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APPROXIMATION OF THE SNELL ENVELOPE AND AMERICAN OPTIONS
PRICES IN DIMENSION ONE

VLAD BALLY! AND BRUNO SAUSSEREAU?2

Abstract. We establish some error estimates for the approximation of an optimal stopping problem
along the paths of the Black—Scholes model. This approximation is based on a tree method. Moreover,
we give a global approximation result for the related obstacle problem.
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INTRODUCTION

The purpose of this article is to estimate the rate of convergence of the approximation scheme of an optimal
stopping problem along Brownian paths, when the Brownian Motion is approximated by a random walk.

We consider a standard Brownian Motion (B;):.o defined on a filtered probability space (2, F, (Fi)i>0,P)
and we denote -

Xy =x4+bt+a By, a,b,x €R, a>0.

Given a function h which is assumed to be (at least) Lipschitz-continuous, our aim is to compute

Y = sup E(h(r,X7)| F1),

T€Ti,T

where 7; 7 is the set of all the stopping times taking values in [¢,T]. This is the Snell Envelope of the process
(h(t, X¥))sero,m)-

Our results apply to standard American Options. Recall, for example, that an American Put on a stock is the
right to sell one share at a specified price K (called the exercise price) at any instant until a given future date
T (called the expiration date or date of maturity). In the Black—Scholes model, the value at time ¢ (0 < ¢ <T')
of such an option is given by the Y;* defined above with h(t,z) := e~ " (K —e”)*. The constant r is the interest
rate (assumed to be positive), the diffusion coeflicient a is the so-called volatility (assumed to be positive also)
and the drift coefficient b, in this case, is equal to r — a?/2.

We give here a discretization scheme based on a tree method, which is a variant of the tree method (see (1.20))
studied in [8-11]. These authors study a binomial approximation based on the discretization of the Brownian
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2 V. BALLY AND B. SAUSSEREAU

motion (Bg)icr+. So they take (t,y) — h(t,y) = e "H(K — em+(rfa2/2)t+ay)+ which is slightly different from
the function h considered here. An alternative to the tree method is to approach the numerical solution of
the optimal stopping problem based on the discretization of the variational inequality satisfied by the value
function. We refer to [1] for the error estimates for finite difference schemes. A comparison of existing methods
for American Options is given in [5].

Let us present our algorithm. We assume that the function h is of the special form h(t,z) = e~"" f(x) (which
covers the applications in mathematical finance). We fix € > 0 and we define the sequence of functions @ by

iier (x + ig) = f(z + i), —k(T) < i < k(T),

dy(x +ie) = max { f(z +ie), v Uhs1(z +ic+¢€) + 72 g1 (@ +ie — )}, —k <i <k,

where k(T) is an integer depending on e such that k(T) ~ a®T/e%. The constants 77 and y- appear from
exact computations related to the first exit time for the Brownian motion with drift. In Section 1 we give their
interpretations and their exact values. Let us give here just an expansion in powers of € which is sufficient for
concrete calculations:

v :%+2—225—%¢252— <6b—;+2b—;> e+ (152—224+ 1;26)€4+O(s5)
V= % - 2—225 — #62 + <6b—; + %) e + <152—7j4 + 1;26) et +0O(°).
We prove that
|YSF — do(x)] < cde. (0.1)

The values of ¢ and . depend on the regularity of the function f (see Th. 1.2). If f is Lipschitz continuous then
0 = /g, if f is a linear combination of convex functions then 6. = e/—In(e) and if f is twice differentiable
then 6. = . The complexity of the algorithm is of order e 3y/—Ine. The estimation in §. = £1/— In(¢) is new,
as far as we know.

The idea which leads to our algorithm is the following. We define a sequence of stopping times by 7p = 0
and 711 = inf {t > 75 : |[XJ — XZ | > ¢}. The chain (X2 )xen lives on the grid {z + ic,i € Z} and has a very
simple structure because if we define o = 741 — 7, and dp = kaﬂ — X7, then (0k, Ok )ken are independent
random variables and we know their laws (this permits to compute explicitly 7+ and 7). On the other hand,
using the law of large numbers, 71y ~ T if k(T) ~ a*T/e?. So we replace the Snell envelope (Y;*)o<i<7 of
(h(t, X¥))o<t< by the discrete Snell envelope (Q}*)o<i<k(r) of (h(Tk, X7 ))o<k<k(r)- The algorithm described
above represents the computation of Q¢ using the dynamical programming principle (see Sect. 1). Note the
analogy of our idea (to produce a chain which approximates (X7 ):>0) and that of [11] (to embed a chain in the
Brownian motion).

