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ESTIMATION AND TESTS IN FINITE MIXTURE MODELS
OF NONPARAMETRIC DENSITIES

OpILE PONS!

Abstract. The aim is to study the asymptotic behavior of estimators and tests for the components
of identifiable finite mixture models of nonparametric densities with a known number of components.
Conditions for identifiability of the mixture components and convergence of identifiable parameters
are given. The consistency and weak convergence of the identifiable parameters and test statistics are
presented for several models.

Résumé. Dans les modeles de mélanges de densités non paramétriques, une question est de déterminer
le comportement asymptotique d’estimateurs et de statistiques de test sur les composantes identifiables.
Des modeles de mélanges non paramétriques d’un nombre connu de densités sont considérés. Des con-
ditions pour l'identifiabilité et pour les convergences des parametres et fonctions identifiables sont
présentées. Le comportement des statistiques de test est décrit et des estimateurs des composantes des
densités sont définis dans plusieurs cas.
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1. INTRODUCTION

Consider a real random variable X on a probability space (2, A, Py) and F a family of densities with respect
to a probability pu on (€2, A), such that the density fo = dPy/dup belongs to F and the functions of F are
Ly(p)-integrable, it is a metric space with the metric dao(f, ') = ||f — f'l| 1. (u)-

For a fixed number p, the mixture of p components of F is defined by a vector of p unknown densities f(,) =
(fis- -, fp) of FP with unknown proportions in S = {Ap) = (A1,...,Ap) €]0,1[7;3°F_ Aj = 1}. The density
of the mixture is gf ., ., = Z?Zl Aj f; and we consider the functional set G, = {g7,) A,,; fp) € FPs A\p) € Sp}-

The densities and the proportions of a mixture gr ., of G, are identifiable if for any f(’p) in FP and )\’(p) in

Sp, the equality Z§=1 Nifi = ?:1 N f; is satisfied p-a.s. if there exists a permutation 7 of {1,...,p} such
that )\;- = Ar(y) and f]' = fx(j) m-as., for j =1,...,p. The identifiability condition is written as a condition on
the parameters of a nonparametric F, it requires that the densities cannot be confounded and a mixture of two
components f; and f; of F does not belong to F.

For a parametric mixture of two components g = Af + (1 — A) fy of G, the likelihood ratio test (LRT) for the
hypothesis Hy : g = fo is studied through a reparametrization because the information matrix is not positive
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definite and either A or f may be considered as nuisance parameters under Hy. Conditions and proof of the
convergence of the LRT as fy is known (admixture or contamination model) were given in [4,5] for parametric
families of two or p > 2 components, for a test of a known density of G, against G,, ¢ < p. The results were
generalized to an unknown density fy by plugging an estimator of fj in the same statistic, for identifiable families,
and they are easily adapted for testing sub-models of the semi-parametric mixture g = Z§:1 MNf(n(-—nw), f
in F and 6 = (n, 1) in a Borel compact subset of R?. The methods are extended here to nonparametric density
families Go with identifiable components, the parameter of interest for an admixture is Adz(f, fo) which is zero if
and only if Hy holds, for a mixture it is Ada2(f1, f2), with A < 1/2. Wald’s method [8] for the proof of consistency
for the parametric case is no more sufficient and the asymptotic distribution is not Gaussian, as it was known
for parametric distributions. The conditions are sufficient to remove the assumption of uniform convergence of
small order terms present in most papers about expansions of the LRT in parametric models [1-4,6]. Under
the alternative, direct estimators of A and f are built and they satisfy the usual convergence. The tests are
extended to finite mixtures of nonparametric densities and the estimators to mixtures of two nonparametric
symmetric densities.

