COMMENSURATIONS OF Out(F,)
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ABSTRACT

Let Out(F,) denote the outer automorphism group of the free group F, with n > 3. We prove that for any

finite index subgroup I' < Out(F,), the group Aut(I') is isomorphic to the normalizer of I in Out(F,). We prove that
" is co-Hopfian: every injective homomorphism I' — TI' is surjective. Finally, we prove that the abstract commensurator
Comm(Out(F,)) is isomorphic to Out(F,).
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1. Introduction

Let F, denote the free group of rank n and let Out(F,) = Aut(F,)/ Inn(F,) de-

note its group of outer automorphisms. The group Out(F,) has been a central ex-
ample in combinatorial and geometric group theory ever since it was studied by
Nielsen (1917), Magnus (1934) and J. H. C. Whitehead (1936). It is, along with the
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mapping class group Mod,, a fundamental example to consider when trying to ex-
tend group theory ideas to a nonlinear context!, and rigidity ideas beyond lattices in
Lie groups. One reason that Out(F,) plays this role is that, while the basic tools and
invariants from the theory of linear groups are no longer available, there is a well-
known analogy between Out(F,) and lattices which has proven to be surprisingly use-
ful (see, e.g., [Vo]). However, Out(F,) analogues of theorems about lattices or linear
groups can be much harder to prove than their linear versions. A dramatic illustra-
tion of this 1s the Tits Alternative; see [BFHI1, BFH2, BFH3].

In this paper we will prove an analogue of strong (Mostow) rigidity for Out(F,).
As a start to explaining this, consider an irreducible lattice I' in a semisimple Lie
group G # SL(2, R). One consequence of the strong rigidity of these I'" (proved by
Mostow, Prasad and Margulis — see [Ma,Zi]) is that Out(I') 1s finite. Incidentally, in
the exceptional cases when I' < SL(2, R), we know that I' is either a free group or
a closed surface group, so that Out(I') is either Out(F,) or Mod, (the latter by a the-
orem of Dehn-Nielsen-Behr).

Some analogous results are known for automorphism groups of free groups. In
1975 Dyer-Formanek [DF] proved for n > 3 that Out(Aut(F,)) = 1; Khramtsov [Kh]
and Bridson-Vogtmann [BV] later proved that Out(Out(F,)) = 1. While the proofs of
these results are quite different from each other, each uses torsion in an essential way:.
As with most rigidity theorems, one really wants to prove the corresponding results
for all finite index subgroups I' < Out(F,). Such T" are almost always torsion free.
Further, one cannot use specific relations in Out(F,) because most of these disappear
in I'; indeed it is still not known whether or not such I' have finite abelianization, as
does I' = Out(F,), n > 2. Thus the computation of Out(I'") requires a new approach.

1.1. Statement of results. — The main result of this paper is the following the-
orem, which can be thought of as strong (Mostow) rigidity in this context.

1.1. Theorem. — Let n > 4, let I' < Out(F,) be any finite index subgroup and let
® : T — Out(F,) be any wmyective homomorphism. Then there exists g € Out(F,) such that

O(y) =gyg ' forall y €T

Theorem 1.1 implies in particular that ®(I") must have finite index in Out(F",).
We do not know a direct proof of this seemingly much easier fact. In Section 3.2 we
use Theorem 1.1 to deduce the following.

1.2. Corollary. — Let n > 4, let ' < Out(¥,) be any finite index subgroup, and let N(I")
denote the normalizer of T' in Out(F,). Then the natural map
NT) — Aut(I")

! Unlike Mod,, the group Out(F,), n > 4 is known (see [FP]) to be nonlinear, i.e. it admits no faithful represen-

tation into any matrix group over any field.
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gwen by f +— Conj, 15 an isomorphism. Here Conj, 15 defined by Conj (y) = fyf~" for all
y el.

Taking I' = Out(F,) in Corollary 1.2 recovers the result Aut(Out(F,)) =
Out(F,). Note that Out(F,) has infinitely many mutually nonconjugate finite index
subgroups; indeed Out(F,) is residually finite.

We now discuss two further corollaries of Theorem 1.1: a proof of the co-Hopf
property for all finite index subgroups of Out(F,), and a computation of the abstract
commensurator of Out(F,).

The co-Hopf property. — A group A is co-Hopfian if every injective endomorphism
of A is an isomorphism. Unlike the Hopf property, which is true for example for all
linear groups, the co-Hopf property holds much less often (consider, for example, any
A which 1s free abelian or is a nontrivial free product), and is typically harder to prove.
The co-Hopf property was proven for lattices in semisimple Lie groups by Prasad [Pr],
and for mapping class groups by Ivanov [Iv2]. Theorem 1.1 immediately implies the
following.

1.3. Corollary. — For n > 4, every finite index subgroup T' < Out(F,) is co-Hopfian.

Commensurators. — The (abstract) commensurator group Comm(A) of a group A is
defined to be the set of equivalence classes of isomorphisms ¢ : H — N between
finite index subgroups H, N of A, where the equivalence relation is the one generated
by the relation that ¢; : H; — Nj is equivalent to ¢ : Hy — Ny if ¢; = ¢ on
some finite index subgroup of A. The set Comm(A) is a group under composition.
We think of Comm(A) as the group of “hidden automorphisms” of A.

Comm(A) 1s in general much larger than Aut(A). For example Aut(Z")
= GL(n, Z) whereas Comm(Z") = GL(n, Q). Margulis proved that an irreducible
lattice A in a semisimple Lie group G is arithmetic if and only if it has infinite index
in its commensurator in G. Mostow-Prasad-Margulis strong rigidity for the collection
of irreducible lattices A in such a G # SL(2, R) can be thought of as proving exactly
that the abstract commensurator Comm(A) is isomorphic to the commensurator of A
in G, which in turn is computed concretely by Margulis and Borel-Harish-Chandra;
see, e.g., [Ma,Zi]. The group Comm(Mod,) was computed for surface mapping class
groups Mod, by Ivanov [Iv2].

While for arbitrary groups I' the group Comm(I") can be much bigger than
Aut(I"), we will see in Section 3.2 that Theorem 1.1 implies the following.

1.4. Corollary. — For n > 4 the natural injection
Out(F,) — Comm(Out(F,))

i an isomorphism.
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Corollary 1.4 answers Question 8 of K. Vogtmann’s list (see [Vo]) of open prob-
lems about Out(F,).

An application. — Recall that the commensurator Commg(I') of a group I' in
a group G is defined as

Commg(I')
:={g€G:glg" NT has finite index in both I' and gl'g™'}.

Let I' and G be discerete groups. A theorem of Mackey (see [BuH]) states that
Commg([) = T if and only if the left regular representation of G on £2(G/TI’) is
irreducible. He also proved that when this happens, the unitary induction map Ind$
on finite-dimensional representations is injective. Note that there is an exact sequence

1 - VCg(I) - Commg(I') - Comm(I') — 1

where VC(T') is the virtual centralizer of ' in G, 1.e. the group of elements g € G for
which there is some finite index subgroup H < I' so that ¢ commutes with H. Now
consider a group I' with Comm(I") =T, for example I' = Out(F,) (by Corollary 1.4).
We then see that for any discrete group G into which I" embeds with VCg(I') =1
(note that this condition is easy to check), Mackey’s theorem applies. In this way the
unitary representation theory of Out(F,) is “atomic”: it injects into the unitary repre-
sentation theory of any group containing it in a “nontrivial” way.

The cases n = 2 and n = 3. — The conclusion of each result stated above is
false when n = 2. Indeed, Nielsen proved that Out(Fy) ~ GL(2, Z), which has non-
abelian free subgroups of finite index. Thus Comm(Out(l,)) ~ Comm(F,). Since
Fy contains each F,,m > 2 as a finite index subgroup, Comm(ly) = Comm(F,).
It is easy to see that each F,,m > 2 has self-injections of infinite index, and that
Comm(F,) 1s enormous, in particular it contains F,, as an infinite index subgroup.
Note also that any finite index subgroup of F,, is isomorphic to F, for some n > m,
and so has automorphism group Aut(F,), while the normalizer N(F,) in F,, is just F,.
We do not know what happens when n = 3, and propose each of the results above
as an open question in this case. We note that Khramtsov and Bridson-Vogtmann’s
proofs that Out(Out(F,)) = 1 hold for n = 3.

Comparison with mapping class groups. — While some aspects of the general outline
of our approach to Theorem 1.1 follow that of Ivanov for (extended) mapping class
groups Modz,E ~ Out(m, X,) (see [Iv2]), there are fundamental differences between the
two problems. The natural analogue of a Dehn twist in this context is played by the
so-called elementary automorphisms of Out(F,) (see below). The key to understanding an
injective endomorphism @ of a finite index subgroup of Mod, (resp. Out(F,)) is to de-
termine the image of each Dehn twist (resp. each elementary automorphism) under ®.
In the case of Mod,, the following facts are crucial for such an understanding:
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1. A Dehn twist 1s completely determined by specifying the conjugacy class in
%, of a simple closed curve.

2. The set of all such curves (hence twists), along with the data recording
whether or not they are disjoint (hence commute), is encoded in a simplicial
complex, the complex of curves €,, whose automorphism group was determined
(using topology) by Ivanov to be Mod,.

3. Centralizers in Mod, are essentially completely understood. This knowledge
can be used to compute invariants characterizing certain elements of Mod,,
which in turn can be used to prove that any ® as above induces an auto-
morphism of E,.

Some of the serious obstacles to understanding the Out(F,) case now become
apparent. First, an elementary automorphism is not simply determined by a single
conjugacy class in F,. Second, the powerful tool of Ivanov’s theorem on automor-
phisms of %, is not available for Out(F,). Indeed we do not know of a simplicial
complex that encodes commutations between elementary automorphisms. Finally, the
theory of abelian subgroups and centralizers in Out(F,) is more complex and less well-
developed than the corresponding theory for Mod, (see [BFH2,FH]), making compu-
tations of the corresponding invariants more difficult. Thus a different approach 1is
needed.

1.2. Outline of the proof of Theorem 1.1. — Yor ¢ € Out(F,), we denote by i,
the inner automorphism of Out(F,) defined by #,(¢) = ¥y~ for all ¢ € Out(F,).
Theorem 1.1 is a reconstruction problem: we are given an arbitrary injective homo-
morphism ® : I' — Out(F,), and we must construct some ¥ for which ® = g,.
The automorphisms z;, have a number of special properties, and they preserve vari-
ous special collections of elements and subgroups of Out(F,). The general strategy is
to prove that ® must do the same, so much so that we can eventually pin down & to
be some z,. More precisely, for any ¢ € Out(F,), we say that the injection 7, o ® is
a normalization of ®. Our goal will be to perform repeated normalizations on ® until
the resulting map fixes every ¢ € I', thus proving the theorem.

In order to execute the above strategy one needs to give purely algebraic charac-
terizations of (conjugacy classes of) various types of elements and subgroups; of course
the characterizing properties must also be commensurability invariants. Another aspect
is to encode the combinatorics of the collections of these subgroups and their inter-
section patterns in order to deduce finer structure.

Terminology. — As we are dealing with a finite index subgroup I' < Out(F,), we
will need to work with “almost” or “weak” versions of standard concepts. For example,
we say that @ almost fixes ¢ if there exist s, ¢ > 0 such ®(¢') = ¢', and that ® almost
Sfixes a subgroup <7 if there exist s, 7> 0 such ®(¢’) = ¢’ for all ¢ € &7. Thus ¢ € I is
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almost fixed by some normalization of & if and only if ®(¢) is weakly comugate to ¢,
meaning that ®(¢)* is conjugate to ¢’ for some s, ¢ > 0.

Dynamics. — A typical way to understand elements ¢ € Out(F,) is via their
dynamical properties, such as the rate of growth of the length of a word in F, under
repeated iterations of ¢. Unfortunately these properties are not a priorr commensurator
invariants, and so they cannot be used to relate ®(¢) to ¢. However, we will make
repeated use of the set Fix(¢) of fixed subgroups associated to ¢ (see Section 2.5) to
understand the centralizer of ¢.

Our proof of Theorem 1.1 proceeds in steps.

Step 1 (Reduction to the action on elementaries). — Given a basis x, ..., x, for F,,
define automorphisms E; and jE by

Ejk X XXy

,g»EAl DX,
where any basis element whose image is not explicitly mentioned is fixed. The outer
automorphisms that they determine will be denoted E; and jE. A nontrivial outer
automorphism p is elementary if there is some choice of basis for I, for which p is an
iterate of some Ej or 4E.

We begin by proving (Lemma 3.2), using an argument of Ivanov (§8.5 of [Iv]),

that Theorem 1.1 can be reduced to finding a normalization of ® that almost fixes
each elementary outer automorphism in Out(F,).

Step 2 (Action on special abelian subgroups). — The injective homomorphism
® : I' = Out(F,) acts on the collection of (commensurability classes of) abelian sub-
groups of Out(F,). We will consider various special families of abelian subgroups of
Out(F,) and, using some of the results from [FH], we will prove that these special
classes of subgroups must be invariant under this action.

To give an example, we say that an element ¢ € Out(F,) is unipotent if its image
in GL(n, Z) is a unipotent matrix, and that ¢ has lnear growth if the word length of
any conjugacy class in F, grows linearly under iteration by ¢. We say that a subgroup
of Out(¥,) 1s UL if each of its elements is unipotent and linear. Define

) = (Ej/ﬁ jkE ) F k)

where (G) denotes the group generated by G. Note that 7 is free abelian of rank
2n— 3.

A first step towards finding a normalization almost fixing each elementary outer
automorphism is given in Corollary 5.2, which states that for any choice of basis for
F, there is a normalization of & that almost fixes A;. In particular, for each elemen-
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tary ¥ € Out(F,) there exists a normalization of ® which almost fixes ¥. The proof
of Corollary 5.2 uses a commensurability invariant introduced in Section 4, together
with results from [FH]. These results include the classification of abelian subgroups of
maximal rank in Out(F,), as well as information on the rank of the weak center of
the centralizer of an element of Out(F,).

Choosing an element ¥ € Out(F,) so that the normalization ¢, o ® almost fixes
a given elementary ¢ can be viewed as choosing a basis with respect to which ® ()
has a standard presentation. This brings to mind Kolchin’s Theorem on linear groups,
which states that if each element of a subgroup H < GL(n, Z) has a basis with re-
spect to which it is upper triangular with ones on the diagonal, then there is a single
basis with respect to which every element of H has this form. The UL Kolchin Theorem
of [BFH2] gives a version of Kolchin’s Theorem for finitely generated UL subgroups
of Out(F,), even those that are not abelian. This will be crucial in Step 3.

Warning on pinming down ® wvia normalizations. — 'The ultimate normalization
ty o ® that fixes every elementary in Out(F,) is unique, but the normalizations that
occur as the proof progresses are not. It is easy to see (Lemma 6.2) that if z;, o ® and
ty, © @ almost fix the elementary outer automorphism ¢, then ¥, and v differ by an
element of the weak centralizer of ¢; i.e. by an element that commutes with some iterate
of ¢. Each time the list of elements weakly fixed by our given normalization grows,
we lose some degree of freedom in choosing the normalization. Our challenge then
is not only to find normalizations that weakly fix a growing list of elements, but to
choose the list very carefully so that we do not use up all of our freedom prematurely.

Step 3 (Action on free factors). — We would like to find a normalization of @
that almost fixes both Ejs and Eo;. Since this subgroup contains elements with expo-
nential growth, the UL Kolchin theorem of [BFH2] does not directly apply. Instead,
we consider elements T, defined as follows.

