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DISTRIBUTIONAL BOUNDARY VALUES IN D’Lp. II

RICHARD D. CARMICHAEL *)

Section I. Introduction.

In Carmichael [ 1 ] we have obtained distributional boundary value
results concerning the space ~Lp , which is a subspace of 8’, using the
topology of 8’. In particular we obtained conditions under which an
analytic function can be represented by the Fourier-Laplace transform
of an element in ~~p , 1  p  2, such that the convergence in 8’ of the
analytic function to a distribution can be proved. This limit distribution
is not necessarily an element of but is the Fourier transform of such

an element.
In the present paper we shall continue our investigation of distri-

butional boundary values in £9 §p considered as a subspace of 8’. Notation
and definitions will be stated in section II; while some theorems which
will be used in the proofs of the main results of this paper will be proved
in section III. In section IV we define a generalized Cauchy integral
of Uei9§p and obtain conditions under which it equals the Fourier-

Laplace transform of an element Under these conditions it will
be shown that the generalized Cauchy integral of U converges to U in
the topology of 8’. We then consider analytic functions of a certain type
and give necessary and sufficient conditions in terms of the generalized
Cauchy integral that these functions have a distributional boundary value
in £9§p . Also in section IV we define a generalized Poisson integral for

and relate the boundary value properties of it to those of the

*) Indirizzo dell’A.: Dept. of Mathematics, Virginia Polytechnic Institute,
Blacksburg, Virginia 24061, U.S.A.
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generalized Cauchy integral. Our results concerning these generalized
integrals are reminiscent of some classical theorems of Hille and Ta-

markin ([2] and [3]). In section V we shall obtain a generalization of
the main results in Carmichael [ 1 ] in which we let p range over

instead of just over 1  p _ 2. New difficulties arise with this
more general assumption. In section VI we show how several of our
results, which we shall prove for functions analytic in an octant, can be
extended to the more general case of functions analytic in tubular radial
domains; and we obtain a theorem concerning boundary values of

functions analytic in a tubular cone which is a more general subset

of ~n than the tubular radial domain.
Tillmann [4] has given conditions under which an element 

is the boundary value c~f an analytic function in the topology
of 3)~p . Luszczki and Zielezny [5J have obtained results similar to Till-
mann but for only one dimension. The analytic function which Tillmann
uses is the generalized Cauchy integral of U, which he calls the « Indi-
katrix ». However, by not considering as a subspace of 8’ one loses
the powerful tool of Fourier transform, which we use to equate the

generalized Cauchy integral and the Fourier-Laplace transform. In fact
in the setting of Tillmann one can not relate the generalized Cauchy
integral with the Fourier-Laplace transform. Also Tillmann does not

consider the generalized Poisson integral, and neither does he consider
functions analytic in tubular cones. Furthermore, some of the 

boundary value results in this paper, using the topology of 8’, concern
a much more general class of analytic functions than the class which
Tillmann uses in [4] and which characterizes the boundary value
problem in the topology of £9 §p .

We note further that Beltrami and Wohlers ( [ 6 ] , [ 7 ] , [ 8 ] , and [ 9 ] )
have considered the distributional boundary value problem with respect
to as a subspace of 8’. However, they confine their attention to
the space and work only in one dimension.

Section II. Notation and Definitions.

The n dimensional notation used in this paper will be the same
as in Carmichael [ 1 ] . (See section II in [ 1 ] ). Let ..., being
.the dimension, where ~; _ ± 1, j =1, ..., n. Then for each fixed cur,
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Cn : c’;Im(z;)&#x3E;0, /==!, ..., n ~ I is called an octant. There are

2rt such octants in t~~. Corresponding to Ber for each fixed a we shall

associate the set ...1 n }, where

~4=(~i, ..., an) is a fixed n-tuple of nonnegative real numbers.
For the definitions and properties of the function spaces S, 

S, and k and the generalized function spaces S’ and ~~p ,
we refer either to Carmichael [1] or directly to Schwartz

~( [ 10], pp. 233-248 and pp. 199-205). We call the readers attention

especially to the definition of convergence in S and continuity in S’. The
concepts of support of functions and distributions are also defined in

