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ESTIMATION OF THE HAZARD FUNCTION IN A SEMIPARAMETRIC MODEL
WITH COVARIATE MEASUREMENT ERROR

MARIE-LAURE MARTIN-MAGNIETTE" 2 AND MARIE-LUCE TAUPIN®

Abstract. We consider a failure hazard function, conditional on a time-independent covariate Z,
given by n.,0(t)fz0(Z). The baseline hazard function 1,0 and the relative risk fgo both belong to
parametric families with 0° = (BO,VO)T € R™P. The covariate Z has an unknown density and is
measured with an error through an additive error model U = Z 4 & where ¢ is a random variable,
independent from Z, with known density f.. We observe a n-sample (X;, D;,U;), i = 1,...,n, where
X is the minimum between the failure time and the censoring time, and D; is the censoring indicator.
Using least square criterion and deconvolution methods, we propose a consistent estimator of #° using
the observations (X, D;,U;), i = 1,...,n. We give an upper bound for its risk which depends on the
smoothness properties of f. and fg(z) as a function of z, and we derive sufficient conditions for the
\/n-consistency. We give detailed examples considering various type of relative risks fg and various
types of error density f.. In particular, in the Cox model and in the excess risk model, the estimator
of 8° is \/n-consistent and asymptotically Gaussian regardless of the form of f.
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1. INTRODUCTION

We are interested in the relationship between a survival time 7" and a covariate Z described by the conditional
hazard function of T' given Z = z intuitively defined by

1
R(t|z) = iiglo EP(t ST<t+M|T >t 7 =2).

In this paper we consider a parametric proportional hazard model, R(t,6°|Z) = n,0(t)f0(Z), conditional on
a time-independent covariate Z with unknown density g. The proportional hazard model is often used to
describe a covariate effect on a survival time. Under the condition f3(0) = 1, 7,0(t) is the baseline hazard
function, that is the conditional hazard function of T' given Z = 0. The function fgo is the relative risk and
the conditional failure rates associated with any two values of the covariate Z is proportional. Here we assume
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that the functions 7, and fz both belong to parametric families and 6° = (8°,7°) T belongs to the interior of a
compact set © =B x ' € R™"P. To ensure that the hazard function is a nonnegative function, we assume that
n(t) > 0 for all v € I and for all ¢t € [0, 7], T < 0o, and also that f3(Z) > 0 for all 3 € B and Z with density
g. The parametric modelling of the hazard function has some advantages. In particular, the coefficients can be
clinically meaningful and fitted values from the model can provide estimates of survival time.

Among the best known parametric models are exponential models where R(t,0|Z) = vf(3" Z), Weibull mod-
els with R(t,0|Z) = v1t72 f(3T Z), models with a piecewise constant baseline function and Gomperz-Makeham
models with R(t,0|Z) = (1 + 72(73)!)f(B7 Z). This latter is commonly used in analysis of mortality data
(see [37]). We refer to [2,10,17] for discussions on parametric survival time models and their advantages.

Suppose we observe the covariate Z in a cohort of n individuals. For each individual, we would observe a
triplet (X;, D;, Z;), where X; = min(T;, C;) is the minimum between the failure time 7; and the censoring time
Ci, D; = 11,<c, denotes the failure indicator, and Z; is the value of the covariate. In this context, one usual
way is to estimate 6° = (3°,7°)7 by the maximum likelihood estimator. We refer for instance to [1,4,5,16] for
related results.

In this paper we consider that the covariate Z is mismeasured. For example, the covariate Z could be a stage of
a disease, which may be misdiagnosed, or Z could be a dose of ingested pathogenic agent not correctly evaluated,
such that the error range between the unknown dose and the evaluated dose is sizeable. We observe a cohort
of n individuals during a fixed time interval [0, 7] with 7 < co. For each individual, the available observation is
thus the triplet A; = (X;, D;, U;) where U; = Z; + €;, and where the sequences of random variables (£;)i=1,... n
and (Z;,T;,C;)i=1,... n are independent. The density of ¢ is known and is denoted by f.. Our aim is to estimate
the parameter §° = (3°,7°)T from the n-sample of independent and identically distributed random variables
(A1,...,A,), in the presence of the completely unknown density g of the unobservable covariate Z, where g is
viewed as a nuisance parameter belonging to a functional space G. Hence this model belongs to the class of the
so-called semiparametric models.

1.1. Our results

We propose an estimation procedure based on the least square criterion estimation using deconvolution
methods. The least square criterion is defined by

T

Su0,0) = B ((530)(2) [ o) -2 (w2 [ nwie) (11)

where W is a nonnegative weight function to be chosen, N(¢) = Ix<; p=1 and Y (¢t) = Ix>;. Since the
intensity of the censored process N(t) with respect to Fy = o{Z,U, N(s),Ix>5,0 < s <t < 7} is equal to
A, 0%, Z) =y (t)Y (t) fzo(Z), we can rewrite Sgo ,(6) as

Se0.4(6) = /OT{E[(nv(t)fﬁ(z)—nwo(t)fﬁO(Z))QY(t)W(Z)}—E[(mo(t)fﬁo(Z))QY(t)W(Z)} jdt. (1:2)

This shows that Sgo 4(f) is minimum if 0 = 6° as soon as W is a nonnegative function. We propose to
estimate Sgo ,(0) for all § € © by a quantity S, 1(#), which depends on the error density f., on the observations
Ay, - A, with A; = (X5, D;,U;), and where g is replaced with a deconvolution kernel estimator. The
parameter 6° is then estimated by minimizing S, 1(6). We refer to [38| for properties of M-estimators and
to [33] for other results on the estimation of intensity processes using the least square criterion.

Under classical smoothness and identifiability assumptions and for a W suitably chosen such that fgW has

the best smoothness properties, the estimator 51 = argmin S, 1(f) converges to argmin Spo ,(6) = 6% which
0co 0O

ensures the consistency of 0. Its rate of convergence depends on the smoothness of f. and on the smoothness
of (fgW)(z) as a function of z. More precisely, if we denote by ¢*(t) = [e"*p(z)dz the Fourier transform

of an integrable function ¢, the rate of convergence of #; depends on the behavior of the ratios of the Fourier
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transforms (fgW )*( )/ f(—t) and (fZW)*(t)/fZ(—t) as t tends to infinity. We give an upper bound of the

quadratic risk E || 6, — 6° H 2, where || 6 ||2,= Zmﬂ’ 03, for various relative risks and various types of error
density, and we derive sufficient conditions ensuring \/ﬁ—consistency and asymptotic normality. Through these
examples, we also show that a simple choice of W can significantly improve the rate of convergence of 51,
up to the parametric rate in many cases. Specific choices for W ensure that 51 from the Cox model and
the excess relative risk model is y/n-consistent and asymptotically Gaussian. No consistent estimators for the
excess relative risk model with mismeasured covariate have been found previously. Moreover, the previous
methods developped for the parameter estimation in the Cox model do not apply in the excess relative risk
model. Furthermore, from an application point of view, this result is promising since the excess relative risk
model is commonly used in radioprotection research to investigate the relationship between cancer occurence
and radiation dose which is always mismeasured (see [27,30]).

By construction our estimation procedure is related to the problem of the estimation of Sgo ,(6). For some
particular relative risks, Spo ,(f) can be estimated at the parametric rate without deconvolution methods.
In these special cases we propose a second estimator 05 which is always a \/n-consistent and asymptotically
Gaussian estimator of 6°.

1.2. Previous results and ideas

Models with measurement errors have been thoroughly studied since the 1950s with the first papers studying
regression models with errors-in-variables (see, e.g. [21,32]). We refer to [8,13] for a presentation of such models
and results related to measurement error models. It is well known that in regression models, the measurement
errors on the explanatory variables make the estimation of the regression function much more difficult, even if
the regression function has a parametric form. For recent results and illustration of such difficulties, we refer
to [6,35] for parametric regression functions, and to [9,11] for nonparametric regression functions.