In order to control the error we employ the basic evaluation E|T — Tk(T)|2 < Ce? proved in Section 1. This
immediately leads to (0.1) in the case of a Lipschitz functions f. If f is twice differentiable we use Ito’s formula
on the intervals [y, Tp+1] in order to improve our evaluation. If f is a linear combination of convex functions
(this is the more interesting case) we use the generalization of the Ito’s formula for such functions and then
local time comes into play. In this case, we have to prove (see Appendix 1) a more refined inequality concerning
the increments of the local time.
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In the second section, we prove a global approximation result. It is well known that we may write ¥;* =
u(t, X¥) where u(t, ), (t,z) € [0,T] x R is the solution of the obstacle problem

(0 + (a®/2)8,2 + b ;) u(t,x) =0, on u>h
(O + (a®/2)0,2 + b 0y) u(t,x) <0, on u=h
u(T,z) = h(T,x).

3y

We prove that the function tg(z) constructed above provides an uniform approximation for u(t,y). More
precisely, we prove that
ute, y) — e~y (y)] < Co.

where t;, = ke?/a?, 0 < k < a®?T/e?, and ¥ is the projection of y on the grid {z +ic, —t;, <4 < t;} constructed
for the approximation of Y. The constant C' depends on a, b, T and on the regularity of the obstacle (see
Th. 2.1). The above approximation permits also to obtain an approximation of the continuation region for the
obstacle problem and of the first and last optimal exercise time for an American Option.

A detailed analysis of the constants appearing in our evaluation is rather heavy, so we leave it out here and
send the interested reader to [14]. In this paper we will just emphasize the structure of these constants in the
following sense:

e (C will designates constants which depend on a, b and T'. It may change from line to line;

e C;(h),i=1,2,... designates constants which depend on the obstacle h and its structure will be specified
in each case. This is interesting because one can see how the regularity of i appears;

e Ci(h,x),i=1,2,... designates constants which depend on the obstacle h and on the starting point z. We
are especially interested in the dependence on x because it comes into play in Section 2 when we discuss
the uniform approximation of the solution of the variationnal inequality.

1. APPROXIMATION OF Y{’

In this section, we give the discretization scheme for computing Y{*. In the next section, we will construct a
global approximation scheme for the solution of the corresponding obstacle problem.
We fix € > 0 and we define

70=0, Teq1=inf{t>m : [X7 - X7 |>¢},
and we denote oy, = 7,+1 — 7%. The following proposition is proved in [12] ((3.6), p. 100).

Proposition 1.1. For every k € N, (Tk;+1 —Thy, Xfoi — ka) is independent of F, .

Remark that (o )ren is a sequence of independent identically distributed random variables. Using the scaling
property and the strong Markov property, oy has the same law that ¢20° where

)
Z —

a
with (Wy)i>0 a standard Brownian Motion. The important fact is the knowledge of the law of o°. Indeed, we
have (see p. 233 in [4]),

b
o® ::inf{t>0 : ’ft—l—Wt

a2

2 cosh (E) sinh (é 21+ 22 EQ)

E(exp(~Ao%)) =
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So we can compute a. := Eo® and 32 := E(0° — a.)? and show that

l—exp(— QL@E) 1

N elb| (1 +exp (—
2
e—0 @

ﬁQ

Anyway, it is easy to see that sup(a. + ) < C < oo.
e<1
For each time t we denote

h(t) = [CH

where [ ] is the integer part. We prove that 7 — t. We write
e—

2
k(t)
Elt — 7o) > = E|— (t — acc?k(t)) + Z(ak — a.e?)

k(t)

=(t— ozgszk(t))2 + ZE(ak — a.e?)?

= (t — ace?k(t)” + &' Y (Eo® — ac)?

— (t — k(1)) + k()52

So we finally obtain that
52 2
Elt — 7 [* < aZe* + —=— < C&2 (1.1)

The approximation scheme is defined by

v= sup E (h(m, X7)| Fr),

Vesk,k(T)

where Sy, i(7) is the family of all the (fn)ogigk(T) —stopping times with values in the set {k,... , k(T)}.

Note that 7, is a stopping time with respect to the filtration (F3),~,. Indeed if v € Sy, y(r), then {1, <t} =
Up{me < t,v = k} and since {v = k} € F,, and 7 is a stopping time, we have {7, < t,v = k} € F;. We shall
give later an algorithm which permits to compute Q.

For the moment, we want to evaluate the error Y — Qy”. Except for Lipschitz continuous functions h, we
shall also consider the following more special class of functions.

H.1. For anyt € RY and z € R, h(t,x) = ¢(t) f(z) with
i) ¢ belongs to C}H(RT);
ii) there exists f with finite variation such that f(z / f Ydu;

iii) we denote by u the signed measure associated to f via its representation as a difference of two increasing
functions and we assume that p has finite total variation, denoted by ||pl|.
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The simplest example of a function satisfying H.1 is h(t,z) = ¢(t) f(x) with f € CZ(R). In this case, p(dz) =
0 f(x)
_Ox?
f(x) = —exp(x)l,<in(k) and p(dz) = —exp(z)l<imr)de + K(sln(K)(da:). Remark that we have ||f|lcc =
1 flloe = K and || = 2K.