Carmichael [ 1 ] .
The convolution U~: V of two generalized functions U and V is

defined, when it exists, by

where cp is an element of the appropriate function space.
- 

The fourier transform of an element will be denoted as

p or 9[9(t); x] and is defined by

_If cp(t)ELP, 1 ps2, then its Fourier transform is defined by

where l.i.m. denotes the limit in the Lq =1. If cp(t) ELI
- 

.. 

p q
it is known that is continuous and bounded on ’iRn; while if

1  p  2, then cp(x)ELq, 1- -f- 1 =1. It is well known that the
p q

Fourier transform is a continuous isomorphism of 8 onto 8 with the same
being true of S’ under the definition



252

where U E S’ and If ( Vt , e-27~i(z, t) ) exists for and some ge-
neralized function V, (Vt, will be called the Fourier-Laplace
transform of V. This terminology has been used before by Hormander
([11], p. 20).

We shall now introduce some terminology concerning cones, which
shall be needed in section VI of this paper. C c ’tRn is a cone (with vertex
at zero) if YEC implies AyEC for all positive scalars X. The intersection
of C with the unit sphere { y : ~ I y I == 1} } is called the projection of C and
is denoted pr C. Let C’ be a cone such that pr C’ c pr C; then C’ will be
called a compact subcone of C. The function

is the indicatrix of C. 0(C) will denote the convex envelope of C.

where C is an open connected cone, is a tubular radial
domain. Examples of tubular radial domains are the octants Bet and the

n

forward light cone r+ _ { z : Im(zi)&#x3E;( L In ~1 the upper
i=2

half plane {z : is a tubular radial domain. If C is not con-

nected, then we call Tc a tubular cone. The number

where C*= 1RnB C* and C’~= { t : uc(t)  O}, characterizes the non-convexity
of the cone C. A cone is convex if and only if Pc=1. (See Vladimirov
[ 12], Lemma 2, p. 220).

Let f (z) be a function of n complex variables z=(zi, ..., zn). We say
that f(z) has a distributional boundary value U in the topology of S’,
that is f (z) -3 U in S’, if

as y=Im(z) - 0 in some specified manner, where by Im(z) - 0 we
mean ...1 n.

Throughout this paper, by we mean that

f(X)ELP( ’IRn) for some p, and we have a similar meaning
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Section III. Preliminary Theorems.

It is well known that if f and g are in L2, then

where 3 denotes the inverse Fourier transform and ;: is the usual

convolution. Similarly if f and g are in Lp, 1  p  2, and if f and g are

in Lq, 1 -f- 1 =1, then (1) holds. Furthermore, if and gELB then
p a

in the sense of L2. It is obvious that under the above conditions both

j*g and f g are elements of S’.

LEMMA 1. Let f and g be elements of LP, 1  p  2; and let f and

g be elements of

PROOF. Let cp E S. Then by (1), But the

Fourier transform is a continuous, one to one mapping of S’ onto S’. Thus
cp ~ _ ~ f g, cp ) as desired.

Using (1) and (2) and exactly the same proof as in Lemma 1 we

have the following.

LEMMA 2. Let and g E Ll or Then ’ 1

LEMMA 3. Let lp~2. Let and assume
that gf-lg exists and belongs to LP. Then 

g 
p R’

in 6’.

PROOF. Since 1  p  2, then exists and is an element

of It is thus evident that
p q

Also f *g

exists as a classical convolution, and it is known that !*gELS,
1 ==I + I - 1. Thus and hence so does
s p q

Thus
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both sides of (3) are well defined as elements of 8’. By a well known
result of Schwartz [10], we thus obtain (3) since the inverse Fourier
transform in S’ converts convolution into multiplication.

Schwartz ([10], p. 270) has shown that if 1:5p2, and

V E ~ ~ , 1  q  2, then 5;[U*V]=U-V. We now obtain a variation of
this result, where we let one of the distributions be an element of £9[p
such that q does not have to lie between 1 and 2. We shall also obtain
the converse result that ~ [ UV ] = U:~V in S’. In the proofs of these

results we shall use the characterization theorem of Schwartz for £9§p
( [ 10] , p. 201): if then Drtfrt, f « E Lp. We recall by D«,L 

j«j*m
a being an n-tuple of nonnegative integers, we mean D« = D 1 ~ ... Dn n A

THEOREM 1. If 1  p  2, and 1

in S’. Conversely, if such that

is assumed to exist and ~-1 [g~(t); x] ELP, = U -1( V in S’.