2. ADMIXTURE MODELS FOR A DENSITY

Let (X1,...,Xy) be an i.i.d. sample with density having two mixture components g = Af + (1 — ) fo in Ga 0,
the subset of Gy of the mixtures with a known fo. Denote dy2(f, ') = [(f — f')?f'~'dp and assume that
A1l: X\ and F are identifiables: if A\f + (1 — X)fo = N f' + (1 — XN) fo, p-a.s., with A and A in [0,1], f and
ffin Fothen A= )X and f = [/, p-a.s.,
A2: There exists a function g in La(Py) s.t.

lim sup  dy ' (f, fo)llfo "(f = fo) — da(f, fo)ollLa(ry) — O
da2(f,fo)—0

For f in F and A €]0, 1], denote U = {da(f, fo); f € F} C Ry,

ap =Xdo(f, fo),  wr=dy ' (f, fo)fo N (F = fo) if f # fo, (2.1)

and @f = ¢ defined by A2 if f = fo, DF = {¢y; f € F}, the Ly(FPy)-closure defined using A2 of the set of
functions ¢s. Let Eg the expectation under Fy, further conditions are

A3: Egsup ;e |log f| < oo and Egsup,epr [|o(X)|* < oo,
A4: sup,cpr [n=1/23"" | p(Xi)—G,,| tends to zero in Py-probability, with G, a centred Gaussian process

with variance X, = Eop?(X) and covariance Yy, o, = Egp1(X)pa(X).

Remark 1. The Ly(FPp)-norm of the convergence in A2 is a d,2-derivability of F at fo. It is not symmetric
with respect to its arguments f and fy, unlike the Lo distance with respect to u, and it is weaker than the
Hellinger-derivability of F. It appears naturally for the convergence under the null hypothesis of the variance of
the likelihood ratio after the reparametrization. The function ¢ is related to the direction of the approximation

of fo by f.

Remark 2. By A2-A3 and the definition of DF, Ep(X) = 0 and the weak convergence of n= /23" | o(X;)
holds for every ¢ of DF, and for n='/2 3" {suppr ¢(Xi) — Eg supp+ (X))} by integrability of supp ¢ (X).
Condition A4 is satisfied under a stronger condition on the dimension of DF.

2.1. Tests for the density fj

Under the alternative, a density is written

gag = foll+ A5 (f = fo)} = fo(1 + aypeyp), ap > 0.
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The parameters set for a test of f, against an admixture alternative is {ay > 0; f € F} and the hypothesis Hy
is equivalent to the existence of a function f in F such that ay =0, or infrcr ay = 0. For a sample (X;)1<i<n
of X, the LRT statistic is written

T, = 2 sup sup 3 {loggs(X:) — log fo(X.)}
A€]0,1], f€f1<z<n

= 2sup sup Z In(c, )
€U, p€DF 1 ),
with In(a, ) = 321 i<, log{1 + ap(X5)}.
Lemma 2.1. The estimator a,, () = arg maxaecy ln(, @) converges Py-a.s. to zero, uniformly on U.

Proof. For any ¢ € DF, the MLE g, ,, = fo{l + anp} of a density ga,, = fo{l + ap}, with a > 0 and &, >0
converges at the parametric rate, therefore supy |g,,n — fo| < supg |gn — fo| for any other estimators g, without
this parametric model. For every ¢ > 0 there exists §. > 0 s.t. for n large enough

Po{ sup_an(p) >} Pof sup_n™ i, (@n(9), ¢) — 1n(0,0)} > 6.}
©EDF ©EDF

IN

< P sup log{1 + @n (@)} dP, > 6.},
fo>0 9EDF

for the empirical d.f. P, of Py. Let gn = sup,epr foll + an(p)p}, then

Po{ sup an(p) >e} < Pof logg—ndﬁn > 0}
pEDF fo>0

< Py 1og—dP > 0}
fo>0 f
< P log d(P — Py) > 6.}
fos0 o
and this sequence tends to zero by the weak convergence of ]3n O
Let Y;, the process defined by Y;,(p) = n=1/2 S o(X;), with variance-covariance ¥, Z,, = Y12y, and Z
be a centred and continuous Gaussian process on DF, with covariance E;ll / 22%,@2 2;21 2,