More generally, one may prove that a function f satisfies H.1 4i) and 444) if and only if it is a linear combination
of convex functions (see [13], p. 23).

For a function h satisfying H.1, we have the following extension of Itd’s rule:

dz. Another interesting example is h(t, z) = exp(—rt)(K — exp(z))+ which corresponds to a put. Then,

Wt X2) = h(0, Xg) + / o () F(XT)ds + / (5) F(XT)AXE + o(t) /RL?%(dy), (1.2)

where L;"Y denotes the local time of (X[);>¢ at the point y € R (see for example [4] for the case of h depending
only on z and apply the classical integration by parts formula with the function ¢(.) for the general case).
We are now able to give the main result of this section.

Theorem 1.2. Suppose that h is Lipshitz continuous. Then

|Qy" — Y| < Ci(h) Ve, (1.3)

where Cy(h) = C [h]y is the Lipschitz constant of h.
Suppose that h satisfies H.1, then

Q5" — Y§| < Cy(h,z) ev/—Ine, (1.4)
where
Ca(h,x) =C (Hcp’lloo(lf(x)l + [T+ lall) + lelloo (el + |f(0>|))~ (1.5)
Suppose that h € Cp*(RT x R) then
Q0" — Y5 < Cs(h) e, (1.6)

2
where C5(h) = C [|9sh + bdyh + %ax2h||oo.

Remark 1.3. By (1.5), one remarks that Co(h, ) is independent of z if f is bounded. This is the case when
we apply this result to an American Put. Then h(t,z) = e "' f(z) with f(z) = (K — €®); which satisfies

1 lse = 1 flc = K.

Remark 1.4. Notice that the convergence rate in (1.6) is the same as in [11] because our time discretization
is of order n = e~2.

Note also that in [8], the author proved that in the case of a put option (which corresponds to the case (1.4)
in our theorem), the speed of convergence is better: (vInn/n)s (see also the results in [9]). In fact numerical
experiments (see [5]) show that for a put, the speed of convergence is 1/n. So for some particular payoff

functions, one may obtain better results.

Proof of Theorem 1.2.

Step 1: The first part of this proof is devoted to state estimates analogous to those in Theorem 1.2 for the
following intermediary quantity.
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For a stopping time 7, we denote 77 = 7 A T and we define

Qo= sup E (h(TVT,XfT)).
vE€So,k(T) v

Note first that for every v € Sy (1) one has |1} — 7| < |T — 71|, so that by (1.1)

|7 —7h|l2 < Ce. (1.7)

e We prove that, if h is Lipschitz continuous
|Q5" — Qy"| < Cr1(h)veE with C11(h) = C [h]1. (1.8)

For every v € So (1)
’]E (h (o x2) =0 (77, X2)) ] < (W1 (Bl - 7| +EIX% - X2|)
< 8l (+ 1DBIE = 7]+ afBiE — ).
By (1.7), it follows that (1.8) holds true.

e We prove now that if h € C’;’Q(R"‘ x R) then

2
Q5" — Qy"| < Cs1(h) e with Csy(h) =C ‘ Osh + bO,h + %am (1.9)

’ oo

Using It6’s formula one gets

E(h(r.X5) = h (. X5 ) = E/T

TV

Ty

2 Ty
<8sh + bk + %aﬁh) (5, X7)ds + E / D.h(s, X*)odB,.

Since 0.h is bounded and 7, is integrable, the integral with respect to B is a stochastic integral (not only a
local martingale), so its expectation vanishes. It follows that

2
}E (h(n, X2 ) = h(rT, XfT)) } < ’ Dsh + bOgh + %aﬁh ’ Elr, — 7],
o (1.9) follows from (1.7).
e Suppose now that h satisfies H.1. We prove that
|Q5" — Q5| < ev/—Ine Cy,1(h,x) with (1.10)

Ca1(h,z) = Cy 1 (h) |f()] + C3y (h) where
Cy1(h) = C [[¢']l and

C31(h) = C 11§l (111 + el + € liplioe (Il + 1F(O)1 +1).
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We apply the formula (1.2) between 0 and 7,,, and between 0 and 7./. Subtracting the two formulas we obtain
‘]E (h(TI,,XfV) - h(TVT,XfT))‘ < A, + A, with

A =B sno)| [ (001000 + bol) Fx) s

Ay =E

[z - oz
We first estimate A;. We write

sup | f(X7)]
SG[O,Tk(T)]

sup [ (X))
SG[O,Tk(T)]

+ 10l el

Ay < |l7iry = Tle2 <|<PI||<>0
]LQ

)

By H.1 |f(y) — F()| = [u({u: y < u < 2})| < |l Hence

1o < el + 1F(O))

Note that
P < @)+ X7 =2l < |f (@) + [l ([ols + 0| Bs])-
So, using (1.1), we obtain