Given a basis {xi, ..., x,} for F,, let Fo and F,_, be the free factors (x;, xo) and
(x3, ..., x,). We denote by O(Fy) the image of the composition

Aut(Fy) — Aut(Fy) x Aut(F,_s) — Aut(F,) — Out(F,)

where the lefthand map is (ﬁ > (ﬁ x Id, the middle map is inclusion, and the right-
hand map is the natural projection. We define O(F,_,) similarly The main next step
in our proof of Theorem 1.1 is to prove that there is a normalization of ® which “re-
spects the decomposition F, = Fo*F,_»” in the sense that it preserves both O(F;) and
O(F,-9) (and, in fact, further structure). This is done in Proposition 6.1.

To explain some of the key ideas in the proof of this proposition, we begin
by letting 7, € Aut(lFy) with w € [Fy, Fy] denote “conjugation by w”, and by let-
ting T,, € O(Fy) be the element represented by z, x Id. Let IA, be the subgroup of
Out(F,) consisting of those elements that act trivially on H, (F,, Z). There is a natural
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abelian UL subgroup of IA, that contains T, (see Section 5.2). We use this fact, to-
gether with results from [FH] to prove, roughly speaking, that the set of all such T,’s
1s ®-invariant; see Lemma 5.3 for a precise statement. The UL Kolchin theorem ap-
plies to any subgroup generated by finitely many of the T, because all such subgroups
are UL.

Step 4 (Fixing a basis). — We say that a normalization @ of ® almost fixes a basis
B of F, if it almost fixes each (;E, E;) defined with respect to that basis. The next
main step is to prove that, given any basis of F,, there is a normalization of & which
almost fixes that basis (see Lemma 8.2). This is perhaps the most delicate part of the
proof of Theorem 1.1, since we use up all of the freedom in choosing the normal-
ization of ® before completing the proof. See Section 7.

Step 5 (Moving between bases). — If we could almost fix every basis at once, we

bb)

would complete the proof of Theorem 1.1. This final piece of “rigidity” comes from
an encoding of the space of bases for Fy via the classical Farey graph .#, and from the

fact that automorphisms of .# are determined by their action on 3 vertices.

2. The topology of free group automorphisms

In this section we recall some of the topological methods used to understand
elements and subgroups of Out(F,), and we prove some results which will be used
later in the paper.

Notational conventions. — We begin by giving some notation which will be used
throughout the paper. We assume throughout that n > 4.

If a basis {x, ..., x,} for F, 1s understood then we will specify elements of Aut(F,)
by defining their action on those x; that are not fixed. Thus any unspecified generators
are fixed.

If ¢ € Out(F,) then q_’; € Aut(F,) will denote an automorphism representing it.
Conversely if dAut(F,) then ¢ will denote the corresponding outer automorphism.

We will use the notation x*

to denote an element that might be either x or
i = x~'. We will interpret x* to be i

We denote the conjugacy classes of x € I, by [x] and the unoriented conjugacy
class by [x],. Thus [x], = [»], if and only if [x] = [y] or [x] = [)]. Similarly the
conjugacy class of a subgroup A is denoted [A]. An element ¢ € Out(F,) acts on the
set of all conjugacy classes in F,. We sometimes say that x or A is ¢-wwvarant when,
strictly speaking, we really mean that [x] or [A] is ¢-invariant.

For ¢ € Out(F,), we denote by iz, the inner automorphism of Out(},) defined
by iy (¢) = Yoy, For ¢ € F,, we denote by i, : F, —> F, the inner automorphism of
F, defined by 7.(x) = cxc™".
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2.1. Automorphisms and graphs

Marked graphs and outer automorphisms. — Identify F,, once and for all, with
(R, *) where R, is the rose (i.e. graph) with one vertex * and with n edges. A marked
graph G 1s a graph with m,;(G) ~ F,, with each vertex having valence at least two,
equipped with a homotopy equivalence m : R, — G called a marking. Letting d =
m(x) € G, the marking determines an identification of F, with m,(G, d).

A homotopy equivalence /' : G — G of G determines an outer automorphism
of m(G, d) and hence an element ¢ € Out(F,). We say that /' : G — G represents ¢.
A path o from d to f(d) determines an automorphism of 7,(G, d) and hence a rep-
resentative ¢ € Aut(F,) of ¢ that depends only on f and the homotopy class of o. As
the homotopy class of o varies, ¢ ranges over all representatives of ¢. If f fixes d and
no path is specified, then we use the trivial path.

We always assume that the restriction of / to any edge of G is an immersion.

Paths, circuits and edge paths. — Let I' be the universal cover of a marked graph
G and let pr : I' — G be the covering projection. We always assume that a base
point d € T' projecting to d = m(*) € G has been chosen, thereby identifying the
group of covering translations of I' with 7,(G, b), and so defining an action of F,
on I'. The set of ends &(I') of I' is naturally identified with the boundary dF, of F,
and we make implicit use of this identification throughout the paper.

A proper map 6 : J — I' with domain a (possibly infinite) interval J will be
called a path in I' if it is an embedding or if J is finite and the image is a single point;
in the latter case we say that & is a trivial path. If J is finite, then every map 6 : J — T
1s homotopic rel endpoints to a unique (possibly trivial) path [0]; we say that [6] s 0b-
tained fiom & by tightening. If f : T — T is a lift of a homotopy equivalence f : G — G,
we denote [ /(5)] by £(5).

We will not distinguish between paths in I" that differ only by an orientation
preserving change of parametrization. Thus we are interested in the oriented image
of ¢ and not ¢ itself. If the domain of & is finite, then the image of 6 has a nat-
ural decomposmon as a concatenation L EQ Ek 1Ek where El, 1 < i<k, 1s an edge
of T, E, is the terminal segment of an edge and Ey is the mitial segment of an edge.
If the endpomts of the image of & are vertices, then E, and E; are full edges. The
sequence E\E,...E; is called the edge path associated to 6. This notation extends naturally
to the case that the interval of domaln is half-infinite or bi-infinite. In the former case,
an edge path has the form E E,... or ...E_,E_| and in the latter case has the form

~ o~ ~

.E_ EoE E,...
A path G is the composition of the projection map pr with a path in I'. Thus
a map o : J — G with domain a (possibly infinite) interval will be called a path if
it is an immersion or if J is finite and the image is a single point; paths of the latter
type are said to be trial. If J is finite, then every map o : J — G is homotopic rel
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endpoints to a unique (possibly trivial) path [o]; we say that [o] s obtained from o by
tightening. For any lift 6 : ] — T" of o, [0] = pr[6]. We denote [ f(0)] by fs(c). We do
not distinguish between paths in G that differ by an orientation preserving change of
parametrization. The edge path associated to o is the projected image of the edge path
associated to a lift 6. Thus the edge path associated to a path with finite domain has
the form E Eo...E,_E; where E;; 1 < ¢ < £, is an edge of G, E; is the terminal
segment of an edge and E; is the initial segment of an edge. We will identify paths
with their associated edge paths whenever it is convenient.

We reserve the word circuit for an immersion o : S' — G. Any homotopically
nontrivial map o : S' — G is homotopic to a unique circuit [o]. As was the case
with paths, we do not distinguish between circuits that differ only by an orientation
preserving change in parametrization and we identify a circuit o with a ¢yclically ordered
edge path E\Ey.. Er. If £ G — G is a homotopy equivalence then we denote [ f(0)]
by f¢(0). There is bijection between circuits in G and conjugacy classes in F,; if f
represents ¢ € Out(F,) then the action of f; on circuit corresponds to the action of ¢
on conjugacy classes in F,.

A path or circuit c¢rosses or contains an edge if that edge occurs in the associated
edge path. For any path o in G define & to be ‘o with its orientation reversed’. For
notational simplicity, we sometimes refer to the inverse of & by 6.

A decomposition of a path or circuit into subpaths is a spltting for f : G — G
and is denoted 0 = ...07-09... if £{(0) = ... [#(01)fif(0y)... for all k£ > 0. In other words,
a decomposition of o into subpaths o; is a splitting if one can tighten the image of o
under any iterate of f4 by tightening the images of the o’s.

If /(o) = o then o is a periodic Nielsen path; if k = 1 then o is a Nielsen path.
A (periodic) Nielsen path is mdivisible if it does not decompose as a concatenation of
nontrivial (periodic) Nielsen subpaths. A path is primitive if it is not multiple of a sim-
pler path.

An unoriented bi-infinite properly embedded path in I' is called a lne i I'. The
ends of such a line converge to distinct points in dF, (under the identification of dF,
with the set of ends of I'.) Conversely, any distinct pair of points in dF, are the end-
points of a unique line in I'. This defines a bijection between lines in I' and points
in ((0F, x aF,) \ A)/Z,y, where A is the diagonal and where Z, acts on dF, x dF, by
interchanging the factors. There is an induced action of Aut(F,) on the space of lines
in I'. The projection of a line in I" into G is a &ne in G. An element of Out(F,) acts
on the space of lines in G.

2.2. Free factors. — 1If H is a subgroup of F, and H = A * ... x A, 1s free
decomposition then each A; is a free factor of H and Ay, ..., A,, are cofactors of H. We
make use of the following special case of the Kurosh subgroup theorem where HeK is
the (H, K) double coset determined by subgroups H, K and an element c.
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2.1. Theorem. — Suppose that ¥ is a free factor of ¥,, that H is a subgroup of ¥,
and that G = {c, ..., ¢,} where the ¢;’s represent distinct (H, ¥) double cosets. Then Hyp ¢ :=
H N (F) * ... x (HN i, (F) is a fiee factor of H. Moreover, if ¥, ..., F° are cofactors
of ¥, and C/ represent distinct (H, ¥7) double cosets then Hy c1, ..., Hp.o are cofactors of H.

We record some easy corollaries.

2.2, Corollary. — If H 15 a subgroup of ¥, and ¥ s a _free factor of ¥, then any comjugate
of ¥ that is contained in H 1s a free factor of H.

Proof. — This i3 an immediate consequence of Theorem 2.1. |

2.3. Corollary. — For any ¢ € ¥, and any free factor ¥ of ¥,, the following are equivalent.

1. 1.(F) N F s nontrivial.
2.4.(F) =F.
3.cel.

Proof. — 1t 1s obvious that (3) implies (2) implies (1). To see that (1) implies (3),
note that the (F, F) double coset that contains the identity element is F, and so by
Theorem 2.1 it is the only nontrivial (F, ') double coset. O

2.4. Corollary. — Suppose that J and J' are subsets of {1, ..., n} and that J N]J # @.

1. 1f ¥ is a free factor of ¥, that is carried by both (x; :j € J) and (x; :j € J') then ¥ is
also carried by (x; :j € JN]J').

2.1f ¢ € Out(F,) and if both [{x; : j € J)] and [(x; : j € J')] are p-invariant then
[{x; :j € JN])] s p-invariant.

Progf. — Theorem 2.1 applied with H = (x; : j € J) implies that for all ¢ € F,,
(17 €]) Nl iy €]') either is trivial or is (x;:7 € JN]J').

To prove (1), we may assume that F C (x; : j € J). By assumption, there exists
¢ € ¥, such that F C ¢(x; :j € J'). Thus

FC(y:jel)nNi{y:je])=(:jeJn]J).

To prove (2), choose q,’; and a € F, so that (ﬁ((xj :J€J) = (x:j€]) and
¢y -5 €J)) =1i((y :j €J)). Then

By i eI =y j el Nilyjel)=ty:jeJndh.

2.5. Corollary. — Suppose that (ﬁ e Aut(l¥,), w € F, and &(w) = w*. Then every

P-nvariant free factor ¥ that contains w is @-invariant.
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Proof: — Since F is ¢-invariant, (ﬁ(F ) = ¢.(F) for some ¢ € F,. Corollary 2.3 and
the fact that ¢(F) N F contains w implies that ¢ (F) = F. O

If G is a marked graph and G, is a noncontractible connected subgraph then
[77,(G,)] 1s well defined and each representative of this conjugacy class is a free factor
of F,. There is a natural bijection between conjugacy classes [«¢] in F, and circuits
o C G. If F represents [7,(G,)] then I contains a representative of [«] if and only if
the circuit 0 C G corresponding to [a] is contained in G,. In this case we say that
F and G, cary [a]; sometime we say that I and G, carry @ when we really mean that
they carry [a]. A line y in G corresponds to a bi-infinite word w in the generators
of F,. If y C G, then we say that G, carries y and that F carres w.

2.6. Definition. — Suppose that A is a collection of comjugacy classes and bi-infinite words
i F,. If there is a free factor ¥ such that:

(1) ¥ carries each element of A, and
() for any nontrivial decomposition ¥ = ¥y x Fy into free factors there exists a € A that is
not carried by either ¥y or Fs.

then we say that ¥ is @ minimal carrier of A and write F = F(A).

2.7. Lemma. — If A 1s a collection of comjugacy classes and bi-infinite words in ¥, and if
F(A) s a mimimal carrier of A then the following are satisfied.

1. Every free factor that carries each element of A contains a subgroup that is conjugate to
F(A).

2. [F(A)] does not depend on the choice of minimal carrier F(A).

3. If ¥ € Out(Y,) and if A if W-invanant, then [F(A)] s Y-nvariant.

Proof. — (1) 1s proved in Section 2.6 of [BFHI1]; see in particular, Lemma 2.6.4
and Corollary 2.6.5. (2) follows from (1) and Corollary 2.2. (3) follows from (2) and
the fact that if 1@ represents ¥ then Iﬂ(F (A)) 1s a minimal carrier of ¥(A). |

We have the following pair of almost immediate corollaries.

2.8. Corollary. — Suppose that {xy, ..., x,} s a basis of ¥,, that ¥ s a free factor and
that ¥ carries w where w s the comjugacy class of either the commutator [xy, xo] or a nonperiodic
bi-infinite word in (x1, xo). Then ¥ contains a subgroup that is comugate to (x1, xo).

Proof. — Let A = {w}. Obviously w is carried by (x, x9) but not by any free
factor of rank one. Thus F(A) = (x, x) and the corollary follows from Lemma 2.7.
O
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2.9. Corollary. — Suppose that ¢ € Out(¥,) and that ¥ is a free factor. If ¢([a]) s
carried by ¥ for each basis element a € ¥, then [¥] is ¢p-invariant.

Proof. — Let A be the set of conjugacy classes of basis elements of F. Obviously
I carries each element of A. For any decomposition I = F, xFy, choose basis elements
b; € F;. Then b1by 1s a basis element whose conjugacy class is not carried by either
F) or Fy. Thus F is a minimal carrier of A. For each a € A, the conjugacy class ¢(a)
is represented by an element 4 € F, which by Corollary 2.2 is a basis element of F.
Thus A is ¢-invariant and Lemma 2.7 implies that [F] is ¢-invariant. O

Finally, we recall Lemma 3.2.1 of [BFHI1].

2.10. Lemma. — Suppose that {x, ..., x,} s a basis of ¥, and that 1 < k < n— 1.
If ¢ € Aut(Y,) leaves both (xy, ..., xp) and (xy, ..., x441) tnvariant then ¢(xp4) = uxﬁrlvﬁr
some elements u, v € (xy, ..., x).

2.3. UL subgroups and Kolchin representatives. — A fillered graph is a marked graph
along with a filtration

h=GyCcG, C---CGg=G

by subgraphs where each G; is obtained from G,_; by adding a single oriented edge e;,.
A homotopy equivalence f : G — G of ¢ respects the filtration if for each non-fixed
edge ¢, the path f(¢) has a splitting f(¢) = ¢ - . for some m; € Z and for some
primitive closed path #; C G;_; that is geodesic both as a path and as a loop. In
particular, if ¢ is non-fixed then its terminal vertex has valence at least two in G;_;.
It follows that the directions determined by the first two edges attached to a vertex
v € G are fixed. If each % is a Nielsen path for f then we say that /' : G — G s UL.

