field is tangent to the variety
Y= {(x,u) e C"x C?, | ujsz-", J= 1,...,[7}

and its restriction to it is nothing but X. We shall say that X is fibered over X.
We shall conjugate X by germs of diffeomorphisms which preserve the variety X.
Such a germ will be built in the following way: let ®(x, %) := » = x + U(x, u) be
a family of germs of biholomorphisms of (C", 0), tangent to the identity at the origin
and parametrized over an open set % in C’. Let us set v := u + 7w(y) — 7w(x) and
D(x, u) == ( 9,0). The latter is a germ of diffeomorphism at (0, 4) and tangent to the
identity at this point, for any &. It leaves ¥ invariant. We shall say the ® is fibered
over ®. We shall define the notion of Lindstedt-Poincaré normal form of X of
order k as follows: there exists a fibered diffeomophism @, such that

= NFk(y, 0) + Rep1 (0, 0) +r54(0, 0)

(ch)*X =3. k .
0 = 7, (NF'(p, 0) + Rig1 (9, 0) + 15.4(, 0))
Here, [X,, NF*( », )] vanishes on X, R, is of order greater than or equal to £+ 1
and rs vanishes on X.

If we were dealing with an integrable symplectic vector field X, we would re-
quire the perturbation to be also symplectic. The analogue, in our general setting, is
an assumption on the Lindstedt-Poincaré normal form of X. Namely, we require
that

l

NF'(y,9) = Y d@S;(y).

J=1

Hence, the Lindstedt-Poincaré normal form reads

J= Y d@S0) + R (9, 0) + 15400, 0)

U= 7T*(Rk+1 ()% Z)) + Tzvk(_y’ Z)))

A perturbation X of X, which has a Lindstedt-Poincaré normal form of this type for
any £ will be called good perturbation of X,.
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Our main result is as follow:

For any small enough good perturbation, there is a neighborhood U of the origin of G" and
there are compact sets of positive 2p-measure belonging to the range of the resonant map 7 with the
Jollowing properties: let K be such a compact set,

— for each b € K, for each connected component of w='(b) N U, X has an invariant holo-
morphic subset of some open set of G" biholomorphic to the connected component of the
JSiber;

— when X 15 restricted to this invariant subset, the biholomorphism comjugates X to the re-
striction of a linear vector field NY, to the connected component of the fiber.

T (c)
is invariant

ﬂfl(‘f/) :

is not invariant

FiG. 2. KAM phenomenon: any fiber (when restricted to a fixed polydisc) over a compact set of positive measure is
biholomorphic to an analytic subset left invariant by X and the biholomorphism conjugates a linear motion on the fiber
to the motion of X on the corresponding invariant set

The germs of the ideas of the proof can be found in the work of Bibikov and
Pliss [BP67] (see also [Bib79, Chap. 3]) although the authors work with the Poincaré-
Dulac normal form and this leads to an incomplete argument. The authors are con-
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cerned with peculiar systems of differential equations of the form

dx

dt] :l.)\jxj"‘?.]f(xl,---,Xm)’h---»)’n)

d; = _l)\‘j))j_y]?(_ylv"'7yn7xl,"'7xﬂ) (]: 17"',72)7
where 7> = —1 and the Aj’s are real and uncommensurable numbers. The authors are
looking for invariant manifolds of the form x;y; = constant, with j =1, ..., n.

I would like to thank M. Chaperon, Y. Colin de Verdiere, B. Malgrange,
J-P. Ramis and J.-C. Yoccoz for their encouragements. I also thank F Fauvet and
P. Thomas for correcting some of my English language mistakes.

2. Notation

Let R =(n,....,1,) € (Rj)ﬂ; the open polydisc centered at 0 € G" with polyra-
dius R will be denoted by D,(0,R) = {z € C" | |z| < r}. If > 0 then D,(0, r) will
denote the polydisc D, (0, (r,...,7). If Q = (¢1,...,¢) e N, |Q| =q1 + -+ - + ¢, will
denote the norm of Q.

Let %/ be an nonvoid connected open set of C’; then O,(%) (resp. O,(%)) will
denote the ring of holomorphic functions on % (resp. in a neighborhood of the closed
set ). Let f € 0,(%) be such a function, we shall set || ]l 1= sup,.q | f(%)].

2.1. Norms

Let % be a nonvoid connected open set of C’. Let us set
By = O)(%) ®c Cllx, ..., x]l.

It is an algebra over C. Let /' = ZQGN,, Jo(@x? be an element of By where the /5’
belong to 0,(%). We shall set

F=>" lfollex® € Cllx, ... x]1.
QeN”

The order of such an element is the smallest integer £ € N such that there exists
Q € N” of norm equal to £ and fo # O; this integer will be denoted by ordy(f). Let
k be an integer; the A-jet of f is

I =Y fow

QeN"|Q|<k
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We shall say that an element g dominates f if for any multiindex Q € N7,
| foll is less than or equal to [|ggll#; in this case, we shall write f <4 g. Let
R=(,...n) € (RL)"; let us set

flax =Y I/alaRE =70, ...n).

QeN”
We have the following properties:
fg ¥ fgv
if [ <%g then |flaxr =< Iglur.

Let / € By such that ordy (f) > m. We assume that | /|4, is finite for some positive 7.
Then, for any positive R <7, we have

R m
(2.1.1) |l x < (7> | »
(2.1.2) Supze%xDJf(z)l =< |f|a//r

We shall define the set
AU R) = {f € O)x1, ... 611 | | flarr < +00].

Remark 2.1.1 (Important remark). — Let x™, ..., ¥ be a finite number of (nontrivial)
monomials of C". Let X be the submanifold of C" x C? defined to be

T={(nweC xCuy=x" i=1,..,p}
Let f(x,u) = ZQeanQ(u)xQ be a holomorphic function on D,(0,r) x D,(b, 1") which is
assumed lo intersect 3. We shall denote by fis, the function obtained by replacing each
monomial XN by . If |b] + 1 < ™ we have

| fizlp,6.0.0 < 1S o000

This is due to the fact that

R; R,
luillp, ey < 161+ 7" < "0 =[x, gm0
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2.2. Spaces of vector fields and spaces of functions

Let us set some notation which will be used throughout this article. Let £ be
a positive integer:

— 2" denotes the G-space of homogeneous polynomial vector fields on C" and
of degree £,

— "k denotes the C-space of polynomial vector fields on C”, of order > m
and of degree <k (m < k),

— 2 denotes the C-space of formal vector fields on C" and of order > k at 0,

— Z* denotes the C-space of germs of holomorphic vector fields on (CG”, 0) and
of order > £ at 0,

— /% denotes the C-space of homogeneous polynomials on G" and of degree £,

- ’@ denotes the ring of formal power series in G”,

— 0, denotes the ring of germs at 0 of holomorphic functions in C".

3. Normal forms of vector fields, invariants and nondegeneracy

3.1. Normal forms

Let X € 2! be a formal vector field of C” and s its linear part (assumed not to
be zero) at the origin.

Defination 3.1.1. — X 15 sawd to be a normal form if [s, X] = 0.

Proposition 3.1.2 (Poincaré-Dulac formal normal form) [Arn80]. — Let X belong 3?;[1 as
above. Then there exists a_formal diffeomorphism o, vanishing at O and tangent to wdentity at this
point such that

X =5+N, [5,N]=0;

where N is a nonlinear Jormal vector field.

This means that we can find a formal change of coordinates in which X is trans-
formed into a normal form. In general, the normalizing diffeomorphism is not unique
and diverges.

3.2. Invariants and toric varieties

Let g be a complex /-dimensional commutative Lie algebra. Let S: g — 22! be
a Lie morphism from g to the Lie algebra of linear vector fields of C”. It is assumed
to be injective and semi-simple. This means that we can find a basis {g, ..., g} of g
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such that, for each index ¢, S(g;) is a linear diagonal vector field of G" and the family
{S(g)}i=1...; 1s linearly independent over C. Let us define

6 ={f € 6,\Vg €9, Zp(f) =0},
(Z0) ={YeZ!Veeq, IS, Y] =0,

to be the ring of formal first integrals of S and the formal centralizer of S respectively.
Here, Z5,(f) denotes the Lie derivative of / along S(g).

3.2.1. Weghts, weight spaces of the morphism S. — The morphism S induces
a representation p; of g in & defined to be p(g)p = [S(g), p]. The linear forms
ag.i = (Q,A)—A,;, |Q| = £ are the weights of order £ of this representation. There
is a decomposition of & into direct sums of weight spaces of this representation:

7 =P (),

where

(2, =1{pe P Vg eg. [S9).p] = al)p} # {0}

denotes the a-weight space associated to the weight . The set of nonzero weights of
S into 2" will be denoted by #,%". We refer to our previous article [Sto00, Chap. 5
— The fundamental structures — p. 158-168] for more details about this topic.

Let || . || be a norm in g*. We define the sequence of positive numbers

w(S) = inf {||a||, for all nonzero weights of S into g2 +1.2 }

n

3.2.2. Toric varieties. — 1If @S # G, we know from [Sto00, Prop. 5.3.2] that

there exists a finite number of monomials &®', ..., *® such that

05 =GN, L., K™

Moreover, (51? 1)S Is a @S—module of finite type. Let us define the map

n
TixeC > (N, ., 4N el

Let €, denote the algebraic subvariety of G/ defined by the algebraic relations among
the monomials x®, ..., x®:

¢, ={ueC’|Pw) =0, VP € Clu, ..., )]
such that PG, ..., &%) = 0}.
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It is well known that such a variety is a toric variety. In fact, there is an action
of the algebraic torus (C*)" on G’ defined by x.u = (ua™, ..., upxRﬂ) whenever u =
(u,...,u,) € G and x = (x1,...,x,) € (C*)". The affine variety ¢, is the Zariski
closure of the orbit of the point 1 = (1, ..., 1). If b € G’ belongs to this orbit, then
the set

7B = {x e (€)' |xN = by, .., N =10}

is isomorphic the isotropy subgroup of 1; that is the subgroup G of (C*)" defined by
G={xe(C)" [x1=1} R

Let .#; (resp. .#,) denote the ideal of definition of €, (resp. .#; ® G,). Therefore,
we have an isomorphism ¢, : G[[u, ..., up]]/jn S @S defined to be ¢, ([F]) =Fom
for any representative F € G[[uy, ..., 4,]] of [F]. We shall also denote by ¢, the induced
map on (C[[ul, ey up]]/jﬂ)k, for any positive integer £.

Let R be the pxn-matrix which rows are the exponents of the monomials defin-
ing 7:

Let r be the rank of R. Let M = (m; ;)1<i<p be a p X n-matrix and let £ be smaller

1<j<n
than or equal to min(n, p). Let I = {5; < --- <} (resp. J = {5 < --- <Ji}) be a set
of increasing integers of [1, p] (resp. [1, n]). We shall say that both I and J are £-sets.
We shall write M j for the matrix My j = (m; j,)1<;,i<#-

Proposition 3.2.1. — Let 1 be a positiwe number and let D, be the polydisc centered at the
origin of G" with radwus r. Let H = {x € G"|x;---x, = 0} be the unmion of the coordinate
hyperplanes. Let D, \ H be the set of points of D, not belonging to H. Then,

1.D, \ H s an open connected set of C",
2. mp\u 15 of constant rank equal lo the rank of R.

Proof. — The first point is classical since H is of complex codimension 1. Let £
be a positive integer smaller than or equal to min(p,n) and let I = {7; < --- < g}
(resp. J = {1 < --+ < ji}) be a set of increasing integers of [1, p] (resp. [1, n]). Let
x € D, \ H. We have

R;
(D)1, = (zj,ix ) n

x:
Yy
JjeJ
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According to the multilinearity property of the determinant, we obtain

x;, - - - x5, det(Dmr(x))y j = det (rj,ixRi)ge} = R R det (n,j) ?'63 .
JE JE

Since the zero set of x;, - - - x;, (resp. A% - - - x%#) is included in H then, for all x € D,\H,
the determinant of (D7 (x))y j vanishes if and only if the determinant of Ry j does. Let
s be the rank of R. Then, for all positive integers s < ¢ < min(n, p), and all ¢-sets I, J,
the determinant of Ry j vanishes; thus, so does det(Dm(x)); ;. Moreover, there are
s-sets 1, J such that the determinant of Ry j is not zero; thus, det(Dm(x));j # 0. As
a consequence, the rank of 7 \g is equal to the rank of R. ]

Let us recall the rank theorem:

Theorem 3.2.2 [Chi89, p. 307]. — Let D be an open connected set in G" and let
S+ D — CF be a holomorphic map such that rank, f = r for all z € D. Then, for any
powmnt a € D, there exists a neighborhood U of a in D and a neighborhood V of f(a) in C? such
that:

1. f(U) ws an r-dimensional complex submanifold in 'V,
2. there 1s an r-dimensional complex plane L. passing through a such that | maps biholomor-
phically L.NOU onto f(U).