Interest in survival models when covariates are subject to measurement errors is more recent. To our knowl-
edge, there are no results on consistent estimation of the hazard function (for any type of modelling) in the
case of general parametric relative risk with a mismeasured covariate. All the previously known results are
obtained in the semiparametric Cox model. Let us specify the related methods: to take into account the fact
that the covariate Z is measured with error, one idea is simply to replace Z with the observation U in the
partial likelihood. This idea, usually called naive method, provides biased estimators (see for instance [28,29]).
One can also cite [25] who study the resulting bias in case of heterogeneous covariate measurement error. A
second idea, related to calibration methods, is to propose corrections of the estimation criterion, for instance by
replacing Z; with an approximation of E(Z;|U;). The third idea, proposed by [30,36,39] is to approximate the
partial log-likelihood related to the filtration generated by the observations & = o{U, N(s), Ix>s,0 < s < t}.
All these methods provide biased estimators of the parameters in the semiparametric Cox model and also in
general proportional hazard models. The last idea, extensively used in the semiparametric Cox model, is to
correct the partial score function where the mismeasured Z;’s have been replaced with the observations U;’s.
By definition, the partial score function is (see [14])

L{0(6.2) = Z [ (@ ZY (DD RACTIEAEAOH

with N;(t) = Ix,<¢,p,=1, Yi(t) = Ix, >4, A =(Z1,...,Zy), and with f(l) the first derivative of fg with respect

to 8. The 6 such that lel)(ﬂ, U ”)) = 0 is not consistent but, in the Cox model, one can exhibit corrections of
L%l)(ﬂ, Z(")) ensuring the consistency. Among those who have used related methods, one can cite [7,18-20,22,
23,28,29,34] and [3], and more recently [26]. These corrections strongly depend on the exponential form of the
relative risk of the Cox model. Indeed, if U = Z +¢, with Z independent of e, then lim,, o E[L%l)(ﬁ, Z™))] only
depends on E(Z) and on Elexp(87)], with E(Z) = E(U) and Elexp(8U)] = Elexp(3Z)|E[exp(8¢)]. Extension
of such methods to other relative risks have not been conclusive. For instance, in the semiparametric model
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of excess relative risk where fg(Z) = (14 8Z), easy calculations give that lim, E[lel)(ﬂ, Z(™)] depends on
E[Z/(1 + BZ)] whereas lim,,_.« E[L%l)(ﬁ, UM)] depends on E[U/(1 + BU)]. Since the error model U = Z + ¢
does not provide any expression of E[Z/(1+ 8Z)] in terms of E[U/(1+ SU)], a correction analogous to the ones
proposed in the Cox model cannot be exhibited. In other words, it seems impossible to find a function ¥,,(3,U)
that is independent of the unknown density g and that satisfies lim,, ., E(¥,,(3,U)) = E[Z/(1 + BZ)].

The paper is organized as follows. Section 2 presents the model and the assumptions. In Sections 3 and 4 we
present the main estimator and its asymptotic properties. In Section 5 we extend our estimation procedure and
propose a second estimator. In Section 6 we give detailed examples. The proofs are given in Sections 7 and 8.

2. MODEL, ASSUMPTIONS AND NOTATIONS

Notation: For two complex-valued functions u and v in Ly(R)NL; (R), we define u*(z) = [e®@u(t)dt, ux*
v(x) = [u(y)v(z—y)dy, and (u,v) = [u(z)v(z)dz with Z the conjugate of a complex number z. We also use
lully = [ u(@)|dz, Jull3 = [ |u(z)Pdz, |ullo = sup,cp |u(z)], and for 0 € RY, || 6 .= 32;_, 63. For a map
(0,u) — @g(u) from O© x R to R, the first and second derivatives with respect to 6 are denoted by

Wy — (L0 Wy 9ee() o
p (1) = (@g,j(-)>j with g 5() = a0, for j € {1,---,m + p}
and (2)(-) = ( (2) ()) with o) ()= Pol) for j,k € {1,--- ,m+ p}
o - @G,j,k ok (100,]',]9 - aojok ’ 7 ) ) Dy-

Throughout the paper P, E and Var denote respectively the probability, the expectation, and the variance when
the underlying and unknown true parameters are #° and g. Finally, a_ denotes the negative part of a, which is
equal to a if a < 0 and 0 otherwise.

Model assumptions:

For all v € I', 7, is nonnegative and / 773 (t)dt < oc. (A1)
0

For all 8 € B and for all g € G, if Z has density g, fg(Z) > 0. (A2)

Conditional on Z and U, the failure time 7" and the censoring time C' are independent. (As)

The conditional distribution of the failure time T" given (Z, U) does not depend on U. (Ayg)

The conditional distribution of the censoring time C given (Z,U) does not depend on U. (As)

These assumptions are common in most of the frameworks dealing with survival data analysis and covariates
measured with error (see [2,15,30,31,36]). Concerning (Az), as is mentioned in [31], a sufficient requirement
would be to assume that fg(z) > 0 for all z € R. But this condition is too strong in general, and does not
allow one to consider regression forms of particular interest, such as linear form fz(z) = 1+ fz. We only
assume in (Az) that fg(z) > 0 for all z in the support of the density g of the covariate Z and for all 5 € B.
Assumption (A3) states that a general censorship model is considered. Assumption (A4) and (As) state that
both the failure time and the censoring time are independent of the observed covariate when the observed and
true covariates are both given, 7.e. the measurement error is not prognostic.

Smoothness assumptions.

The functions 3 — fg and v — 71, admit continuous derivatives up to order 3 (As)

with respect to 3 and ~ respectively.
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We denote by Sépg(@) and Sé?g(@) the first and second derivatives of Sgo () with respect to 6. For all ¢ in
[0, 7], let Ség)g(e,t) be the second derivative of Sgo , when the integral is taken over [0,¢] in (1.2), with the
convention that S§§>g(9) = Séﬁ)g(e, 7).

Identifiability and moment assumptions.

Sgo, () = 0 if and only if 6 = 6°. (A7)
For all ¢ €]0, 7], the matrix Ség)g(HO, t) exists and is positive definite. (As)
Forall j=1,---,p, / nio(t)dt < 0o, and / |77$))j|3(t)7770 (t)dt < 0. (Ag)
0 0 '

- 2 - 2
ForyeTandj=1,---,p, E (/ n,y(t)dN(t)) < ooand E (/ nfﬁ,)j(t)dN(t)) < 00. (A10)

0 o
sup || fpog [5< Ci(fgo),  sup || fZog [15< Ca(f50)- (A11)
9€g 9€g
The function W is such that for all § € B and g € G, E[(fgW)(Z)] is finite. (A12)
The function W is such that for all g € G and E[(fgo W)H(2)] (A13)

and for j =1, -+ ,m, E[(|féﬁ)j|3|fﬁoW)(Z)|] are finite.

We can use the equality (1.2), to see see that Sgo ,(f) is minimum at § = #°. Assumptions (A7) and (As)
ensure that #° is the unique minimum. The density g and the parameter 3 vary over sets G and B, such that
(A2), (A7), (As), (A10) and (A11) hold.

3. ESTIMATION PROCEDURE

If the Z;’s were observed, Sgpo ,(#) would be estimated by

5,000 = =2 SN [ 100N + 2 S [Eavioa

Since the Z;’s are not observable we estimate Sgo , by

1 & T

Sna(0) = EZ [(f5W) * K 0, (Uy) / Tn%(tm(t)dtf2(fﬁW)*Kn,cn(Ui) /O 1 (1) dN; (1)]

i=1 0

where K, ¢, (-) = Cr K, (Cy-) is a deconvolution kernel defined through a kernel K, f. and a sequence C,, wvia:
K}i(t) = K*(t)/ fZ(—tCy,). The kernel K is such that K* is compactly supported satisfying |1 — K*(¢)| < Tjy>1,
JK(@{)dt = 1, and C,, — oo as n — oco. By construction, the deconvolution kernel K, ¢y, also satisfies

K o, (t) = K&, (8)/ f2(=t) = K*(t/Cn) /[ F2 ().
For the construction of S, 1(6) we require that

the density f. belongs to La(R) NLo(R) and for all z € R, fX(x) # 0. (N1)

The key ideas for this construction are the following: For any integrable function ®, lim, ..on 'Y ® %
K,.c,(U;) = E(®(Z)). Hence we estimate E(®(Z)) by n= 'Y I | & x K, ¢, (U;) instead of n= ! Y1 | &(Z;)
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which is not available. Similarly, for any ¢ € L;(R) and ® such that E(®(Z)) < oo,

lim 'Y " (X:)® * K0, (Us) = E((X)®(2)).

n— oo ;
=1

Indeed, if fx u,z is the joint distribution of (X, U, Z), Assumptions (A4)-(As) and the independence between
Z and € imply that fy = g * fe and fx v z(z,u, z) = fx z(x, 2) f-(u — z). Consequently, under mild conditions

Sh,1(0) £, Sgo 4(0) for all § € © and we propose to estimate §° by
n—oo

~

0, = (Bl,ﬁl)T = argmin S, 1(6). (3.1)
0=(8,7)T€©

4. ASYMPTOTIC PROPERTIES

4.1. General results for the risk of 51

The weight function W is chosen such that

sup(W f3), W and sup(W f3) belong to L1 (R). (A14)
BeB BeB
sup(Wfﬁ ) and sup(ngfél)) belong to L; (R). (A1s)
peB BEB
[sup S( (9)] < 00. (A1e)
0cO

We say that a function ¢ € L;(R) satisfies (4.2) if for a sequence C,, we have

YrKE, 2

I [, = o(1). (4.2)

mm || Y (K¢, —1) ||2 —|—n_1 m1n H
a=

We note that for any integrable function 1, one can always find C,, such that (4.2) hold.
Theorem 4.1. Let (Aq)—(A1s) and (Ny) hold. Let 6; = 01(C) be defined by (3.1).
1) For all the sequences Cy, such that ng and Wfﬁ and their first derivatives with respect to 3 satisfy (4.2),