An element ¢ € Out(F,) has lnear growth if it has infinite order and if the cyclic
word length of ¢*([a]) with respect to some, and hence any, fixed basis grows at most
linearly in £ for each a € F,. An element ¢ € Out(F,) is unipotent if its induced action
on H;(F,, Z) is unipotent. We say that ¢ s UL if it 1s unipotent and linear and that
a subgroup of Out(F,) s UL if each of its elements is. It is an immediate consequence
of the definitions that the outer automorphism detemined by a UL homotopy equiva-
lence is UL. Theorem 5.1.8 of [BFH3] implies that any UL ¢ is represented by a UL
homotopy equivalence / : G — G.

Let G be a filtered graph, let 7 be the set of vertices of G and let FHE(G, ¥)
be the group (Lemma 6.2 of [BFH2]) of homotopy classes, relative to ¥, of filtration-
respecting homotopy equivalences of G. There i1s a natural homomorphism

FHE(G, ) — Out(F,).
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If a subgroup Q of Out(F,) lifts to a subgroup Q ¢ of FHE(G, 7), then we say that
Q. 1s a Rolchin representative of Q) .

Recall (see, for example, Lemma 2.6 of [BFH3]) that if I is a free factor of I,
and [F] is ¢-invariant, then the restriction of ¢ to [F] determines a well-defined outer
automorphism ¢|[F].

2.11. Proposition. — Suppose that Q s a finitely generated UL subgroup of Out(¥,) and
that ¥ s a (possibly trivial) @-invariant free factor of ¥,. Then Q has a Kolchin representative

Q ¢ satispying the following properties:
— There 1s a stratum G,, that such that [F] = [7,(G,,)].
—If @|[¥] s trivial then G,, 1s Q g-fixed; v.e. pointwise fixed by every element of Q) .

1If Q 15 abelian then we may also assume the following.

~The bift f : G — G to Q¢ of ¢ € Q s a UL representative of ¢.

—1If an edge ¢; is not Q -fixed, then there is a nontrivial primitive closed path w; C Gi_;
with basepoint equal 1o the terminal endpont of e such that for all f € Qg,
f(g) = eiu;"i(f) Jor some m;(f) € Z.

—1If [w;), = (w1, then w; = w;; i particular, the terminal endpoints of ¢; and ¢; are equal.

Proof. — Theorem 1.1 of [BFH2] produces a Kolchin representative Q) ;; satis-
fying the first item. The second item is implicit in the construction of Q) ¢ given on
p- 57 of [BFH2]. The remaining items follows from Corollary 3.11 of [BFH3]. O

Many arguments proceed by induction up the filtration of a UL representative
f G —= G of ¢. For any path 0 C G the heght of o is the smallest value of m for
which o C G,,.

2.4. Axes and multiplicity. — Suppose that f : G — G i1s a UL representative of
¢ and assume the usual notation that f(¢) = ¢u;" for each edge ¢. If u is nontrivial
then we say that o = [i], is an axis for ¢. If {¢ : j € J} is the set of edges with
4], = a, then the multiplicity of a with respect to ¢ is the number of distinct nonzero
values in {m; : j € J}.

Recall that the centralizer C(H) of a subset H C Out(F,) is defined to be the

subgroup of elements in Out(F,) that commute with every element of H.

2.12. Lemma. — Suppose that ¢ € Out(F,) is UL.

1. The set of axes for ¢ and thewr multiplicities depend only on ¢ and not on the chowe of
UL representative.

2.1f [el, is an axis of ¢ with multiplicity m then Y([c],) is an axis of Ydpy™" with
multiplicity m. In particular, each v € C(@) induces a multiplicity preserving permutation

of the set of axes of ¢.
3. 1f ¥ s a ¢p-invariant free factor then @|¥ is UL and each axis of @|F s an axis of .
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Proof. — (1) 1s contained in Corollary 4.8 of [BFH3] and (2) is contained in
Lemma 4.2 of [BFH3]. (3) follows from Proposition 2.11 and (1).

Remark. — Lemma 2.12 tells us that, in order to compute the axis of a UL elem-
ent ¢ € Out(F,), it i3 enough to choose any UL representative for ¢ and compute its
axis. We will do this numerous times (without further mention) throughout the paper.

We conclude this subsection with two examples.

2.13. Lemma. — Suppose that {xi, ..., x,} s a basis for ¥,, that ¥ = (x1, ..., x), that
For = %1y oo &) for some 1 <k <n—1 and that w € ¥y 1s primitive. [f(ﬁ = xId e
Aut(F;) x Aut(F,—;) C Aut(¥,) for some m # O, then [w], ts the unique axis for ¢ and it has
multiplicity one.

Proof. — Let G be the graph with vertices v and ¢" and with edges X, ¢, ..., ¢,,
where both ends of ¢, ..., ¢ and the terminal end of X are attached to » and all other
ends of edges are attached to ©". The marking on G identifies ¢ with x; for ¢ > £ and
Xe,X with x; for ¢ < k. The homotopy equivalence f : G — G defined by X > Xw"
is a UL representative of ¢ and the lemma now follows from the definitions. ]

2.14. Lemma. — Suppose that {x, ..., x,} is a basis for ¥, and that w € (xy, xo). For
3 < i < n define automorphisms 1., by x; — @x; and f{i,w by x; ¥ x;w. Then

1. All elements of {L; .} U{R; .} U{Li R0 Liwlyws Rl Ri R 00 # ) are
conjugale.

2.1If ¢ is any one of the elements of (1) then [w], s the unique axis for ¢ and it has
multiplicity one.

Proof — The automorphism defined by x; — ; conjugates L ,, to Ri,w and vice-
versa. The automorphism defined by x; = x; and x; = x; conjugates L,w to iju and
vice-versa. If ¢ # j then the automorphism defined by x; — xx; conjugates Ri,wij,w
to sz Combining these moves completes the proof of (1).

If G 1s the rose with n edges ¢, ..., ¢, and if the marking identifies x; with ¢;, then
R, 1s realized by f : G — G where f(¢) = w and where all other edges of G are
fixed. This proves (2) for ¢ = R, . Since the conjugating maps used in (1) preserve w,
(2) follows. |

2.5. Fuixed subgroups. — Assume that / : G — G is a topological representative
for ¢ € Out(F,).

If x, y € Fix(f) are the endpoints of a Nielsen path then they are Nelsen equivalent
and belong to the same Nelsen class of fixed points. Equivalently x and y belong to the
same Nielsen class if some, and hence every, lift /: I' — I that fixes a lift & of x also
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fixes a lift y of y. Each x € Fix(f) has contractible neighborhoods V C U such that
S (V) C U. It follows that all elements of Fix(f) NV belong to the same Nielsen class
and hence that there are only finitely many Nielsen classes.

If / is a lift of / and Fix(f) # @ then the projection of Fix(f) into G is an
entire Nielsen class of Fix(f). We say that f is a liff for ;1 and that w is the Nielsen class
determined by f. Another lift of f is also a lift for u if and only if it equals T/T~" for
some covering translation T.

If b € Fix(f), then there is an induced homomorphism f; : 7,(G, b)) — m,(G, b);
we denote the fixed subgroup of this homomorphism by Fix;( /). Under the marking
identification, Fix,(f) determines a conjugacy class [Fix,( /)] of subgroups in F,. If 4,
and by belong to the same Nielsen class in Fix(f) then the Nielsen path that connects
them provides an identification of Fix,, (/) with Fix,, (/). Thus [Fix,( /)] depends only
on the Nielsen class of b.

Denote the fixed subgroup of an automorphism ¢ by Fix(¢) and define

Fix(¢) = {[Fix(¢)] : ¢ represents ¢ and rank(Fix(¢)) > 2}.

2.15. Lemma. — Suppose that f : G — G s a topological representative of ¢ €
Out(F,). Then

1. Fix(¢p) = {[Fix;,(f)] : b; € B} where B contains one element for each Nielsen class of
S whose associated (conjugacy class of ) fixed subgroup has rank at least two.

2. Fix(¢) s finite.

2. Each f € C(¢p) permutes the elements of Fix(¢p).

Proof. — The second item follows from the first and the third item follows from
the observation that Fix(¥¢y~') = 4 Fix(¢). Corollary 2.2 of [BH] implies that
each element of Fix(¢) is realized as [Fix,(f)] for some b € Fix(f). If [Fix, (/)] =
[Fix;, (/)] then there is a path p connecting b, to by such that ptp is a Nielsen path
based at b, for each Nielsen path 7 based at by. The element a € 7,(G, by) determined
by of(p) is in the center of Fix,, (/) and so is trivial. We conclude that p is a Nielsen
path and hence that 4; and 4, belong to the same Nielsen class of Fix(f).This com-
pletes the proof of the first item and so the lemma. ]

Remark. — If both (13 and (ﬁ’ represent ¢ € Out(F,), and if Fix((ﬁ) and Fix((ﬁ’ )
represent the same element of Fix(¢), then there exists a € F, such that (ﬁ = 5,00
To sce this, choose a € F, so that Fix(¢) = i, Fix(¢)). Then ¢ and i,¢'i;" agree on
a subgroup of rank at least two and so are equal.

We next turn to the computation of [Fix,(f)].
Suppose that /' : G — G is a UL representative of ¢ and that 4 is a vertex of G
that 1s fixed by /. Denote the component of Fix(f) that contains 4 by G, and define
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¥, to be the set of paths in G that can be written as a concatenation of subpaths,
each of which is either contained in G, or is of the form ¢ule; for some r # 0 where
¢; 15 a non-fixed edge with initial endpoint in G, % is a primitive closed path and

S(&) = ey

2.16. Lemma. — Suppose that | : G — G s a UL representative of ¢ and that b s
a verlex that s fixed by f. Assume further that if ¢; and ¢; are non-fixed edges with [u;], = [w],
then m; # mj. Then s € (G, b) is contained 1 ¥ix,(f) 1f and only if s is represented by
a closed path in Xy based at b.

Proof. — We have to show that a path o with both endpoints at 4 is a Nielsen
path if and only if o € ¥,. The if direction is clear from the definitions.

By hypothesis, the number of non-fixed edges in G equals the sum of the multi-
plicities of the axes of ¢ and is therefore as small as possible. Assuming that ¢ is
a non-fixed edge, we apply this in two ways. The first is that there does not exist
a path ¥y C G,_; such that ¢y 1s a Nielsen path. If there were such a path, then
we could produce a new, more efficient UL representative /" : G' — G’ of ¢ by the
‘sliding” operation described in complete detail in Section 5.4 of [BFH1]. In this new
representative the edge ¢ is replaced by an edge ¢ that is marked so as to corres-
pond to ¢y. In particular ¢ is a fixed edge for /' : G’ — G’ and the total number of
non-fixed edges would be decreased.

The second consequence, which we now prove, is that if y C G,_; and if ¢ye; is
a Nielsen path, then y = for some r # 0. Choose a lift ¢; to the universal cover I,
let ¥ be the initial endpoint of &, let p be the terminal endpoint of , let p € G;_; be
the projected image of j and let £ : I' — T be the lift of f : G — G that fixes 7.
Let C be the component of G;_; that contains p, let I';_; be the component of the
universal cover of C that contains p and let z : T';_; — I';_; be the restriction of f .
There is a lift 7 of y that begins at p. The covering translation T : ' — T that
sends  to the terminal endpoint of 7 sends & to the terminal endpoint 7 of the lift
of ¢ye; that begins with ¢;7. Since ¢y¢; 1s a Nielsen path for / and ¥ € Fix(f) it
follows that 7 € Fix(f) and hence that T commutes with /. Since T preserves I'i_; it
restricts to a covering translation 1" : I';,_; — I';_; that commutes with A. It suffices
to show that the subgroup of all such T” has rank one. If this fails, then Fix(k) # ¢
by Lemma 2.1 of [BH]. If ¥’ C G,_; is a path connecting p to an element of Fix(%)
then ¢,y is a Nielsen path for f. As we have already shown that this is impossible, we
have verified our second consequence.

We can now prove the only if direction. It suffices to show that if o is a Nielsen
path with one endpoint in G, then o € X;. We will induct on the height of o. Since
G, C Fix(f) the height 1 case is clear, and we may assume by induction that o
has height m and that the statement is true for paths with height less than m. By
Lemma 4.1.4 of [BFHI1], o has a decomposition into Nielsen subpaths o; where each
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o; or its inverse has the form y, ¢,y or ¢,ye, for some path y C G,_;. As we have
seen g; = ¢,y can not occur and if o; = ¢,ye, occurs then o; € X;. The case that
o; = y follows from the inductive hypothesis and we have now completed the induc-
tion step. ]

We record the following example as a lemma for future reference.

2.17. Lemma. — Suppose that {xy, ..., x,} is a basis for F, and that ¢ is defined by
X, > xl_kxnx/f Jor some k # 0. Then

1. Fix(¢) = {[{x1s s 1) 15 [, 2001}

2. [x1]us (21, s X0m1) ] and [{(x1, x,)] are Wr-invarant for all € C(¢).

3. Suppose that ¥ 1s a free factor, that [F] is ¢p-invariant and that ¢|[¥] s not the identity.
Then ¥ contains a representative of [(x1, x,)1 and ¥ has rank at least three.

Proof. — Let G be the graph with vertices v and w and with edges X, ¢, ..., ¢,
where both ends of ¢, and the initial end of X are attached to w and all other ends
of edges are attached to ». The marking on G identifies ¢ to x; for : < n and Xe, X
to x,. The homotopy equivalence / : G — G defined by X > Xe! is a UL repre-
sentative of ¢. Lemmas 2.15 and 2.16 imply that Fix(¢) = {[{x1, ..., x,—1)], [{x1, %) 1}
is Y-invariant for all ¢ € C(¢). Since the two elements of Fix(¢) have different ranks
they are each Y-invariant. Lemma 2.12 implies that [x;], is Y¥-invariant. This com-
pletes the proof of (1) and (2).

A'loop o in G has a cyclic splitting into subpaths o = 0,...0, defined in three
steps as follows. For [ # 0, denote X¢/X by t’. Any occurence of T/ as a subpath of o
defines a o;; each of these subpaths is a Nielsen path based at w. In the complemen-
tary subpaths, each maximal length subpath of the form Xe] or ¢/X for some integer
J 18 a 0,. The third step is to define each remaining edge to be a o;; each of these
subpaths is a Nielsen path based at v. Thus f"(o) is obtained from o by replacing
cach Xe/ with Xe/ ™™ and cach ¢/X with ¢/ "*X. If o is a loop whose free homo-
topy class is not fixed by / then there is at least one o; of the form Xe/ and at least
one of the form ¢/X. These can be chosen to be separated in o by a Nielsen path
p based at w. Thus f/"(0) contains el_karp )_(,uXe/fmﬂ as a subpath for all m > 0 and
some p, q € Z.

Carrying this back to ¢ and F, via the marking and taking limits, we conclude
that if ¢|[F] is not the identity then F carries a bi-infinite nonperiodic word in (xy, x,,).
Corollary 2.8 implies that I contains a representative of [(xy, x,)]. Since @|[(x;, x,)] 1s
trivial, I must properly contain [(x;, x,)] and so must have rank at least three. |

2.6. Dehn twists. — The group Out(Fy) plays a special role in understanding
Out(F,). One of the reasons for this is that, as shown by Nielsen, it can be understood
via surface topology.
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The once-punctured torus S is homotopy equivalent to the rose Ry, so we may
assume that S is marked. Recall that the (extended) mapping class group Mod™(S) of
S 1s the group of homotopy classes of homeomorphisms of S. It is well known that
the natural homomorphism Mod*(S) — Out(F,) given by the action of Mod*(S)
on m(S) & Fy 1s an isomorphism. It is also well known that there is a bijective cor-
respondence between the set .7 of isotopy classes of essential, nonperipheral (i.e. not
isotopic to the puncture) simple closed curves on S and the set € of unoriented con-
jugacy classes of basis elements of Fy. Recall that a Dein twist about a simple closed
curve o in S is defined as the element of Mod*(S) represented by cutting S along «,
twisting one of the resulting boundary circles by a complete rotation, and regluing.