PROOF. If Ue£9§p, 1  p~  2, and 1 then by the

representation theorem of Schwartz,

1. Now as in the proof of Lemma 3, a

f rt * go exists and is an element of Thus fa. -1~ ga E S’, and

hence also the distributional derivative
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Thus and as a consequence Using (4), the

assumption and the Lemmas 1 and 2 we have

Now

since 1  p  2. By assumption

Thus by this assumption and (6), we see

as desired. To prove the converse it is sufficient to show that

in 8’; for the desired result follows immediately by taking the Fourier
transform of both sides of (7). It is evident that (7) can be proved by
the same method as in the first part of this theorem where we use

Lemma 3 instead of Lemmas 1 and 2. We leave he straighforward
details to the interested reader.

We note that by using the same calculation as in (6) above,
one can show that if Ue£9’p , 1  p  2, then lJe$’ has the form

where f,,,(x) is continuous and bounded if p= I and
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=1, if 1  p  2. Schwartz ( [ 10], p. 256) first recognized
q

this result. We note further that in the case of p = 2 in Theorem 1,
some of our assumptions are redundant. For example in the first part,
if p = 2 then q = 2 and the form of V can be proved as in the calcula-
tion (6). In the conserve part the form of V can be proved if p = 2;
and one does not have to assume that x] exists, for it auto-

matically does by the Plancherel theory and is an element of L2. But
the stated assumptions are needed for 1  p  2.

Theorem 1 will be used to obtain one of our basic results in section

IV. We shall also need the following theorem, the proof of which can
be found in Carmichael [ 13 ] . See also Lemma 1 in Carmichael [ 1 ] ;
the proof for any octant B~ is the same as for the octant Bo, """,1) .

THEOREM 2. Let V E S’ such that supp Let pe%. Then

Section IV. Distributional Boundary Values in £9§p .
Hille and Tamarkin ( [ 2 ] and [ 3 ] ) have obtained Paley-Wiener

type theorems for functions analyic in the half plane They
.are concerned with obtaining necessary and sufficient conditions that a
function be the non-tangential limit function of

f(z), which is analytic in and which is represented by its

Cauchy integral. One such necessary and sufficient condition for the
above to be true is that

In other results of this type Hille and Tamarkin relate the Cauchy and
Poisson integrals of an analytic function with each other and with the
Fourier transform of f(x), which is assumed to exist for all p, 

The results of Hille and Tamarkin are closely associated with the
classical HP spaces. In fact if f(z)EHp, p&#x3E; 1, in Im(z)&#x3E;o, then f(z) has
non-tangential limits which are in LP at almost every point of the real
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axis, and f(z) can be represented by its Poisson integral in I m(z) &#x3E; 0
(see Hoffman [ 14 ] , Theorem, p. 128; see also Titchmarsh [ 15 ] , Chapter
V and Hille [ 16], Chapter 8). But then by a result of Hille and Tamarkin
([2], Theorem 2), we have for that f (z) is represented by its
Cauchy integral since it is represented by its Poisson integral. Thus the
results of Hille and Tamarkin hold for the HP spaces. Zygmund ( [ 17 ]
and [ 18] ) has extended the classical HP results to n dimensions.

In this section we shall obtain distributional counterparts to the

results of Hille and Tamarkin and to the classical HP theorems. The use
of as a subspace of S’ with the topology of 8’ is the correct setting
in which to obtain these distributional theorems; and because of the

~S’ topology, the analytic functions which we consider here are in a less
restrictive class of functions than in the classical case. They are of

polynomial growth instead of having to be in an HP space. Also the
boundary values of these analytic functions will be in and not

just in LP.
Tillmann [4] has recognized that if then the

function

where ..., n, and sgn yi represents the sign of y; , exists
and is analytic for We call C(U; z E BQ) the generalized Cauchy
integral of U for The following result gives conditions under
which C(U; equals the Fourier-Laplace transform of an element
V E S’ and converges in S’ to U.

THEOREM 3. Let such that U = V, where V E S’

Then is analytic
in By;

as elements of S’; and C(U; z E B6) - in the topology of S’ as
Im(z) - 0.