We may apply this result to our situation: 7 is of constant rank s on D, \ H;
therefore for any point @ € D, \ H, there is a neighborhood U, of ¢ in D, \ H such
that w(U,) is an r-dimensional submanifold of C”’.

3.3. Nondegeneracy of vector fields

From now on, we shall assume that the resonant monomials
R xR are algebraically independent.
Defiition 3.3.1.

— A formal mapf : G — C' is a l-tuple of formal power series of C.
— A formal map f : CG* — C' is said to be nondegenerate (in the sense of Riissmann)

if for any nonzero ¢ = (cy, ..., ¢;) € G, < ¢, f >i= Z;[':I ¢ fj doesn’t vanish identically.

Remark 3.3.2. — If the k-jet, J*( f ), of a_formal map f is nondegenerate, so is JT( f ).

Lemma 3.3.3. — Lel F= (Fl, e F,) : C" > C! be a formal map such that for all
I1<:<[ F e @S. The following statements are equivalent:

1.¥:C" — G is a nondegenerate formal map,
2.¢ ' (F) : G’ — C' is a nondegenerate formal map.
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Proof. — There is a formal power series F of G’ such that F o 7 = F. Since
the resonant monomials are algebraically independent, < ¢, F > = 0 if and only if
<¢F>=0. O

Defiution 3.3.4. — A holomorphic vector field Z;[':I a;S; will be said to be nondegenerate
if the map (ay, ..., a;) s nondegenerate.

3.4. Fibered vector fields and diffeomorphisms along 7
Let ¥ be the graph of 7; that is the algebraic subvariety of G" x G? defined by
Y= {(x, w) € C"x C |y =N, i=1, ...,p}.

Let % be an open set in G’ and let f/ be a holomorphic function over
D, (0, r) x % which vanishes as well as its derivative at x = 0. It can be written as

S =) fo .

QeNj
Moreover, it can be written also as
" R
VeI ICaN0re
QeN

where the sum ranges over {0} together with the set of Q € N for which x2 is not
divisible by any x*/. Two such series / and g will be said equivalent modulo X if

S 680 =gy (8, 0) on X,
We shall denote [ /] (or f) the equivalence class and write it as the series
f:=[f]:= Z [ /6 (8, )]+
QeN”

where [ f(’l(xR, u)] denotes the equivalence class modulo X of fé(xR, u). Let

n V4
X =Y "Xid/dx + Y X;0/0u

=1 k=1

be a holomorphic vector field on D,(0, r) x %. We shall define [X] (or X) to be

n b4
X = [X] =Y [X19/0x + Y _[X,10/0u.

=1 k=1
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Definition 3.4.1. — The restriction fis of f to X is the formal power series defined to be
Sz =YL ()],
QeN”

where the sum ranges over {0} together with the set of Q € N" for which x2 is not divisible by
R
any x.

Let X be a holomorphic family over % of holomorphic of vector fields in a neigh-
borhood V of the origin in G". We mean that

. 0
X(vw =) Xivw,
i=1 ¢

where the X;(x, u)’s belong to ,(V) ®¢ O)(%).
Let us set

8 ! R 3
X(x, 0) = X, mX)xu =Y X(x, + ) XER(x, .
(x, u) = ( )(x, w) ; (), ; I
As usual, X(x*) denotes the Lie derivative of ¥® along X, namely:

QR

X (R (v, w) = in(x, 0
i=1 ¢

The vector field X will be said to be fibered over 7 (with respect to X). One
of the features of X is that it is tangent to ¥ and its restriction to it is precisely the
vector field X(mw(x), x).

Let @ be a holomorphic family over % of germs of holomorphic diffeomor-
phisms of (C", 0) tangent to identity at 0 in G". We shall write

D(x, u) = x+ P(x, u),
where ¢ belongs to 0,(%) ® A?. Let us set
D (v, u) := (P(x, w), u+ (T(D(x, ) — 7(x))).

If b belongs to %, then ®(0, b) = (0, b). Moreover, ® is tangent to identity at that
point. Thus, it is a local diffeomorphism at (0, b). The diffeomorphism X will be said
to be fibered over 7 (with respect to ®). It leaves the variety X (globally) invari-
ant. In fact, if ¥ = m(x) then

D (7(x), ) = (P((x), ), T(P(7(x), x))).

In the sequel, pr, (resp. pro) will denote the projection onto C” (resp. C/).
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Lemma 3.4.2. — If both X and ® are JSibered over 7t (with respect to X and P respec-
twely) then so is @, X. Moreover, the restriction of ©,.X on X does depend only on the restrictions
of X and @ to X.

Proof. — In fact, we have
®.X(9,v) = DO (x, u)X(x, u)
= (D, P(x, )X (x, u) + D, P (x, ), X(x, u),
D, (P (x, w) — w(x))X(x, w)
+ D, (u + (P (x, w)) . X(x, 0).
But precisely, the quantity
D, (w(P(x, w) — 7 (x)X(x, u) + D, (u+ 7(P(x, w))m, X(x, u)
is equal to
Dr(®(x, w) (D, P(x, )X (x, w) + D, P (x, W), X(x, u)).

3 It is sufficient to prove this with X = (f(«®, u) + fz (&}, ))x23/0x; and (7, 7) :=
O (x, u) with
J=x+2"(g(", ) + g2 (X, )9/ dx;
b= u+ w4+ £ (g(R, ) + g5 (6N, )3/ 0x) — m(x).
P are divisible by any x®. Moreover, both f5
and gy belong to the ideal generated by the x® — u’s. Let us set
(9, 2) = W(x, u)
= x4+ g(®, u)d/ox;
vi=u+m(x+ 1 g(xR, 0)d/0x;) — w(x)
Y (x, u) ::f(xR, u)x29/dx,;.

Here, we assume that neither ¥ nor x

The previous computation shows that

prl((’i‘)*f‘((}), U)) = qu)(x, u)(f(xR’ u) +fE(XR, u))xQ (aax>

3 e 9
+D,®(x, u) (Z(f(xR, W)+ fo (8, w)x ) :

— Bxi Buk
Let us write ggx ) = i:l (R — u)gs (R, u). Let us define the differential operator

Bg(xR, u) . g &
8vk T Btk (x ’ u) + Buk
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where g(x®, u) = m,(g(¢, u)). Then, we obtain

b R ) R
~ & e a (x 3 u) a ’me’u ax k
pn(@.X(5,9) = [xPZ( Y ) ’)

— aUk Uy Bxi

m=1

R R x® R
+ (g(x, u) + gu(x, w) 9. + 1 (f(x", w

d
+ fE(xR, u))an B

(R —y,,)

This 1s due to the fact that dog = 0 for all integers 1 < £, m < p. As a conse-
quence, if (x, ) belongs to X, then (7, 7) = (1, v). Moreover, we have

(DX, 0) = pr (WY (9, 0)). O

3.5. Lindstedt-Powncaré normal forms of fibered vector fields along m

Let X = 5(x) +R(x) be a germ of vector field in a neighborhood of the origin in
C" which is a nonlinear perturbation of the polynomial vector field s; = Zj-zl a;(x®)S;.
Let us assume that the order m, of R 1s greater than the degree of s (x).

Let % be an open set in C’. Let Y(x, «) be a family, over %, of germs of vector
fields of CG”, whose restriction to X is equal to X. It is required that Y(x, u) = s;(x, u) +
R(x, u) where s;(x,u) 1s defined to be ijl a;(u)S; and where R(x, #) is nonlinear
(in x). We define the holomorphic vector field X on an open set of C* x C/ to be

X, 1) = (Yx, w), 7Y (x, w) = (s (x, w) + R(x, ), 7, R(x, ).

Lemma 3.5.1. — Let U(x, u) (resp. s(x, w)) be a representative, over %, of some nonlinear
vector field (resp. si(u, x)). Then, the class of the Lie bracket [s(x, u), U(x, v)] depends only on
the classes [s] and [U]. Moreover, o Ux, u) belongs to o-weight space of S then so do U and
[51(x, w), Ulx, w)].

Proof. — It 1s sufficient to prove this for U(x, u) = b(x, u)x? ai and s(x, u) =
ijl a;(x, w)S; where a; = aj(xR, u) + (lj’z(XR, ) and b = (R, u) + bs (xR, 1). We have

/ ~
- ~ 0 ~ o 0a;
[s(r, ), Ur, )] = ) " ab [sj, A2 axi] — SZ S;

J=1

! » R
o o 0xNF 0
+ E iS;, Y ba? :
i=1 |:aj ' =1 ' Ox; Buk:|
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Since the ¥®’s are common first integrals of the S;’s, we have SJ-(?)) = 0. This leads to
o 0% LT RN B P
;Y b = G;bS; | «% — bx* S|
|:aj g Z ¥ Bxi auk:| /CZZI |:aj / (X axi ) auk ¥ Bxi Buk /

It 1s then sufficient to show that the class of
307 o= R 3T & da
B.= %% 4 Y _ 7R,
dx; Z ax; Ouy ; ax; (3vk )

depends only on the class of . Let us write 4,5 = fn :1(me — U,)aj 5 . Since
(xR — u,) /0y, = 0, we have

3a;(x%, u) aaj(x Z(’“ aaj,E,m(va u)
aﬂk al)k

b

m=1

which ends the proof.
Let us assume that U belongs to the a-weight space of S. According to the pre-
vious computations, we have

[, U1 =[Sy, Ul + Zsfmx m))

m=1

The result follows from the equality S;(U(x®")) = [S;, UJ(x*) = a(g,)U(xRn). |

Definition 3.5.2 (Lindstedt-Poincaré normal form). — The fibered vector field X over 7
with respect X s said to be normalized up to order m along X, if there exists an open
set U, and a fibered diffeomorphism ® over U,, such that

X =NF'+ R, + 7~

where I/{;: 15 a fibered vector field with respect to a vector field of order greater than or equal to
m~+ 1. The vector field NY™ commutes with si(x, u) and does not depend on the choice of a repre-
sentant of X.

The vector field X 1s said to be Lindstedt-Poincaré normalized up to order m
Y one of uls fibered vector field X is normalized up to order m. We shall also say that the restriction
NI 5 i a Lindstedt-Poincaré normal form up order m of X.

Lemma 3.5.3. — If sy is nondegenerate then X admils a Lindsted!-Poincaré normal form
up to any order.
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Progf — Let us assume that X is normalized up to order m and let us write
X = NF"(x, ) + R,p1(x, w) 4 75(x, w)

where u belongs to an open set %,. Let us make a change of variables of the form

() _ x4+ Ux, w) R ES
T (v) o <u + m(x + U(x, u) — n(x)) o (u) TW.

On the one hand, we have

(o

. ~ ~ ~ 1 ~
CD*X:X—i-[W,X]-I-2[W,[W,X]]+---.

On the other hand, 7. = ®,7s vanishes on X as well as
> I's

l
pr(INF7, W) = L5 (v 0, Wl = Y Wala()S; + INF” — 5, W]
j=1
a

. 9 n .
+ Z . NF"(W,.) o ; Wu(NFi ) ox;

i=1
Here, W, (resp. W,) stands for mw(x + U(x, v)) — m(x) (resp. U). Let B,, denote the
sum of the projection of R,,;; onto the weight spaces associated to weights of degree
m+ 1. Its restriction to ¥ doesn’t depend on the choice of the representa-
tive R, ;. Therefore, if U is of order greater than or equal to m + 1, we may write

1 (®.X(, ) = NF"(5,2) + B (5, 0) — [51(1, v), U]
+ RerQ(_yv Z)) + 7;;()}, Z)),

where the vector field R,,19( 7, v) 1s of order greater than or equal to m + 2.
For any weight o of S in &' let us set

l

A, = Z g (wa(g)).

J=!

Since s; i nondegenerate, if o is nonzero then A, doesn’t vanish identically. For if it
did then the image of map (ay, ..., /) would be contained in a complex hyperplane.
Let %,,.+1 be the complement, in %, of the zero set of the A,’s where a ranges over
the set of nonzero weights of S in 2", For such an «, let us set, for u € %1,

B+ (x, w)

Uy (x, u) := AL ()

and U= ZUQ.
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We have

l !