(H91( w) —0°)%) = o(1) as n — oo, and 6, = 91(Cn) is consistent.
2) Assume moreover that for all B € B, fsW and fgW and their derivatives up to order 3 with respect

to B satisfy (4.2). Then E(| 61 — 6° [|1) = O(@2) with @3 = [(pn )3, 92, = B2 ;(6°) + Vo 3(6°)/m,
B2 ,(0°) = min{B'(6°), BZL(6°)}, V,;(6°) = min{V,1(69), V.L(6O)}, =1, ,m where

s Ymg

BYL(0°) = [|(£2W)" (K&, — V|2 + || (Fao W)™ (K&, — |2+ || (£, W) (K, = )2
H (£ 00w (K, = D2,

and

K*
Vi) = Ry,

Kro o
oty el

ol ()

The terms 32 and V, ; are the squared bias and variance terms, respectively. As usual, the bias is the smallest
for the smoothest functions (W f3)(z) and 9(fgW)(z)/00, as functions of z. As in density deconvolution,

+ o)™ C"
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or for regression function estimation in errors-in-variables models, the biggest variances are obtained for the
smoothest error density f.. Hence, the slowest rates are obtained for the smoothest error density f., for instance
for Gaussian €’s. Consequently, a good choice of W can improve 0:’s rate of convergence by smoothing W f3.
The rate for estimating 3° depends on the smoothness properties of 9(fzW)(z)/93 and 8(f§W2)(z)/8ﬂ as
functions of z, whereas the rate for estimating 7 depends on the smoothness properties of (f3W)(z) and
( fgW)(z) as functions of z. In both cases, the smoothness properties of 7,, as a function of ¢, do not influence
the rate of convergence. The parametric rate of convergence is achieved as soon as (fgWW) and ( fgW) and their
derivatives, as functions of z, are smoother than the error density f..

4.2. Sufficient conditions for /n-consistency

We say that (C1)—(C3) hold if

there exists a weight function W such that the functions (C1)
sup(fpW)*/ 12 and. sup(f5W)"/ f; belong to L1(R) N La(R);
€ €

the functions sup (fél)W)*/f: and sup (fél)fgW)*/fe* belong to L (R) N Ly (R); (C2)
BeB BEB
for all 4 € B, ( f[g%w) /£ and (%;W)) /f2 belong to L (R) N Lay(R). (C3)

Theorem 4.2. Under the assumptions of Theorem 4.1 and under (Cy)-(Cs), one can find C, such that
01 = 6:(C,,) defined by (5.1) is a \/n-consistent estimator of 6°. Moreover /n(6; — 6°) £, N(0,%1), where
Y1 equals

T 92 s T 92 WY Z)n2(s -1
(E[72/0 a ((fﬁW)(Z)n’Y( )) |9=90 dN(S)+/ ((fﬁ )( )77’}’( )) |9=90Y(8)d5])

96° . 96?
T 92 S 7—82 2W A 2 S -1
<o (] -2 [ PUIEIRED | a4 [FEEEIIREN ) ysas))
with
T 1 (s T O(Rp 5. 2(U)n2 (s
- H_Q [ Mot |y [ ARtOUEOD |,
.
T 1 v S T 8 R fe,2 U 3 S
) lQ J T R LIV L) |9=90Y(s)ds] |
efitU efitU
RogoaU) =m0 [0 g 0t and - Rigoa0) = (207 [ 00 ) S

Conditions (C1)—(C3) ensure the existence of the functions Rg s, j for j = 1,2 and hence the /n-consistency.
Nevertheless it is not always possible to find W such that (C1)—(Cs) hold.
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TABLE 1. Rates of convergence ¢? of b.

fe
p=0in (N2) p>0in (N2)
ordinary smooth super smooth
d=r=0 <a+1/2 nE 20-1
=r= a<a n- 2a —2e=d
W in (R1) Sobolev a>a+1/2 n—TL (logn) 7
50 =
r<p (log n)A(@:7:0) exp {72d (710;;671) " p}
r >0 . d<$ (log n)Aa:r.p)+2ad/(0r) p—d/s
1Cnoo(R1) n r=p d=6da<a+1/2 (logn)Ra—2a+1)/rp=1
d=6a>a+1/2 nt
d>4d n~1
r>p n1

where A(a,r,p) =(—2a+1—r+(1—1r)_)/p.

4.3. Rates for general smoothness classes

We now specify the asymptotic properties of 6; when J2 and (W fs3)* satisfy assumptions (N2) and (Rq)

given below.

There exist positive constants C(f.), C(f.), and nonnegative &, o, ug and p < 2 (N2)

such that C(f.) < |f2(u)| |u|® exp (6 |u|”) < C(f.) for all |u| > ug.
When p =0 = ¢ in (N2), with the convention that 6 = 0 if and only if p = 0, f. is called “ordinary smooth”.
An example of an ordinary smooth density is the double exponential (also called Laplace) distribution with
p=0=90 and o = 2. The square integrability of f. in (N1) requires that & > 1/2 when p =0 in (N3). When
6 > 0 and p > 0, f. is infinitely differentiable and is called super smooth. The standard examples for super
smooth densities are the Gaussian and Cauchy distributions. The smoothness of fgW is described by:

A function f satisfies (Rq) if f belongs to L; (R N Lz(R)) and if there exist a, d, (R1)
up,r > 0 such that 0 < L(f) < |£*(u)||u|* exp(d|u|”) < L(f) < oo for all |u| > uj,

with the convention that d = 0 if and only if r = 0.

Corollary 4.1. Under the assumptions of Theorem 4.1, assume that f. satisfies (N2) and that for all 5 € B,
(fsW), (f;W) and their derivatives with respect to 8, 7 =1,...,m up to order 3, satisfy (R1). Consider the
sequences C,, such that

C2a=2at1=p)+(1=P)— oxp (- 2dC™ + 26C7} /n = o(1) as n — +oc. (4.3)

Then 0y is a consistent estimator of 6° and E(||6; — 0°)12) = O(2) with ©2 as in Table 1.

5. EXTENSION OF THE ESTIMATION PROCEDURE: A SECOND ESTIMATOR 0,

Our estimation procedure requires the estimation of the two following linear functionals of the density g,
E[fy (fsW)(Z)dN(t)] and E[fOT(fEW)(Z)Y(t)dt]. We now study the particular cases in which these linear
functionals can be directly estimated without using a kernel deconvolution plug-in.



ESTIMATION OF THE HAZARD FUNCTION IN A SEMIPARAMETRIC MODEL... 95

We say that conditions (C4)—(Cg) hold if there exist a weight function W and two functions ®g . 1 and
®3 r. 2 not depending on g, such that for all 3 € B and for all g

B[ [(aw)@ane] e[ [ .wave] B[ [m@y o] 5] [y o ©)
for k=0,1,2 and for j = 1,2, ]E[;up ||<I>gf}57j(U)Hez] < 00; (Cs)

for j = 1,2 and for all § € B, E[H(I)ﬁf’j( )H?z} < 00. (Ce)

Under (C4)—(Cg), we estimate 0 by f, = argmin S, 5(6) where
0€©

:f—Z/%fel i (DN (1 Z/%m I ()Yi(t)dt. (5.1)

The main difficulty for finding such functions ®3 7. 1 and ®g ¢, o lies in the constraint that they must not depend
on the unknown density g. We refer to Section 5.2 for the construction of such functions.

5.1. Asymptotic properties of 0

Theorem 5.1. Let (Aq)—(A1s), and conditions (C4)—(Ce) hold. Then 0y, defined by (5.1) is a \/n-consistent
estimator of 6°. Moreover \/n (6, — 6°) £, N(0,35), where 3g is equal to

’ (2/ Rl Oy A L L Y(s)dsﬂ
0 0

002 002
T 02 (@4, 1 (U (5 T 02 (@1, 2(U)n2(5)) -
X Xo,2 lE <_2/0 ( ﬁjag(Q J1:(5)) lo—go dN(5)+/O ﬁfaoz ! lo—go Y(S)dé’)]
with
T 1 < (s T O(D o2 U 3 S
S0 = E <2/0 6(<I>3,f5,8(0U)77 (s) o dN(S)+/O (Ps,f 8(9 )5 (s)) |9_90Y(s)ds>
% _2/T 6(@3,]05,1([])777(5)) | dN( )+/T 8((1)@]0572([])77,2),(8)) | Y( )d !
. B0 o=00 CHE) T | 0 Al I

5.2. Comments

Let us briefly compare conditions (Cy)—(Cs) and (C4)—(Csg). It is noteworthy that conditions (C4)—(Csg) are
more general. For instance, condition (C4) does not require that fgW, fgW belong to L1 (R) (as for instance
in the Cox Model with W = 1). Moreover (C1) implies (Cy4), with ®3 5. ; = Rg f. ;. Indeed, under (C1)-(Cs),
if we define @3 , | = (W fg)*/fr and @ , , = (W f3)*/f, we have

1 (Wfﬁ) (s) 052 (&)ds dr dz — 2
BY (0,5, 20) = [ [lezefale 2)gz [ e Tea)ndeds = BV ()0 ()
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Consequently, E[ [ ®p 1. 2(U)n2 ()Y (t)dt] = E[ [ (f3W)(Z)n2(t)dt], and analogously
E[ [y ®s.7.1(U)ny()AN ()] = E[ [y (fsW)(Z)n,(t)dN(t)]. Hence Condition (C4) holds and $o,1 = %g,2 with
Yo,1 defined in Theorem 4.2.