PROOF. Since
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1  p _ 2, by the Schwartz representation theorem for £9§p . Then for
oC%,

Since g5cLP, 1  p  2, then t] E Lq, 1 + 1 = 1; and
p q

The fact that C( U; zeBu) is analytic in B~ has

been shown by Tillmann [4] as stated above.
Now let the set of infinitely differentiable functions, such

that a,( t) =1 on 0  a.( t)  1, and supp ( a( t)) c S~.£~ ~ ~ ~ ~ £~ for some fixed
E&#x3E; o. Then ( V, e-2~~~ Z~ t &#x3E; ~ --- ~ V, a,(t)e-21ti(Z, t» exists and is analytic for

(see Carmichael [13]); and by Theorem 2 we have

Define H(t) by H(t) =1 on Sfjo, and H(t) = 0 otherwise. Since supp (V) c S..’
then supp (~

By Theorem 1 we then have that

Combining (10), (11), and (12) we obtain (8), where the equality is

interpreted as equality in S’. It is straightforward to show that

~ in the topology of S as Since
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V E S’ then by (10) we have

as Im(z) 2013~ 0. Thus from (8) and ( 13) we see that C(U; - 

1p2, as Im(z) - 0; and the proof is complete.
n 1 

We note that p can’t be 1 in Theorem 3 because n 20132013 is not an
j=1 

element of whose dual space is 3)~i . Thus if p =1, then C(U; 
is not well defined.

In Carmichael [ 13 ] we have considered functions f(z) of n complex
variables which are analytic in Ber and satisfy

in { z : ..., n I where ..., Here N is

any fixed real number, Cs is a constant which may depend on 6, and
A = (al , ..., an) is an n-tuple of fixed, nonnegative real numbers. We shall
denote such functions by GcA The following result is proved in Carmi-
chael [ 13 ] .

THEOREM 4. Let and let f(z) converge in S’ to an ele-
ment U as Im(z) ~ 0. Then UE S’; and there exists an element V E S’
having support in S~A such that and f (z) _ ~ V, t», 

Using Theorems 3 and 4 we obtain following.

COROLLARY 1. Let Ue£9§p , boundary value in

S’ of a function as Im(z) ~ 0. Then f (z) = C(U; where
U is the Fourier transform of an element

-f- 1 =1, and supp 
p R

PROOF. By Theorem 4 there exists an element V E S’ with

supp (V) c S." such that U = V and f (z) _ ( V, Calculate

as in (9) we obtain that

now by (8), C( U; ) in S’. Thus 
in S’ as desired.



260

We now give necessary and sufficient conditions that an element
be the S’ boundary value of a function in 

THEOREM 5. 1 p2, is the S’ boundary value of a
f unction f(z)EGf1o for fixed (j as Im(z) ~ 0 if and only if C(U; zEB;)==O,
where B; is any of the other octants.

PROOF. Calculating as in (9) we have that V= Y-1{U)=

where and Now assume
p q

that U is the boundary value of for fixed ~. Then by Theorem
4, supp ( V) c S° . Let ;. be any of the other 2n-l choices for (1, and

let For any choice of o* let a~ (t) be defined as was a(t) in the
proof of Theorem 4. Define H ~ (t) by on { t : - ~ C ~;t; C o,
j=l, ..., n }; and otherwise. Then by exactly the same calcu-
lation as in obtaining (8) of Theorem 3 we have

But Thus which

implies that ( V, Thus by (15), C(U; 
as desired.

Conversely, suppose that C( U; where ~" is any of the
2n -1 octants other than B~ , for fixed ~. Since

. 

almost everywhere, where there are 2n -1

terms in ~. Hence for 9 c 8 we have

By hypothesis and a calculation as in the proof of Theorem 3 we have
for each octant B b that
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and using the same proof as in (13) of Theorem 3 we obtain

in 8’ as From (17) and (18) we see for

each choice of ~. Returning to (16) we thus that { U, cp ~ _ { V, 9)=
= F[Ho(t)V], p). Since the Fourier transform is a continuous, one-
to-one mapping of S’ onto S’, then implies 
in S’. Thus supp (V)= supp We now consider the function

f(z)=(V, which exists. Since supp(V)cSS6° then

by (8) in Theorem 3, f(z)=(V, oc~(t)e-2~t(Z, t &#x3E; ~ --- C(U; and f(z) is

analytic in B~ . Thus by Theorem 3, f (z) -~ U E ~Lp , 1  p  2, in the

topology of 8’ as Im(z) - 0. We have proved in Carmichael [ 13 ] that

if V E S’ and then ~(z) _ { V, the
boundedness condition (14) where A = (o, ..., 0). Thus for the

fixed c. Hence f (z)= { V, zEB6 , is the desired function,
and the proof is complete.