[s1(v, 1), Ul = Y a8, Ual = | D giwe(gy) | Uy = By

=1 j=1
Hence, we have
i (®.X(p,9) = NF"(y,0) + Bi* (5, 0) + Roga (0, ) + 7500, 0).
Let us set
NF"'( 9, 0) := NF"(y,0) + Bgﬁ; (9, 0).
Then, we have
[s1, NF**'] = 0.

Let X’ be another fibered vector field with respect to X and which is normalized
up to order m. Let us assume that it differs from pr,(X) by a vector fields vanishing
on X. Hence, it can be written as

pﬁf(/ = NF"(x, u) + R, 1 (%, w) + 75 (x, ).
Then, @, X’ will differ from ®,X by a fibered vector field vanishing on X. O

Definition 3.5.4. — The veclor field X is said to be a good deformation relative
to S if X admits a Lindstedt-Poincaré normal form of order m of the form

{

> ws;

j=1
Jor any order m greater than or equal to 2.

Remark 3.5.5. — Let us expand the meaning of this defination. In coordinates, the vector
field (®,,).X can be wniten as

l

dxi
P = Z a}”(u))»j,i X+ Ryq1i(e, 0) + 15

J=1

du
b= Rm-&-l,i(ka) + TE,i(ka)’

dt
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where 1 ranges from 1 to n and k ranges from 1 to p. It is a perturbation of order greater than or
equal to m~+1 (in x) of the “integrable”-one along X

l
dxl- m

i E G (WA | %+ s,
duk

dt
where 1 ranges from 1 to n and k ranges from 1 to p. The w.’s are to be thought as the actions (the
“Slow variables”) whereas the nonresonant monomials X% are the functions of the “fast variables™.

J=l1

R,
= 72,i(9€ ")

4. Main results

Let g be a complex /-dimensional commutative Lie algebra. Let S: g — 22! be
a Lie morphism from g to the Lie algebra of linear vector fields of C”. It is assumed
to be injective and semi-simple. This means that, up to a linear change of coordinates,
there are linear forms Ay, ..., A, € g* such that for all g € g,

n 8
S(9) = kil -
i=1 ¢

In the sequel, {g, ..., g} will denote a fixed basis of g and we shall set S; = S(g).
The family {S;};=;.,; 1s linearly independent over G. We shall denote by V/nk*’” the
set of nonzero weights of S in 22" that is the set set of nonzero linear forms
> gir(9) — Ai(g), for which (¢1,....,¢) eN, 1 <i<nandk<¢ + - +¢ <m
We assume that the ring of formal first integrals /ﬁ} is not reduced to G. We recall
that 05 = C[[:}, ..., s®]] where &&1, ..., x® are monomials of C". We shall assume
that they are algebraically independent.

Let X € 2! be a germ of vector field of (C", 0) vanishing at the origin and
which linear part belongs to S(g). Let us assume that X is a good perturbation of
order my 4+ 1 > 2 of a nondegenerate vector field

where the ¢s belong to @S. We shall write ¢ = (ay, ..., 4;). Hence, its Lindstedt-
Poincaré normal form, at each order m > my, is of the form
!
NF"(x, ) = Y _ " ()S;(x),
J=1
where the a;’"s are holomorphic functions on some open set U, of G’. Moreover,
X — Xy 18 flat up to order m at the origin.
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Let w = {w;}ren+ be a sequence a positive numbers such that

- W = 1:
= Wpy = W,
. —Inwr
— the series ) ., " 5" converges.

Such a sequence will be called a diophantine sequence.

Let p be a sufficiently small positive number less than 1/2. Let £ be a nonvoid
compact set of m(D,(0, p)). Let y be a positive real number and less than some y’.
We define the decreasing sequence {%.(X, JZ, w, ¥)};en of compact sets of w(D,(0, p))
as follows:

Ho =,
!
ok ok+1 ok
Ho=3be A |Nae W 7, |a Zaf g || = yor
J=1
In other words, % is the set of 4’s such that the small divisors of order greater than

m and of degree less than 2m 4 1 with respect of the linear diagonal vector field
NF,,(b, x) are greater or equal than yw,, with m = 2%,

Theorem 4.0.6. — Under the assumptions above, let @ be a diophantine sequence; let &~
and y be defined as above. If my is large enough and if the set Hoo(X, K, w, y) 1= (\iene Hk
is nonvowd then, for any b € Hy,

1. the sequence {NF"(x, b)} converges to a linear diagonal vector field
NF(x, b) = Y1, @(5)S;(),
2. there 1s a biholomorphism of analytic subsets of open sets in G",

@, : w7 (b)) N Dy(p) — V, C C"
which conjugates the restriction of NF(x, b) to w='(b) N Dy(p) to the restriction of X
o V,.

As a consequence, X s tangent to the toroidal analytic subset Vy; its restriction to it is conjugated

to the restriction to the toric analytic subset w="(b) ND,(0, p) of the linear diagonal vector
[ ~

field Zj:l %(b)S;.

Definition 4.0.7. — Let @ = {wi}i=1 be a diophantine sequence and (o be a positive
winteger. We shall say that S is strictly diophantine relatively to (o, 1) if

. A n+1 Wy, 2o
lim (2°+n+1) =0.

b wi(9)

Theorem 4.0.8. — Let & be a compact set of w(D,(0, p)) of positive 2p-measure. As-
sume that S s strictly dwphantine relatively to the sequence (w = {w;}i>1, o) where g s the
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index of nondegeneracy of Xo with respect to K~ (see Section 9.1). Then, under the assumptions of
Theorem 4.0.6, 5, is nonvord and has a positive 2p-measure.

The definition of strict diophantineness is derived from Riissmann assumptions
in his work on KAM theory in the symplectic case [RisO1]. It should be noticed that,
in the hamiltonian situation, the numbers @;(S) don’t appear in the condition since
they are bounded from below (see for instance [Sto00, Theorem 10.2.1-10.2.2]).

Remark 4.0.9. — Similar statements were announced wn [Sto01]. At that time, we made
the assumption that the formal Pouncaré-Dulac normal form of the deformation X was of the form
Z}- a’S;, with & € 0. But, we failed to prove that this assumption implies the assumption we
actually do on the Lindsedt-Poincaré normal form. Hence, the result about the holomorphy of the
Poincaré normal form, announced in the note as a consequence of the proof of the main result, s not
proved yet.

5. Sketch of the proof

Let X be a fibered deformation of X over a neighborhood of the origin in C.
The global mechanism of our proof is to normalize, in the sense of Lindstedt-Poincaré,
the vector field X. To do so, we shall use a slightly modified Newton process. As-
suming that X is normalized up to order m, we shall normalize it up to order 2m
by a holomorphic diffeomorphism of some polydisc D,(0, R,,) x D,(b, t,), tangent to
identity at (0, 4). It is also fibered over m. Let us set

X(X, u) = NF" + 1N{erl +7s

where NF"(x, u) = Zle al(w)S;(x), RmH is a fibered over a holomorphic vector field

of order greater than or equal to m+ 1 and 7y is fibered over a vector field vanishing
on X. Let us write

_ pm+1,2m D
Rerl =B + R2m+l

where B2 denotes the projection of R, on the weight spaces (of S) of degree
less than or equal to 2m:

pm+1,2m __ pm+1,2m nm+1,2m
el = Bt g 3 By
a#0

where the sum is taken over the nonzero weights of the representation of S into the
space O,(D,(b, 1,,))@ 7 +1-2m Brtl-2m heing the projection of B"*1*" onto the a-weight
space.
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In order to normalize X up to order 2m, one is led to solve, for each nonzero
weight a of order less than or equal to 2m, the following cohomological equation:

[NF", U,,a](x, @) + D,NF,,(x, ) Dr(x) U, 4 (x, w) = By " (x, w),

where the unknown, U,,,, is to be a holomorphic vector field of order greater than
or equal to m 4 1, belonging to the a-weight space. Let us set

l

Ava(®) = d'(wa(g).

J=1

Let V,, be an open set where A, , doesn’t vanish and assume that 4 belongs to V,,.
On this set, we find that

D, Bl 2m(x,
Um,ot(X, u) = (Id — ) o (x, w)

Ao (1) Apa (W)
is the solution of the cohomological equation. The &, x @,({b})-linear operator D,, is

nilpotent of order 2 on G,({6}) ® 2.
Let us set

U, = > U

a7#0 and of degree <2m

and
®,=1d+U,, &,(xu) = +U,(xw0),u+w+U,(x,0)— ).

This map 1s a holomorphic diffeomorphism in a neighborhood of (0, #) and it nor-
malizes X up to order 2m. In fact, let us set NF*" = NF” 4 Bgﬁzl’zm. Then,

(®,)'X = NF" + Ry,1 +75

is normalized up to order 2m (Ry,,;; is of order greater than or equal to 2m+ 1 in x).

We have to control the behavior of the estimates of @, and (®,,).X when m
ranges from some integer on. This is the goal of the section entitled “The induction
process”. In order to obtain good estimates we shall consider special sets. Let us set
m = 2% and let b belong to

l
. 26412041 261
%k = 4cCE Ji/k_l |VO[ € Wn,* o d] (C)g] = YWy

J=1

Let use set

=y W41
TU2IAm+ 1)

m
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Let U be an open connected set of G” and let r be a positive number. Let f
belong to 0,(U) ® C[[x1, ..., x,]]:

S = Z Jo (wx?

QeN”

where the fo’s are holomorphic functions on U. We set

o= sup oo ()72,

QeNr "€

If / is just a formal power series, then | /|y, doesn’t depend on U and is nothing but
the polydisc norm

Sl= D 1ol

QeN”

We show that the function A,, ,(«) doesn’t vanish on D,(0, R,,) x D,(b, #,). There-
fore, U, can be seen as a holomorphic vector field which coefficients are holomor-
phic functions on D,(0, R,,) x D,(b, t,,). Moreover, it is of order greater than or equal
to m+ 1 in x. We show the following estimate (Proposition 6.2.1):

let v > 1/2. If |D(@" (@) |lp, .4, < 1, there exists ¢ > O such that the solution of the
cohomological equation satisfies

(] .
Bm+l,2m

2 } a }D,,(b,z,,,),r'

U, .0 < ;
k1

yio
We should emphasize the réle of the ring of invariants &7, the element of which
are the natural “constants”. The small divisors are no longer complex numbers but
rather elements of this ring: these are the functions A, , defined on an appropriate
set.
We assume that 1/2 < r < 1 and that m = 2* for some positive integer k. We
define the positive numbers

—1/m

¢ ( P

Vi = ( ) 12 ) . Oi=ym Mt =0, > 1.
Y Opy

If m 1s sufficiently large, we set

1

29
m5

NPy (1) = {X € O,Dy(b, tun)) ® P | 1XIp, @, < 1 —
1
DXyt < 1= 15
m

2n
Byi1,5(r) = {X € 0,(Dy(b, 1)) ® e/ﬁbr,;nH [ 1XD, b < " }

4
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We assume that 2°n/m* < 1. We shall show the following (Proposition 7.0.2):

let b belong to ;. We assume X = NF~ +Rm+1 + 75 i normalized up to order m and
that (NF",R,.11) € NF, (1) X By1.4(r). If b belongs to K} and if m is sufficiently large
(say > 2% independent of 1), then

- Dﬂ(ov 75) X Dp(b, t?m) C cﬂI‘Dm(Dn(O, 7) X Dp(bv tm)):
— (NF*", Ropy1) € N P01(15) X Bopy1,4(r5).

This proposition 1s fundamental for the induction process since it enables us to
control the norms. Moreover, it states that, at each step, there is a “good” thickening
neighborhood of the toric variety on which the analysis can be done. Its proof is rather
long and technical.

Now, we are able to give a sketch of the proof the existence of the invariants

varieties. Since the sequence {w;} is diophantine, we show that the sequence of radii
defined by

Risi = O7R;,

converges to some positive R which can be assume to be greater than 1/2. Let {¥}
be the sequence of holomorphic diffeomorphisms defined by

\I,k CDzAO\I’k 1.

The diffeomorphism W; normalizes X up to order 2/*!. Thanks to our estimates, we
show that the sequence of inverse diffeomorphisms {\I/,:l }, when restricted to D, (0, p) x
7~1(b), converges (for the compact topology of the analytic set) to a holomorphic dif-
feomophism on ®, on D,(0, p) x 7~ (b) (for some well chosen p < 1/2).
What about the conjugacy problem? By construction, both ¥,, and X are tan-
gent to X. Hence, according to the induction process, we show that the sequence
{NF"}, restricted to (D,(0, p) N 7~' (b)) x 7~ '(b), converges to a linear vector field

l

NEF, (1) = Y a:(5)S;(x).

J=!