A <eC (Ilw’l\oo(lf(fv)l + 1) + blllelloo (11l + If(O)l))-

The term A5 can be treated as follows. We write
Ay < A + As o with

A1 = E |o(r) / L2V — L% u(dy)| and
g ;

Ays =E ' (e(r) — (1)) /H{Lffu(dy)' :

We begin with the simplest term. Since L*¥ does not grow up to 7¥ := the first hitting time of y by X%, we
have LY = L{*¥ .1-2<; < L{"Y (1 denotes the indicator function). Then using (1.7)
o dre<

Az < @' lloollT = 77 [l /I\L%’Hulul(dy)
T

<19l =y e 1228 uoli )

< & Cll¢'loollpell sup || L7
yER

L2
Using the Tanaka’s formula, one gets easily that

| L%Y |22 < 4b°T? + 4T + 4sup E| XY, — y|? < 12(b*T? + *T),
yeR

and this ends the estimation of As 5.
For Ay 1, we will need the following lemma (the proof is given in the Appendix 1).
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Lemma 1.5. With the above notations we have,

Elp, py>1) (LY, — L7Y) < C ev-Ine. (1.11)
We assume (1.11). For v € Sy () we have

=El,>7 (LY - L7Y)
<Elp, . > (L L L;y) <C ev—Ine.

Z,
Tk(T)

Yy 7Y
E|L2y - L

It follows that A2 1 < ||¢|lco /E u(dy) < C ev—Ine.
R

T,y _ 7%.Y
L3y — L%

Step 2: In order to prove Theorem 1.2, it remains to estimate Qg — Y.

Let 7 € 7o,r and let v = inf{i : 7; > 7}. We have {v > i} = ;. {7; < 7} and since {r; < 7} € Fr, C F,
for i > j, v is a stopping time with respect to the filtration (F;, ). So, 7, is also a (F;):—stopping time, and
T A 1, also. Due to these remarks, one gets that

Qp" = sup Eh(r),XIr) <Y (1.12)
VESO,k(T) v

Given a stopping time 7, we denote 7/ = inf{t > 7 : | X7 — XZ| > 2¢} and using the strong Markov property
we get

6
E(r, AT —7) <E(r, —7) <E(7' — 7) = danee® < = g2, (1.13)
The above inequality will play the same role in the sequel that (1.7) played in the first step.

We fix 7 and we denote by v the corresponding stopping time defined as above. We have to compare Eh(7, X¥)
and Eh(r}, X77). The same computations as for (1.8) and (1.9) (using (1.13) instead of (1.7)) yield

e if h is Lipschitz continuous

‘Eh(T, XT) — Eh(rT, X%)

S g Cl,g(h)with 0172(]1) = C[h]1
e ifhe C;’Q(}R+ x R) then the same reasoning (based on It6’s formula) as for (1.7) gives

[En(r, X£) = BR(r], X22)| < €2 Co()with Caa(h) = C

a2
Osh + b0 h + 38xzhH

o

So we have proved that

Yy = sup Eh(r,X7) < sup Eh(r),XJr)+e Ciz(h) = Q5" +e Cia(h)

T€To, T VESy k(T)

with i = 1 (respectively 3) if & is Lipschitz continuous (respectively Cj?).
This, together with (1.12) proves that

e if h is Lipschitz continuous

|Q5" — Y| < e Cia(h) with Cy2(h) = C [h];
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e if he Cp?(RT x R)

2
Q5" — Y| <& Cya(h) with Cya(h) =C |05k +bd.h + %aﬂh

‘ o0

If h satisfies H.1 we have to give more details.
Using the strong Markov property and the scaling property we get E(7' — 7')2 = 16E4E0§E and recall that
Eo2 < C. So we have

E(r' —7)? < C & (1.14)
Arguing as in the proof of (1.10), one may prove that

[En(r, X3) ~ EA(r], X2y)| < G + A with

A= sup E

7€, T

C=cC (Ilw’l\oo(lf(fc)l +[f11) + lelloo(lluall + 1F(O)1) + I\w’lloollull)-

[T nm) (L3, ~ L)) | and
R

We write

A< | @llsollull sup supB(LEY — L2).
T7€To, 7 yER

Using Tanaka’s formula, one gets

Tv

%Lf;y =(X2 -yt —(@-y) T+ /Ona 1ix,5ydBs — /0 b1lix,>yds
and the analogous formula for 7. Since |(z —y)™ — (2/ — y)T| < |z — 2], it yields
E(LLY — L2Y)? < 36(b°E|r, — 7|° + a*E|7, — 71),
so by (1.13) and (1.14)
A<eC gllsollpl-

Then the same reasoning as above yields

’an: - Yox’ <e Cs(h,x) with
Cop(h,z) =C (IIsO'Hoo(If(:E)I + 1) + lelloolell + 1FO)]) + ||50'HOOH/LH). (1.15)