1/2

Theorem 2.2. Under Hy, sup,cpr [|n'/*an(p) — (Ew)_lmZ(ga)l{Z((Pbo}H converges in probability to zero and

T, converges weakly to the variable sup,c pr Z2(9)1{z(p)>0}-

Proof. Let ¢ in DF, ln(7 ) the derivative of (-, ¢) with respect to a and @, () under the constraint &, > 0,
then @y, (¢) = 0 or it is solution of

0 = n 2h(p,an(p )) (9)>0}

{a
- )
1/22 | +a ) 1{an(¢)>0}, (22)

X;) and Ry, =n 'Y, ad (14 apa;) ™t If @, () > 0, the score equation

|
5

For every p € DF, let a; = a;(¢) =
is simply written

0 = Yaulp) - n1/2/\ - Z a; — an (@) Rin(9)}- (2.3)
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Under sup,cpz|n~' 3, {¢*(X;i) — £, }| converges Py-a.s. to zero and (2.3) becomes

0= Yn(p) = n'/2a,(0) {Zy + 0p(1) — Gn (@) Rin(e)} -

As proved in [7]:
n'2an(0) = (Zp) 2 Zu(0)L(z00)501 + 0p(1). (2.4)

By integration of Riy, ln(Gn (), @) = n'/2a0,(p)Yn(p) — 182(¢) 3=, 0*(Xi) + Ron(yp) where

o ( *2 3
RQn_Z/ 1+aal ZanlJra a;

with o (¢) between 0 and @, (p). As the functlons o a; (1 + aa;)~! are decreasing and from the bound

established for Ry, n™!|Ra,| < @2n~!Y", a?|. Then suppzn=t|Ran(p)| = 0p(1) and

Ln(@n (), 0) = 0"/ 2600 ()Y () — Z82(0)5, + 0,(1)

uniformly on DF. The expression (2.4) of @,(¢) implies a uniform approximation of T}, as T}, = 2sup,epr
1n(@n (), ¥) = suPe p £l 27 (9)1( 2, (p)>03] + 0p(1). O

With p additional components in the mixture under the alternative, the metric is written do(f, f') =
P2 1k = fill s for two densities f = (fi,.... fy) and f' = (f{,... f;). The density grs = (1 = \)fo +
> k1 Ak fi becomes

p
axg = Foll+ > Mefy '(fr — fo)} = foll + afoy),

k=1
where the coefficient of fj satisfies A = Z£=1 Ay of = (ofk)1<k<p and @5 = (@fr)i1<k<p are given by

asr = Aeda(frs for), @i =dy  (fr, for) for (fr — for) if £ # fo, (2.5)

and g = fO;l f{- The hypothesis Hy is equivalent to |[af|| = 0 and the result of Lemma 2.1 still holds. The
process Y, () is a p-dimensional process with a diagonal variance 3 = (X, )1<k<p. and Theorem 2.2 adapts
for each component with the same proof, using tensor product and norms of the vectors already defined when
necessary. Denoting 1(7(,)>0y for the vector of indicators 1z, (,)>0}, we obtain

Theorem 2.3. Under Hy, Supgepr 2] @n (@) = 1(S0) 2 Z (@)1 1{z(p)>03 | converges in probability to zero
and T,, converges weakly to the variable sup,c p || Z ()21 (p)>0}-

When fj is already a known mixture of functions in F, the result is extended as in [5] for mixtures of several
parametric densities.