2.18. Lemma. — The following are equivalent.

— ¢, € Out(Fy) s UL

— There is a basis {z1, 2o} of Fo and b > 0 so that zy V> 27" defines a representative
oS b

— ¢y corresponds to a Dehn twist of the once-punctured torus about the simple closed curve

represented by [z].

Proof. — 'This is immediate from the definitions and the fact that every UL outer
automorphism is represented by a UL homotopy equivalence. O

2.19. Corollary. — Suppose that {xy, xo} s a basis for ¥y and that EQI € Aut(Fy) s
defined by xo /> xox1. Let p = [x1, xo]. Then for any k # 0:

1. [x°] are the only Eb ~invariant conjugacy classes represented by basis elements of Fy.
2.1If u € Out(Fy) has infinite order and if there is a conjugacy class [a] # [p'] that is
fixed both by w and by Egl, then 1? € (Eq)).

3. Elements of le(Eél) that are comjugate i ¥y are conjugate in ¥ m(ﬁél)

Proof — By Lemma 2.18, the mapping class element 6 determined by Eo; is
represented by a Dehn twist f : S — S about a simple closed curve f that corresponds
to [x]. The complement S" of an open annulus neighborhood of B is topologically
a 3-times punctured sphere. The free homotopy class of a closed curve is fixed by 6*
if and only if is represented by a closed curve in S'. Part (1) now follows from the fact
that a basis element is represented by a simple closed curve in S and the fact that the
only simple closed curves in S’ are peripheral.

There is an orientation-preserving homeomorphism % : S — S whose mapping
class v corresponds to u?. The Thurston classification theorem implies that v preserves
the free homotopy class of some simple closed curve B’ and that [a] is represented by
a closed curve that is disjoint from B’ and by a closed curve that is disjoint from B. It
follows that B = B’ and that v € (). This proves (2).
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Part (3) follows from the fact that closed curves of S’ that are freely homotopic
in S are also freely homotopic in S'. ]

We will also make use of the following.

2.20. Lemma. — Suppose that (51 € Aut(¥y) s nontrivial and that le(q_’;l) has rank
bigger than one. Then there exists s > O and there exists some basis {z1, 2o} of ¥y in which ¢, s
defined by z9 > 292].

Proof. — We view ¢, as an element of the mapping class group of the once punc-
tured torus S. It is well known that Fix(¢) corresponds to the fundamental group of
a proper essential subsurface Sy and that there exists a homemorphism #z : S — S
representing ¢ such that 4|S, is the identity. Thus Sy has rank two and is the com-
plement of an open annulus neighborhood of a simple closed curve a. Up to isotopy,
k must be a Dehn twist of nonzero order s about o. Lemma 2.18, Lemma 2.15 and
Remark 2.5 complete the proof. O

3. The endgame

For the remainder of this paper, I' will denote an arbitrary finite index subgroup
of Out(F,) and ® : I' = Out(F,) will be an arbitrary injective homomorphism.

In this section we prove that Theorem 1.1 can be reduced to understanding the
image under ® of the so-called elementary outer automorphisms. We then prove that
Theorem 1.1 implies the corollaries stated in the introduction. Having dispatched with
these necessities, we can then proceed with the heart of the argument of Theorem 1.1,
which occupies the remainder of the paper.

3.1. Reduction lo the action on elementary automorphisms. — Given a basis x1, ..., ¥,

for F,, define for j # k£ automorphisms Ejk and kjﬁ by

Ejki X = XX

B x> xx.

&

The elements of Out(F,) determined by these automorphisms will be denoted
by Ej and jE, respectively. Lemma 2.14 mmplies that [x;], is the unique axis of any
iterate of E; or of ;jE, and that the multiplicity is one in each case.

3.1. Definition (Elementary Automorphism). — A nontrivial element ¢ € Out(F¥,) s called
elementary if there exists a chowe of basis for ¥, so that in this basis the element ¢ 1s an iterate
of either B or of yE for some j # k.
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Since the set of bases is Aut(F,)-invariant, the set of elementary elements of
Out(F,) is invariant under the conjugation action of Out(F,) on itself.

For any ¥ € Out(F,) we say that the injective homomorphism ¢z, o ® : I' —
Out(F,) is a normalization of ®. We say that ¢ € Out(¥,) 1s almost fixed by @ if there
exists s, ¢ > 0 such that ®(¢°) = ¢'. If there exists 5, ¢ > 0 such that ®(¢*) = ¢’ for
every ¢ in a subgroup then we say that the subgroup s almost fixed.

Our strategy in proving Theorem 1.1 is to show that ® has a normalization that
almost fixes each elementary element of Out(F,). The following lemma, based on an
argument of Ivanov in the context of mapping class groups (see Section 8.5 of [Iv]),
shows that this is sufficient.

3.2. Lemma (Action on elementaries suffices). — Let T < Out(F,),n > 3 be any finite
index subgroup, and let ® : I' — Out(F,) be any ijective homomorphism. If ® has a normal-
wzation that almost fixes every elementary element of Out(¥,), then there exists g € Out(¥,) such

that ®(y) = gyg™"' for all y € T.

Proof. — It clearly suffices to show that if ® almost fixes each elementary elem-
ent of Out(F,), then ® restricted to I' is the identity. Given any ¢ € I, let n =
¢~ '®(¢). Given any basis element x;, extend x; to a basis {x, ..., x,}. The assump-
tion that ® almost fixes every elementary outer automorphism gives that, for some
Sstyu,v>0,

®(E;) = E5,
and
1) () P(E))D () = O((¢F21¢7")) = (pF21¢™") = ¢Ey ¢
Equation (1) implies that
(n®Ey)n~")" = Ef
and so

nEyin~ = n®Es)'n = n@E)) " = (n®E)n ") = E.

By Lemma 2.14(b), we have that [x;], is the unique axis for Ej; and for EJ;.
Lemma 2.12 then implies that n takes [x;], to a power of itself. As n clearly preserves
the property of being primitive, it follows that n fixes [x],. As x; was arbitrary, the
following lemma then completes the proof. O

3.3. Lemma. — If ¢ € Out(F,) fixes [x], for each basis element x, then ¢ is the identity.
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Proof. — Corollary 2.9 implies that every free factor of F, is ¢-invariant. Choose
a basis {xi, ..., x,} for Fn By Corollary 2.5 there is an automorphism (ﬁ representing
q’) such that (xl, Xo) 1S q’) -invariant and such that ¢(x1) = X1 Lemma 2.10 1mphes that
H(x) = x] x5 xF for some j, ke Z. By hypothesm] —i— k = 0, so after replacing ¢ with
zfl¢, we may assume that ¢(x1) = xl and ¢(x2) = xQ

We now claim that ¢(xi) = xl» for all 1 <7 < n. Assume by induction that the
claim is true for ¢ = m — 1 with m > 3. By hypothesis (ﬁ(xm) = wxf,fa_e) for some w € F,.
Either x?t or in, say xli, is not the first letter of w. Then q_’;(xlxm) = xliwx,fie) is cyclically
reduced and, unless w is trivial, does not cyclically reduce to (xx,)*1, as it should by
assumption since x4, 13 a basis element. Thus w must be trivial, completing the proof
of the claim.

For any distinct ¢, 7, £ we have that

Plxin) = x5

On the other hand, since x;x:x; is a basis element, we also have that b X;XX;) 1S con-
' ' Y > Y
jugate either to xixx or to x.xX;. As the latter clearly cannot occur, it follows that

q,’;(xi) = x; for each 1. O

3.2. Proofs of the corollaries to Theorem 1.1. — We now give short arguments to
show how to derive the other claimed results in the introduction from Theorem 1.1.

Proof of Corollary 1.2. — The given map is clearly a homomorphism. Its kernel
is precisely the centralizer G(I") of I' in Out(F,). Since I' contains an iterate of each
element of Out(F,) Lemma 3.2 implies that the map is injective. Surjectivity is imme-
diate from Theorem 1.1.

Proof of Corollary 1.4. — The proof here is essentially the same as that of Corol-
lary 1.2 just given. One need only remark that, by definition, an element f € Out(F,)
is trivial in Comm(Out(F,)) precisely when Conjf is the identity when restricted to
some finite index subgroup I' < Out(F,). This happens precisely when f centralizes I',
which by Lemma 3.2 happens only when f is the identity.

4. A commensurability invariant

In this section we introduce and compute a commensurability invariant which
will be crucial for understanding ®. An analogous invariant for the mapping class
group was studied by Ivanov-McCarthy in [IM]. We assume that {xy, ..., x,} is a basis
for F,, and we denote (x1, x0) by Fy and (x3, ..., x,) by F,_o.
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4.1. The mvariant r(¢, o7). — Recall that the centralizer C(H) of a subset H C T’
is the subgroup of I" consisting of elements commuting with every element of H. The
center Z.(I") 1s the group of elements commuting with every element of I'. We will need
coarse versions of these basic group-theoretic notions.

4.1. Definition (Weak center and centralizers). — We define the weak centralizer of a sub-
set H € Out(F,) to be the subgroup WC(H) < Out(F,) consisting of those g € Out(F,) with
the property that for each h € H there exists s # 0 so that g commutes with b°. We define the weak
center of H, denoted by WZ(H), to be

WZH) := WC(H) N H.

By the rank of an abelian subgroup we will mean the rank of its free abelian
direct factor. It is easy to see that any automorphism ®* : Out(F,) — Out(F,) pre-
serves centers of centralizers; that is, for each ¢ € Out(F,) we have ®*(Z(C(¢))) =
Z(C(®*(¢))). In particular, rank(Z(C(¢))) = rank(Z(C(P*(¢)))). This is not obvi-
ous if ®* is replaced by an arbitrary injective homomorphism ® : I' — Out(F,) of
a finite index subgroup I' of Out(F,). In place of rank(Z(C(¢))) we use the following
invariant.

For any abelian subgroup &/ < Out(F,) and any ¢ € &/ define

r(p, o) := rank(/ N WZ(C())).

Note that if .7 is infinite and if ¢ has infinite order then r(¢, &7) > 1. We are
particularly interested in the case that r(¢, @) = 1. The following lemma states that
® preserves pairs with this property.

4.2. Lemma. — Let T' € Out(F,) be any finite index subgroup, and let o/ C Out(F,)
be any abelian subgroup. If ¢ € o/ N T then r(P(p), P(F NT)) < r(¢, ). In particular, if
r(¢p, ) =1 then r(P(p), (¥ NT)) = 1.

Progf: — Since /NI has finite index in &7 it is clear that 7(¢, &/ NI) = r(¢, ).
Thus without loss of generality we can assume that &/ C I'. If ¢ € & and ¢ ¢
WZ(C(¢)) then there exists u € C(¢) such that ¥ does not commute with any iterate
of n. We can clearly assume that u € I'. Thus ®(y) does not commute with any
iterate of ®(u) € C(P(¢)), which implies that ®(y) ¢ WZ(C(P(¢))). This proves
that the ®-image of WZ(C(¢)) N &7 contains WZ(C(P(¢))) N P(A) and the lemma
follows. O

4.2. The subgroup O(Fo, F,—9). — Define a subgroup O(¥s, F,_5) of Out(F,)
by

O(Fy, F,_9) := {¢p € Out(F,) : both [F,] and [F,_»] are ¢-invariant}.
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The natural inclusion of Aut(F,) into Aut(F,) given by 8, — 8, xId € Aut(F,) x
Aut(F,—9) C Aut(F,) defines an embedding

Aut(FQ) —> O(FQa Fn—Q)

whose image we denote by O(F;). Define O(F,_5) similarly using the natural inclu-
sion of Aut(F,_») into Aut(F,). Each element of O(F;) commutes with each element
of O(Fn—Q)'

4.3. Lemma. — Let notation be as above. Then:

1. O(Fy, F,_y) = O(Fy) x O(F,_o) = Aut(Fy) x Aut(F,_).
2.1 ¢ € OFy) then WZ(C(¢)) C O(Fy).

Proof. — 'The natural homomorphism Aut(Fy) x Aut(¥F,—») — Aut(F,) induces
an injection

Aut(Fy) x Aut(F,_y) = O(Fy, F,-).

To prove the first item it suffices to show this injection is onto.

Each n € O(Fy, F,—) 1s (non-uniquely) represented by an automorphism 7 that
leaves F, invariant. Define ot = 7j|Fy; x Id € Aut(F,;) x Aut(F,_5). There is no loss
in replacing 7 by u~'n so we may assume that n|F, determines the trivial element
of Out(Fy). Thus 7|Fy = i, for some a € Fy. By the symmetric argument we may
assume that n|F,_, is trivial and hence that #|F,_s = 7, for some w € F,. (We cannot
assume that w € F,_y because we do not yet know that F,_, is #j-invariant.) If there
is a nontrivial initial segment a of w that belongs to Iy then replace # by i{;lfy. Thus
w = bya,by... 1s an alternating concatenation where b; C I,_y and a; C F.

By the same argument, there is a representative i of 4 = n~' such that
¥y = ¢ for some ¢ € Fy and f1|F,—9 = i, for some v € F, that begins in F,_,.
Since [1]|Fy is conjugation by a (possibly trivial) element of Fy, the same must be true
for an|F,—o = 43, which implies that ft(w)v € Fy. Letting # stand for the reducing
operation, we have

(A (w))g = (1,(61))4 (1w (@) (2(52)) 4.

where each (z;(a)))# € Fy 1s nontrivial and each (7,(5;))# 1s nontrivial and begins and
ends in F,_y. If w ends with an ¢; then (i(w)v)s = f1(w)sv in contradiction to the fact
that ft(w)v € Fy. Thus w ends with 4, and

(L (@)0)s = (600 (i (@) (G (@) (G (b)) V)

It follows that / = 1 and that w = v™! = b, € F,_y. Thus f§j = 7, X 3, € Aut(Fy) x
Aut(F,_o) which completes the proof of (1).
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Suppose now that ¢ € O(Fy) and that ¥ € WZ(C(¢)). Choose i, € Aut(F,_o)
so that Fix(ft5) and Fix(pf;) are trivial for all £> 0. For example, it can be represented
by a pseudo-Anosov homeomorphism % : S — S of a surface with boundary and i
can be the automorphism of (S, b) determined by # at a fixed point 4 in the interior
of S. Let it = Id X fiy. Then Fix(4t*) = F, and Fix(u*) = {[Fs]} for all £ > 0. Since
w is an element of O(F,_,), it commutes with ¢ and ¥ commutes with some u*.
Lemma 2.15 implies that Fy is ¥-invariant.

Choose w € F,_y and define ) = Id x 7, € Aut(Fy) x Aut(F,_y). Then ¢ com-
mutes with 1 and so ¥ commutes with some n*. Lemma 2.13 and Lemma 2.12 im-
ply that [w], 1s Y-invariant. Since w is arbitrary, Corollary 2.9 implies that F,_ is
Y-invariant. By (1), ¥ has a representation of the form v = ¥, x 1/}2 € Aut(F,) x
Aut(F,_y). Since ¥ commutes with n and #|F, = Id, 1&2 commutes with . It follows
that 1&2 fixes w for all w and so is the identity. Thus ¥ € O(Fy) as desired. |

Notation. — Each ¢ € O(Fy, F,_9) is represented by a unique é that preserves
both Fy and F,_s. The restrictions (ﬁlFQ and q§|Fn_2 are denoted (ﬁl and (ﬁQ.