By definition, it is tangent to the toric variety 7~'(6) ND,(0, p). Moreover, ®, con-
jugates its restriction to 7 ~'(6) N D,(0, p) to the restriction of X to the analytic set
O, '(h) N D,0, p)). That is, X has an invariant analytic subset, namely
O, ~'(b) N D,(0, p)), which is biholomorphic to 7~'(h) N D,(0, p). This ends the
sketch of the proof of the first theorem.

The proof of the last theorem is an adaptation of Riisssmann work on KAM
theory [RusO1, Part 4]. Its goal is to give a sufficient condition which will ensure that
the compact set ¥, is not empty. To do so, we shall show that our assumptions are
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sufficient to ensure that each compact set .#; has a positive measure. The main tool
is Rissmann Theorem 9.1.1 which can rephrased as follows: given a compact set %
in R, a neighborhood % of J# and a real valued C***!-function g on Z. Assume
roughly that g as well as all its p, derivatives do not vanish simultaneously on J%.
Then, there is an upper bound for the measure of the inverse image of | — €, €[ by
any small C*°-perturbation of g defined on #; € has to be small and the upper bound
depends only on g, n, and the size of A relatively to .. Its proof is based on Bakhtin
theorem [Bak87].

6. Solution of the cohomological equation

Let us set
X, =V'X e 0%, ® Z'D,0,R,))

which is assumed to be normalized up to order m. Let us assume that its Lindstedt-
Poincaré normal form of order m can be written as

l

NF"(v, ) = Y _ a"(0)S;

i=1
with the a/s belong to 0,(%,). Hence, we have
pri (X)) = NF"(x, w) + Ry (v, w) + r2(x, ),

where R,,; belongs to 0,(%,) ® %’”H and where 75 denotes a vector field vanishing
on the subvariety X.

Let us decompose R, along the weight spaces of S and let us write R, =
Brtlam R, where B™!2"(x, u) denotes the sum of the projections of R,,;, along
the weight spaces associated to a weight of degree less than or equal to 2m. We should
emphasize that B"**"(x, u) may not be a polynomial (in x). The vector field R} .| is
of order greater than or equal to 2m 4+ 1, with coefficients in 0,(%,,).

6.1. Cohomological equations

Let x = ®,(»,0) =y + U,(»,v) be a family of holomorphic diffeomorphisms
of (C",0) where U, € 0,(%,) ® Z"". Let ®,, be the fibered diffeomorphism over
7 associated to ®,,. Here, %,, denotes an open set such that

®,(D,(0,R,) x %,) C D,(0,R,) X %,.
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We shall write (v, u) = ®,,( 9,0). We have

D (®;") (5, 0)(®,).X (3, 0) = X (¥, (1, 0)).

Let us write

pn ((&)m)*x(% U)) =NF"(y,0) +B'(5,0) + C'(9, v) + 1y
=:7(y,0) + 1y

where B’ belongs to 0,(%)) ® (%"ZH)S and C’ belongs to O(%) @ Z"*'. By as-
sumption, we have Dm(x)NF,,(x, ) = 0, hence we have the following relations:

(Id +D,U,,(», 0)Z(», v) + D,U,.(», 9)Dr(») (B’ (1, v) + C'(1, v))
= NF"(x, u) + B(x, u) + C(x, )
= (NF"+B)(»,0)
+DNF") (1, 0)(D,,' (1 2) — (1, 0))
+ (B(®,' (5, 0) = B(1, v))
+ (NF*(®,' (5, v)) — NF"(»,2)
— DINF") (1, )(®,,' (0, ) — (1, 0)))
— (D (®,") 75 0).

Therefore, we have

(6.1.1) C'(y, ) +B' (0 =By, )
—[NF", U,.1(», v)
— D,NF, (1, 9)D(»)U,(y, ») = =D,(U,) (9, ))(B' (9, ) + C'(1, v))
—C'(,0)
+ (B(®,' (1, 0) — B(1, )
(NF"(®," (1, 2) — NF"(, )
—DWINF")(, (D, (3, 0) — (1, 9)))
+DINF")(», )0, 7(» + U,) — 7(»)
— Dn(»U,)
— D,U,.(», ©)Dr(»)(B'(, v)
+C'(y,0)
—m(D(2,") U, )75y, ).
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Assuming that both U,,, B and B’ (resp. () are of order greater than or equal
to m + 1 (resp. 2m + 1), it is straightforward to notice that the right hand side of
equation (6.1.1) is of order greater than or equal to 2m 4 1 modulo a vector field 7¢
vanishing on X.

Let o be a nonzero weight of S of degree less than or equal to 2m. Let us find
a solution U,,, belonging to 0,(%,) ® 2. ! of the cohomological equation

[NF", U,,o1(x, w) + D,NF,,(x, )Drr(x)U,, o (x, u) = BIH"(x, u).
Here B”!2" denotes the projection of B"+!-2"
the cohomological equation as follows:

onto the a-weight space. Let us write

l

[NF", U0l 1) = Y a" @IS}, U,

J=!

l

(6.1.2) = Za;"*‘(u)a(gj) U,.o(x, 1).

J=l1

Let us set

l

Ana(w) 1= d'ealg)),

J=!

D, (U,) := D.NF,(x, ) Dr(x)U,(x, u)

|
MN

Duajr'n(xv u)Dﬂ(x)Um (X, u)S]7

1

U\ ey € Uy | Aya(u) = 0}

<.
Il

/",
U'

m

The operator D,, is nilpotent with D,, o D,, = 0. In fact, since the Lie derivative of
(each component of) 7 along the S;’s vanishes, we have Dz (x)D,,(U,,) = 0.
Let us set, on D,(0,R,) x %

D Bm+l,2m
(6.1.3) U, 1) 1= (Id— " ) «

Apa(w) ) Apal)

This vector field belongs to (%)) ® 2+ (D,(0,R,,)). First of all, since BH">" is
of order greater than or equal to m+ 1, so 1is D,,Z(BZZH’Q"Z). Since A,, (%) 1s a function
of u, U, 4 1s of order greater than or equal to m+ 1.
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According to (6.1.2) and the properties of the operator D,,, we have
[NF", U.o] + D.NF,(x, ) D (x) U, q (x, u)

= Am,a(xv u)Um,oz + Dm(Um,ot)
an+l,2nz Dm (Bm-‘rl,Qm)
AL AW

m,o

Bm+l,2m Dm (Bm+l,2m)
+ Dm * - . *
Ao () A2 ()

m,o

_ pm+l2m
— Bl

Let us set U, := > a0 U,.«, the sum being taken over the set of nonzero weights of
S into &2 Then, we have

[NF", U] 4+ D,NF,,(x, D (x)U,,(x, ) = B}*",
where B denotes B2 — By ™" Let us set
NF*"(x, w) := NF"(x, w) + Big " (x, w).

Then, ~(Ci>m)*)~(m(y, v) = NF(y, ) + C' (9, v) +75(, v) is normalized up to order 2m.
Here, C'( y, v) stands for a fibered vector field over a vector field of order greater than
or equal to 2m + 1. The vector field 75, is defined to be

~4 ~ pm+1,2m pm+1,2m
(®,)«7s + By — By,

and vanishes on X.

6.2. Estimate for the solution of the cohomological equation

We recall that
/
NF"(x,u) = Y a"(W)S;
j=1
where the a}”’s belongs to 0,(%,) and where we have m = 2%, By assumption, J%;_, is
a nonvoid compact set of 7(D,(0, p)). Let us define the compact set on 7(D,(0, p))

{

Hp=1be H_|Va e w2 g Z%m(b)gj Z YWit1

n,%

J=1
Let us assume that .%; # (J. Let us set

A= max |Ai(g)l.

l<i<n,1<j<I
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(D)
-

i

Fic. 3. — The domain JT_I(D,)(b, t,)) is a thickening neighborhood of the fiber 7! (4)

Proposition 6.2.1. — Let r> 1/2, and b € &, which assumed to be nonvowd. Let us set

- W41
=Y o IA@m+ 1)

I ID@" @) b, .0,y < 1, then there exisis a positive number ¢, such that, for any nonzero weight
o of S in P the solution of the cohomological equation (6.1.3) satisfies

]

Un.alD, 0.0 < 9 9
W

YV Wiy

m+1,2m
o

Dy (b tm). 1"

Progf — Let o be a nonzero weight of S into Z2"*1?" Then there exists a multi-
index Q = (¢1,...,¢,) € N, m+1 <|Q| < 2m and an index 1 < < n such that

a(g) = aq.i(9) = Y gik(9) — Milg).

J=l1

On the set D,(b, £,), we have the following estimate:

=Y a@ma 1) M)

I
w

> (@ =g <v,, o

j=1

Since |a(g;)| < (2m + 1) max; |A;(g;)|, then we have, on D,(b, ,),

W41

(6.2.1) )

=Y

[
> (@@ — a'(B)a(g)
Jj=1
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Since b € %, then

l

> a'(balg)

J=!

Z YWit1-

A
o <Z a}"(@&)

j=1
Therefore, on D, (b, #,), we have the following estimate

l

Aa@)| = | d'welg))

J=1

/ l
= || Do d®alg)| = [ Y (@' — a'B))a(z)
=1 j=!
(6.2.2) > yw;“-

Let us set m, := max,<;< |S;|,|Dm|,. Then, we have
|D.NF,,(x, ) D () U, 0 (x, u)|D[)(b,lm),r = lpnmr|U|Dp(b,lm),r“Du(am) (u)||Dﬂ(b,zm)-
By equation (6.1.3), we obtain the following estimate:

m+1,2m
4[Br

Dp(bvtﬂl)ar
9. 2
Y Wy

Since w;y; < 1 and y < ¢’ then, there exists a positive constant ¢; such that
+ Y=Y ) p

w,
(y [ pnzm,.nD(a'”(u)||D,,<b,rw>> -

U, .0 <

1 m+1,2m
(6.2.3) Un.alp, 0.0 < VQCOEH B Dy (i)
This ends the proof of the proposition. O

In what follows, we shall set
4]
VQC‘)/%H ’

and we may assume that y; < 1.

(6.2.4) Y, =

7. The induction process

We assume that 1/2 <7 < 1 and let m = 2* be an integer greater than or equal
to some positive integer Ny (Nj 1s greater than 1 and is to be set in the sequel). We
define the positive numbers

—1/m

6‘ ; .

Vi = ( ) 12 ) . Op=ym Y = Or, i=1,..,4,
YV Wiy
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Let us set

1
NP (1) = {X € 0,(Dy(b, t,0) ® %l | 1XIp, b <1 —

’
m3

1
ID.(X) I, .40 < 1/QULT) = }
m

4

2n
By ,4(r) = {X € G,(D,(b, 1,)) @ 2 | [Xlp, i < . } :

We assume that 2°n/m* is less than 1. This can always be achieved for m is sufficiently
large.

We shall assume that || + &, < (1)}, for all i = 1, ..., p. This will enable
us to apply the Remark 2.1.1.

The aim of this section is to prove the following result:

Proposition 7.0.2. — With the above notation, let b € J£;_,. We assume X,, is normalized
up to order m along X. Hence, we have

pn (X,) = NF"(x, u) + R+ 75

with
l

NF'(x,0) = ) d'(@)S;,

J=l1

and where R, 15 of order greater than or equal to m 41 and ry vanishes on . Let ®,, be the
diffeomorphism which normalizes X,, up to order 2m as defined above. Let us wrile

m((@,),X,) =NF"+R, . +75.

Let us assume that (NF",R,,11) € NP, (1) X Brs(r). If b € K and if m is
sufficiently large (say > 2% independent of v and b), then

1. Dn(O, 74) X Dp(bv tQm) C &)nz(Drz(Ov 7) X Dp(b, tm))a

2. (NF", R}, ) € NP 4(r5) X By 4(15).

7.1. From estimates on NF" {o estimates on a""

As we have seen above, our proposition rests on the assumption that the quan-
tity [D(a")(@)Ip, .4, 18 less than 1. Nevertheless, the only quantity which can be easily
estimated (in particular, through the induction process) is [D,(NF")[p, .., as well as
INF"[p, 5., The next lemma translates the estimates D,(NF") and NF" mto an es-
timate for |D(a")|p, .-
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By definition, we have, for any integer 1 < </,

. a
Sj = Z )\j,kxk 9x
k=1 *
l n

0
NF"(0) = ) /08 := ) wgw,
k

j=1 k=1

with
l
OB DI
j=1

This can be rewritten under the following form

gl(u) )»1,1 )»1,1
. : . al'(u)

. . . a;n(u)
gn(u) )"I,n )"1,71
We recall that / is less than or equal to n. Since the S;’s are linearly independent
over G, the matrix (A;;)1<i<» has rank /. Without any loss of generality, we can as-
I=j=!

sume that the matrix L := (,;),<; j<; 13 invertible with L= ()1Z j)1<i,j</ as inverse.