The Algorithm

In order to give an explicit algorithm for computing Qg*, we have to consider functions h satisfying H.1
which depend on the time in a special way, namely h(t,z) = exp(—rt)f(z). This is sufficient for applications in
Mathematical Finance.
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From the dynamic programming principle, we already know that

Qrir) = exp(=r7r) ) [ (X7, )

Qi = max (exp(—rri) f(X,). E(Q51,|Fr)- (1.16)

Our aim is to compute Q;*. To this end, we first write 7,11 = 7% + o) and X7 . = XI + 0. The important

fact is that (0r , ok)ren are independent of F,, (see Prop. 1.1) and we know that (see [4], p. 233)

exp (15 )smh< \/ﬁ> |

E[exp(—rok)ls,—c] = =~F and (1.17)
sinh ( \/2r + )
exp — (2—2) sinh (%1/27" + Z—i)
E[exp(—rak)l(;k:_e} = =y . (1.18)

smh< \/2r + b2>

We define now
%" = exp(rm) Q5"

and we multiply with exp(r7y) in (1.16) in order to obtain the recurrence relation

wiry = f(X7 )

05 = max {1(X2).E (exp(-ron) Q5 1Fx ) b

We want to construct a sequence of functions 4y such that Qim = U(X}, ). Suppose that this is true. Then
the above recurrence relation yields

up(Xy) = max{f ), E(exp(—rog) g1 (X7, + 5k)|.7:7k)}
= max{f , [e Tk 1s,.= E]uk+1(X + E)E[ Tk 15k=_5] ’&]H_l(ka — 6)}
= e { F(X2 ), s (X2, +€) 7 s (X2, — )}

This leads us to define

i (x + ig) = f(z + i), —k(T) < i < k(T),

Gy (z + i) = max { f(z +ic), Y Up1(z +ic+e) + 7 tps1(z +ie — )}, —k<i<k. (1.19)

Then Q7" = 4x(X7¥ ) and in particular for £ =0

~ NET _ N)E,T
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Remarks. Notice that the algorithm is analogous to the one proposed by [11] except for the contribution of
v+ and 77. In [11], the authors proceed as follows. Given a terminal time T (7' = 1 for simplicity), they
approximate the Brownian motion by a standard binomial random walk which can be embedded in the paths
of Brownian motion. The approximation of Y7, x = 0, is then given by Uy(0) where the sequence (Ug(.))o<k<n
is defined by

NEARI R

() e (1 () 05 (D) cwsri (- 1)) o

—k<i<k

where h(t,u) =e " f(z + bt + au).

In [11], the authors prove that for f € C12([0,T] x R), one has [Uy — Y| < C/+/n, and in [8], one considers
the particular case of a put and proves that |Uy — Y?| < C(vInn/n)s.

In our framework, we do not give a binomial approximation of the Brownian motion but of the diffusion
itself (including the drift part). This leads us to use the function h(t,z) = ¢(t)f(x). So we do not work with
the same function h as Lamberton—Rogers in [11]. We can compute explicitly the coefficient of our binomial
approximation. Whereas Lamberton and Rogers have v = 47 = 1/2, in our frame we have

1 b r b3 br 5r2 rb
. oL 22 _ 3 4 9] 5
Ye T3 o2t T 32t <6a6+2a4>5 +<12a4+12a6)€ +OE)
1 b T, b3 br\ s 5r2 rb 4
= — o —_ = D - O > *
Ye T3 T2 T2t T <6a6 - 2a4> =+ 1201 T igas )5 T OED

Complexity of the algorithm.
It is clear that the complexity of the algorithm depends on the number of points k = k(7T") that we consider

at the first stage. So we have to take advantage of the fact that the diffusion process does not go too far away
from its starting point . More precisely, we have

)

b| T
P| sup |[XJ—a|>c| <P| sup |Bs|2&
s€[0,T s€[0,T] a

and by Bernstein’s inequality (see [12], Eq. (3.16), p. 145),

(c + o] T)?
2a2T

2
< exp (g2 ) ¥ P (g7 )

¢e =V —2a’TIne, (1.21)

we get Plsup,cpo 1) [XS — 2] = ¢] < e. This permits to use the function h(t,y) = h(t, )1, 1<v=2a2TTnz IR
the above algorithm. Then the number of operations to be performed is of the order <=k(7T") which is of the order

P| sup |[XZ—2|>c| <exp <—
s€[0,T)

So if we take
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£73y/—Ine (instead of e~* in the initial algorithm) corresponding to an error of:

e /¢ for a Lipschitz continuous function,
e ¢\/—Ine¢ for a function satisfying H.1 and
e ¢ for a regular function.