The choice of W is very important, as illustrated in Example 4 where we consider f3(z) = 1— 3+ 3/(1+ 2?)
and f. is the Gaussian density. In this case, when W = 1 it seems impossible to find a function ®g . o
such that E[Y (t)®s 1, 2(U)] = E[Y(t)f5(Z)]. Whereas (C1)-(Cs) and (C4)~(Ce) hold by taking W(z) =
(14 22)* exp(— 2%/(40)) where 4 is as (Nz).

To summarize: 0; always exists and is consistent under mild regularity conditions, though 0:’s rate of
convergence is not always y/n. By judicious choice of W the parametric rate of convergence can be achieved in
some cases. In contrast, the computation of 05 is more straightforward than the computation of 0: since it does
not require deconvolution estimators, but 05 does not always exist.

5.3. Case without errors

If the covariates are measured without errors, that is U; = Z; and ¢; = 0 for ¢ = 1,...,n, then the procedure
still works by taking f* =1 in the previous formulae. More precisely, in this context S, 1(0) becomes

SE5(0) = 1 D [(3W) Ko, (U) [ 0¥t = 2045W) « K (U) [ o (012 (0]

where K¢, (1) = CoK(Cy-), K§ (t) = K*(t/Cy) and the kernel K is as in Section 3. Under the previous
assumptions, easy calculations show that 57’9 (6) converges to Spo ,(0) for all § € © since for any integrable
function ® we have

_IZtI)*KC 1Z¢*KC Z) — E[(®(2)].

n—oo

In this context 9“’6 = argmin S (6) is a consistent estimator of #°. Moreover it is easy to find W such that
0€O

conditions (C1)—(Cs) hold when f* = 1. It follows that @f’e is a \/n-consistent and asymptotically Gaussian
estimator of #°. We can analogously define 65¢ and show that it is a /n-consistent and asymptotically Gaussian
estimator of 6°.

6. EXAMPLES

In this section, we illustrate the asymptotic properties of 51 and 52 for various relative risks. In all of these
examples, K*(t) = Ij4<;, the baseline function has a nonspecified parametric form and f. satisfies (N1) and
(N2) with 0 < p < 2.

The first example considers the Cox model. We show that our estimation procedure, based on a nonparametric
deconvolution method, provides a /n-consistent and asymptotically Gaussian estimator of 3°. The aim of
this example is to show that we recover the \/n-consistency in a slightly different model (parametric baseline
function), and using estimators quite different from the ones proposed by [3,23,29]. The other examples show
that our estimation procedure provides consistent estimators, and even sometimes \/n-consistent estimators for
general parametric hazard functions.

Example 1. Exponential relative risk (Cox model).

Let fg be of the form fg(z) = exp(fz) and assume that E(exp(8U)) < oo for all § in B. Let W(z) =
exp{—22/(46)} where ¢ is as in (Nz). Then conditions (C1)—(C3) as well as conditions (C4)—(Cg) are satisfied.
Hence the estimators 0; and 05 are V/n-consistent and asymptotically Gaussian estimators of §°, with the same
asymptotic variance.

One could also choose W = 1 and use the independence between Z and ¢ to find that Elexp(6Z)] =
Elexp(8U)]/Elexp(Be)]. Consequently, if we choose ®p r 1(U) = exp(28U)/Elexp(20¢)] and ®g ¢ o(U) =
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exp(BU)/Elexp(Be)] we get that E[®g ;. 1(U)] = E[fg(Z)] and also that E[Y (¢t)®g,r. 2(U)] = E[Y(t)f3(Z)].

It follows that conditions (C4)—(Cse) hold and the criterion S, 2 defined by (5.1) exists. In this case B, is still
a /n-consistent and asymptotically Gaussian estimator of 6°.

Example 2. Excess relative risk model. Let fg be of the form f3(z) = 1+ 8z with 8 and ¢ in B and G
such that for Z ~ g, 1 + 37 is nonnegative. For example G could consist of densities having support included in
[0, +00) and B could be a compact set included in [0, 00), or G could consist of densities having support included
in [~1,+1] and B could be a compact set included in [~1,+1]. Let W(z) = exp{—22/(46)} where § is as in
(N2). Then conditions (Cy)—(Cs) as well as conditions (C4)—(Cg) are satisfied. Hence the estimators f; and

~

0, are y/n-consistent and asymptotically Gaussian estimators of §°, with the same asymptotic variance.

Example 3. Polynomial relative risk 1. Let f3 be of the form f3(z) = 1+Z}?=1 Brz* with m > 1, and with
B and ¢g in B and G such that f3(Z) is nonnegative for Z ~ g. For example G could consist of densities having
support included in [0, +00) and B could be a compact set included in [0,00)™, or G could consist of densities
having support included in [—1,+41] and B could be a compact set included in the set {8 = (Ok)i<k<m €
R™ such that > ;" [8k] < 1}. Let W(z) = exp{—2%/(46)} where § is as in (N2). Then conditions (Cy)-

~

(C3) as well as conditions (C4)—(Cg) are satisfied. Hence the estimators f; and 6 are \/n-consistent and
asymptotically Gaussian estimators of #°, with the same asymptotic variance.

One can also choose W = 1, provided that E(|JU|™) < oo and that the kernel K has finite absolute moments
of order m and satisfies [ u"K (u)du = 0, for r = 1,...,m. With this choice of W, 51 remains a /n-consistent
and asymptotically Gaussian estimator of #°.

Example 4. Cauchy relative risk 1. Consider fs of the form fg(z) =1 — 8+ 3/(1 + 2?) with 8 and ¢ in B
and G such that fg(Z) is nonnegative for Z ~ g. For example G could consist of all densities and B could be a
compact set included in ]0, 1] or (=00, 0[. The relative risk f3 has the regularity of z — 1/(1+ 22) which satisfies
(Ry) witha=0,d=1/2and r = 1. Let W(2) = (1+ 2?)% exp{—2%/(48)} where ¢ is as in (N3). The functions
fsW, fgW and their derivatives with respect to 3 up to order 3 satisfy (Ry) with p <r=2or p=r =2 and
d > ¢. Consequently, conditions (Cq)—(Cs) as well as conditions (C4)—(Cs) are satisfied and the estimators o,
and 0 are \/n-consistent and asymptotically Gaussian estimators of #°, with the same asymptotic variance.

This example underlines the importance of the choice of smoothing weight function W in the construction
of 51 or 52. Indeed, with W = 1, Theorem 4.1 predicts a much slower rate of convergence. For example, if € is
a Gaussian random variable and W = 1, the predicted rate is of order exp(—2+/logn).

Example 5. Laplace relative risk. Consider fg of the form f3(z) = 1+5f(z) with f(z) = exp(—|z|/2)—1 and
with § and ¢ in B and G such that fg(Z) is nonnegative for Z ~ g. For example G could consist of all densities
and B could be a compact set included in 0, 1] or (—o0,0[. The Fourier transform of z — £(z) = exp(—|z|/2)
equals £*(t) = 4/(1 + 4¢2) decays slowly. Hence, if we choose W = 1, the estimator 6; is not \/n-consistent as
soon as | fX(u)| < o(|u|~2) with |u| — oo. A closer look shows that fz and its derivative with respect to 3 are
C™> except at the point z = 0. Therefore, a proper choice of W can smooth out at 0 and make W f3, ng
and their derivatives with respect to (§ infinitely differentiable functions in z. This choice of W ensures the
\/n-consistency of 01 whenever fe satisfies (N2) with 0 < p < 1. Even if p > 1, the rate of 0 is much faster
with our choice of W than it would be for W = 1. Let us specify the choice of W. Set

Vapr(z) =exp(—(z— A)H(B - Z)_R)I[A,B] (2), (6.1)

where —co < A < B < oo are fixed and R > 0. According to [12,24], p. 346, Theorem 7.3, [V} 5 p(u)| <
cexp(—Clu|/(F+1)) " as |u| — oo and ¢, C are positive constants. We propose to take W equal to Wg 100,z or
W _100,0,r Or their sum. This choice of W ensures that fgW, fgW and their derivatives with respect to 3 up to
order 3 satisfy (R1) with d > 0 and r = R/(R + 1) closer to 1 as R comes larger.
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If f. satisfies (N2) with 0 < p < 1, we choose R large enough such that r = R/(R + 1) > p. Hence,
conditions (C1)—(Cgs) as well as conditions (C4)—(Cs) are satisfied. Consequently, the estimators 6, and B, are
\/n-consistent and asymptotically Gaussian estimators of #°, with the same asymptotic variance.

If p > 1, for this choice of W, the functions W fg and W fg and their derivatives with respect to 3 up to
order 3, satisfy (Rq) with r = R/(R + 1). Hence, according to Table 1,

— T

E | 6; —6° 7= O(1) (logn) = exp{—2d(logn/(26))"/*}.