Lemma 7.1.1. — Let 1/2 < r < 1 and let ny be a positive number. Let us set n :=

! If INF"[p, 4,4, @5 less than mm, and |DM(NF"Z)|D/,(;,,%),,- is less than n, then we have

ALY

max D" () | Dy (bytn)

m]aX Hajm(u)HD/}(b,tm) =

Moreover, we have

2 —1 2
ma [0 = 470, < 2L INF = NI,

Progof. — We can write, for any integer 1 <j </,

l
Q') =Y Kjigiv).
k=1

Since r is greater than 1/2, we have

2@ Ip, .0 < 27l @ D00 < 2168, [,0.00., < 2INF"|D,0.0,.r-
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As a consequence, we obtain

(7.1.1) max

@@y 00, = 2T INE Iy,

On the other hand, for any integer 1 < £ < n, we have
3a"‘(u) !

BNF'”:Z s Zka(u)

J=1 =1

As above, for any integers 1 <j; </ and | <k < n, we have

[
=Y LiGiw.
=1

Therefore, we obtain the following estimate:

dara)

8uk

aa’ (u)
¥ —1 k
9 < /|| max ”Gz‘(“)”n,(b,zm)
e N Dyb,t0) !
-1 k
< 2I|L 7" max }xiGi(u)}Dl(b[ .
1 p\0slm) s
_1, |[ONF"
< 2/IL™|
Otk 1,510,
Let us set n := . ', . Let us assume that |[NF”|p b 18 less than nn; and
n 2L (b, tn),

that IaNFm/aule s 18 less the 1. Then |Ba’”(u)/8uk|Dﬁ(b . 18 less than 1 and
max; |a (@D, b.4,9.r 15 less than n;. The last statement of the lemma is proved by es-

2m—1 m

timates (7.1.1) applied to ¢ — 4" instead of a". |

7.2. The image of D,(0,7) x D,(b, ,) by &, and ils inclusions
The aim of this section is to prove the following proposition:

Proposition 7.2.1. — Let 1/2 <r <1 and let b belongs to ;. We assume that

max [D() [, < 1 and max " = ], < 2007

If m s sufficiently large then, for any positwe numbers v, V' and V" such that v < 2V and
V' +1/6 <V' <1 and for any wnteger ¢ = 0, 1, we have

Dn(o’ 7q+2) X D/}(bv ZLQm) C &Dm (Dn(ov T(I_H) X D/)(b’ tm))
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Lemma 7.2.2. — Let q be a nonnegative integer. Under the assumptions of Proposition 7.2.1
and if m s sufficiently large (say m > my(q)) then, for all 0 < V', V" < 1 such that 84v" —
36vV" > 9, the e-neighborhood of D, (0, 7,41) X D,(b, V'ty,,) is included in D, (0, r,) x D, (b, v"1,)
with

¢ — YO+
24IA(2m+ 1)

Proof. — First of all, let us show that r, — 7, is greater than €. In fact, sice r
is less than 1/2, we have

0/r— 6/ r =01 -6y
— (ykm_Q/m)pT(l . ykm—Q/m)

2.9 N\ MM 9 9 1/m
— YV Wi m72p/mr 1 — V Wiy me/m
(] 5]
2.2 N\ Pm 2. 92 1/m
w . w .
> 1/2 (y k+1> mzﬁ/"‘(l—(y k+1) mZ/m).
(] 5]

We want to show that, if m 1s sufficiently large,

o\ p/m o\ 1/m
(7.2.1) 2d < m 2 4 (1 m=2m
24pIAN2m + 1) ¢ 3

where we have set d := yw;y,. By assumption, the serie

_ Z In ;)kkﬂ

keN*

converges; thus its general term tends to zero as k£ tends to infinity. By applying the
logarithm, we conclude that

2 92 1/m
. VW,
lim + =1.
k— 400 1

We recall that m = 2. Therefore, there exists an integer m; = 2" such that, for any
m = 2% > m,, we have

dQ 1/m
( ) > 1/2.
5]

On the other hand, we have

dQ 1/m (
( ) m72/m < 1.
5]
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Thus, in order to prove inequality (7.2.1), it 1s sufficient to prove, that if m > m is
sufficiently large, then

2d 2" 2\
< 1 — m2m ).
24pIAN(2m + 1) 20 ¢

Let / be the function of x > 0 defined to be

2 1

—=2p/x (,—2/x __ 1).
2upA@x+ 1) T 2" (v )

J(x) =

Since d?/¢; < 1 and d < 1, we have, for all m € N*,

24 m*?ﬁ/m d? 1/m )
“Hm 1) < f(m).
QpIA2m+ 1) + o0 ((61> m </J(m)

Since both x~%* and x~%/* tends to 1 as x tends to plus infinity, we conclude that
J(x) tends to zero as x tends to plus infinity. The computation of the derivative of f
shows that:

2f' () = 21p (=2(p+ D(1 = Inx)x 2P0/ 4 2p(1 — Inx)x ")
B 2d
12pIA(2 4 1/x)?

= (1 —Inx)x 2*2p—2(p+ Dx~ ") — 2

12pIA2 4 1/x)2

Therefore when x tends to plus infinity, so does x*/”(x), so f is increasing from a cer-
tain point on and vanishes at infinity. Thus, there is a nonnegative integer m, from
which f is negative; m, depends only on /, A and p.

As a conclusion, if m is greater than or equal to my = sup(my, m;), then

2d N <d2>(/’+1)/m m*?(}#l)/m - <d2)/’/m m*?ﬁ/m
24pIA (2m + 1) ¢ 2 ¢ »

This means that 7, — 7,1, is greater than €. Since
V/(@m+ 1)+ 1/(12@2m+ 1)) <V'/(2m+ 1))

and w9 < w41, we have

’
v 1 > VYWpt1 < v//

/tm <
Vint €= (4m+l T 9@m+1)) 2uA

This concludes the proof. O
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Lemma 7.2.3. — Let q be a nonnegative integer. Under the assumptions of Proposition 7.2.1
and iof m sufficiently large (say m > ms) then, for any 0 < V', v" <1 such that 84v" — 36V > 9,
we have

&);I(Dn(o’ 7q+2) X D/}(bv V/ZQm)) C Dn(ov rq-‘rl) X D/}(b’ v//tm)'
Proof. — First of all, for any (u, x) € D,(0, 7,49) x D,(b,V'ty,), we have

U, ] < [Unlp, o < 1Unlb, @00
= (9/f+2>m+l |Um|D,,(b,zm),r
(7.2.2) <0/ (i) (Ul
< 9kp+2 (yk2m74/m)"‘ |Um|D,,(b,zm),r
< ‘9:+2 (kam—4/nz)m Yo"

P2 m, —4
<0, v/'m

2,2
(7.2.3) < gty Ot

cymt

The third (resp. fifth, sixth) inequality is due to the fact that U, is of order greater than
or equal to m 4 1 (resp. Q,f(mﬂ) less than or equal to 9,5', |Bm+1’2’”|Dp(;,’,m),,. less than 1).
Let us set

(7.2.4) M := sup n|/Dn(x)|.

x€D,(0,1)

If m is sufficiently large (say m greater than or equal to ), we have

2 2
max (1, M) ()/Qm_4/"2) VP o VOt =¥3
’ g am*  24IAQ2m+1)

since w4 1s less than or equal to 1. On the other hand, we have
| (e + Uy, (u, ) — w(x)| < MU, (u, x)|

since the point x + U, (4, x) belongs to D,(0, 1).
Let us set m3 = max(my, my). We can conclude the proof by applying the previ-
ous lemma to

@, (u,x) = (v + U, (u, x), u+ w(x + U, (u, x)) — 7(x)).
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7.3. Estimates from the induction process

Let us assume that X, is normalized up to order m = 2* along ¥ and let us set
pn (X,) = NF"+B+C+ry where B belongs to 0,(D, (b, v't,)) ® 21 and C belongs
to 0,(D,(b,v't,)) ® Z"'. We assume that NF" belongs to A4%,,(r) and that B+ C
belongs to X,,.1(7).

Let ®,, be the normalizing diffeomorphism of the previous section. Let us set
= pn @, (v, u) as well as

®*X(5,2) = NF'(3,2) + B' (5, 0) + C' (3, 0) + (9, 0)
=:7Z(p,0) + r/z(y, v)

where B’ belongs to 0,(D,(b, V't,)) ® Z"1?" and C’ belongs to 0,(D,(b,V"t,))
® Z2*! In order to give an estimate for C’, we shall use the following equality:

C'(y,0) = (NF"(®,' (9, 0)) = NF"(2,») + B+ C) ($,,' (1, 0))
—B'(»,0) — (D,(U,)(1, ») + D,(U,)(», 9)D7(»)) Z(, v).

Therefore, we obtain the following estimate:

1C 5,005 < [|[NF" 0 &1 — NF™
+ H B+C)o &);1 HDI,(ZJ,ZQ,,,)Jg

+ 1D, (U,)(NF" + B" + C)lln, 4,60, + B0, 6,00,
+ 1D,(U,) (5, 9)Dr(») (B + C/)”Dp(b,tg,,l),rg'

” Dﬁ(bvt21ll)vr3

According to Lemma 7.2.3, we have
.1 (D,(0, 73) X Dy(b, &,)) C D, (0, 15) x D,(b, v's,,).
Therefore we have
|B+C)od, = 1B+ O)lip,evi.n = 1B+ Clp,ovi).m

72 m+1
< ( ) 1B+ Clp, 5.1,

r

9 2 2+42/m
< VWi i
€1

i
Dy (b,tom),13

[A
S ~
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Let us set z := U, (»,0) = x—y, w:=n(y+ U,(»,0) —7(p) =u—0vand M =
(n+ p) max(1, M). For the same reason as above, we have the following estimates:

INF"o @' — NF”

” D/;(bthm)sTB

=

1
/ D(NF") (y+ tz, v + tw) (2, w)dt
0

Dy(b,tom),13

< [IDONF"™) 5, 6.74,).0 M T Ul D, 6213015

2 9 3 6
yiwi yim
4

(7.3.1) < M'IDONF") |, 4,v/1,0.1,
cm

/ m 1
< M'|D(NF )|D,,(b,u/zm),rg e

1
< M'(2/L™ [ max [S;|, + 1//L7') .
J m

The second inequality comes from Proposition 7.2.2 while the last one comes from
the fact that, by assumption,

l
D(NF") (9, 2) = Z(aj(v)Dy(Sj)) + D,(NF*) (9, 0).

J=1

In order to get a good estimate for C’, we need to give an estimate of
IDU) b, @1 In the next few lines, we shall relate [D(U,)|p,@v4,).m t0

[UnlD,5.4,).r-
Let f belongs to €,(D,(b, 1) ® %:”*‘(Dn(o, 1)). Let us assume that | f[p,@.0.,
1s finite. It can be written

SO = Y foep?

m+1<|Q |

where the fi’s belong to 0,(D,(b,1)). For 1 <7 <nand 1 <j < p, we have

Q 9
f? > qz'fq(wyyi» = ) fQ)Q-

0
iAo % 45 %
According to Cauchy estimates, we have

il = 00
QD0 = 1Ql
T
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Hence,
' of - WA Z ., (7P+Q>Q
—_ 1
D Dy (b, 1p+2 2 =) r
WADROO® :
(0,0),7p 21Q]
=< . Z qiek .
re izl
The number of monomials of order £ in 7 variables is equal to (Hl);z'!'(k“) and 1t is less

than or equal to (2k)"/n! if £ > n. In this case, we have

n 2¢q
S < 3 (29)"*6;
70 = n! '

[Q|=m+1 g=>m+1

If m is large enough, (2¢)""'6//n! is less than or equal to 1 when ¢ > m + 1. In fact,
we have

Qn—H n—+ 1 B
n+194 '< o 9 (n+1)/In6;
(2" 6;/nt = n! ( lnek) k
- ontl m(m+ 1)

—(m+1)
nt 2Inm+1n (c/y2wi,,) '

Hence, we have

m+1
S I
1Q|>m+1 g>m+1 k
As a consequence, we have
af QZH-I
(7.3.2) ; = Uloeon, 1 _ gy
i 1D, (5,0, 740 ra(l — 6p)

Let O < ¢ < ¢ be such that t — ' > €, we have

if -y H o
dv;

7|Q,|-
av; ’
Dbt mt1<|Q) !