In view of the boundary value results obtained, it is natural to

ask if any given Ue £9§p can be expressed as a sum of boundary values
of functions analytic in the 2n octants. Tillmann [4] has shown that this
is indeed true. We wish now to obtain this result using the techniques
and theorems obtained in this paper; for by our techniques we are able
to say more about the elements in the decomposition of U than Tillmann
has done. Not only is each element in the decomposition the boundary
value of an analytic function, but it is also the Fourier transform of an
element in 8’ having support in a specified subset of Rn. We also include
the case p =1, which Tillmann has not done.

THEOREM 6. Let 1  p  2. Then U = E Wu in S’, wherecr
W6 is the boundary value in the S’ topology of a function 
and where Va E S’ and supp 

PROOF. By a calculation as in (9),

where hp(t) is continuous and bounded if p =1 and

if I  p  2. Define the functions and au(t) as in the proof of
Theorem 5, and let As in the proof of Theorem 5, we have
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almost everywhere; and supp (VO’)ç;SO’°. We have proved in
IT

Carmichael [ 13 ] that for each fixed o, fo(z)=Vo, ao(t)e-2Riz, t) ) is an

element of Ga;°; and by the same method as we used to prove (13) in
Theorem 3, we have f ~.(z) ~ in S’ as Im(z) - 0, zEBO’. Thus
for each qES

where each Wo- is the boundary value of a function and

Wo=Vo, supp (Vo)CSo0.
We now put

where ..., n. K(t; z) is the n-dimensional Poisson kernel.

Now let and define P(U; zeBu) by

We call P( U; the generalized Poisson integral of U for 
and the following theorem shows that P(U; is well defined.

THEOREM 7. Let Then P(U; exists and
is an n-harmonic f unction.

PROOF . Since

then we have

where there are 2n elements in the sum on the right hand side of (19).
(i.e. there are 2n possible ways of taking complex conjugates of the
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components of z.) In (19) the j in ( -1 )’ represents the number of

complex conjugates taken. But Tillmann [4] has shown that the general-
ized Cauchy integral for exists if ..., n.

Thus the sum in (19) is well-defined; hence so is P(U; We recall

that a complex valued function of n complex variables is n-harmonic

if it is harmonic in each variable separately. It is straighforward to

show that

and that

j== 1, ..., n. Thus by (20) and {21 ) we have that P(U; is n-harmonic

as desired, and the proof is complete.
In general P(U; zeBu) will not be analytic because of the complex

conjugates in the sum in (19). We note that Bremermann [ 19] has obtain-
ed a result similar to Theorem 7 for the space 9’0 . Our result is more ge-
neral since is a proper subspace of £9§p . We also note that Beltrami
and Wohlers [8] have obtained results similar to some of the theorems in
this section. However, their work is for only 1 dimension and only for
the so that again our results are more general.

The following theorems relate the generalized Poisson integral to
the generalized Cauchy integral, the Fourier-Laplace transform, and the
boundary value problem.

THEOREM 8. Let 1  p  2. If U is the S’ boundary value
of for fixed (j as Im(z) ~ 0, then there exists an element

Ve %’ with such that

PROOF. Let Z E Ber for some fixed u. P(U; z e Bu) has the representa-
tion (19) in terms of generalized Cauchy integrals. But by Theorem 5,
all the generalized Cauchy integrals in (19) vanish except C(U; 
Thus P(U; zeBu). By Corollary 1 we also know that there
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exists a V E S’ such that and f (z) _ ( V, e-2nz~ Z~ t &#x3E; } .---
= C( U; Thus (22) is obtained.