Remark. — If ¢,y € O(Fy, F,—y) then ¢ commutes with ¥ if and only if (ﬁl
commutes with lﬁl and (Z;Q commutes with 1&2.

4.3. Calculating WZ.(C(¢)). — Our first calculation is related to Lemma 2.14.
We change the notation from that lemma to make it more consistent with future ap-
plications. Suppose that w € Fy. For 3 </ < n we define automorphisms

Moi—50 ° X1 F> WX

Moi—4.w © X > X0,

We say that flo;—5, and flo, 4, are pawed. In the notation of Lemma 2.14, u;,
for odd values of ¢ corresponds to an L;,, and w,, for even values of i corresponds
to an R;,.

4.4. Lemma. — Suppose that s and t are nonzero and that w € ¥y 1s primative.

LI = Wi, or if @ = L wlhj 0 where [ and 4, ., are unpaired, then WZ(C(¢*))
= (¢) for amy 5 # 0.
2.1f Wi and W, are paired, or if s % 1, then WZ(C(Mj’w,uj»’w)) D (Miws M)

Proof. — All of the ¢ considered in (1) are conjugate by Lemma 2.14. We may
therefore assume, for (1), that ¢ is defined by x, — x,w.

For any y € (xi, ..., x,_) define é} by x, > px,. Then ¢* commutes with every 6),.
If v € WZ(C(¢*)) then ¥ commutes with 9}/) for some p > 0. Lemma 2.12 implies that
every [ 9], is Y-invariant. Corollary 2.9 then implies that (xi, ..., x,1) 1s Y-invariant
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and Lemma 3.3 implies that ¥|[(xi, ..., x,_1)] 1s the identity. Lemma 2.10 implies that
Y 1s represented by 1/} defined by x, = wux,v where u, v € (xl, veey Xy 1)

Since ¥ commutes with both «9/} and ¢’, and since w «9/} and ¢5 agree on sub-
group of rank bigger than one, ¥ commutes with Hﬁ and ¢'. Dlrect computation now
shows that « is trivial and v € (w). Thus ¢ € (¢) as desired. This completes the proof
of (1).

Theorem 6.8 of [FH] imply (2) in the case that s # ¢ It remains to consider
the case that s = ¢ and that w;, and pu;, are paired. There is no loss in asssuming
that fi;, is defined by x, — @x, and fi;,, is defined by x, > x,w. Thus 7 is defined
by x, = @w'x,w’. An argument exactly like that given in the proof of Lemma 2.17(1)
shows that Fix(n) has two elements, one represented by (xy, x9, ..., x,—1) and the other
by (w, x,). It 6 € C(n), then [{(x, x9, ..., x,—1)], [{w, x,)] and [w]u are f-invariant. After
replacmg 0 by 6? if necessary, there Is an automorphism 6 representing 6 such that
«9(w) = w. Corollary 2.5 and Lemma 2.10 imply that (xy, xo, ..., x,—1) 13 f-invariant
and that Q(x,,) = ux, for some u, v € (x|, x9, ..., x,_1). Since 6 commutes with 1 and
the restrictions of 6 and 1 to (x1, x9, ..., X,_1) commute, 6 and ) commute. Since

0 n(x,) = 0 (@W'x,w") = Wux,vw’
and
70(x,) = H(wn,0) = u'xw'y
it follows that «, v € (w) which implies that 6 commutes with fi and fL; . O
4.5. Defiition (Twrists). — For w € ¥y, define T, € O(Fy) by Tw =1, x Id.
4.6. Lemma. — Fix(T,) = {[Fol, [(F,—2, w)]}.

Proof. — Let G be the graph with vertices v and v/, with edges ¢, ¢, attached
to v, edges es, ..., ¢, attached to v" and an edge X with initial endpoint at " and ter-
minal endpoint at v. The homotopy equivalence /' : G — G by f(X) = Xw 1s a UL
representative of T, and the lemma now follows from Lemma 2.15 and Lemma 2.16.

O

We say that p € Fy is peripheral if it is the commutator of two basis elements.
We think of T, as a Dehn twist about a peripheral curve on a once-punctured torus
representing Iy in the decomposition Fy * F,_o.

4.7. Lemma. — If p € ¥y 15 perspheral then ('T,) has finite index in WZ(C(T))).

Proof. — The group WZ(C(T,)) has a torsion free subgroup of finite index so
it suffices to show that each infinite order ¥ € WZ(C(T))) is an iterate of T,. By
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Lemma 4.3, ¥ is represented by Iﬁl x Id € Aut(Fy) x Aut(F,_s). Every ¢, € Out(Fy)
has a representative (ﬁl € Aut(Fy) that fixes p; this is because any two peripheral
elements of Fy are conjugate in F,. The outer automorphism represented by ¢, x Id
is an element of C(T,). Thus (Z;’f commutes with 1/}1 for some £ > 0. This proves that
Y1 commutes with an iterate of every element of Out(F;) and, having infinite order, is
therefore trivial. In other words Iﬁl = 1, for some w € Fy. Since 1&1 commutes with z'f),
we have w € (p) as desired. |

4.8. Lemma. — If w € ¥y 15 a nontrivial nonperipheral element of Fix(Eyy) then By €
WZ(C(Tw)).

Proof: — We must show that some iterate of each 8 € C(T,) commutes with Ey;.
Lemma 2.12 and Lemma 4.6 imply that [w],, [I;] and H := [(F,—9, w)] are O-invari-
ant. After replacing 6 with 6 if necessary there exists 6 representing 6 that fixes w.
Lemma 2.5 implies that F, is f-invariant. Corollary 2.19 implies that 0|F, is an it-
erate of Fo|F; and hence that é|F2 = iﬁ)ﬁl’;ﬁFg for some m,p # 0. In particular,
élFQ commutes with E21|FQ.

There exists ¢ € F, such that w € é(H) =1, (H). Theorem 2.1 implies that ¢ = ha
for some 4 € H and a € Fy. Thus w € ;(H)NF, which implies that 2,00 € HNFy = (w).
It follows that ¢ € (w) and hence that é(H) = H. Since E21|H 1s the identity, it

commutes with éIH. As we have already seen that E21|F2 commutes with é|F2, we
conclude that 6 commutes with EJ,. ]

5. The action on special abelian subgroups

To obtain constraints on the injective homomorphism @ : I' — Out(F,) we will
consider two special families of abelian subgroups of Out(F,), one of rank 2n — 3 and
one of rank 27 — 4. We will use [IFH] to isolate properties which characterize such
subgroups and at the same time are preserved by ®.

To fix notation, we let {x, ..., x,} be a basis for F,, denote the group (x;, xo)
by Iy, denote the group (xs, ..., x,) by F,_o, and denote [x;, 0] by p. The following
definition is relevant to both special families of abelian subgroups we will study:.

If @ < Out(F,) is an abelian subgroup, we say that a set of elements
{P1, ey Po,_g} C o satisfies the pairing property for o7 if the following two conditions
hold for all m # 0:

L. (¢, &) =1 for all j.
2. r(¢]¢), &) = 1 if the unordered pair (£,0) & {((1,2),(3,4),...,(2n — 5,
2n —4)}.
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5.1. Elementary abelian subgroups. — For s > 0 define
o =({Ey, wE 1 2<j<n 3=<k=<n})

We say that a subgroup o7 < Out(F,) has type E (for “elementary”) if there exists
s> 0 and some basis for F, in which & equals 7. Equivalently, if one prefers to work
with a fixed basis, then & has type E if it equals ¢,.%4 for some s and some ¥ €
Out(F,). We sometimes write 2%, for <7 . Note that the nontrivial elements of a type
E subgroup & have the same (unique) axis. We refer to this axis as the characteristic
axis of .

In the notation of Lemma 4.4, ;E = w5, and E; = oy, for 3 <j < n
We extend this notation slightly and denote Ey; by po,—3.,,-

5.1. Lemma. — Let {1, ..., ¢o,_3} be a basis for a torsion-free abelian subgroup 7. Then
there exists W € Out(Y,) and s, t > 0 such that vy (¢;) = /,L;e1 Jor all v, if and only if each of
the following conditions holds:

1. {1, ..., Pou_s} satisfies the pairing property for 7.
2.1y, 5, ) =1 for | <j <2n—4 and for all m # 0.

Proof. — The “only if” direction follows from Lemma 4.4 and Lemma 2.14. The
“if”” direction follows directly from Lemma 9.3 of [IFH]. ]

The following corollary includes, as a special case, that the ®-image of an ele-
mentary outer automorphism is elementary.

5.2. Corollary. — If < has type E then there is a normalization ®" of @ that almost
xes /. Equivalently, there exists € Out(F,) and s,t > 0 so that ®(n°) = 1, (n') for each
q v
ned.

Progf. — There is no loss in assuming that &/ = o C I'. The corollary then
follows from Lemma 4.2 and from Lemma 5.1 applied to {¢; = ®(u;,)}- O

5.2. Abelian subgroups of IA,. — An element of % is represented by an auto-
morphism that multiplies each xj, 7 > 1, on the left and on the right by various pow-
ers of x,. In this section we consider the analogous subgroup where we replace x; by
a non-basis element w € Fy, and we restrict the action to those x’s with j > 2. We
impose a homology condition on w to control the image under ®.

Let IA, denote the subgroup of Out(F,) consisting of those elements which act
trivially on H; (F,, Z). For any nontrivial w in the commutator subgroup [Fs, F,], and
for any fixed s > 0, define

A=, 3<i<2m—4)
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where p;,, is defined as in Section 4.3. Note that A}, C IA, and that
T;) = I’Lg,wlu“f},w“'u;n—l,w € 'quj)

We say that a subgroup & < Out(F,) has ype C if it equals 2,(A’) for some 1 €
Out(F,), for some w € [Fy, Iy], and for some s > 0. We say that an element of Out(F',)
is a C-twust if it equals ¢, T for some n € Out(F,), some w € [Fy, Fy] and some s > 0.
We sometimes write <7, for 7.

The nontrivial elements of a type C subgroup &7 < Out(F,) have a common
(unique) axis, which we will refer to as the characteristic axis of &/. If o/ = i,(A}) then
the characteristic axis is n([w],). In order to recognize type C subgroups, we begin by
recalling the following

5.3. Lemma ([FH], Lemma 9.4). — Suppose that {¢1, ..., Po,—4} s a basis for a torsion-
Jree abelian subgroup of C 1A, and that {@,, ..., Po,—4} salisfies the pairing property for <f. Then
there exists € Out(¥,), a primitive element w € [Fy, Yol and integers s, t > 0 such that

iy (P}) = i, for each i.

For each 1 <7 < 2n— 4, the map a — u;, defines an injective homomorphism
Fy — Out(F,). Given an arbitrary finite index subgroup I' € Out(F,), define

FQZZ{QEFQZ,LLZ"QEFfOI'aH1§i§2n—4‘}

which is a finite index subgroup of Fy. The first half of the next lemma produces
type C subgroups in ®(I') and C-twists whose ®-images are C-twists. The second
half relates the ®-images of Ey; and T,,.

5.4. Lemma. — For all nontrivial w € [y, 9] there exist s, ¢ > 0, a normalization
' = 1, ® and a primitive v € [Fy, ¥y such that:

1@ (w;,) = pi, forall 1 <i<2n—4

2.9(T) =T

3. The characteristic axis of ' (e2y) is carried by [Fs].

4. The characteristic axis of © (%) is carried by ¥([cl,), where [c], is the unique axis of
O(1%) and where ¥ ([c],) s the umique conjugacy class of free factor of rank two that
carries [c],.

Proof. — {41,105 ++vs Mou—s,} satisfies the pairing property by Lemma 4.4 and is
contained in [I', I'] by construction. The latter implies that each ®(u,,) is an element
of [Out(F,), Out(F,)] and hence an element of IA, and the former, in conjuction with
Lemma 4.2, implies that {® () ,), ... P(Uoy—4.)} satisfies the pairing property. (1) is
therefore a consequence of Lemma 5.3. (2) follows from (1) and the fact that T} is
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represented by Q) 5, @y, 4, Assuming (3) for the moment, the characteristic
axis of ®(Ayp) is carried by

Y ([Fo]) = ¢~ (F([0l) = F(¥ ™' ([0].)) = F([c])

where the last equality follows from (2). Thus (3) implies (4) and it remains only to
verify (3).

For 4 <j < n, define §; by x > xjo. Thus 0f = ®'(wy;_s My 4,) and 6] com-
mutes with n := ®'(Ej,), where we assume w1th0ut loss that Ej, € I'. Corollary 5.2
implies that 1 is elementary. Lemma 2.15 and Lemma 2.16 (see also Lemma 2.17)
imply that

Fix(0)) = {[(xi : ¢ # ], [{v, )1}

It follows that [{x; : ¢ # 7)1, [{v, ;)] and [(Fy, x3)] = [ﬂ;":Ar(xi : 1 #J)] are p-invariant,
where the last fact follows from Corollary 2.4.

The set A; of conjugacy classes of elements in (v, x;) is p-invariant. If (Fy, x;)
is not the minimal carrier F(A;) of A; then there is a free factor I’ of rank one and
a free factor F” of rank two such that (I, ;) is conjugate to F'*F" and such that each
conjugacy class in (v, ;) is carried by either I or I”. Since v is not a basis element,
[0] is carried by F”. It follows that I’ is conjugate to Fy, and we may assume with-
out loss that " = F,. But then I’ would have to carry [wg"] for all £ which is im-
possible. We may therefore assume that (I, x;) equals F(A;) and so is n-mvariant by
Lemma 2.7.

We next assume that n|(Fy, x3) 1s trivial and argue to a contradiction. Choose
n € Aut(F,) such that 7|(F,, x3) = Id. Lemma 2.10 1rnphes that 7(y) = ox; =B for
some o, B € Fy. Since n and 9‘ commute and 7 and 0‘ both restrict to the 1dent1ty
on Fy, ) commutes with «9‘ It follows that & = »” and ,B = v? for some p and ¢. Since

v 13 homologically trivial and n is elementary, [¢], is not the axis of n; Lemma 2.12(3)
implies that p = ¢ = 0. As this holds for all j > 4, n* is the identity, which is a con-
tradiction. We have now shown that n|(Fs, x3) is nontrivial and hence that n|(Fs, x3)
contains the unique axis a of 7.

The symmetric argument, with the roles of x3 and x4 reversed, implies that a is
carried by (Fy, x4). Corollary 2.3 implies that a is carried by Iy = (Fo, x5) N (Fo, x4).
Since a is the characteristic axis of ®'(2%)), this completes the proof of (3). |

If a C twist Ty 1s defined with respect to {x, ..., x,} then it is represented by
the automorphism defined by x; = w;xj@; and xy = wxeiw; for some w; € (x;, x9).
If a C twist Ty 1s defined with respect to the basis {x3, x4, x, %9, %5, ..., x,}, then it is
represented the automorphism defined by x3 = woxsivy and x4 = woxswy for some
wy € (x3, x4). Thus T} and Ty generate a rank two abelian subgroup. The following
lemma, which uses the Kolchin theorem (Proposition 2.11), can thought of as a con-
verse to this observation.
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5.5. Lemma. — Let Ty and Ty be C-twists, and suppose that o7 = (T, Ts) is a rank 2
abelian subgroup. If [w] and [wo] are the characteristic axes of 'T'y and Ty, then there exist rank 2
free factors, F' carrying w, and ¥ carrying wy, such that F' % ¥* is a free factor of F,.