Example 6. Irregular relative risk. Consider fg with fg(z) = 1+ fBaa— + f12+ f2(z —a)L.>, with § and ¢
in B and G such that f3(Z) is nonnegative for Z ~ g. For example G could consist of all densities with support
included in [0, +00) and B could be a compact set included in [0, +00). This relative risk is C* except at point
a where it is not differentiable. We suggest to use the smoothing weight function in (6.1) as follows. For R > 0,
let W(2) = ¥4_100,0,r(2). In that way, W fg and ng and their derivatives with respect to (3 satisfy (R1) with
0<r=R/(R+1)<1as close to 1 as needed.

If f. satisfies (N2) with 0 < p < 1, then we take R large enough such that r = R/(R+ 1) > p and thus
conditions (C1)—(Cgs) as well as conditions (C4)—(Cs) are satisfied. Consequently, the estimators 6, and B, are
\/n-consistent and asymptotically Gaussian estimators of #°, with the same asymptotic variance.

If p > 1in (Ng2), the functions W fg and ng and their derivatives with respect to 8 up to order 3, satisfy
(R1) with 0 <7 =R/(R+ 1) <1 as close to 1 as needed. According to Table 1

E| 6 —6°||%=0(1)(logn) exp{—2d(logn/(26))"/*}.

Comments on Examples 5 and 6.

In these examples, fgWW satisfies (R1) with r < 1. Hence 51 is y/n-consistent provided that f. is ordinary
smooth or super smooth with an exponent p < 1. For example, when the ¢ is Gaussian, it seems impossible
to find W such that (W f3)*/fZ belongs to L;(R). This comes from the fact that for these relative risks, the
least square criterion Sgo ,(f) cannot be estimated with the parametric rate of convergence and hence probably
cannot provide a y/n-consistent estimator of °. Nevertheless, even in cases where /n-consistency does not
seem achievable, the resulting rate of the risk of 1/9\1 is clearly much faster than the predicted logarithmic rate
that we could have with W =1 (see Tab. 1).

In survival data analysis the relative risks fg are often of the form fz(z) = f(8z) (see for instance [31]). Let
us present some examples of this type.

Example 7. Polynomial relative risk 2. Let fz be of the form f(3z) with f(z) = 14 Y ;- axz" with
known ay’s and with § and ¢g in B and G such that for Z ~ g, f(6Z) is nonnegative. For example G could
consist of all densities having support included in RT and B could be a compact set included in (RT)™. Let
W (z) = exp{—22/(49)} where § is as in (Nz). Then conditions (C1)—(Cs) as well as conditions (C4)—(Cg) are
satisfied. Hence the estimators 51 and §2 are y/n-consistent and asymptotically Gaussian estimators of §°, with
the same asymptotic variance.

Example 8. Cauchy relative risk 2. Consider f3 of the form f(3z) with f(2) = 1/(1+ 22). In this example
G could consist of all densities and B could be a compact set of R™. Let W (z) = (1 + 22)*exp{—22/(40)} with
0 asin (N2) or W = 1. With these choices of W, the functions fzW, fgW and their derivatives with respect
to B up to order 3 satisfy (Rq) with @ = 0,d = 1/ and » = 1. According to Table 1, if f. satisfies (N2)
with 0 < p < 1, then 51 and §2 are y/n-consistent and asymptotically Gaussian estimators of %, with the same
asymptotic variance. If f. satisfies (N2) with p > 1, then 51 is consistent with a rate that depends on 5°. Let
us be more precise. The proof of Theorem 4.1 implies that the terms B2 ;(6°) are of order exp(—2C,,/3°) and

the terms V,, ;(6°)/n are of order clet1-p)+(1=r-) exp(—2C,,/B° 4+ 26CP) /n, for j =1,...,m + p.
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Choose C}; that provides the best compromise between the squared bias and the variance terms. It is
independent of 3° and is given by

Cr = [(bgn)/(za) — 20+ (1= p)-)/(26p) log (10gN/(25))} v

This choice yields the rate

_ 2 (logn 2a+(1-p)- logn /e _
2 _ 1 _ 1 1 a=p)/py
s max{n , €Xp l ( 5% 2%, g | 55 (logn) }

%
In other words, if p = 1, then E || 6; — ¢° [|22= O(1) max {n‘l,n_l/(ﬁo‘s)(logn)%/(ﬁo‘s)} and if p > 1, then
E | 6 —6° 2= O(1) exp [ - 2(8°) (logn/(26)) *].

7. PROOFS

From now C denotes any numerical constant and C'4 indicates that it depends on A. We point out that the
value of C' may vary from a line to the other.

7.1. Proof of Theorem 4.1

7.1.1. Consistency

It follows from (A7) and (Ag) and the two points:

1- for all § € ©, E[S,,1(0) — Sgo 4(0)]*> = o(1) as n — oo, with Sgo ,(6) defined in (1.2);

2- if w(n, p) denotes w(n, p) = sup {[Sy,1(0) — Sn,1(0")] : |0 —6'||;2 < p}, there exists pj going to 0, such that
Elw(n, px)]*> = O(p3) as n — oo Vk € N.

Proof of 1- We will break E[S,,1(0) — Sgo ,(6)]? into its corresponding bias |E[S,, 1(6)] — Sgo ,(6)]* and
variance E[{S,,.1(0) — E[S,,1(0)]}?] components and then show each term is asymptotically o,(1). For the study
of both terms, we repeatedly use the two following versions of Hélder’s Inequality

o1 ll2ll @2 |2, (7.1)
o1 llooll #2 [l (7.2)

[{p1, @2)]

<
and [{¢1, 02)] <

Study of the bias.
Under Assumptions (A1)—(As) and using that (Z;, U;, Ni(s), D, Yi(s))i=1,... » are independent, the intensity

of the censored process N;(t) = Ix,<¢ p,=1 with respect to F; = 0{Z;,U;, N;(s), Ix,>5,0 < s <t < 71,1 =
1,---,n} is equal to

Ni(t,6%, 2:) = 10 (OVi(8) fo (Z2): (7.3)
We use (7.3) and Lemma 8.1 to write
E[S..1(6)] = / CE[(3W) x Ke, (2020Y (1) — 205W) 5 Ko, () (1) fn (Zmys (0Y ()],
and hence
E[S,.1(0)] — Sgo.4(8) = //OT () Les(fx,2(x, ), (W) * Ko, — fEW)dadt

2//OT 0,0 )0y () o> f0 () fx,2(, ), (fsW) * K¢, — fsW )da dt.
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If we apply (7.1) we obtain the first bound
[E(Sn.1(0)) — Sgo 4(0)] < (/O nﬁ(t)dt) I fx.z ll2ll (F3W) * K, — (FFW) |12

+ (2 /O%v(t)nyo(t)dt) /|| Fao( )V fxz(@) 2 da || (fsW) * K, — faW |la -

Now, Parseval’s formula gives
IE(S,1(0)) — Spo,(6)] < (2m)" ( / niof)dt) | ez ol (F20) (K5, — 1) [l

#) ([ nOmoae) [1 50152000 I do | (GW) G2, = 1)
that is
B0 (0) = S0y O)] < Co gy [ (B (K7, =D o+ | W) (RS, =D 2] (1)

We apply (7.2), to get that ‘E(Snyl(O)) - 5907g(9)‘ is also bounded by

I (3w« e, — (B e ([ 1 fxztelhas) ([ o)
1 (W) % K, — (£aW) |1 (2 [ 1Ot dx) ( I m(t)mo(t)dt)

which is also less than
| 2w (K, — 1) (@0 | Fxz ) ( [ ni<t>dt)
I G (K5, — 1) (w-l 1500z 1 d:c) ( / Tm(t)fmw(t)dt> .

This implies
[E(Sn,1(0)) = Sgo,g(0)] < C 0,1, [Il (FsW)* (K, = 1) [l + | (FEW)* (B, —1) [l1] .- (7.5)

If we combine bounds (7.4) and (7.5) we get

‘E(S"al(e)) - 590,9(9)‘ < C%v",fﬁo
xmin { || (fsW)* (K¢, — 1) llz + || (FEW) (K&, — 1) 2,
I (FsW) (K, = 1) Iy + I (FFW)*(KE, —1) [} (7.6)
Since W fg and ng satisfy (4.3), for all 6 € theta, |E S, 1(6)) — Spo 4(0)| = 0(1) as n tends to infinity.
Study of the variance. Since we consider independent and identically distributed random variables, we

obtain the variance Var[S,, 1(6)] = (2 + o(1))n "1 (A1 + A), with

2

Ay E[(f3W) * Ky ¢, (U) /OT n2 ()Y (t)dt]”,

Ao = AB[(faW) Ko, ) [, (00N ()"
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We apply (7.2) and Lemma 8.1 to obtain that A; is less than

</ 77v dt> /‘ fx.z(x *fg’((fgw)*Kn,Cn)2>‘dx§
0

([mar) (1 oxsto ol as) 1) e 1

and hence
A< (em (/ n3<t>dt) FANEE ) S
We now give a first bound for As. If we denote ¢(X, Z) = [ n,(t)dN(t) and apply Lemma 8.1 and (7.2), we
obtain that As is bounded by
4/ (@2, ) 2 () * fer (fW) % K c,)? )dar <
([ 1 xzle ) * o o ) [ (W) Ko, 1.