2. GLOBAL APPROXIMATION

The aim of this section is to prove that the function 4 constructed in the previous section provides an
approximation of the solution u of the PDE associated to our obstacle problem. Let us be more precise. We fix
the time horizon T and the obstacle of special form h(t,z) = exp(—rt)f(z) and we denote by ur the unique
solution of the PDE

(O + L)upp(t,z) =0, on upp > h
(O + L)upp(t,z) <0, on upp=nh (2.1)
uTyh(Tv LE) = h(Ta :L')a

where L is the infinitesimal generator of the diffusion process X, namely, L = (a?/2)0,2+bd,. The equation (2.1)
can be rewritten as

min (upp(t, ) — h(t,z), —Owurn(t,z) — Lurp(t,x)) =0, (t,z) € [0,T] xR
upp(T,x) = h(T, x).

Our aim is to give a uniform approximation of ur ;(.,.) coming from the previous algorithm constructed for
Y = urn(0,2). We will prove that the values computed on the grid {z + ie, — tx, <1 <t} will provide an
approximation of u(tg,y) for 0 < k < a?T/e? and y in the above grid.

The solution of the above PDE has to be understood in a weak sense. In [6] one considers solutions in viscosity
sense and in [2], the variational sense is considered and it corresponds to variational inequalities (see [3] for the
analytical approach to optimal stopping problems by means of variational inequalities). We will precise later
the sense given to (2.1). The relation between the process (Y{)o<i<r and w is given by Y = u(t, X7). We
shall obtain an algorithm which permits to compute Y;* for 0 < ¢t < T, by means of the previous algorithm
constructed for Y.

We fix now £ > 0 such that 527;5 is an integer (of course we may find ¢ as small as we want, having this
property). We denote

T
T 2.
For n € {0,..., N} we define t,, := n(c?a.) (remark that ¢{xy =7T') and we note that

k(t,) =n and k(T —t,) =N —n.

Let = be the starting point of the diffusion process for which we have already constructed the function 4, on a
triangular grid. For y € R, we define g the projection of y on the grid {x +ic, —n <i <n,0 <n < N}, that is

j—icifye [(z%>s <z+%)6>

Theorem 2.1. Let 4 be defined in (1.19). For every n =0,... ,N and every y € [x — ne, x + ne|

We are now able to give our result.

|UT¢h(tn7y) — exp(—7tn)in(y)| < Ko
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where

Afh]x

0. = e and K = (01 (h) + ) if h is Lipschitz continuous,

NG

5. =evV—Ine and K = (C’g(h,y) L Al
v—Ine

6e = ¢ and K = (Cs(h) +4[h]1) if h is C*2,

) if h satisfies H.1,

and C1(h), Co(h,y) and C3(h) are the constants appearing in Theorem 1.2. In particular, under H.1, if f is
bounded then the evaluation is uniform with respect to y.

Before proving this, we need some preliminary results about the solution of the PDE (2.1). We recall the
definition of viscosity solution.

Definition 2.2.  a) upy € C(]0,7] x R ; R) is called a viscosity sub-solution of (2.1) if upp(T,z) <
h(T,z), € R and moreover for any ¢ € C+%([0,T] x R) and every (¢t,z) € [0,T[xR which is a local
maximum of ur ; — ¢,

min (uTyh(tax) - h(ta :L')a 781550(15739) - ch(ta :L')) <0

b) urn € C([0,T] x R ; R) is called a viscosity super-solution of (2.1) if up (T, x) > h(T,z), z € R and
moreover for any ¢ € C12([0,T] x R) and every (¢,x) € [0,7[xR which is a local minimum of ur,, — ¢,

min (uTyh(tax) - h(ta :L')a 781550(15739) - ch(ta :L')) >0

c) urn € C([0,T] xR ; R) is called a viscosity solution of (2.1) if it is both a viscosity sub- and super-solution.
It is proved in [6] that the equation (2.1) has a unique viscosity solution.

Given t > 0, we introduce the function (s,z) — h(s,z) := exp(—rt) x h(s,z) = h(t + s, ).
Lemma 2.3. For anyt <T, z € R we have ur(t,x) = up_¢ 4 (0, 2).
Proof. We denote v(s,z) = urp(t +s,2) for 0 < s < T —t and w(s,z) = up_y pt(s,z) for 0 < s < T —t. We

shall prove that V 0 < s <T — ¢, v(s,z) = w(s,z) and in particular s = 0 gives the result. In order to do this,
we prove that these two functions solve the same following PDE in viscosity sense:

(s +L)z(s,2) =0, 0<s<T—t on z>ht
(Os+L)z(s,x) <0, 0<s<T—¢t on z=h! (2.2)
2(T —t,x) = h(T,x),

with z € C([0,7 —¢] x R ; R).