Proof. — Let F! be a rank two free factor that carries [w0,]. Then [F'] is invariant
under both T, and Ty. Obviously T,|[F'] is trivial. If F' carries [wy], then Ty|[F'] is
trivial because the unique axis [wy] of Ty is not carried by any proper free factor of F!
and so cannot be an axis of Ty|[F']. If F' does not carry [w,], then Ty|[F'] is trivial
because Ts|[F'] has no axes. Thus F' is & invariant and &7|[F'] is trivial.

Since T} and Ty are UL so is &7. By Proposition 2.11, there is a filtered graph

@:G()CGlCCGK:G

and a Kolchin representative «7; such that [Gy] = [F'] and such that f|G, = Id for
each [ € 9/;. Moreover, the lifts fj : G - G and f;, : G — G of T} and T, are UL.

Let Y be the component of Fix( f;) that contains Gy. Lemmas 4.6, 2.15 and 2.16
imply that Y has rank two and that no non-fixed edge of G has initial endpoint in Y.
There are at least two fixed directions at every vertex in G and the terminal endpoint
of a non-fixed edge is never attached to a valence one vertex, so Y does not have
valence one vertices and must equal Gy. Since the only axis of T is carried by Gy
and since this axis has multiplicity one, every non-fixed edge ¢ for f; has the same
terminal endpoint in Gy, and both #; and m;( f) are independent of ;.

The same analysis shows that the smallest subgraph X that carries [w,] has rank
two and is a component of Fix(f). If XNGy # @ then X = G,. In that case, F' carries
[wo] and the above argument shows that f; and f, have the same non-fixed edges {¢;}
and that m;( /) is independent of j. This contradicts the assumption that .27; is abelian
with rank two. Thus X is disjoint from Gy. Choose a basepoint in Gy and let F* be
the subgroup of m;(G) determined by X. ]

For s> 0 and 1 <1 < n, define

We sometimes write .47, for (52%;1. Thus each 7 is a type E subgroup and &/ = 4.
A more general statement of the following corollary is possible but we limit our-
selves to what is needed later in the proof.

5.6. Corollary. — For 1 = 1,2, 3, let a. be the characteristic axis of ® (7). Then

1. d us represented by y;, where yy, yy, v are part of a basis _for I,
2. If a rank two fiee factor ¥ carries a) and ay then there are representatives y, of a and y,
of ay such that ¥ = (1, 9).
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Proof. — Theorem 2.1 and (1) imply (2) so it suffices to prove (1).

Choose wy, wy € [Ty, I'y] and let & be the order two automorphism that switches
x; with x5 and switches xy with x,. Then (T, ¢,'T,,) is a rank two abelian subgroup.
Lemma 5.4 implies that T, := ®(T ) and T, := ®(y,T,,) are C-twists for some
s > 0. Moreover, if [¢], is the characteristic axis of T; then & and a, are carried by
[F(¢)] and a; is carried by [F(¢y)]. By Lemma 5.5, we may choose F(¢;) and F(ey) so
that F(¢)) * F(¢y) 1s a free factor of I,. Choose », and y, in F(¢) representing «; and
ay and choose y3 € F(¢y) representing a;. Then y; is a basis element of F(¢) and y3 is
a basis element of F(¢)) which implies that »; and y; are cobasis elements.

By symmetry (not of the construction in the preceding paragraph but of the roles
of @, and a; in this corollary), there is a representative y, of @, (i.e. a conjugate of yy)
such that y; and y), are cobasis elements. Theorem 2.1 implies that F(c) = (1,7,) and
(1) follows. O

6. Respecting a free factor while almost fixing an abelian subgroup

We continue with the notation of the previous section. In addition, for s > 0
define

0 =(E, ;£ : j=4 ...

We sometimes write H for H'.

We say that ® respects the decomposition ¥, = FoxF,_o if it preserves O(Fy), O(F,—9)
and O(Fy, I,—9). In Lemma 5.4(2) we showed that ® can always be normalized so
that a single C twist defined with respect to the decomposition F, = Fo % F,_o is
mapped to a C twist defined with respect to the same decomposition. Our main goal
in this section is to prove the following proposition, which in turn will be an important
step in the proof of Theorem 1.1.

6.1. Proposition (Respecting a decomposition). — There is normalization of © that respects
the decomposition ¥, = Yo x F,_y and that almost fixes H.

We work throughout with a fixed basis {x, ..., x,}.

6.1. Comparing normalizations. — 'The following lemma is used throughout the
normalization process. It relates the weak centralizer of an element to the set of nor-
malizations of @ that fix that element.

6.2. Lemma. — If both ® and vy, o ® almost fix n, then f € WC(n).
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Proof — There exist s, £, u, v > 0 such that ®(n’) = n' and i, 0o P(n*) = n’. Thus
W™ =1y o ®(’)" = 1y o (n*)’ = n*. Since ¢ is an automorphism of Out(F,) and
since fu, sv > 0, we have that tu = so. Thus ¥ commutes with n™. O

Motivated by Lemma 6.2, we calculate some weak centralizers.

6.3. Lemma. — The following statements hold.

1. If f € WC(H) then " s represented by 1&, where Iﬁan_Q € I:I|F,,_2 and {x1, xo, x3)
s lﬁ—invariant.

2.If v € WCH) and [¥o] s -nvariant, then  1is represented by lﬁl X 1/}2 €
Aut(Fy) x Aut(F,_y) where y, € H|F,_,.

3. WC() = .

Proof — Assume that ¥y € WC(H) and choose s > 0 so that ¥ commutes
with H’. Lemma 2.17 implies that [x3],, {x3,%) and ({x; : £ # j}) are y-invariant
for all j> 4. Choose ¥ so that

¥ (x3) = A

with € = £1. Corollary 2.5 and Lemma 2.10 imply that for each j > 4, the groups
(x3, %) and ({x; : k£ #j}) are ll}-invariant and that

n

for some p, g € Z and § = £1. The intersection (x, xo, x3) = ﬂ]:4({xk sk #E g 1s
therefore Y-invariant. For (1) it suffices to prove that € = § = 1.

For each ; > 4, the automorphisms IﬁEjB and Ejggﬁ represent the same outer
automorphism and agree on (x), x9, x3), and so must be equal. If § = —1 then

VER() = ¥ (155) = x5
and

s () = B (d5f) = x5
which are unequal; thus § = 1. If € = —1 then

VEL () = P (53) = i

and

which are unequal; thus € = 1. This proves (1).
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Suppose now that [Fy] i1s t-invariant. Then ¥ € O(Fy, F,_») and so is rep-
resented by 1ﬁ/ = 1/Af’1 X 1/}’2 € Aut(Fy) x Aut(F,_,). Since each element of H* re-
stricts to the identity on Iy, /' commutes with H'. If 4/ is as in (1) then /¢~ is an
inner automorph1sm 7, that commutes with H* and preserves F,, 9. It follows that ¢ €
F, ,NFix(H*) C F,_ Qﬂﬂ_4 x; © k #j) = (x3) and hence that WZ =iy|F,_, € HIF,_,.
This proves (2).

For (3) we may assume without loss that i = 3. The automorphism ¥ commutes
with 3]1:]5 and EAP’ for j = 1, 2 because they commute on (x3, x4) and their correspond-
ing outer automorphlsms commute. The same calculation as in the proof of (1) now
applies to show that ¥ € Ay, m]

6.2. Preserving O(Fy) and O(F,—y). — We are now ready for the following

Proof of Proposition 6.1. — We may assume by Corollary 5.2 that ® almost fixes H.
We divide the proof into steps to clarify the logic.

Step 1 (Defiing W and Q) ). — Choose a finite generating set B for I' N O(Fy)
and let I'y be the finite index subgroup of Iy defined in Section 5.2. Each u € B is
represented by ft; x Id for some f[i; € Aut(Fy). We will show that there is a finite
subset W of [T'y, I'y] with the following properties.

(1) W is not contained in a cyclic subgroup of F,.
(2) For each u € B there exists w € W such that fi;(w) € W.

To construct W, note that for each u € B, the group I'y N ;' (I'y) has finite index
in Iy and so contains noncommuting elements o and f. Setting w = [«, B] we have
w, (L1 (w) € [y, I'y]. If W contains one such pair for each p then (2) is satisfied. If
(1) 1s not satisfied then add any element of [I'y, I'y] that is not contained in the max-
imal cyclic subgroup containing W. This is always possible since I'y has finite index
in F.

Let Q = (®(T,) : w € W) which as a set equals {®(T,) : w € (W)}. Since
(W) C [I'y, I'y], Lemma 5.4 implies that each element of () has an iterate that is
a C-twist. Corollary 5.7.6 of [BFHI] implies that Q has a UL subgroup of finite
index. After replacing each w € W with a suitable power we may assume that Q
itself is UL and that

(3) ®(T,) 1s a C twist for each w € W.

Since H is almost fixed by ® and commutes with each T,, we have Q C
WC(H). Lemma 6.3(1) and the fact that no element of Q has [x3], as an axis, imply
that [F,—o] 1s Q -invariant and that Q |[F,_o] is trivial.
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Step 2 (A preliminary Kolchin representative Q) ). — By Proposition 2.11, there ex-
ists a filtered graph # = Gy C G; C --- C Gg = G, a Kolchin representative Q ¢
and a filtration element G,, such that [7,(G,)] = [F,—o] and such that f|G, is the
identity for all / € Q. After collapsing edges to points if necessary, we may assume
that if j > m and if the unique edge ¢ of G;\ G,_; is Q g-fixed and does not have both
endpoints in G;_; then it is a loop that is disjoint from G,_,.

Choose w € W and let T = ®&(T,). We claim that the unique axis ¢’ of T" is not
carried by G,,. Since ® almost fixes H, we know that [7,(G,)] = [F,—o] carries the
characteristic axis of ®(As). If [7,(G,,)] carries ' then, by Lemma 5.4, it also carries
the characteristic axis of ®(Ay) and ®(A;). Lemma 5.6 then implies that [7,(G,)]
has rank at least three. On the other hand, Lemma 4.6 implies that there is a unique
T’-invariant free factor that carries @' and on which the restriction of T” represents the
trivial outer automorphism; moreover, this free factor has rank two. This completes the
proof of the claim.

An immediate consequence is that the unique edge ¢, of G, \ G,, must be
Q ¢-fixed. By Lemma 4.6, ¢,., does not have both endpoints in G,, and must therefore
be a loop in the complement of G,. Since 4’ is not represented by a basis element
this same argument can be repeated to conclude that ¢,.9 13 a Q g-fixed loop that
is disjoint from G,,. Rank considerations prevent this argument from being repeated
yet again so the basepoints of ¢,,; and ¢,» must be equal. Let X be the subgraph
with edges ¢,4; and ¢,49. Then G = G,,UX U¢,,3 where G,, and X are disjoint and
Q ¢-fixed, where X carries ' and where ¢,.3 is an edge with initial endpoint in G,
and terminal endpoint in X. The subgraph ¢,.3 U X determines a free factor I, that
carries ¢ and satisfies I, = I, * F',_o. Note that all of this is independent of the choice
of w € W used to define T".

Step 3 (Improving Q ¢ and choosing the normalization). — Choose ¢ > 0 so that H' C
®MH NT). Then H commutes with T" and [F,] is H'-invariant. Since [F;] does not
carry [xs], we have that H'|[F}] is trivial. Lemma 2.17(1) implies that [F] is carried
by [(x; : ¢ # k)] for each 4 < k£ < n and so by Corollary 2.4 is carried by [(x;, xo, x3)].
Equivalently, I} := ¢, I, C (xy, x9, x3) for some y € F,. We claim that y can be chosen
in Fn—2~

Theorem 2.1 implies that (x;, x9, x3) = I * (x3) and hence that F, = Fj * I,_,.
Thus

(ty,Id) : Fo % F,_y = Fy % F,_»

is an isomorphism, which we can realize by a homotopy equivalence %z : G — G by
letting u be the closed path based at the initial basepoint of ¢,;3 that determines y,
and by defining % by £|(G,,UX) = Id and by letting #(e,3) be the path obtained from
ue, i3 by tightening. Lemma 3.2.2 of [BFHI1] implies that 4(e,43) = wjé,i3us where
u; 18 a (possibly trivial) closed loop in G,, and uy is a (possibly trivial) closed loop
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in X. Thus u is obtained by tightening u;¢, 3us¢,+5. Let y; € F,_y be the element
determined by #; and let y», € F, be the element determined by ¢,43u98,3. Then
Y = vy, and ¢, (F)) = i, (F;). Replacing y with y; completes the proof of the claim
that y can be chosen in F,_,.

We now assume that y € F,_s and that « C G,,. Thus A commutes with each
J/ € Q¢ and we may change the marking on G by postcomposing the given marking
with % and still have that Q) is a Kolchin representative of Q). This results in I,
which is defined to be the free factor determined by subgraph ¢, 3UX, being replaced
by Fj. In particular, we may assume that I, C (x, x5, x3) and hence that I:I|Ff2 13
the identity. Choose I/Af € Aut(F,) such that ‘ﬁ(F/z) = F, and 1&|Fn_2 = Id. Then ¢
commutes with H because 1 commutes with H. Replace ® with 7, o ® and note that
® still almost fixes H. The effect on ) and Q ¢ is that Q) 1is replaced by ¢,(Q) and
the marking on G is changed by precomposing with =", Thus F 5 1s replaced with Ty
and T' =T, for some v € [Fy, Fs].

Step 4 (Checking the properties). — By choosing w;, wy € W that do not commute,
we have ®(T,,) = T, for noncommuting v, vy € [Fy, Fo] C Fy. Thus v, and v, are
not multiples of a common indivisible element and, with one possible exception, the
only conjugacy classes carried by both (F,_o, v;) and (F,_o, v0) are those carried by
F,—5. The one exception is the conjugacy class of v; and v, if »; and v, happen to be
conjugate. Note that this exceptional case is not the conjugacy class of a basis element.
For every n € ' N O(F,—y), the element 1" := ®(n) commutes with both T, and T),.
Lemma 4.6 implies that Fy and (F,_, v;) are n’-invariant. In particular, if y is a basis
element of F,_, then n'([ y]) is carried by both (F,_s, v;) and (F,_s, v9) and so also by
F,_5. Corollary 2.9 implies that F,_, is n’-invariant and hence that " € O(Fy, F,_).

Lemma 4.3 implies that " is represented by | x 7, € Aut(Fy) x Aut(F,_,).
Choose s > 0 so that Ej, Ej, € I'. Then 1" commutes with both ®(Ej}) and ®(E},)
and so preserves their unique axes a; and a,. Lemma 5.4 and Lemma 5.6 imply that
dy =[], and &, = [y,], where {)],9,} is a basis for Fy. As an element of the map-
ping class group of the once punctured torus, 1} preserves the unoriented isotopy class
of a pair of non-isotopic simple closed curves and so has finite order. We also know
that %) commutes with both ¢, and z, because n° commutes with T, and T,,. Thus
Fix(#);) has rank at least two. Lemma 2.20 implies that 7| is the identity. This com-
pletes the proof that ®(O(F,_y) NT") C O(F,—y).

Suppose now that u € B and that w, ft;(w) € W. Then ®(T,) = T, and
®(Ty ) =T, for v," € Fy. Denote ®(u) by p'. Then

T, = (D(T/ll(w)) = CD(ZILT“) = l.“/T”

from which it follows that Fy = F([¢']) = F([¢]) is @'-invariant.
By Lemma 6.3(2), u’ is represented by ft| x fi;, € Aut(Fy) x Aut(F,_) where
v, € H|F, ,. Choose 8 € O(F,_5) N T that does not commute with any nontrivial
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element of H and let 6/ = ®(#) € O(F,_y). Then ¢’ commutes with ' but does not
commute with any nontrivial element of H (because ® almost fixes H). The former
implies that é; commutes with fi}, and hence commutes with Id x [}, € H. The latter
then implies that fi;, is the identity. This proves that ®(u) € O(F;) and since this
holds for each u € B, ®(O(Fy) NI") C O(Fy). O

Notation. — Let D = ;E o E;.