Dy (6,¢")

J

By Cauchy integral formula, we obtain

H o

_ Wl
Bvi

€

Dy(h,")
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hence

f

- Iflnpw,z),@
81)1»

(7.3.3)

Dy (b1, 1 B €
We recall that

€ — YW1
24IANCQm+ 1)

Since B 4 C is of order greater than or equal to m + 1, we have
1B, 5.5 = 1B =+ Clp, .10
3(m+1
<6 )|B + Clp,h4).r

(7.3.4) 4

A

6,.6
w
k+1
5 o 1B+ Clp,w..r
om
1

m

A

.
From this estimate and using the Remark 2.1.1, we obtain:

2
INF" |5, 0,00 = INF" [, 0,005 + 1Bjss [0yt
S |NFm|Dp(bvtm)s7 + |B/|Dl7(b’22”’)’r3

Lo
= O

1
<1- it m> 3/8/7.
= T amy BT v/

Let us set Z := NF”" 4+ B’ 4+ C’. On the other hand, we have

”DJU"ZZ”1)[)(1;,[2,,1),y3 = ””DyUm”Dp(b,lm),m (“Z“Dp(b,lz,n),m)
9 m+1

< n (6r)
(1 — 6p)

1 !
X <1 ~ m)’ +C “Dp(b,[Qm),rg)
2m—1
_ 2n(6)

- (=6

1 /
X <1 - (Qm)% + ||C ||D/;(b,t2,,l),73>
22 (6" 1
< 1 — Iol Y
— m?(1 —6) (2m)3 +1C o, .00,

|Um | Dy(b,tw), 11

|Um |Dp(b,t,,,),r

141
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The last inequality comes from the fact that [U,|p,.,). i less than or equal to y, ™
as well as 07" = y"m~?. Let us show that, if m > m] is sufficiently large, then we have

92 2
YV Wiy
(7.3.5) 1 — 2> O
cam
. y20?
Since [1"“ < 1, we have
2 2
YV Wi, _
N = D
cym?

as well as

¢ —1/m

. 1 —9

m 2/m > < ) o ) m Z/m.
Y Wit

Therefore, 1t is sufficient to show that:
|1 —m™ 2| > m Y™

For that purpose, let / be the function of the real variable x which is assumed to be
greater than or equal to 2 and defined to be

S =1—x2 =y
We have #*f'(x) = 2x~' + 2(1 — Inx)x~%*. Since x*f’(x) tends to minus infinity as x
tends to plus infinity, the function f is decreasing from a certain point on. But since

S (x) tends to zero as x tends to plus infinity, / is positive from a certain point n7; on.
Therefore, if m > m > mf, then

m—1 2 9 1—-1/m
2n.(6)) < 2ney 2 2/m (J/ wk+1>
‘ = 2
m*(1 =0 ~ Yo, (1
2n
= -
m2
As a consequence, if m is large enough, we have

2n 1 ,
(7.3.6) IDUZy, 00 = ) (1 = cmy TIC ||Dp<b,,2m),,3).

Using (7.3.3), we have
!/ /! pM /! !/
1D (U D7 (OB + CHlipy s =7 TUnlpy . 1B+ Clloy 0.1

QPMIA (2 + 10Dy ‘ )
5 " k k (1/m’ +C 11D, (uto).rs)

VW11
72pMIA ‘ ,
< s vor,, (1/m + 1C In,wmm)-

m’c;
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Since B’ is of order greater than or equal to m 4 1, we have

-1
|DU(BIE)|Dﬂ(b,[2m)s7‘3 S € |B12|Dp(b,lm),73
—1430n+1)
<€ 0"V IB byt .r
72IAy° W)
< Y k1

Smd

Therefore, we have

2
ID.(NF) 5,6 1,)05 = DoNF™) b, 6,10,.5 + DB 5,610,015

o 72NV
<1/QUL7') = 1/m’ + 6V T
o

144{Ay"

<UQILT - 1/@my itwd >

4

We just have shown that NF*" € A%, (r3).
At last, we have

1
m

IC I, 6.0, < (1 + M (2417 max IS;l1 + 1/(21|L_1|))> "

2n ! 1 o
+ m2 - (27’)’[)3 + ” ||Dp(b,l2m),73

72pMIA /
Y w2 (1 + 1 Iy )

m> ¢!
If m is large enough, we have

2n  T2pMIA
9 mg)c? Wi

=1/2,

m

as well as

A 2n  T2pMIA - 2n

) y a)k 1 — 9
mt  8md mt® * m?

where A := (1 + M/ (2/|L™"| max; [S;|; + 1/(2/|L7"]))). Hence, we have

2n
1C D, (bt < o

143



144 LAURENT STOLOVITCH

Using Cauchy estimates with C’, which is of order greater than or equal to 2m + 1,
we have

Q
1C D, s < Z e 10, 5,130,757

|Q [>2m+1
Q
75
< N1C I, (bt Z <r )
1QI=2mt+1 N3
21Q ]|
<N Iy Y 6
1Q=2m+1
2t 1
- NG M, 3,120,101
- 1 -6,
’ ClmQ 2m
E ||C ||Dp(b,tgm),73 2, 2 k
YV Wiy
2n

/
< [1C 1D, (bt r5 2 < ot

8. Proof of the existence of an invariant analytic set

Let 1/2 <7 <1 be a positive number and let {R;};>¢ be the sequence of positive
real numbers defined by induction as follows:

R() =7r
Ry = y,fmflo/"’Rk where m = 2.
Lemma 8.0.1. — The sequence {R;}=¢ converges to a positive number and there exists an

winteger ky such that, for all k> ki, R, >Ry, /2.

Progof- — We recall that
_1/9k
, _<cl(n1)) 2
(s . .
wa/i+l

k
Rew =r[ [wP@)"

=1

Since we have

then, by applying the logarithm, we obtain
k

k k .
InR,.; =1Inr+ 102 ln;’j“ —51n (e,/7?) Z 212, — IOanZ 21
=1

=1 =1
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The last two sums of the right hand side are convergent series, so is the first one since
w 1s a diophantine sequence. Therefore, there exists an integer £, such that

+00 . ‘
1_[ )/;)(22)_27110 > 1/2.

1=k1+1

Thus, if £ > & then, we have

‘ v R
R, =R, l_[ yi5(21)72 10 < Qrm )

=k +1 O

8.1. The sequence of wnverse diffeomorphisms converges to a holomorphic map ®, on

D, (0, 1/2) x {4}

Let us assume that X = X, —l—RMOH is a perturbation of order My+1 = QOK +1
qf Xo. Let X = NF™o(x,u) + Ryy11(x, u) be fibered along ¥ over X such that
RMO+1|>: = RMO-H and NF» (x, ) = Zj-zl C?j(u)sj(x) = X0|2-

We assume that X is a good perturbation of NI*' and that .7, is not
empty. Let b € 7. Let us assume that

(NFM, Rygs1) € A Paig(1) X Brp1 4(1).

As above, we may define the sequence of positive real numbers {R;};>k,, with
Rk, = L. Thus, for any integer k£ greater than Ko, we have 1/2 < R; < 1. Let

0
us prove by induction on £ > Ky, that there exists a fibered diffeomorphism W, of

(C™*?, (0, b)) such that the vector field

2k+l

U5 (NFM + Ry41) := NF* +Ryiny; mod

is normalized up to order 2! along ¥, (NF?"

(/I/y2k+l’b(Rk+l) X %2k+1+l,b(Rk+l) and

, Rott141) belongs to the space

k
o I
HId — ! HD,,(!;,WO),RKO+1 < max(1, M) Z o1y

=Ko
Here we have set || . [|p,@,mu0). R 7= 1+ 11,0, x D0, Rigy -
— Yor £ = Ky: according to Proposition 7.0.2, there exists a diffeomorphism

CTDMO such that <i>§,10 (NFMo Rl\’IO"FI) = NF»Mo RQI\,IO+1 mod X is normalized
up to order 2M; along ¥ and (NF™, Rgy;, 1) belongs to A %oy, ;(Riy1) X
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PBoriy+1.5(Rg,+1). Moreover, we have

|1d — &g | < 1 (Ung, 7w(Id + Uni) = ) 1D, 6.201). R4
< max(1, M)||Uyyllp,
< max(1, M) /m".

Dy (b, tany). Rk g+1

(b, tonp) Rk +1

The last inequality is due to estimate (7.2.3).
Let us assume that the result holds for all integers less than or equal to £ — 1:
by assumptions, the vector field

(U ). (NF® + Rgyy mod B) = NF¥ + Ry, mod =

is normalized up to order 2 along ¥. Moreover, (NF2, Ryi,|) belongs to
NPy (Ry) X PBoiiy (Ry). According to Lemma 8.0.1, we have 1/2 <R; <1
and b belongs to J#;. Thus, we may apply Proposition 7.0.2: there exists a dif-
feomorphism Py such that the vector field

(g 0 W), (NP + Ryp.y mod B) = NI 4 Ryeeryy,  mod B

is normalized up to order 2**! along ¥. Moreover, (NF ', Ryir14p) belongs
to NP1 ;(Rpp1) X Borr141,,(Ryp). Let us set W, = ®yr 0 W,_ . According to
the first point of Proposition 7.0.2 and estimate (7.2.3), we have

[1d — &; < max(1, M)/2*.

1
HD/,(ZJ lok+1 )xD,(0,Rz41)

It follows that
”Id \II 1 HDp(b lok+1),Ri1
= ”(Id_ = 1)oq>zk +(Id CD )H
< (14— ¥) 0 by

Dy, tyk+1), Ri1

Dp(b,tgr+1) Rt

+[1d— @,/
= ” (Id - qjk_jl)

Dy (b, tyk1) Rt

” & D40 R 1) XDy bty 1)

+[1d -2,

Dp(b.tyr+1) Rt
maX( 1, M)
24p 94k

k-1

< max(1, M) Z

< max(l, M) Z

24

This ends the proof of the inductive step.
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According to Lemma 8.0.1, if Rx =1, D,(0, 1/2) is contained in D,(0, R;) for
all integers £ greater than or equal to K.
Let us choose a positive number p < 1/2 such that, if m is large enough,

1 IR
l‘m+,0|R’|S<2) . i=1,.,p

It follows that D, (0, p) x {4} is contained in D,(0, R;y1) x D,(b, t+1). According to
the previous estimate, the sequence

{0000 ok,
of holomorphic functions is a uniformly bounded sequence ( for the sup-norm) of holo-
morphic maps on D, (0, p) x {4}. Therefore, according to Montel theorem, we can ex-
tract a subsequence which converges to a holomorphic map ®, on D, (0, p) x {b}.
The set ®,(x~'(s) N D,(0, p) x {4}) is included in the manifold ¥. In fact, by
construction, ®,, leaves ¥ invariant (globally), so does W, as well as ¥ .
On the other hand, we have

J2k+‘ <\Ilk_+11(x, u) — <z)> = Z WQ(U)XQ

QeN"
Ko<|Q|<2t+!

where the ¥q’s are vector valued functions which don’t depend on £. This follows
from the definition by induction of W', and the fact that Uy (x, ) is of order greater
than or equal to 2! + 1 (in x). Anyway, we can write

Vlhw = ) Yo,

QeN"
Ko=lQl
Let x be a point in D,(0, p). Let us apply Cauchy inequalities to the g ’s:
3!
H \I}k-&-l - IdHDp(b lok+2) Ri42
W) < o
Rit
Therefore, we have the estimate:
[ Wi — 1],
Q (0, lgk+2) Riro QI
> Yo = > R I+
QeN QeN k2
2*+1=1Q) 24121

According to Lemma 8.0.1, we have Ry19 > 1/2 and |x| < 1/2. Thus, the series

|x| [e]]
> (w)

Ko<|Q|=<2t+!
COnVergeS.
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Therefore, the series JQHI (\IJ/;FII(x, b) — (x,b)) converges on D,(0,p) to
®;(x) — (x, b). Hence, ®, is a biholomorphism in a neighborhood of the origin in C”".
We shall denote by W, its inverse. It follows that

¥ 1= ©,(7'(5) VD, (0. p)

1s a analytic subset of a neighborhood of the origin.

8.2. The biholomorphism V, conjugates the restriction of X on ¥} to the restriction of
a lnear diagonal vector field on w='(b) N D,(0, p)

The sequence of linear vector fields

2k
{NFIDn(Ovl/Q)X{b}}sz

is uniformly bounded on D,(0, 1/2) x {4}. This is due to the second point of Propo-
sition 7.0.2 and to the fact that

INED, 0.1 /2tn] < INF? }D,,

(0, to) R

Therefore, there is a subsequence which converges to a linear vector field

n

NE,(x) = ) a(B)Si().