We prove that both v and w are viscosity sub-solution of (2.2). By definition, w solves (2.2) so in particular
it is a sub-solution. It remains to deal with v. First we have v(T —t,2) = upp(t + T — t,2) = h(T,z). Let
¢ € CL2([0,T—t]xR) and (s, z) € [0,T—t[xR which is a local maximum of v—¢. We define ¢* € C12([t, T]xR)
by ¢! (r,x) = p(r —t,x) for (r,z) € [t,T] x R. Now since (t + s, z) is a local maximum of ur, — ¢' and ur,
solves (2.1) in the viscosity sense, we have

min (ur,p(t + s, ) — h(t + s,2), =" (t+ s,x) — L' (t + s,2)) <0,

which reads
min (v(s, ) — h'(s,x), —0up(s,x) — Lo(s,x)) < 0.
So v is a viscosity sub-solution of (2.2).
The same arguments show that v is also a viscosity super-solution of (2.2) so the lemma is proved. [l



14 V. BALLY AND B. SAUSSEREAU

We shall finally need the following lemma:

Lemma 2.4. Suppose h Lipschitz continuous. Then for any 0 <t <T and any x € R, we have

|UT¢h(t,:L') — uTyh(t,a_c)| <4 [h]1€.

Proof. We use the following expression of the solution of the obstacle problem as the value function of an

optimal stopping problem:

urp(t,z) = sup Eh(r, XF).
T€T, T

In this frame we have

lur n(t,z) —urn(t,y)| < | sup Eh(r,X¥)— sup Eh(r,XY)

T€Tt, T T€Ty, T
< sup |Eh(r,X¥) —Eh(r, XY)]
T€T, T
< (B sup E|XZ - x|
T€Ty, T
< [hla]z —yl,
and the result follows.
Now we can turn to the proof of Theorem 2.1.
Proof. Remind that we have denoted t,, = n%
Forn=0,...,N and y € [x — ne, x + ne|, we introduce

ﬁk(tN—tn)(N7n7y+Z€) :f(y+15), *(an) SZS an,

ak(tN—tn)(kay + 28) = max{f(y =+ Z'E)a ﬂygrﬂk(tN—tn)(k + ]-a y+ i€ + 6)

+'y;ﬁk(tN_tn)(k+ 1,y+z’575)}, —k<i<k.

Clearly

Un(y) = Uk(ty—t,)(0, ).
Using Lemma 2.3 and (2.4)

wp p(tn,y) — € "0 (§) = urp(tn,y) — urn(tn, §)
+urp(tn, J) — ur—t, na (0,7)
+ur_¢, hen (0,7) — eirt"ﬁk(T—tn) 0,9)
+e " agr_y,)(0,7) — e i (7)
= urn(tn,y) — urn(tn, §) + ur—t, pen (0,7) — e " lgir—y,)(0,7)

= a1 + as.

By Lemma 2.4, it holds that |a;| < 4[h]ie. The estimation of ag follows from Theorem 1.2.



APPROXIMATION OF THE SNELL ENVELOPE AND AMERICAN OPTIONS PRICES 15

An Improvement. Remind that we have fixed € > 0 such that % := N is an integer. We moreover denote

an the corresponding value of a.
As in the previous section, we can take advantage of the fact that the diffusion process does not go far away

from its starting point. Remind that ¢, = v—2a?T Ine (see (1.21)) and we now denote

T

aN

Cy =4/ —a?TIn

This suggest using ?L(t, y) = h(t,y)1|y—z|<cy instead of h. We define the intervals

AR T\ 12
Iflv—lacn<NaN) ,:EJrn(m) N[r—cn,z+cenl.

This finally leads us to the

Proposition 2.5. For everyn =0,... ,N and every x € IY we define 0, by (1.19) replacing h(t,y) = e~" f(y)
by h(t,y) = e " f(y)L)y—sj<cn- Then we have for any y € v

sup  |urp(tn,y) — exp(—rty)in(4)] < Koe with

n=0,...,

4
= (01 (h) + \U/gl> and 6. = /€ if h is Lipschitz continuous,

= (Cg(h,l') + \/4%) and 0. = eV —Ine if h satisfies H.1,

= (C3(h) +4[h]1) and 6. =€ if h is C12

where C1(h), Co(h,x) and Cs(h) are defined in Theorem 2.1.
In particular if f is bounded under H.1, then all the approzimations are uniform with respect to y.

3. THE OPTIMAL STOPPING TIME
In the PDE’s language, the complementary of the set
A={{tz) € [0,T] xR : u(t,z) <h(t,z)}

is called the continuation set or the continuation region. The first optimal stopping time is the first time when
the diffusion hits A. So, as long as we are in A° we continue (but there may be other optimal stopping times
later). Our aim is to give an approximation of this set in order to obtain approximations for the optimal

stopping time. We introduce first

Ay ={(t,z) € [0,T] xR : u(t,z) = < h(t,z)},
Af ={(t,x) € [0,T] xR : u(t,z) + 6 < h(t,x)}-

Clearly Ag C A C Ay. We consider now the function @ constructed in the previous section and define

Ay ={(tn,2),n=0,... N,z eIl : a(t,z) - h(t,z)},
A(}":{(tn,w),nzo,...,N,xEIfLV: a(t, ) h( )}
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As an immediate consequence of Corollary 2.5 we get:

Proposition 3.1. Assume that h(t,u) = @(t)f(u).