6.4. Lemma. — The following properties hold for all 1 <1 #j < n.

1. The restriction of Dy lo any mvanant free factor of rank two s trivial.
2. [{x;, x;)] is the unique rank two element of Fix(Dy).
3. Dy s almost fixed by some normahization of ®.

Proof. — (1) and (2) follow from Lemma 2.17 and (3) follows from Corollary 5.2.
O

We say that an outer automorphism 1 has ¢pe D if it is equal to D; for some
choice of basis {1, ..., x,}, some s # 0 and some 1 < ¢ #j < n. We write FS(n) for
the unique rank two element of Fix(n). It {xy, ..., x,} 1s a basis with respect to which
n = Dy, then FS(n) = [{x;, x;)]. Note that ;1 has type D for any ¥ € Out(F,) and
that FS(z;,n) = ¥(FS(n)). An immediate consequence of Lemma 6.4(3) is that if 1 has
type D then there exists s > 0 so that ®(n°) has type D.

We make frequent use of the following easy consequence of Proposition 6.1.

6.5. Corollary. — FS(®(Dy)) = FS(®(Dy)) for all 1 <1 #j < n.

Proof. — If & =i, ® then FS(®'(D;)) = Y(IS(P(D;))). We may therefore re-
place ® with a normalization that respects the decomposition F, = (x,x) *
(% : k #1,7). In this case, both FS(®(D;)) and FS(®(D;)) equal (x;, x;). O

7. Almost fixing certain subgroups attached to a free factor

In this section we build on what we showed in Section 6 by further normal-
izing ®. More precisely, we prove in Section 7.1 that ® can further be normalized
by conjugating with an element of O(Fy) so that the resulting map almost fixes each
of s, (19E, Eg1) and (91E, E9). We then prove in Section 7.2 that ® can be normal-
ized even further so that the resulting map almost fixes each of (Ej, ;E) for all
l<i#j<n

7.1. Normalizing with respect to O(Fy). — The next step in the ultimate normal-
ization of ® is to modify its induced action on O(Fy). If ¥ € O(Fy) then we say
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that z, o ® is an O(Fy)-normalization of ®. If there exists s > 0 and ¢ # 0 such that
®(n’) = n' then we say that ® almost fixes n up to sign.

The following proposition, whose proof appears at the end of the section, is the
main result of this section.

7.1. Proposition. — Assume that © respects the decomposition ¥, = Fo x F,_y and almost
fixes H. Then there is an O(Fy)-normalization of ® that almost fixes (91 E, E19), (19E, Eo1) and
As and that almost fixes T, up to sign.

The following lemma lists properties of ¢, for ¢ € O(Fy) of type D or E.

7.2. Lemma

1.If ¢ € O(Fy) is elementary then ¢, is defined by zo — 202 for some p > O and some

basis {z1, 20} of Fy. R R
2. Each UL ¢, € Out(¥y) has a unique representative ¢, that fixes p and such that ¢, x1d
represents an elementary ¢ € O(Fy).

3.¢ € OFy) has type D f and only if b, = v, for some basis element a € ¥y and some
s> 0.

Proof. — If ¢ € O(F,) is elementary then Fix(¢, x Id) has rank z and so Fix(¢,)
has rank two. (1) follows from Lemma 2.20.

If ¢ € O(Fy) is elementary then by Lemma 2.18 there exists a representative (ﬁl
that is defined by 2y > 227 for some b > 0 and some basis {z], 2} of Fy. In particular,
(f)l fixes p' := [z, 29]. There exists ¢ € Fy such that p = 7,p". After replacing z;
by i.(z1), 2o by %(z2) and (131 by icélif_l, we may assume that (131 fixes p. It is clear that
$, x Id is elementary. To prove uniqueness, suppose that (ﬁ’l # ¢, also fixes p and
represents ¢,. Then ¢| = iﬁ(ﬁl for some £ # 0 and ¢’ is represented by z, > 22!
and xj ﬁkag,ok for j > 3. Thus [p], is an axis for ¢' and ¢ is not elementary. This
completes the proof of (2).

The if part of (3) is obvious. If ¢ € O(Fy) has type D then Fix(¢, x Id) is
a rank n — 1 free factor. It follows that Fix((f)l) = (a) for some basis element ¢ and
hence that (131 is defined by b+ a'b’a’ where § = +1, 5,1 € Z and Fy = (a, b). Since
the unique axis of ¢ has multiplicity one and ¢ is not elementary, s = —¢. Since ¢
is UL, § = 1. Thus ¢, = ¢ and after replacing a by a if necessary, s > 0. ]

Recall the notation D; = ;E o E;.

7.3. Lemma. — Assume that ® respects the decomposition ¥, = Fy x F,_o and almost
Sixes H.

1. There exists an O(Fo)-normalization @ of © that almost fixes Doy and D1y up to sign.
2.If @ w5 asn (1) and iof D" almost fixes Eoy and Eqo up to sign then @ almost fixes As.
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Progf. — Choose s > 0 so that ®(Dj) has type D for all 1 < ¢ #; < 3. By
Lemma 7.2(3) there is a basis element ¢ € Fy and r # 0 such that 7/ x Id repre-
sents ®(D},). Choose w € O(Fy) such that @,(a) = x; and replace ® by 7,®. Then
®(D;,) = D, or in other words, ® almost fixes Dy, up to sign.

Corollary 5.2 implies, after increasing s if necessary, that there exists ¥ € Out(F,)
and ¢ > 0 so that ®(0*) = 7,6 for all 6 € o7. Since ¢ almost fixes H, Lemma 6.2
implies that v € WC(H). By Lemma 6.3 there is a representative Iﬁ that leaves
(%1, %9, x3) and F,_y invariant, and whose restriction to F,_, agrees with the restriction
of an element of H. In particular, lﬁ(xg) = x3 and neither [lﬁ((xl, x3))] nor [1/}((x2, x3))]
is equal to [(x1, x9)].

The next section of the proof of (1) uses only the fact that ® almost fixes Dy,
up to sign and will be referred to as the ‘(x;, x3) step’ when we prove (2).

Let 0 = D3, T = D3; and = Dy;. Then &(u’) = p” and

FS(o') = FS(r°) = [(x1, x3)]
and

FS(w’) = FS(u') = [{x1, x9)].
By Corollary 6.5 we have

FS(®(7')) = FS(P(0")) = FS(iy(0")) = Y(FS(0) = ¥([(x1, x3)]).

Since " commutes with ®(t°), we have that [Iﬁ((xl, x3))] = FS(® (7)) is u’'-invariant.
The restriction of u’" to [Iﬁ((xl,xg))] is trivial by Lemma 6.4(1). The only element
of Fix(iu") other than [{x;, x%)] is [{{x; : ¢ # 2})], and so 1/}((x1,x3)) is carried by
[({x; : ¢ # 2})]. Thus

A~

VY ({x1, x3)) C {x1, X0, x3) Ni({; 2 2 # 2})

for some ¢ € F,. We may assume, by Theorem 2.1 applied to H = (x;, xo, x3), that
¢ € {x1, X9, x3). Thus

(x1, %0, x3) N i{{; 0 2 # 2}) = 1.({x1, x0, x3) N ({1 ¢ # 2})) = 2.(x1, x3)
from which it follows that 1/}((x1, x3)) = 1.{x1, x3). Since x3 € 1/;((961, x3)), Lemma 2.3

implies that &((xl, x3)) = (x1, x3). This completes the “(x;, x3) step”.
We now turn our attention to

[V (32, x3))] = [ (FS(Da3))] = FS(D(Dyy)) = FS(D(D3,)).



40 BENSON FARB, MICHAEL HANDEL

Lemma 6.4(1) and the fact that ®(D3,) commutes with ®(D7,) imply that [Iﬁ((xg, x3)]
is ®(Dj,)-invariant and that the restriction of ®(Dj,) to [1/f((x2,x3))] 1s trivial. By
Lemma 7.2(3), there is a basis element 4 € F, such that ®(Dj,) is represented by
a positive iterate of ¢ x Id. The only element of Fix(®(D},)) other than [{x;, xo)] is

[{{b, x; : 2 = 3})], and so W((xg, x3)) 1s carried by [{{b, x; : ¢ > 3})]. Thus

¥ (o, x5)) C (x1, %9, x3) Do (b, x; 1 1> 3))

for some ¢ € F,. We may assume, by Theorem 2.1 applied to H = (1, xo, x3), that
¢ € {x1, %9, x3). Thus

(X], X2, Xg) N i5’<{b’ X i = 3}> = iﬁ’(<x1’ X9, X5> N <{b’ Xi : i > 3}>)
= ic’<b7 Xg)

from which it follows that ¥((x;, x3)) = i, (b, x3). Since x; € V¥ ({b, x3)), Lemma 2.3
applied to (b, x3) implies that 1/}((x2,x3)) = (b, x3). This implies that @(xg) and xg
are a basis for (b, x3) and so by Lemma 2.10 we have that w(xg) = xib°x, for some
k,l € Z and § = %1.

On the other hand, Lemma 2.10 applied to (x, x9, x3) also implies that @(xg) =
uxsv for some u, v € (xi, Xg) and € = =£1. Since b € Fy, it follows that b = xle x{ for
some 1,j € Z. Define f)=' € O(Fy) by x > x xgex{ and let ¥’ = ny. Then @ :=4,®
satisfies ®'(0°) = 4,0 for all & € 7. Since n commutes with H and with Dy,
@’ almost fixes H and almost fixes Dg; up to sign. Moreover, ® almost fixes Dy be-
cause 7(b) = xo. This completes the proof of (1).

To prove (2), assume that @ is an O(Fy)-normalization of & that almost fixes
Dy, and Dy up to sign. As above, ®'(6*) = ¢,0' for all 6 € % and some s, ¢ > 0 where
¥ is represented by v such that /|F,_, € H. The (x;, x3) step used in the proof of
(1) applies to both (x, x3) and (xy, x3) and proves that both (x, x3) and (x9, x3) are
Iﬂ—invariant.

There exist d, e € Z and y = £1 such that @(xg) = xdx} x5. We claim that if @’
almost fixes Eg; up to sign then y = 1. Indeed, if y = —1 then direct computation
shows that ®'(33E) = ¢, o E' = Ei,;. This contradicts the fact that 3E’ commutes
with Eg; but EY,; does not commute with EJ, for any m % 0. The symmetric argument
shows that if’ @ almost fixes Ej, up to sign then ¥ (x) = x5x1x5. This completes the
proof of (2). O

The following corollary is a strengthening of Corollary 5.6.

7.4. Corollary. — Assume that ® respects the decomposition ¥, = ¥y x ¥,_o and almost
Jixes H. Then there is a basis {a, b} for ¥y, s > 0 and t,u 7# 0 such that ¢, x 1d represents
D (Dy,) and 1 x 1d represents ® (D).
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Progf. — By Lemma 7.3, there exists ¢ € O(Fy) such that " = 7, o ® almost
fixes Dg; and Dy up to sign. The conclusions of the corollary are satisfied with

a=1, (q) and b=, (x). 0

The next lemma produces a O(Fy)-normalization of & with different useful
properties than the one produced in Lemma 7.3. We will combine these in the ul-
timate proof of Proposition 7.1. Recall that p = [x, xo] and that T, =1, x Id.

7.5. Lemma. — Suppose that ® respects the decomposition ¥, = ¥o x ¥,_y and almost

fixes H. Then there is a O(¥o)-normalization of ® that almost fixes o1 and that almost fixes Eqo
and T, up to sign.

Progf: — Choose s > 0 so that ®(T)) is defined and so that ®(;oE"), P(E;),
®(yE') and ®(Ej,) are defined and elementary. By Lemma 7.2(1), ®(E;,) differs
from Ej, for some ¢ > 0 only by a change of basis in Fy. After replacing ® with
a O(Fy)-normalization of ®, we may assume that ®(E}) = E), and in particular
that ® almost fixes Eo;.

Denote Ef; by n and ®(E},) by p. Corollary 5.6(2) implies that the axis of 7 and
the axis of u are represented by elements that form a basis for Fy. Since the former
is [x1],, the latter must be [xyx{], for some £ # 0. Let T' = ®(T}) € O(Fy). Then T
commutes with @ and 7, which implies that T, € Out(F,) preserves their axes and so
has finite order. After replacing s by an iterate if necessary, we may assume that T
is trivial. Thus T/l = 1, where x € Fix(#);) N Fix(ft;). The second and third items of
Corollary 2.19 imply that x = ,(p") for some a € Fix(#);) and some / # 0. Denote
iz X Id by 6. Then o commutes with n and (i o ®)(T)) = Ti). Replacing & with
v © ®, we may assume that ® almost fixes Ey; and almost fixes T, up to sign.

Let \/} = E’;l and let ¥V = i,/;l:llg. Then D, fixes p and xxf. Since wu; and
v; are UL and fix the conjugacy class of the same basis element, they are iterates
of a common element of Out(F,). We also know that @ commutes with an iterate
of T, and hence that i, fixes p. Lemma 7.2(2) implies that [, and D, are iterates of
some common element. Thus " = v? for some r > 0 and ¢ # 0. In other words
(z};1 o ®)(Ejp)" = Ef,. Since T, and Ey commute with ¥, we can replace ® with
i;l o ®. Thus ® almost fixes Ey;, almost fixes T, up to sign, and almost fixes E;9 up
to sign. O

The following two lemmas are used to show that certain elements that are almost
fixed up to sign are in fact almost fixed.

7.6. Lemma. — If © almost fixes Eoy and almost fixes Doy up to sign then @ almost fixes
Doy and almost fixes (19E, Eo1).

Proof. — There exist 5, > 0 and r # 0 so that ®(Ej,) = K, ®(Dy,) = D},
and so that o := ®(;9E’) is elementary. Since o commutes with D}, it follows that
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6, commutes with / and hence that 6, fixes x;. Thus &, is defined by x, > &jxox]

where either 7 or j is zero. Since 6, and Eo; generate a rank two abelian subgroup,
j=0. Thus ®(;,E) = oE'. It follows from Dy, = 9sEE,,, that i = r = £ O

7.7. Lemma. — If ® almost fixes 19 and 1, o @ almost fixes Eio up to sign where
o € As, then 1, o @ almost fixes Eis.

Proof. — It suffices to show that if (XEIIQ(X_I = E{, then p = ¢. Let & be the lift of
« into As. Then &E’b&_l and E({Z agree on I, , and represent the same outer auto-
morphism so are equal. If @(x)) = igxlxg and @(xp) = Xyxoxi then xxh = E?Q(xl) =
&l:]/fQ&_l(xl) = xx) (¥x0x¢ )%, This proves that p = ¢ as desired. O

Proof of Proposition 7.1. — We may assume by Lemma 7.5 that & almost fixes
Ey and almost fixes Ejy and T, up to sign. Thus ®(E;,) = E,, ®(E;,) = E}, and
CD(T;‘)) = T; for some s, £> 0 and some r, m # 0. Denote ®(Dj,) by u and ®(D3,)
by v.