Let us show~that the restriction of W, to V, = O,(mr ' (b))NDy(p) x {h}) conjugates
the restriction of X to V, to the restriction of NF,( y) to the set 771(6) N Dy(p) x {b}.
For any point y in 7~'(b) N D,(0, p), let us set \IJ,:I()), b) = (x, u). By construc-
tion, the point (x, «) still belongs to X. Moreover, we have
(), (NF + Ry +75) (0, ) = X, 0).
Hence, we have

K(x, u) = DU, (9, HNF? (3, b) + DU (9, )Ry, (9, b).

Since {qlk_l(y, b)} converges to ©,( y, b), {NFQk (9, b)} converges to NF,( ») and {RQk_;’_l}
converges to 0, the right hand side converges to D®,( », ))NF,( y). Thus, we have, for
any point y in 7~1(6) N Dy(p),

(©,).NF,(8,(», b)) = DO,(, HNF, (5, b) = X(O,(, b)).
9. Diophantine approximations on complex manifold

The aim of this section is to prove Theorem 4.0.8. It gives a sufficient condition
that will ensure that the compact set %5, is not empty. One way to achieve this, is to
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prove that it will have a positive measure. This section is an adaptation of the fourth
part of Riissmann work [RiisO1].

9.1. The measure of diophantine points of the image of a small perturbation of nondegenerate
map s positive

The main goal of this section 1s to give an upper bound for the measure of the
set of points whose values by a perturbation of a nondegenerate map are “small”.

First of all, let us set some notation. Let % be an open set in R”, let p be a non-
negative integer, and let /' € C/(%, R) be a p-times continuously differentiable func-
tion on A. If x = (x4, ..., x,) € C", we shall set

Ixly == /0|2 4 -+ |xl2

Let a be a point in R”, let £ be a nonnegative integer less than or equal to p and let
» belongs to . We shall set

D/if(y)(ak) = Dkf(y)(a, ey ),
IDY )l :==  sup ID’F(y)(a, ..., d)

acR”,|alo=1

as well as

IS Dl := max DY), 11/l = max DY ()]
0<k=<p yeRB

It is known that [D*f(»)(ay, ..., &) < /;jHDkf(y)H (see [RisO1]). First of all, let us
recall one of the results of Russmann.

Theorem 9.1.1 (Theorem 17.1 [Riis01]). — Let &~ be a compact set R" with diameter
d = sup, . |x—2lo. Let O be a positive number and let P be the O-neighborhood of K in R".
Let g € CMTH(AB, R) be a function such that

min max0 ID*g¢(») |l > B

yeX 0<v=p

Jor some o € N and for some positive number B. Then, for any function § € CH (A, R)
satisfying || g — gl z. g < B/2, we have the estimate

mes{y € A1) < €}

=B (L 420+ D) (€)" B el
- Jn o)\ B s

P, and with B = 3(27e)"" (1o + D [(po + DY

Jorall0<e<, "
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Lemma 9.1.2. — Let % be a connected open set on G". Let f : U — C! be a nonde-
generate holomorphic map. Then, for any nonvord compact set FH C U, there is a positive integer
o and a positive number B such that

liesone|, =8
Jor all y in the compact set &~ and all ¢ in the unit sphere
$':={ce C'| |, = 1}.
Proof. — We have to show that there exists @y and B such that
max ID* e, HIP| = B
for all y in the compact set .# and all ¢ in the unit sphere
S :={ceCl|d = 1)}.

Let us assume that such @y and B don’t exist. Then, for any positive integer v, there
would be ¢, € 8§’ and y, € # such that

k 2 1
max ID* (o, HIP0) || < U
that 1s

Yv>k+1,Vae§’,

. . 1
D" (1€, NI?) 0)(@)| < [ DM@ NI < .
Moreover, we have

D (I(c, /)1 ) (@)

k
= 3" CD ((0))) @D (@ ))) 1) (@)

=0
k

=Y C¥((co DY (1)(@))) (@ DT () (@H)).
=0

By compactness, we can extract a subsequence of {(c¢,, 7,)},>1 which converges to
(c,y) € S' x #. Thus, for any a belonging to S”, the associated subsequence
(DF (|(cv,f)|2) (»)(d)} converges to D* (|(c,f)|2) (»)(@"). According to the previous
estimates, D* (l(c, | )|2) (»)(d") vanishes for all @ € C". Therefore, for any nonnegative
integer £, D* (|(c,f)|2) (») = 0; that is, the real analytic function |(¢, /)|* vanishes at
y € X as well as all its derivatives. Since % is connected, |(¢, f)|? vanishes identically
on %; that is (¢, f) = 0. This contradicts the nondegeneracy of f. |
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Let % be a connected open set on CG", f : % — G' a nondegenerate holomor-
phic map and % C % nonvoid compact set. Let us set

B/, X)) = mln [max }DkI(Cf)I |-

ce Sl

Clearly, {B(u,f, X% )},>0 1s a nondecreasing sequence of nonnegative numbers. Ac-
cording to the previous lemma, there exists a positive integer Ny such that (N, /', %)
is positive. The smallest of these integers Ny will be called the index of nondegen-
eracy (of / with respect to #") and will be denoted by wuy = po(f, #°). The positive

number B(f, %) := B(uo(f, H), [, ) will be called the amount of nondegen-
eracy.

Definition 9.1.3. — Let 0 = {wy}i>1 be a diophantine sequence. We shall say that S is
strictly diophantine with respect to (o, (o) if

\ (wt1) w; 2/ o
li 2 1 =0
Jim (2 n+1) (wk(5)>

In this case, we shall set

2 (n+1) Wy 2o
My wis)o/m, :=sup (2" +n+1 < 400,
,@(S),2/ 1o kZIl)( n ) <wk(S)>

as well as

M w;
(S 1= SU
© =2 o)’

The next result shows the following: if / is a small perturbation of a nonde-
generate holomorphic map f from C" to C/, then the set of diophantine points (with
respect to S) on the image of / is big in the sense that it has a positive measure. This
kind of problems (for real maps) is now classical and often called “diophantine ap-
proximation on manifolds” when the image of / is (at least locally) a manifold. We
refer to [BD99] for an up-to-date treatment of this topic (see also [KM98] for such
a result in the real case).

We recall that S : g — 22" is a Lie morphism from the commutative Lie alge-
bra g. Let {g, ..., g} be a basis of g. We recall that Wﬂ/f;"z denotes the set of nonzero
weights of S into F2hn,

n

Proposition 9.1.4. — Let % be a connected open neighborhood of O in C", let f : % — C!
be a nondegenerate holomorphic map and let H C U nonvoid compact set. Let [ro be the in-
dex on nondegeneracy of | with respect to K. Assume that S is strictly diophantine relatively to
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(0 = {wi}iz1, no). For any ¥ € 10, dist(JE, C" \ W), let Hy C U denote the O -neighborhood
of K. Then, for any map f € CH( Ky, C') such that

2
1 Wt IS Wy + g
2

’

I =S 0 =

the measure of the set
_ /
H(J) = be K Vi e N Yae #2  al Y F)g || = vor
=1

salisfies meso, I > mesy, K — € as soon as 0 < € < meso, H and 0 <y < v* with
2 2 2

/2
. e(n—1! :
y© = min ; n ,
M ((22 + n)”aQ — (n + 1)a1 + 4Mw,w(5),uo)

1 B
Mo\ 200 + 2

C — l — 5
where M = Bd>~'( ), +2d + B~ sup,cgi 11(f> Oty o1
B = 3(2me)" (1o + 1™ (o + DN~ and a; := (w“zg))w"o Jor any positive integer 1.

Proof. — We have

> Yw;

[
> Jhalg)

J=!

H(f)=1be H|Vi>1,Yae W2 +2

In order to estimate mesy, 7 ( f ) from below, it is sufficient to estimate mesy,. % —
mesy,.77(f) from above. In fact, we have

mesw%”(f) = mesy, A — (mesw}i/ - mes%%ﬂ(f)).

Let « belong to #2 ' +12 | we set

n,%

l

(f ), @) =" fba(g)

J=1

as well as

latly i= ]e(g) 2 + - - - + |a(g) 2.
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< sz}

={pe 13z 130 e w2 such that [(F1), )] < o]

3 NE: v, 2
S (), < .
ler|o |ex]o
Let us set ¢ = lozl|2 (a(g), ..., a(g)). It belongs to the unit sphere S’. Let us set g(») =

1(f(9), O as well as 3(») = |(f (), )]>. We have

70) — £0) = 1) =S, O + 2Re (e, SO (e, f ) — L))

By differentiation, we obtain for any nonnegative integer v and for any « in the unit

Therefore, we have

KN A(f)

[
— {b € |3i>1,3a e W%+ such that > Jhalg)
j=1

n,%

= {b e #13i>1,3aew” st

sphere S",
D (g -9 ()(a)

= OIS~/ 9OE@D T ~ £ ()@

k=0

+ 2Re (Z CIDA (S, 9D (f = f () (a“h)
k=0
= Y GO =N, (D =N .7)
k=0

+ 2Re (Z (O} (Dkf(y)(ak), c) (D”_k(f — (@™, C)) .
k=0

By Schwarz inequality, we obtain the following estimate for v < po:

Vv

k=

ID*(g — 9] = ( CZ) (({Q%ID'C(JF — )
- <ks

+2 max ID“(f =)@ max ID"(f)(y)(ak)lz>

<2 (If =SV + 1 =Slonll S50
< 2 (I1f =1 o + LT =St 1S o)
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Therefore, we have

1 — glltgmo < 2% (I1F = 1% 0 F 1S =St i1 Nt 00) -

Let PX) = X2 + || fll%. Mo - 2uo+1 be a polynomial in the real indeterminate X.
Its discriminant A = || /|| o T ng—l is positive. Thus, P has two real roots 7y =

(=S Ny £ V/A)/2. The root r, is positive, whereas r_ is negative. Clearly, P is
negative in Jr_, r.[. As a consequence,

y ~ = B
1Z = &ll g = 2" (1S =S Wty + LS =S Nt seo S 55 ) < o’
as soon as
_ 1 Wtopo + IS W+ o
I =Sty 0 = 5 :
In this case, we can apply Rissmann Theorem 9.1.1 to g: for any € in ]0, , 0+2] we
have
mesy,(y € # 1 1(/(0)., 9" < €} < Men
where

C _ d - _]
M = Bd* 1( +2d + ,9)5 o sup [11Cf, O 1t s

ceS!

\/271
B = 3Q2me)" (o + D" [(o + DI

We recall that
HN\A(f)

n,x

:=be%|3izl,3a67/2 1.2

el ) <
U U {be;m'(f(b) )‘ (Iﬁ)Q}

we W2 Lyp,0

Let o be a weight in 7/,[?;4*1'2{. Since, by definition, max; |a(g;)| is greater than or
equal to w;(S), we have

leely = Ve(g) |2 4 - + la(g)]? = wi(S).
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It follows that

Yw; Yw;
E 5 yMw,w S)-
laly ~ wi(S) ®
If
Yy < : P ,
Mg, | 200 + 2
then

2
<Va)i) < B -
|ex]o 2u0 + 2

In this case, we obtain

~ o 2 'W; 2 'w; \ "0
mes?'z{be%')(ﬂb)’ |a|>‘ <(|Ze|> SM(QJ
2 2 2

mesy, # \ A =MY Y (fx‘“)

i>1 gi—14 gi
1 ep?l412

n%

so that

. 9i—1 ol . . .
Since #/*, *1?" is isomorphic to a subset of

{(Q.)eN"x{l,..n127" +1 <]Q| <27,

we have
mes NG <MY | () (7
v =4 . @i(S)
i>1 QeN’ j=1
271 41=|Q <2
Let us set

QeN"
0=<|Q|=2

It 1s well known that

(n+2)(n—1+2) - (2 +1)

_ n+2! _
Z;=0C"" = o

2

X

155
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We have

Z 1 =7, —7Z: ;.

~QeN"
2-141<|Q | <2

The previous estimate can be written as

2

mesy, # \ H(J) < y/fo nM Z(Zi —Zi1) (wa()ts))uo .