Since [ || @*(z,)fx,z(x,) |1 dz =E[ [ ny(t)dN(t )} we get

2

[186 st ))*fe||oodx§||feIIooE[/OTm(t)dN(t)]

Consequently,
T V'K
te < e e (| nv(t)dN(t)) I £ lloo |2 Kl 2
2 2 *Kén 2
and Var[Sy, (8)] < Coo 7. 1n~ [H(fﬁw +wy L HQ]. (77)

We apply (7.2) and obtain that A; is also less than

(/% dt) /‘ Fx.z(@,)* [, (F5W )*Kn,cn)2>‘dx§
(/m dt> <|| /fXZ ) 1 d:c) 1 (F3W) % Koo, 1%

Similarly, As is less than

1 [P @ 2 ) 5 Lo (W) 5 i, )?) do <
([ 1Pz £ 1 do) |G Ko,
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where p(X, Z) is still defined by (X, Z) fo 1 (t)dN(t). Once again, since

2

[ 1@t HEHMM=E<[ﬁNMN@)7

2 *KE 2
Var[Sy,1(6)] < Cgon™! M faW)* f* ||1+H(fﬁW) i yl] (7.8)

We combine (7.7) and (7.8) and have

Coo il . LEE 2 i
Var(S,,1(8)] < =Ll min {| (7o) =223 + (5w ) =25,
n [z Iz
K, 2
Gy =L+ gy =22} 9
Since W fg, ng and their derivatives satisfy (4.3), var(S,,1(6)) = 0(1) and the same holds for E [S, 1(0) —

Sgo 4(0)]%.
Proof of 2- By definition S, 1(0) — Sp,1(0’) is equal to

_ E/OT [(fﬁW)*KnC (U) ( ) (fﬁ/ )*Kn,Cn(Ui)ny’(t)]dNi(t)

n

T % /OT [(FEW) * K., Ui (1) — (f5W) *Kn,cn(Ui)nfy, ()] Vi (t)dt.

Under Assumption (A1g), we get E(]S,,1(0) — Sn1(60")[) = 0(p3). O
7.1.2. Rate of convergence
Denote by Sflli(ﬁ) and 57(121 (0) the first and second derivatives of S, 1(#) with respect to §. We use classical

Taylor expansion and the consistency of 8; to get 0 = S,(lli(é\l) = 57(11’1(90) + 57(12&(90)(51 —6°) + R, (6, — 0°),
with R,, defined by

1
R, = /O [SP(6° + 5(8: — 6°)) — S} (6°))ds. (7.10)
This implies
61 —0° = —[SC)(6°) + R LS (6°). (7.11)

Consequently, we have to verify the four following points
i) [(5(1&(90)) S(l) (0 )) (S(l)(ﬁo)) — Séé?g(@o))T] = O[pnp, |, with ¢,, defined in Theorem 4.1.
i) B[5(609) - SE2, (00" = o(1).
ili) R, defined in (7. 10) satisfies E(|| Ry, [|2.) = o(1) as n — oc.
iv) EJlf — 0°)2 < ConpE|(SS1(6°) TSS1(0%)] + 0(2).

The rate of convergence of 6y is thus given by the order of S,(H(GO).
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Proof of i)

Once again we decompose E[(S,(Ll% (6°))— S§$>g(90)) (S,(Ll% (6°))— Séi)g(t?o))—r] in its bias and variance components
and study the order of each component. To be specific, we first show that for j =1,...m

[E(0S0.1(8)/(D5) logo ) |” < Coo > min, {[|(750,W)" (K, = DI, + | (£55, 50 W) (BG, = D)2}, (712)

and for j=1,...p

[B(98:,1(6)/(9%) lg—po )* < Coo x min, {||(fooW)" (K2, = DI} + [|(FBoW) (2, - DI} (7.13)
Secondly, we will show that for j =1,...,m
Koy 2
Var(&Sn,l(G)/(ﬁﬁj) |9:90) S Cgo’ [mln H fﬁo f*n Hq
+ min (75 50, W) f* S| } (7.14)

Study of the bias. By definition ST(H (6°) is equal to

- / (S W) % Ko e, (Us)o (£)ANG () + /OT (fa0 56 W) * Ko o, (U)o () Vi ()t

-
" g - / (FaoW) % Ko, (U)nD (OAN:(8) + / (F3V) % Ko, (U)o (803 (1) Vi)t
Easy calculations give that E(9Sy.1(6)/08)g—g equals
28 [ [ W)« K, s 0N 0] 426 [ W) v K, @Y 0]

Hence, Lemma 8.1 implies

B(05,.1(6)/(00) lyo) = 2B | I(Z0USW) = K, () [ aiomio]

+2B | (o W)« K (20) [ olt(ae].
Since 95y ,(6)/(98) |y_go i equal to
2K [fgowl)(fgi’vvxzn | om (t)dt} 2k [(fgofé?W)(Zl) [ om (t)dt] _o,
we get E( 9S,.1(0)/08y_g0 ) = E( 0S01(0)/08l,_g0 ) — BSe0.4(6)/(B) |_go which also equals
=2 [ (O ala U W) Ko, — GEW) [ o0 Lsiaras
+2 / (Fx2(@, ) [(Foo f5W) % K, = (Fan S5 W] /O ()Lt da.
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Similarly, Lemma 8.1 implies
E(9Sn,1(0)/(97) lgego) = —2E [fﬁO(Zl)(me)*Kc (Z1) / n(o)()w(t)Yl(t)dt]
428 ()« Ke(20) [ D Omotmcoar].
We use that 90 y(6)/(87) [y_go equals
28 | (2 (f)(20) [ 9 moa0at] + 28 |22 [P omoomca] -

we obtain E(@Sml(é’)/(@'y) |9:90) = E(@Sn,l(t?)/&y |9:90) — 0590 4(0)/(97) |g—go equals

-2 / (fa0 () fx2(2, ), [(fao W) % K, — (f50W)]) / 0 ()0 () Lz dt da
0
2 [ (Pl (W)« Ko, = (W) [ o) s ()0t da.

Hence we obtain that for j =1,..., m (1/2)E( 0S,,1(0)/08;]4_g0 ) is less than

IG5, Ko, = G e ([ 1wzt lado) ([ atoar)
1) w e, = U, 0wl ([ 1 2 I o) ([ a2atorar)
< 0w, - 1]l (€2 / | ) xzte) ) ( /OTnio@)dt)
+ (| (f5 faoW)* ), (27r /|| Fx.z(2,) |2 dx) (/OTnio(t)dt).

Similarly, (1/2)E( 85,,1(0)/07;|y_g0 ) is less than

| (W) (G, — 1) ||2<27r / | fpo()fx.z(a ||2d:v> (/ . () |motdt>
W e, =l (@07 [zt o) ([0 o).

Consequently,
|E(5,,.1(0)/(B;) lg—go ) — (0S40 4(0)/(9B;) lg—go )| <
Coo [[| (£55, W) (5, — D], + (52, £ W) (5, = D)],], (7.15)

and

[E(955,1(6)/(995) lo=go ) = (9S00,4(0)/ (%) lg=po )| <
Coo [| (oo W) (K5, = Do + [|(F5 W) (K&, = Dl5] - (7-16)
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We can also write that (1/2)E(9S,,1(6)/08; |p—_g0 ) is bounded by

G0, K, = U e ([ g o) ([ atottrar)

D, Ft) s K, — (78 00| ( [ixat ||1dx) ( / nio<t>dt)
0
which is less than

75wy KénDHl((%)l [ WOzt ||1dz> < /TnQO(t)dt)
G, oy H(zﬂ /||fXZ ||1dx)(/OTn3o(t)dt).

Similarly, (1/2)|E(85n,1(0)/07; |g—go )| is bounded by

| (Fao W) (K, = 1) 11 ((27) /Ilfgo Vx.2(@,) | de) (/ 0. (0) |W(t)dt)

1B e, = 1 (0 [ xzte) has) ([ R 0l war).

Consequently,

‘E(&Sn,l(e)/(ﬁﬁj) |9=90) - (05'9079(9)/(8@ |9 90)| <
Con [JIF5, W) (B, = Dy + ([ (£ fao W) ( D[], (7.17)

and

[E(0Sn,1(0)/(07)) lo—go ) = (0890,4(0)/(075) lg—go | <
Coo 3 [|(Fao )" (K, = DI, + [[(£5 W DIl,J- (7.18)
We combine (7.15), (7.16), (7.17) and (7.18) to obtain (7.12) and (7.13).

Study of the variance. We proceed as in the proof of the consistency and write Var(9S,,1(6)/(953;) |g—go) =
(8 + 0(1))71’1[‘/17]- + VvQ,j]a with

2
Vi

E [(fgéijfgovv)*f(n,cn(m) / n30<t>n<t>dt]
2

B U500 Knc, (00) [ ma(0ama(o)]

and Va,j

Similarly, Var(9S,,1(0)/(97;)) = (8 + o(1))n~1[V3 j + Vi ;], with

2

Vij = E [(féovm Ko, () [ 0D (e <tm<t>dt]

®
=
2

=

<.
I

E [(fﬁovm * K, (U1) / n 5t >dN1<t>]2.