2.2. Estimation of the densities and mixture coefficients

Under the alternative, A\g ¢ {0,1} and the model for the mixture density is go = A\f + (1 — A) fo where A
belongs to a close subset of |0, 1[. We consider a class of functions F with compact supports not all confounded
with the support supp Fy of the distribution function Fj, then both A\g and f are identifiable and may be
estimated. If all the functions of F have the same support, further conditions are necessary for identifiability
of the components of gyg. Estimators of A and f are obtained after the estimation of the different supports.
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Let én the empirical estimator of the d.f. of the variable X, with support supp @n = [min; X;, max; X;], and

n
G”(x) =n"! Z 1{Xi€supp Fo}l{XiSQE} - FQ(I)

i=1

a consistent estimator of (Go — Fo)l{supp Frsupp 7o} = ME — F0)1{supp Frsupp Fo}» With support estimated by
supp Gn. An estimator of Ao is deduced from a classification of the observations into three intervals,

L1 = supp G, Io, = supp Fy \ supp Gy, I3, = supp G, \ supp Fo.

The following identities

/ da, (1—A)/ dFy,
Ign I2n

/ locidGn(@) = A [ TocrdBu(@) + (1—A) / Loer dFy(2),
Iin Iin Iin

/ chtdén(x) A 1<y dﬁn(x)v

I3p Isn

imply simple expressions for the estimators of A\g and F on I, and I3,

_ fIl’IL dé\n
f[ln dFy’

S o Jd6,
1g;§t an(I) )‘n 1:c§t dGn(I) S — 1:c§t dFQ($) 5
Iln Iln Il'n.

Ao o= 1 (2.6)

f[ln dFy

/ 1a;§t dﬁn(I) = /):T_Ll 11§tdén($)
Isn Isn

Let K a symmetric kernel in Lo(y) and h a window, g,,(z) = n~ ! Y1 | Kj(x — X;) an estimator of go, then the
unknown density of the mixture is estimated by

f (x) = Xﬁl{’\ (x) — Ll” dén fo(@)}, fxel
n n 19n f[ln dFo 0 ) Ins
Fo(@) = A 'Gn(x), if 2 € I, 2.7)

Assume that the support of G is bounded and 07 , = [2*d(1-G)"(z)—([ xd(1-G)"(x))? < coif inf supp Fy <
inf supp F, and 0’%7)\ = [22dG"(z) — ([ 2dG"(2))? < oo if inf supp Fy > inf supp F, then n'/?(max; X; —
max SuppG) and nl/? (min; X; — min SuppG) converge weakly to centered Gaussian variables with variances
O’i/\ and ai)\. It follows that:

Proposition 2.4. The estimators Xn, ﬁn and fn are uniformly Py-a.s. consistent. The variable n'/? (Xn —A)
converges weakly to a centered Gaussian variable, n'/ 2(F,, — F) converges weakly to a transformed Brownian

bridge and if F is a subset of Cy and h = o(n’l/s), nQ/S(fn — f) converges weakly to a centered Gaussian
process.
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3. MIXTURE MODEL OF NONPARAMETRIC DENSITIES

Consider a mixture of two unknown distributions with densities in a family F of concave unimodal and

symmetric densities on R,
Irnfifo = M1+ (1= A) fa.

An identifiable mixture of two symmetric densities of F does not belong to F even with overlapping densities
since the mixture density is not concave or not symmetric, except when they have the same mean and in that
case they are unidentifiable. Let Hy the null hypothesis of a single unknown distribution of F. The distribution
fo under Hy may be estimated by a symmetric estimator fOn: let 6y the center of symmetry of fj, estimated
by the median é\n of the sample and consider the transformed sample X! = X, if X; > gn, X] = 2§n — X; if
X; < 0,, hence (X1,...,X]) is a sample with asymptotic distribution aalFol]_ooﬂO], with ag = f_a(;o dFy. The

density fy is estimated by a kernel estimator fo,(z) = n~t 3" Kj(z — X!

yon | — oo, @n] and by symmetry,
Fon(z) = fon(26,, — z) on |8, 0c], it is Py-a.s. uniformly consistent on R.

In the following, any other constraint on the form of the set F may obviously replace the symmetry, for
example a disymmetry with some proportions between both sides of the functions. The main condition about F
is the identifiability of the components of mixtures of functions belonging to F and mixtures cannot themselves
belong to F. Under Hp, any estimator ]?On of the single unknown density fy with the relevant constraint may
be used.