>1

Since S 1s strictly diophantine relatively to (@, (), we have

imz( @) <! w2y "o
e 7 ;(S) =l iee w(S))

Let us set

2

a;, .= .
wi(S)

Thus, we have
~ 2
an%w%uvswwM[Xpm@—@o—w+nm]
i>1
Let ¢ : ]1, 4+00[ — R, be the function defined to be
w;
1/!(%) = ; a)l-(S) Xj2i=1 9]

where x,i-1,, denotes the characteristic function of 127!, 2']. Since
2i+1

< w; )Mo _( Wiy >uo :/ —d(lﬂ(l‘)‘fo),
w;(S) wi11(S) 2

the previous estimate becomes

mesy, A\ H(f)
9 M

+00 )
< yro [—f @ +n)"dW@)) — (n+ l)al]
(n— D! 2
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Since

2

) ; 2 . k Wy 1o
lim (2" 4+ )"y () = lim (2" 4+ n)" = 0.
{——+00 k=400 w;(S)
After integrating by part, we obtain

mesm/"i/\%(f) =< )/“20 n E/II)‘ |:(22 +n)'a — (n+ Day

400
+ nln2/ 9(2" 4 n)" L (£) o dz] .
2

By assumptions, for any positive integer k, (2° + n + 1)""'g; is less than or equal to
Ma),a)(S),Q//LO' Thus,

+oo 2 0 dy \Y B 92/
212" + )" (1) o dt < My, ). / = e
ﬂ ( ) w( ) = w,w(S),2/ 1o ) 2’ 411’1 2
At the end, we obtain the estimate

mesy, A\ H(f)

2 M 9 n n
< ym (n— 1)t [(2 +n)"ay — (n+ Day + 4Mw,w<8),2/uo]-

Let € be a postive number less than mes,,.#". Let y denotes a positive number such
that

M0

2
e (n—1)!
y < max ( 0 ’
M [(22 4 n)'ay — (n+ Day + Mo, s,/ ]

1 B
M o)\ 200 + 2

Then, the 2n-measure mesy,. % \ ( f ) 1s less than or equal to €*. Therefore, the
2n-measure mes,, .77 ( f) is greater than or equal to mes,,.# — €* and we are done. O

9.2. Application and proof of Theorem 4.0.8

The aim of this section is to give a sufficient condition which ensures that the
sequence of compact sets {#};>1 will “converge” to a nonvoid compact set %,,. More
precisely, we shall show that if S is strictly diophantine with respect to (w, o) and if
the compact set .#" has a positive 2p-measure, then %, is also of positive 2p-measure.
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Let us recall some facts: the vector field X belongs to %} (D,(0, 1)) and is as-
sumed to be a good deformation of the nondegenerate vector field X,. Let y be a pos-
itive number. Let %" be a compact set of w(Dy(p)) of positive 2r-measure. Let us con-
sider the decreasing sequence {7 (NF, w, y)}i>, of compact sets of m(Dy(p)) defined
to be:

Hy = H

[
H=1be My Vae W27 a | D" (g || = vou
j=1
Here
/
NF"(x, u) = > aj()"S;(x)

J=!

denotes the Lindstedt-Poincaré normal form of X of order m. We want to consider
the map an(b) as a perturbation of the nondegenerate map a2 (b). First of all, we
shall extend this function to a fixed neighborhood % of J# (independent of k). Using
a result of Riissmann, we can bound the norm of the extension ﬁzk(b) on A by a the
norm of an(b) on A + by, the fyrr1-neighborhood of . Let o be the amount of
nondegeneracy of a®". We shall estimate the C*-norm of the difference on some well
chosen neighborhood of J7;_;. We shall show that this estimate is small enough so that
we can apply Proposition 9.1.4. It will follow that the set .7 (ﬁQk) has positive measure
and is contained in J%.

Theorem 9.2.1 (Theorem 19.7 [Riis01]). — Let " be a nonvoid set in G, let t be posi-
tive number and let ' +t denote the t-neighborhood of K. Let f = K +t — G be a holomorphic
and bounded function. Then, there 1s a C* function f : CG* — GF such that f(x) = f(x) for all
X € K, and the estimates

sup sup |D’f(x)(@)| < Cm, )" sup |f(¥)], veN

xeC" aeCm,lala<1 xeH +t

hold with constants C(n, v) not depending on f and satisfying the inequalities
1=Cn0 <Cx1)=Cn?2) <---

2/\'

From now on, we shall define @~ to be the aforementioned extension of a

to G".

Lemma 9.2.2. — Let x be a _function in CH( Ky, C') such that, for any integer ko <

~2A’H < Y Wri1
Hy — [A(2k+1 + 1)'
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Assume that none of the s is nonvoid when the interger k ranges from ko to v. Then, J,
contains M_y . F6(X) where

n,*

l
A0 = {be A |Yae W2 | > xhg || = 2vonn

Progf. — Let b be a point in (), for some ky < k < v. Let a be a weight in
W22 We have

n,*

l l l
&g || = (e | D xdg || =l | D (@ - x) by
j=1 j=1 j=1
l
> 2pwi — | | D (@ - x) (g
J=1

Moreover, for all 1 <j </, a(g))| < A2 4+ 1). So, we obtain

{

> (‘7? B Xj) 0g || < IAQ* + Dlix — @ v

VWp+1

IA@H 1y WE obtain

Since ||x — &Qk”% is less than or equal to

l

o Z%Qk(b)gj = YWpy1-

J=!

Thus, we have proved the inclusion

[
A0 CYbe A |Yae WA e | D@ (g || = v

J=1
If £ 1s greater than 4y, we have

l

A=A N beH |Vae w2 T e | D& b)g || = yor
j=1

D K1 N A(X)-

By induction on the integer £ which is greater than or equal to £y, we obtain

k
A2 H,0 () A0 = ﬂ %”(X)Dﬂ%”(x)

J=ko+1 j=ko+1 o
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We want to apply the previous lemma to @° . Let us define B, 1= J#; + ly to
be the ti-neighborhood of ;. The inclusion %, C %, holds whenever £ is less than
or equal to v and greater than or equal to £j. For any integer £y < £ < v, we have

|# =&, = ZH”—“”H/@

J=k+1

<ZHQ/ 271

J=k+1

< ) 2L |NFY - NFY

%;.R;
J=k+1
= 2Z|L |Z 526(J 1)
J=k+1
ity HyPwf, 275 — 276
- e 1 —2-6

The third inequality is due to Lemma 7.1.1 while the fourth one is due to inequality
(7.3.4). If £ 1s large enough, then

LAY w275 — 270
c 1 —2-6
As a consequence, if £ is large enough, then for all integer v greater than or equal
to /fo,

@' 41y < 1.

a1 D ﬂ H@) D ﬂ H@).

k=ko+1 k=ko+1

Let us show that the set

is of positive 2p-measure. In order to do this, we shall apply Proposition 9.1.4 to &> .
We have to obtain good estimates for the derivatives of the approximate function. In
order to compensate the power of ¢ which arises in the inequality (cf. Theorem 9.2.1),
we shall “decrease” the radius on which we have obtained the estimates which led to
the proof of the existence of invariant analytic subsets.

Let u be an integer greater than or equal to 3. Let us define the sequence of
positive numbers

1/2<Ro=7§ 1, Rjﬂ ZQ]HR]‘-
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As in Lemma 8.0.1, we show that if £ is greater than or equal to some positive inte-
ger ky, then R, > R,/2. Let us set R;, := 1 as above. The basic sets on which the
estimates are done are now the D, (0, RQA-) x D, (b, t,)’s. The convergence will follow
from the analysis done above. Using the notation of the induction process section, we
have the estimate (following (7.3.4))

/
(9'2‘1> |B |Dp(b,22m),1~{k+1 = |B + C|D/;(bvt2m)st+l

pn(m+1)
<0, IB + Clp, .00
2, 21
Y wih,

¢} m2n

IB+ Clp, .00

5, 2,21, 21
2ny " wiy,

C{L m2u+4

The second inequality is due to the fact that B + C is of order greater than or equal
to m+- 1. Therefore, we obtain, for any nonnegative integer £ less than or equal to wy,

|Df@ -2,
v
= > @ -],
J=ko+1
v . .
< Y |p'@ -a|,,
J=ko+1
v
< Y Cohitle —,
J=ko+1 ’

< > 2L7YC(p, By NFY — NF?

ZjR;
J=ko+1
QAR I (2 D
< G(p, 2017 oy
avt .;':kXo;rl 2

The last inequality is due to inequality (9.2.1). Moreover, the last sum is not only con-

vergent but also small if @ is well chosen (with respect to ). As a consequence, we
obtain

. H \/” 2 HZ f
— || a a
< H 1o + Ty, 1ho T g

9ko ~OV
”aZ _ 612 <
K510 92
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Hence, according to Proposition 9.1.4, the measure of the set

H@)
/

=3be X |VieN, Vae W2 " o Y & (g || = yo

n,%

J=1

. ~QV . . .
satisfies mesy, S (@ ) > mesy, A — €*. Therefore, %, is nonvoid, its 2p-measure sat-
isfies

mCSQp%(ﬁQ ) > meso, H — €,

and we are done.

10. Where do the tori of the classical KAM theorem come from?

Let us give a taste of how we can recover the “classical” KAM theory with gen-
uine real tori. Let us consider a real analytic hamiltonian H in a neighborhood of the
origin in R*. We assume that

No n
!
H(x,») = Z Z ,Uvz‘,l(xl-Q +yl-2) + fngg41 (%, ),

=1 =1

where /iy, (x, ») 1s a real analytic function of order greater than or equal to My+1 >
2Ny -+ 1. Here, the ;s are real numbers and w = ) _._, dx;Ady; denotes the canonical
symplectic form of R*. Let us write the hamiltonian the the complex coordinates z; =
x+v;,7=1,..,n. We have

n

No
H(x)) = H(z 2) = ) Y niua@) + b (2 9,

=1 =1

where 711\/10-&-1(57 2) = a1 (%, ).
Let us complexify the hamiltonian. We obtain a holomorphic hamiltonian G in
a neighborhood of the origin in G** with (z, w) as complex symplectic coordinates:

n

No
Gz, w) = Z Z Mi,z(Ziwz‘)l + 7ZMO+I (z, w).

=1 =1

We recover H (or H) by restricting G to the set

n

m{wi =Z}.

=1
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It is assumed that G is a perturbation of the nondegenerate integrable hamiltonian
No n
Hy = Z Z /‘Li,l(Ziwi)[-
=1 =1
Let g be an n-dimensional commutative lie algebra. Let S be the injective semi-simple
linear morphism defined to be:

S(g) 9 9 =1

Y=z —w_ , i1=1,..,n

G i azi i awi

Its nonzero weights are integers so that S is diophantine. Its ring of invariant is 05, =
. . . 1\ .

Clluy, ..., u,]] with u; = z;w; and its centralizer (z%”zln) is the C[[y, ..., 4,]]-module

generated by z; Bil- and w; Bil- with 1 <7 < n. We refer to our previous [Sto00, Chap. 10]
for more details. Since the vector field X associated to G is symplectic, its
Lindstedt-Poincaré normal form of order any order m is of the form:
n
Za}"(ul, s U)S(g5).
J=1
Therefore, we can apply our result: X has invariant analytic subsets which are bi-
holomorphic to the intersection of M. {w;z; = ¢;} with a fixed polydisc, for some well
chosen constants ¢;. The normalization process is certainly compatible with the restric-
tion to the set N {w; = z}; that is, it commutes with the complex conjugacy. This
can be done as in the case of Poincaré-Dulac normal form (see [Bry88] for instance).
Therefore, if one chooses a set of real constants, the hamiltonian vector field will have
invariant (real) analytic subsets analytically isomorphic to the intersection of a fixed
polydisc with
n n n
m{wiii = ¢} m ﬂ{wi =z} = m {zz‘Zi =x+y = Cz'}-
i=1 i=1 i=1

for some real constants ¢;. These are the genuine real tori.

10.1. The volume preserving case

Let us consider a holomorphic volume preserving vector field X which is a de-
formation of a nondegenerate volume preserving polynomial vector field X, in
a neighborhood of the origin of C". Let g be a (n — 1)-dimensional commutative Lie
algebra with a basis G = {g, ..., g_1}. Let S be the linear semi-simple and injective
morphism defined to be

S(g) = x; ’ — Xit1 ’
Bxi

b
01
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The values of the nonzero weights of S are integers; thus, S is diophantine. Moreover,
if we set u = x;---x,, then the ring of invariant of S is defined to be @S = C[[u]]

. . SIS . .
whereas its centralizer (%}) is the C[[«]]-module generated by the x; 3‘1_ s, 1 <1<
Since the vector field X is volume preserving, its Lindstedt-Poincaré normal form of
order any order m is of the form:

n—1

> @ wS(g)).

=1

Therefore, we can apply our result: X has invariant analytic subsets which are biholo-
morphic to to the intersection of a fixed polydisc with

{X] IS Ci}

for some well chosen constants ¢;.
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