106 M.-L. MARTIN-MAGNIETTE AND M.-L. TAUPIN

Lemma 8.1 implies that

IN

Vi

(

77 0 dt) /| fXZ *f&a ((fé(l)),]fﬁow)*Kn7cw)2 >|d$

and Vi

IN

We apply inequalities (7.1) and (7.2) and obtain

Vi ’2

IN

- 2
(/o 77,30(t)dt> max(]| fe |loo, 1 )mm H fﬁ0 fﬁoW) f*

. 2
and Vi, < (/O nﬁ){j(t)mo(t)dt) max(|| f- ||Oo,1)qn:1111712||(f§0W)*

*
¥

fe e

A

Now, we apply Lemma 8.1 and have

Voy < /|<90§($")fx,2($")*fs’((fé})),jw)*Knvcn)Qde

and Vij < /|<80421,j(fﬂ,')fx,z(ﬂ%')*fe,((fﬁoW)*Kn,cn)Qﬂdﬂ%

K
</0 e d’f) /\ Pz, )% for (FaW) % K 0,) )| da.

(7.19)

(7.20)

where ¢2(X, Z) = [ n,0(t)dN(t) and ¢4 ;(X,2) = [, il)j (t)dN(t). We apply inequalities (7.1) and (7.2) to

get
. ’ FO gy B 2
Vo < E ; 1o (AN (2) | max(]] [z [loc, 1) min || W) I |
T 0 2 K* )
and Va; < E ; Ny ; (AN (¢) ) max([| fe [loo, 1) m1n H fooW)* Iz ||

The bound (7.14) follows by combining the bounds (7.19), (7.20), (7.21) and (7.22) on the Vi ;’sfor k =1,...,

Proof of ii)

2 0 2) (2)
By definition of 5,,,,, 52 (¢%) = Z9m1@) _ ((sn,§)1,1 (Sv(zg)lv?) . with
1 1

o9 (ST (S22
2 & T
(812 = _EZ(fé(l))w)*Kn,Cn(Ui)/O(ni%))(t))TdNi(t)
=1

+% Z (759 15007 ) 5 Ko, (U3) / (0D () T (OYi()dt,

(S%a = Z(f50>w)*Knc (U)/OTn,Yo(t)dNi(t)

’L:l

1 02 (f2 T
( 852 " |9—00> *Kn,cn(Ui)/ngo(t)Yi(t)dt

” 0

(7.21)

(7.22)

4.
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and
(S22a0) = —2 D) Ko, () [ wan)
1 T 62772

_Z fﬁOW *KnC (U)/O (#2@) |9_90> Y;(t)dt

3

Under (Ry), for C,, satisfying (4.3), E[Sfji(@o) - Séﬁ)g(ﬂo)]Q = o(1) and ii) is proved.

Proof of iii)
The proof of iii) follows by using the smoothness of 3 — W fg and §+— W fg up to order 3, the smoothness of

v +— 1y and v — nfy and by using the consistency of 0:.

Proof of iv)

Let us introduce the random event E,, = N; rE, j %, where

825‘90,9(9) 825»”71(9,(4}) 1 825‘90,9(9)
- - ] + (Rn)m |9 90 = o ; |0 00
96,00, 96,00, 2 00,00,

En k= {w such that ‘
Now, we decompose E|\§1 — 6°||2, on the event E,, and its complementary event in the following way
E[6: — 6°7 = E[[16: — 60°17 15, ] +E[[|61 — 6° )17 1.
We use that 51 and 0° belong both to a compact set and get

E[61 — 6°||7 < E[|6: — 6°)7: 1, ] + 2sup 1017P(£y,).
Hence, the main part of the proof lies in proving that
E|l6: — 0", I < Crp0oE[(SS1(0°)TSE(O)]  and  P(ES) = o(2). (7.23)
We use (7.10) and (7.11) to write

E[Ify - 01315, < E[(SHO)TISEIO") + Ba) T (SEUE) + Ra) LS (0°)1,

92Sg0 , (6)
Crp Sjl,l;? ‘W lo—go

IN

It thus remains to show that P(ES) = o(¢2). We start by writing that P(ES) < Zm“’ S P P(ES k), and
then apply Markov’s inequality for ¢ > 2, to obtain

. 1 92540 4(0) AN 82(Sgo.(0) — Sn.1(6)) q
P(ES k) < (|§ 90,00, lo—o | ) E U ( 20,90 |e_90) + (Rn)j,k‘ } :
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Since |a + bj7 < 20 (af? + [b]1), (]0.59%5p0,,(6)/(96;060) |p_go | ) BE;

n,J,k

2(1—1‘ 82590,9(9) | _E 625",1(9) | ‘q
00;00), '9=%° 00;00, =%

. 925,,.1(6) 925,,.1(6) .
2¢—2 n, _ n, q 29—2 g
- EDE( 00,001 |“’—9°) ( 00,001 |“’—9°) | } FE )l

) is less than

Now, we apply Rosenthal’s inequality (see Rosenthal (1970), Petrov (1995)) to the sum of variables
n
82Sn71(9)/(89189k) |9:90 — E[(@QSn,l(G)/(aejé)Hk) |9:90 )] = n_l Z Wn,i,j,k
i=1
and write
n
]Eh”*l > Wn,iyj,k‘q} < Cy[n' TE[Wo 1 kl? A+ 0 VPRI Wkl
i=1
Take ¢ = 4 to get

“825”,1(9) 8257171(9)

96,005 lg—go — (W |9=90)|4} < Cy [n73E|Wn,1,j,k|4 + n72E2|Wn71,j,k|2} .

Therefore under the conditions ensuring that

92540 ,(6) 025,,1(0) ?
E|— 2 lo=go — —5—lo=po| =o(l
[ 90,0x lo—o 0,01 |9_90] o(1),

we have
E [82590757(9) B 028,.1(0)

4
_ 4\ 2
oty - Tl ) 0ot = ol

Now, we use the definition of R,, and the smoothness properties of the derivatives of (W fg) and (W fg) with
respect to 3, up to order 3 and get E((Rn)jk) = o(|\§1 —6°)|2,). Thus P(ES) = 0(¢%)+0(E[||§1 —60°)|%.]) = o(¢2),

and (7.23) is proved.

7.2. Proof of Theorem 4.2: asymptotic normality

Theorem 4.1, its proof, and conditions (C1)—(Cs) imply that V,, ;(§°) = O(1) and the asymptotic normality

L

of B follows if we verify that \/n S&i(@o) — N (0,%;), with ¥; defined in Theorem 4.2.

Let Hu,i, ﬁnm Gy, and @m be the processes defined for all ¢ € [0, 7] by
~ =2 (1)W * K, U; s —2 (1)W 7 5
Hn,i(s) _ (_\Q/H(f 0 ) ,Cn( )7770( ))) : Hn Z(S) _ <\/ﬁ(f 0 )( )7],),0( )) ,

2 — (fooW) * Knc, (U (s Z2(faW)(Zi)nss ()

L 0 (1) * . 20 s L o (i) . 20 s
Gt - ( I G0 ) o (FBIEID )
3o W) Koy (Ui ()10 (5) EEWZ me(s)
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Since \;(t,0°,Z;) defined in (7.3) is the intensity of the process N;(t) with respect to the filtration F%, the
associated compensator of the process N(t) is A;(t) = fo (5,0°,Z;)ds and the process M;(t) = N;(t) —
Ai(t,6°, Z;) is a local square integrable martingale. Consequently, we get

v St (6%) Z/ H,.i(s)dNi(s +Z/ ni(8)Yi(s)ds = Ay + Ag + As + Ay

with
4 = Z/ Hya(5)AMi(s), A = Z/ wi(5) = Hyi()]AM; (),
A; = Z / [Hyp.i(s) — Hpi(s)]dA(s,0°, Z;) and Ay = / [Gri(s) — Gri(s)]Y;(s)ds.
= Jo i=170
Study of A;
The term A; is a linear combination of stochastic integrals of locally bounded and predictable processes, H,, ;,
with respect to finite variation and local square integrable martingales, M;(-). Consequently, E(A;) = 0

Denoting by (M) the predictable variation process of M, we have to satisfy the two following conditions for all
t in [0, 7] (see [2] p. 68):
L1) >, fg Hy i(s)(Hy 1 (s) Td(M;)(s) —— $2(t), with $2(¢) a positive covariance matrix defined by

n—oo

co g | [ (S WIZms () <fgi>w><zi>nvo<s>>T .
st =z ((fﬁowx Zn! ”<s>) ((fgowxzi)ng?(s) e BN ds ).

L2) For all e >0, >, fot Hn,i(s)(Hn,i(8))T][||Hn,i(s)|\£2ze d(M;)(s) = op(1).
Proof of L1). Since (M;)(-) = A;(-,0°, Z;) with A;(s,6°, Z;) defined in (7.3), we have to prove that for all
t € [0,7],

z;/o Hn,i(S)(Hn,i(S))TK(S)fﬁo(Zi)n,yo(s)ds n%;o i%(t)

We apply the following Lemma, which is a straightforward consequence of the fact that the set of functions
Ty = {x — I,>¢} is a P-Glivenko Cantelli class (see [38]).