A test of a mixture gz 7,5, = Afi + (1 — A) f2 in Go, with fi; and f> in F, against the alternative of a single

unknown distribution of F may be performed by replacing fy by ﬁm in the expression of T,,, with the statistic

S, =2 sup sup logg, ;7 X')—logfo X))
! /\€]0,1/2],f67-‘1;n{ A7 on (K n(Xi)}

The conditions for convergence of S, are
A’1: X and F are identifiable: if Afy + (1 — X)fo = N f{ + (1 = X) f3, p-as., with A and X €]0,1/2], f1,
f2a f{ and fé € fa then )\1 = )\2; fl = f{ and f2 = fév p-a.s.,
A’2: for all f in F, the Lo(Fp)-derivative at f, ¢ exists:

lim  sup dy'(f, fOIF T — ) — dalf, esll Loy — 0.
da(f,f)—0

For all f and f’ in F, denote oy p = Mdal(f, '), g = dy " (f f)7HSF — f)if f/ # f and ¢rp = oy,
Ur ={da(f, ['): [ € F} CRy; DFy = {55 [' € F} and DF ={opyp 5; f, ' € F}.
A’3: Egsupygjo,1), SUpy, per [log Afi + (1 = A) fa| < 0o and there exists a sequence of neighborhoods Vo,

of fo in F containing (fon)n and converging to fy s.t.

Eo sup  sup  [on(X)]* < o0,
fon€Von, pn€DFyy,,

A'4: supy ey SUD,, e D7y, [n=1/23"" 0, (X;) — G| converges in Py-probability to zero, with G, de-
fined as in A4.

The mixture density is written gxrp = Af '+ (1 — X)f = f(1 + a5 spp f) and the parameter set for a
test of Hy is {ayp s f, f' € F}. A sequence of parameters of smaller size is sufficient for the test with the

statistic Sy, it is defined by {(a; 7 Jnif € F}. Let unyg = u(f, ﬁm), Qn,f = Nun ¢, onf = @(f, ﬁ)n), and
n f = fon(1+ an ton.5), Un = {uns; f € F} and DF, = {¢n r; f € F}. The statistic Sy, is then written

S, =2 sup sup log(1 + anepn).
an €U /2, pn€EDFy



282 O. PONS

Under conditions A’, the proofs of Section 2 are easily extended, with the same notations.

Lemma 3.1. For every p, in DF,, the estimator

Qn(pn) = arg max In(a, n)

is such that limsup,, cpz, [Gn(pn)| converges Po-a.s. to zero.

Theorem 3.2. Under Ho, sup, cpr, [n'2a, (on) — (Eap)_l/2Z(§0)1{Z(Lp)>O}| converges in probability to zero
and the statistic S, converges weakly to sup,cpr Z°(9)1{z(p)>0}-

As in Section 2, the convergence rate is due to the sum of n i.i.d. variables and does not depend on the
convergence rate of ¢,,.

With a vector of p additional components ' = (fi,..., fp) to an unknown density f with true value fy in
the mixture under the alternative, gx r,r = (1 — A)f + > % _; A\ fr in G, is written with the notations of A} as

gng, = fo(L+af sop f),

the hypothesis Hy is equivalent to ||af|| = 0 and the results of Lemma 2.1 and Theorem 2.3 hold. They are
extended to a model with a mixture of identifiable components under Hy, as in Section 2.

Under the alternative of a mixture of two functions of F with different supports, the components of the true
density go = Ao f1,0 + (1 — Ao) f2,0 may be estimated. For densities with known or estimated supports (densities
with estimable center of symmetry), A\ is estimated as in (2.6) and both symmetric densities are estimated
by an estimator similar to ]?On defined in this section. If only one center of symmetry of fi ¢ or f2 0 may be
estimated, one density is estimated by this method and the other density is defined by (2.7) where fj is replaced
by ]%n. If both supports are unknown, a learning sample is necessary for the estimation of the support of the
densities.
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