Corollary 7.4 implies, after increasing s if necessary, that there is a basis {a, b}
of Fy and p, ¢ # 0 such that i, = ¢ and D, = 7. Since u commutes with Ej, we
have a € Fix(Ey)). Corollary 2.19 implies that ¢ = 4,(x;") for some u € Fix(Eo)).
The symmetric argument shows that b = z'y(x;[) for some v € FiX(E]Q). It follows that
{x1, 13,(x0)} is a basis of Fy and hence that v = xllxj for some ¢,j € Z. In particular,
uxi € Fix(l:]m) equals vx; € FiX(E]Q). Since Fix(ﬁlgl)ﬂFix(l:]lg) = (p) we have u = p'x
and v = p'xy for some [ € Z. Thus a = if)(xf:) and b = if)(xgt). After replacing ® with
P = Lfﬂl o @, we may assume that ¢ = x{" and b = x;. Thus ®' almost fixes Ey; and
almost fixes E9, T ), Dy and D)y up to sign.

Lemma 7.3(2) implies that @ almost fixes A;. The roles of x; and x, are inter-
changable in this argument, so there is an O(F;)-normalization ®” of @ that almost
fixes Ay and E;y. Lemma 6.2 and Lemma 6.3 imply that ®' = 4, 0 ®” where o € %%.
Lemma 7.7 then implies that ®" almost fixes Ej» and Lemma 7.6 completes the proof
of the proposition. O

7.2. Normalizing with respect to O(F,_9). — The final normalizing step involves
only O(F,_9).

7.8. Proposition. — There s a unique normalization of © that respects the decomposition
F, =Fox F,_o, that almost fixes A, (91K, Eio) and (;oE, Eo) for all j # 2 and that almost
Jixes T, up to sign.

Proof. — By Proposition 6.1 and Proposition 7.1 there is a normalization ®; of
® that respects the decomposition F, = Fy * F,_» and almost fixes Aj, (51E, E9),
(12E, Ej9) and that almost fixes T, up to sign. All of these properties are preserved if
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®, is replaced by 7, o ® where u € A3 NO(F,_9). We show below that for each j > 4
there exists u; € (3E, Ej) such that 3, 0 ®; almost fixes (pE, Eg). If u = pyo0---opu,
then ®" = 7, @, satisfies the conclusions of the proposition. Uniqueness follows from
Lemma 6.2 and from Lemma 7.9 below.

Fix j > 4. Proposition 6.1 and Proposition 7.1, applied with j replacing 1, imply
that there exists ¥; such that @, := 7, 0@, almost fixes @, (pk, Ey) and (yE, Ep).
Lemma 6.2 and Lemma 6.3 imply that y; € @%. Let n; = ij_l. From the fact that ®,
almost fixes (oK, Ey) we conclude that

(1) &,(r°) = inj‘rt for some s5,¢> 0 and for all T € (K, Ey).

From the fact that ®, almost fixes {(5;E, Ej) we conclude that [x,], is the unique
axis of dDQ(EfQ) and hence is the characteristic axis of CDQ(A/;) where p is chosen so
that ®,(A}) has type E. Similarly, [x,], is the unique axis of ®(E},) and so is the
characteristic axis of CI>1(A§). It follows that

(2) [x9], is mj-invariant.

Write 7; as a composition n; = nn] where 7); € Aj; is the identity on ({x :

k#2,3,7}) and fyj’»’ € A, is the identity on (xo, x3, x;). Then 77}/ commutes with each
T € (jpE, Ey) and preserves [xy],. We may therefore replace n; with '7} and maintain
(1) and (2). In other words, we may assume that #); is defined by xy — x§xox; and
x; > x5xxg for some a, b, ¢ and d. (2) implies that b = —a.

Define

_ —a,, d+a
U= Xy Xxg

Direct computation shows that ), jQEt ﬁj_l is defined by
_ —t —
Xo > X5 “(xgag,xg) Xy X9 = @ xo,
AT A—] -
and that 7;Ey 7, 1s defined by
— t
Xy > XoXs “(xngxg) Xy = xoul'.
A ra ral — d . . al .
Define ¥; € (5E, Ej) byA X > X “agx;r“ or equivalently x; > u. Then 2 ( B is
defined by x > @'xy and i, (E‘Qj) is defined by xy > xu'. We conclude that ®,(z°) =

inj(rt) = z‘ujr‘ for all T € (»E, Ey). Letting u; = vj_l, we have that 7, ®, almost fixes
(o, Eoj) as desired. -

7.9. Lemma. — If y € WC((jsE, Eqj)) for each j # 2 then \fr = identity.

Progf. — Lemma 2.17 implies that ¥ fixes [x;], and leaves (xy, x;) mvariant for
all j # 2. Since [xy], 1s the only unoriented conjugacy class carried by both (x,, x;) and
(%9, x3), we know that [xo], 1s Y¥-invariant. By Corollary 2.5, there exists ¢ such that
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Iﬁ(@) = x5 for € = £1 and such that (xo, x;) 1s Iﬁ—invariant for all j # 2. Lemma 2.10

-4 & 4

implies that 1/}(;9) = X xj'x; for some 4; € Z and §; = £1. Replacing v by zi’;\/} we
may assume that q; = 0.

Assuming now that j > 2, choose distinct s, ¢ > 0 so that »E o Ej commutes
with . Since ﬂl:]‘ o EAPZ] fixes x; and @(xl) = x7, it follows that [J‘QEt o EAZ?Z’]., 1&] = iil for
some [ € Z. We now compute

YR T T — e n®) = (GO e (G
w(]’QE o Ey) () = ¥(n ) = (x5 ("5

—4 =8t ¢ &5 4

=X XN XX Xy
and
0 s \.7 i s € —t s —s. =1
(jQEt o Ezj)lﬁ(xg) = (jQEf ) EQJ) (xQ) = X; fxng or XX, xj
depending on whether € =1 or € = —1.
It follows that / =0, ¢; = 0 and §; = € = 1 which proves that Jr is the identity.
O

8. Moving between bases

We say that a normalization @' of ® almost fixes a basis B of F, if it almost fixes
each (;E, E;) defined with respect to that basis. The goal of this section is to prove
the following.

8.1. Proposition. — There 1s a normalization of ® that almost fixes every basis of F,.

Combining Proposition 8.1 with Lemma 3.2 immediately gives the main the-
orem of this paper, namely Theorem 1.1. We divide the proof of Proposition 8.1 into
a number of steps.

Step 1 (Normalizing on any basis). — We begin with the much weaker claim that
any basis can be fixed by some normalization (depending on that basis).

8.2. Lemma. — Each basis B is almost fixed by a umique normalization ®" of ®. If
B = {x,...,x,} and if p =[x, xo] then " almost fixes T, up to sign.

Progf — The normalization @’ given by Proposition 7.8 applied to B almost
fixes %, (91E, Ejo) and (E, Ey) for j # 2 and almost fixes T, up to sign. By
Proposition 7.8 with 1 replaced by / # 2 and 3 replaced by £ # 2, there exists ¥,
so that 7, ®" almost fixes o7, (3B, Ep) and (pE, Ey) for j # 2. Lemma 6.2 and
Lemma 7.9 imply that v is the identity, and hence that ®" almost fixes (;E, E;) for
k # 2 and ¢ # k and almost fixes (y/E, Ep) for [ # 2. This proves that &’ almost
fixes B. Uniqueness follows from Lemma 6.2 and Lemma 7.9. ]
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Step 2 (The Farey graph and the set of bases). — We will need to understand the
set of all bases of Fy. A useful tool to do this is the Farey graph, which we now recall.

Recall from Section 2.6 that the natural homomorphism from the extended map-
ping class group of the once-punctured torus S to Out(Fy) is an isomorphism. Further,
the set . of isotopy classes of essential, nonperipheral simple closed curves on S are
in bijective correspondence with the set € of (unoriented) conjugacy classes of basis
elements of Fy. A marking on S also induces a bijective correspondence between .7
and Q Uoo, where (p, ¢), which is identified with % € Q, represents the “slope” of the
corresponding element in .7, that is the simple closed curve representing the element
(p,q) € Hi(S,Z) = Z x Z. We assume that [x;], corresponds to (1, 0) and that [x9],
corresponds to (0, 1).

The Farey graph, denoted %, is defined to be the graph with one vertex for each
element of ., and with an edge connecting (p, ¢) to (r,s) when [ps — rq| = 1. Note
that this is equivalent to the corresponding curves on S having geometric intersection
number one and, more importantly, it happens precisely when the associated unori-
ented conjugacy classes can be represented by cobasis elements, which means that to-
gether they generate Fy.

There is a standard embedding of .# into the hyperbolic disc D? defined by
embedding Q U oo into S' in the obvious way and then connecting (p, ¢) to (r, 5) for
|ps — rq| = 1 with the unique hyperbolic geodesic between them. This gives the well-
known Farey tesselation of D?, denoted . which is a (not locally finite) 2-dimensional
simplicial complex K.

We would like to pin down general set maps Fy — Fy using purely combina-
torial information about their action on basis elements. The usefulness of the Farey
graph is that it converts this problem into a geometric one.

8.3. Lemma (Farey lemma). — Let h: .~ — . be any byective map. Suppose that if ¢,
and cy are represented by cobasis elements then so are h(c,) and h(cy). Suppose further that h fixes
(0, 1) and (1,0), and that h(s, 1) = (¢, 1) for some s,t> 0. Then h is the identity map.

Proof. — We use the Q U 0o notation. Let o denote the 2-simplex in Z with
vertices (1, 0), (0, 1) and (1, 1). Every edge of Z is a face of precisely two 2-simplices
in .%. From this, an easy induction on combinatorial distance to o gives that an auto-
morphism of .# is completely determined by its action on o.

There is no loss in identifying £ with its induced automorphism of .%#. By hy-
pothesis, £ fixes (0, 1) and (1, 0) so it suffices to show that 4(1, 1) is (1, 1) rather than
(—1, 1). The edge ¢ of .# that connects (0, 1) and (1, 0) separates .# into two compo-
nents, one containing all the positive slopes and the other containing all the negative
slopes. It therefore suffices to show that /4 setwise fixes the components of the comple-
ment of e. This is immediate from our hypothesis that 4(s, 1) = (¢, 1) for some s, ¢ > 0.

O
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Suppose that a basis has been chosen and that @ respects the decomposition
F,=Fy % F, 5. Then @' induces a self-map &} of € as follows. Given ¢ € €, choose
a primitive @; € Out(Fy) that fixes ¢ and 1s UL. In other words, think of ¢ as an
unoriented simple closed curve on S and let @, be the Dehn twist about this curve.
By Lemma 7.2, there is a unique ft; € Aut(Fy) such that it = fi; x Id € O(Fy)
represents i1, fixes p and is elementary. Choose s > 0 so that ' = ®'(u’) € O(Fy)
is elementary. Lemma 7.2 and Lemma 2.18 imply that u} fixes some ¢ € €. Define
®,(¢c) = ¢. Thus | is a Dehn twist about an unoriented simple closed curve repre-
senting ¢’. As s varies, the resulting u}| belong to a cyclic subgroup of Out(F,), which
shows that ¢ is independent of s and @}, is well defined.

If, for example, ¢ = [x], then u = Ey,. If ®" almost fixes Eo;, then u’ = Ei,
and ¢ = ¢. Similarly, if &’ almost fixes Ejy then @} fixes [xo],.

Corollary 5.6 implies that if ¢, and ¢, are represented by cobasis elements then
so are ®4(¢;) and Dy(¢y). Thus P} induces an automorphism of % or what is the
clearly the same thing, a simplicial automorphism of K.

8.4. Lemma. — If @' almost fixes Eoy and Eqq then @) is the identity.

Proof. — As noted above @, fixes (0, 1) and (1, 0) so ®,(1, 1) is either (1, 1)
or (=1, 1). By construction, Ey, corresponds to a Dehn twist about the (1,0) curve
and E;s corresponds to a Dehn twist about the (0, 1). There exist s, ¢, ¢ > 0 so that
®(Ey) = Ej and ®(E},) = E{,. Then E; E{,Ey) corresponds to a Dehn twist of
order s about the (s, 1) curve and

qD(EJélEJiQEQ_ls) = EthE({QEQ_f
corresponds to a Dehn twist of order ¢ about the (¢, 1) curve. Thus ®,(s, 1) = (¢, 1).
Lemma 8.3 completes the proof. O

Step 3 (Normalizing on an adjacent basis). — The above results on automorphisms
of the Farey graph can be used to show how a normalization of ® on one basis con-
strains the ®-image of an “adjacent” basis, as follows.

8.5. Corollary. — Suppose that @' s the unique normalization that almost fixes the basis
B defined by {x1, ..., x,}. If B' s the basis defined from B by replacing xo with xox, and if p s
Eyo defined with respect to B' then @ almost fixes v up to sign.

Progf — Choose s > 0 so that ¢’ = ®'(u’) is elementary. We consider &)
defined with respect to B and let ¢ = [xyx;],. Since ft; fixes p and fixes xyx), Py(c) is
defined to be the element of € that is fixed by . Lemma 8.4 implies that ®,(c) = ¢
and hence that u) fixes [xox],. Thus @, and u) belong to the same cyclic subgroup
of Out(Fy). Since ®’ almost fixes T, up to sign, we have that u’ commutes with T,
which implies that 1] fixes p. Lemma 7.2 therefore implies that ji; and | belong to
the same cyclic subgroup of Aut(Fy). Thus ®'(u') = ' for some ¢ # 0. O
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Step 4 (Normalizing on all bases). — In order to prove that there is a normal-
ization of ® which almost fixes every basis, we give the following sufficient condition
for a basis to be almost fixed.

8.6. Lemma. — Assume that definitions are made relative to a basis {xy, ..., x,} denoted B.
If @ almost fixes 2\ and (;E, Ey) for i,j > 3 and of ®" almost fixes Eio up to sign, then @'
almost fixes B.

Progf. — Choose a normalization ®” that fixes B and ¥ € Out(F,) such that
@’ =1y, o ®”. It suffices to show that ¢ is the identity. Lemma 6.2 and Lemma 6.3
imply that ¥ € @/ and hence that ¥ is UL with [x], as its unique axis. They also
imply, in conjunction with Lemma 2.12 and Lemma 2.17, that [x;], and [(x;, x;)] are
Y-invariant for all 7,7 > 3.

Let A := {[x;], [xx] : { #j > 3} and suppose that F,_y = F' % F? where each
element of A is carried by either F' or F2. If x; is carried by F' and x; is carried by F?
then [x;x;] is not carried by either F "or F2. It follows that either F' or F? carries each
[x;] and so has rank at least n — 2. This proves that the decomposition is trivial and
hence that F,_o is the minimal carrier of A. Since ¥(a) is carried by F,_» for each
a€ A, ¥ '[F,_5] is also a minimal carrier of A. By uniqueness, [F,_s] is ¥-invariant.

The restriction ¥|[F,_o] is trivial because F,_» does not carry the unique axis
of Y. Thus there exists a representative Y defined by x5 > xxox! for some p, ¢. Since
@’ almost fixes Ejs up to sign, 1/A/EA?1’21/A/_1 = EA‘fu for some s > 0 and some ¢ # 0. It
follows from

PELT ) = B, () = (ax) = x (x)xx])’
that p = ¢ = 0 so ¥ is the identity as desired. -

With the above in hand we are now ready to prove the main result of this sec-
tion.

Proof of Proposition 8.1. — By Lemma 8.2 it suffices to show that if ®" almost fixes
some basis then it almost fixes every basis. Suppose that xq, ..., x, 13 an almost fixed
basis B. It is immediate from the definitions that permuting the x;’s or replacing some
x; with x; preserves the property of being an almost fixed basis. It suffices to show that
the basis B" obtained from B by replacing x, with xyx; is almost fixed because these
moves generate Aut(F,) and there is an automorphism carrying any one basis to any
other basis.

Denote Ejy, defined relative to B, by u. We have to verify the hypotheses of
Lemma 8.6 with respect to B'. This is obvious except for showing that &’ almost fixes
W up to sign, which is proved in Corollary 8.5. ]
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