4[hl1
NG

4
Then for any d > { o Ca(h,z) + %) ev—1Ine if h satisfies H.1,
2(Cs(h) +4[h)1) € if h is C12,

2 Ci(h) +

if h is Lipschitz continuous,

one has Ag/Q CAy C A{g and Agts CAfC A(JSF/Q'

Define now 77 = inf{t: (¢,X;) € A} the first optimal stopping time and 7;* = sup{t : (¢, X;) € A} the last
time when one may exercise in an optimal way (of course 7;* is no more a stopping time). The discrete versions
of these times are given by

Trs=nf{t: (¢, X¢) €
s =sup{t: (¢, X:) €

Ag}, Tzé =inf{t: (¢, X:) € A;r},
Ay, 7 =sup{t: (t,X) € Af}-
Then, as an immediate consequence of the above Proposition we have:

Proposition 3.2. Under the hypotheses of the above Proposition
Tre < T}‘ < T;:(; and Tlt; <7< s

APPENDIX A: PROOF OF LEMMA 1.5

We prove the estimation (1.11). We write

Eljy, i om) (152, — L3¥) = 1+ J with

TI;(T)
I= El[‘rk(T)ZT]1[7'k(T)<T+K6\/7lns] (Lf;f(/T) - L§"7y>

J= El[‘l’k(T)ZT]1[Tk(T)ZT+K€\/7 Ine] (Li:(JT) - L§’7y) :

Here
2T 3.

NI

The reason of this choice of K will become clear in the proof. For the moment we note that since k(T) >
T/(aee?) — 1, we have

4T262
K< _—— " <.
~To. —oe?2 —

Step 1: We first deal with I.
Since the local time is an increasing process, we have

I = El[Tk(T)ZT]l[Tk(T)<T+KE\/— lnE] (L;fll’/,KE /“Tne - L;"y) S EL;V}‘,{KE /~Tne — ]EL;Jy
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We denote (s,z,z) — p(s,x,z) the transition density function of the diffusion process X and we recall that
t

E,LyY = /p(s,x,y)ds (see [4], p. 21). It yields
0

| /\

T+Kev/—1Ine
/ p(s,x,y)ds

< Kev—Ine sup |p(s,x,y)|

SE[THoo]

< Kev—Ine sup L exp (—(y — = — bs)?/(2a°s))

s€[T+oo| V2maZs
<Cev—Ine.

Step 2: In order to evaluate J, we first use the Cauchy—Schwartz inequality and get

JSJl XJQ with

J1 = Hl[Tk(T)ZT] (Lf;f(JT) - L§"7y) L2

12 = (P [ — Kev=Taz 2 7))

e We first prove that

Using Tanaka’s formula, one gets

Tk(T)

Tk(T)
_LQTCJLZ(!T) = (X"g'ck(T) o y)+ o (x B y)+ Jr/O a 1[Xs>y]dBS - /O bl[Xs>y]d8

and one writes down the analog of the above formula with 7" instead of 74,(1y. Since [(z—y)* —(2'—y) | < [2—2/|,
it yields

Ji <36 (VE|r(ry — T|? + a®El gy — T1),

so using (1.7) we get (3.1).

e We end this computations with the estimate
Jo < C e

We recall that o, has the same law that £20° for k = 0,... ,k(T) and they are independent. So Tr(ry — T has
k(T)—1
the same law as a.e -T+ Z — a.) where 0%, k= 0,...,k(T), is a sequence of independent
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random variables which have the same law as 0°. So we may write that

k(T)—1
J3 <Pl ace’k(T)—T+ Y &*(of —a:) > Kev/—Ine
k=0
k(T)—1
<P Z e2(of — ) > Kev/—1Ine
k=0
WI-1
<P ——— (0}, —ae) > Kev—1
< ];) aek(T)(Jk o) > Ke ne
K(T)-1
ol —« E(T) o
=P k < > Kev—1Ine |.
VO R

We denote 7. = E|o® — a.|3. We apply the Berry—Esseen theorem ([7], p. 542) and get

1 > 37e
JZ < —/ exp(—2?/2)dz + ———-
27 Van VD e e 33\/k(T)

From the choice of K, the lower bound of the above integral is equal to 2v/—Ine so

Ji < LT exp(—z?/2)dx + _ 3
27 Ver Joyme 33\/k(T)

For any A € R one may write

A2

/ exp(—2?/2)dz < C e 1.
A

Applying this inequality with A = 24/—1Ine, we get

J§§Cs+i < Ce.
BE\/K(T)

€

Now the proof of (1.11) is complete.
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