Lemma 7.1. For j=1,---,m

SupogtST |_ZY fﬁo (f(l) )( ) E[Y(t)fﬁo( )(f(l) )( )” 2} 07

n—oo

SUPp<t<r |_ZY fgo ) E[Y(t)(féoW)(Z)H =500

n—oo

SUPosesr |—ZY )Fa0 (Z0)(F30, W Z:)P = BLY () fao (D)|(£50,W)(2) ]| 5 0,

n—oo

and  SUpo<i<r I—ZY |(F3W)(Z)]* = EY 0)|(foo W) 2P| *5 0.

n—oo
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Thus L1) is verified.
Proof of L2). We have to verify that for all j =1,...,m

1 “Lort 2
n lZ/O ((f50, W) (Zi)mo(5)) I(fét)jW)(Zq,)nwo(s)Zex/ﬁfﬁo(zi)mo(s)m(s)d‘s] =ol)
=1 ’
and that forall j=1,...,p

_IE Z/ fﬁ 77%)]( )) ][\(f2 W(Zi )n(l) (s)Z€ﬁfﬁo(Zi)nvo(s)K(s)ds] =o(1).

This is a straightforward consequence of Lemma 7.2 by writing that for j =1,...,m

lZ/ I W) (2o (5))° Lo W)(zmo<s>|26¢ﬁfﬁ°(zi)n”0(S)Yi(S)dS] -

Z / (50, W )nwo<s>|3fgo<zi>nvo(s)xfi(s)ds] =o(1)

n+/Nne

and for j=1,...,p

_E [Z/ fﬁgW ( (1) ( )) ][\(f2 W) (Z: )77(1) (s)Zgﬁfgo(Zi)n,yo(s)Y;(s)ds] <

Z / (FRW)(Za) P15 (s )ISfﬁo(Zz-)mo(S)E(S)dS] = o(1).

en\/_

Thus L2) is verified.
Study of As

Since E(A2) = 0, we use the following lemma and conclude that As = o,(1).

Lemma 7.2. Under (N2) and (Ry), for C,, satisfying (4.3) then for j=1,...,m

sup |—ZY Vo (Z3) (S0 W) 5 Ko, (U) = EIY (8) £ (2) (53, W)(2)]| %5 0,

0<t<r n— o0

and sup |—ZY fgo ‘)(fﬁOW)*Kn,Cn(Ui)_E[Y(t)(fgow)(z)” = 0.

0<t<r n— oo

Study of Aj

The term Az can be viewed as triangular arrays of row-wise independent centered random, by writing
Ag =" Vi + E(A3z), with 21", Vi, ; = A3 — E(A3). Consequently, the asymptotic normality follows if we
verify that

vea) S0, El(Vio)?) — 5%

v-b) E(As3) = op(1);

v-c) for all € > 0, Y7 E[(Voi)* T, | ,.>e) — 0 (Lindeberg condition).

n—oo
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By definition, Az is equal to

fﬁ}))W ) ¥ K, (U) = (fﬁ‘l’)W)( i)1y0 (S)> () fgo(Zi)nyo(s)ds
‘FZ/ ( (foo W) % K, (Us) = (F5o W) (Zi)n'3) (s) Yi(s)fgo (Zi)nyo(s)ds.

Let us start with the study of the variance (v-a). Under (C1)—(Cs)

Var %Z /O (FSOW) % Ko 0, (U) = (£S5 W) (Z3)1y0(8)Yi(5) f0 (Zi)o (s)ds | = O(1),
and
Var ——Z / (F5 W) % Ko, (U3) = (FoW)(Z0)nSs (5)Yi(8) o (Zi)myo (s)ds | = O(1)

It follows that v-a) is verified.
We now come to the bias term and write that E(A3) is equal to

i E[((f0W) % Kno, (U) = (£ W)(2)) fo(Z0) [ 720 ()Y ()]
E | ((f5oW) % K0, (Us) = (f3oW)(Z0)) f0 (2 )Orn(o)()nvo(S)Y(S)dS} |

Lemma 8.1 implies

E(A3) = —2vi E (75 ) % Ke,(2) = (5 W)(2) o (2 fo 2, (s)ds]
E[((fﬁow)*Kc() (fooW)(Z)) fao(2Z) [T Y ()ds}

that is E(As) is equal to

ovm <f<(féi)W)*Kcn(2) — (FSW)(2), foo(2) Fx, 2 (2, 2)) ( fy Lozan?o(5)ds) dsc) |

J{(fsoW) 5 Kc, (2) = (faoW)(2), Foo(2)) ( fiy Tazan's) ()0 (5)ds) da

Forj=1,....m

‘/ f W)x Ke, (2) — (fétl)),jW)(z),ng(z)fX,z(x,z» (/OT Ixzsnzo(s)ds) dz|

is less than

(/ Gl d5> JHURW) K, ) = G0, W) fin () 2, 2)

We apply (7.1) and get that it is also less than

(/ 2 ds>mm SIS« Koo, = U9, el 2. )

111

JIER W) 5 Ko, = G0l o) 2o e
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which is less than

) ([ a2ae)as ) min (IS e, = Dl [ 1o 2ol
IS0z, = Dl [ 1m0zl e

Similarly, we obtain that for j =1,...,p

| [ (5o W) 5 K (2) = (o)), Fao () ( [ Temati® ()0 (s)ds ) daf
0

is less than

) ([ oot 9 ) min {1702, = Dl [ o) 260,
oW (5, = Dlloe [ 10 (20, lade ).

Consequently, under (Ry), E(43) = O(\/HCJG+(17T)/2+(17T)’/2 exP(ﬂic*:')). Under (C1)—(C3), Var(4s) = O(1)
and hence C), can be chosen such that E(A3) = o(1) and v-b) is verified.
In order to verify v-c) (Lindeberg condition) we write that for j =1,...,m

1 " t 2
LE lZ/O (50, ) 5 Ko 0 (U0 (5) Ty 100 w56, o, 0 o<s>|>eﬁfﬁ°(Zf')m”(s)ms)dsl =
i=1 i T
1 ot
—=E [Z / |<fgi?jW>*Kn,cnwi)mo<s>|3fgo<zi>nvo(s)Yi(s)ds] =o(1)
=1

and for j=1,...,p

1 n t 1 2
" [Z/o (U300 x . (U (4) I<f§oW>*Kn,cn<Ui>n%>.<s>|>eﬁfﬁ°(Z")W(S)ms)dsl :
i=1 Y]

1 ot 5 (1) .
E | AW < Ko OO, () o Zmo ()Y (5 | = (1),
Study of Ay
The study of A4, quite similar to the study of A3 is omitted. O

7.3. Proof of Corollary 4.1
For the proof of Corollary 4.1, we apply Lemma 8.2 to the bias bounds (7.12) and (7.13) and obtain

[E(0S0,1(0)/(95)) lg—go )| = O(C 217+ 070 exp(—2dC)),
and  [E(5,,1(0)/(975) lggo )|” = O(C; 2017+ exp(—2dCT)).
We apply Lemma 8.2 to the variance bounds (7.19), (7.20), (7.21), (7.22) and get

Var(8S,.1(0)/(97;)) = O(C2e )t 1=rt(=0)= oxp(—2dCT + 26CL)) /n).
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The end of the proof follows by choosing C,,, that provides the best trade-off between the squared bias and the
variance. We refer to Butucea and Taupin [6] for details on a such trade-off.

7.4. Proof of Theorem 5.1

The proof of Theorem 5.1, which is quite classical, is omitted.

8. APPENDIX

Lemma 8.1. Let ¢ be such that E(|p(X, Z)|) < oo and let ® such that E(|®(U)|) < oco. Under assumptions
(As) and (Ay4), then E[p(X, Z)® x K, ¢, (U)] = Elp(X, Z)® x K¢, (Z)),

and E[p(X,Z)P Kn,cn(U)]2 = / <(<p2(:c, Vx,z(z,)) * for (D% Kn,Cn)2> dx.
Proof of Lemma 8.1. We apply Parseval’s formula and write
B[(X.2)8 Kne, )] = (07" [[elw vt [0 @K, e dydods

_ // (2, 2)0 % Ko (2) fx.2(2, ) dar dz.

Simﬂarly, E [CP(X, Z)q) * Kn,Cn(U)]Q = f <(502 (:L'a ')fX,Z(xa )) * f€7 ((I) * Kn,C,L)2> dz. 0
Lemma 8.2. For v, A and p nonnegative numbers, then
1
u| ™" exp(—d|u|")du < —————C,; """ exp{—dC"}. 8.1
[ el < s p{~dC}} (1)
Furthermore, if f. satisfies (N2 ), then
|u] = exp(—d|u|™) 1 (a—a+1—
du < max[1, C{~9F1=P) exp{—dC" 4 6CL}].
[ 00,0, p.a,d. ) ™ ! :
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