The following theorem shows that the generalized Poisson integral
of an element Kp:2, has a substantially different property
than the generalized Cauchy integral. We shall prove that for any fixed
octant P(U; in S’ as If no other assumption
is made on U other than lp~2, then, as we have seen,

C( U; converges in S’ only to one of the elements in the decompo-
sition of U for any fixed 

THEOREM 9. Let 1~~2. Let y be one o f the 2n values
o f the n-tuple a, and let y be fixed. Then P( U; S’ as
Im(z) --~ 0, 

PROOF. For the moment let c be any of the 2n possible n-tuples.
By Theorem 6, !7== ~ Wu , where for each 0", Wcr is the S’ boundary

y

value of the function

which is analytic in B, . Now let y be one of the n-tuples or, and let

y be fixed. Let and suppose B ~ denotes any of the other 
octants. By taking the appropriate complex conjugates in any of the
elements in the sum (19), we see that for each B;

where the ( -1 )’ appears because we are changing j of the values in
n

H sgn yj . Thus if z E BY , then for each element in the sum in (19) we
;=i

have by (23) and the above stated consequences from Theorem 6 that

in 8’ as Im(z) - 0, zEBy. For the particular fixed value y of (j we
have C(U; z E BY) - W, in S’ as Im(z) - 0, Thus by this fact,
(24), and (19) we obtain

in S’ as Im(z) ~ 0, ZEBy, as desired.
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THEOREM 10. Let U E ~Lp , 1 C ,p ~ 2, be the Fourier transform of
V E S’, where supp (V) C S° . Then U is the S’ boundary value of a

function f(z) E G a ° such that

PROOF. Under the stated hypothesis we have by Theorem 3 that
U is the S’ boundary value of the function

which is analytic in B, ; and we have proved in Carmichael [ 13 ] that

f(z) satisties inequality (14) for A-(O, ..., 0). Thus But now

the assumptions of Theorem 8 are satisfied for f (z) defined in (26).
Thus by Theorem 8, we have (25).

Section V. The Fourier-Laplace Transf orm of Elements in £9§p .
In this section we wish to obtain conditions on an analytic func-

tion f(z) such that f ( z) can be represented by the Fourier-Laplace trans-
form of an element in and such that the convergence in 8’ of f(z)
to a distribution can be proved. This is a different approach to the

boundary value problem than that taken in section IV of this paper; for
in the theorems of section IV, an assumption is always made either
concerning the convergence or the distribution to which an analytic
function converges. We make no such assumptions in this section.

Let g(t) E Lq, 1  If there exists a function f(x) E LP, 1 ~ p 
such that

where I.i.m. denotes the limit in the LP norm, then f(x) is said to be

the Fourier transform of g(t). For 1~:2, is known to exist

where p and q are related by ! + ! = 1. In this section we shall assumeP q 
p q

the existence of the Fourier transform f(x) of g(t) for all q, 
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Because of this assumption, the proofs of our theorems in this section
are fundamentally different from those in section III of Carmichael [1].
There 1 _ p _ 2; thus f(x) possessed a Fourier transform itself.
In the present paper f(x) is the Fourier transform of some other function
and does not necessarily posses a Fourier transform itself. This change
is necessary in order to obtain generalizations of Theorems 1 and 2 in

Carmichael [ 1 ] , where we now let instead of

restricting p to 1  p  2. In both cases f(x) is the limit function of f(z),
which is analytic in a subset of as Im(z) ~ 0.

For convenience we shall prove the results of this section for func-
tions analytic in the octant ..., n } ; but the
same proofs apply to any octant Be . Let A = (ai , ..., an) be a fixed

n-tuple of nonnegative real numbers. Let n denote the dimension and
F- be any fixed positive real number. Throughout this section by
lim f (z) = f (x), we mean that f (z) converges to f(x) for almost all real
y-o

x as y;=Im(z;) -~ o~-, j=1, ..., n.

THEOREM 11. Let f(z) be analytic in B ~ and satisfy

Let lim f (z) = f (x), where f (x) is continuous and f (x) E Lp, Let
’

f(x) be the Fourier o f 1 C q C ~ . Then supp
almost everywhere, and

PROOF. Let Z=(Zl’ ..., zn) be arbitrary but fixed in Let

v = S -~- i~. In each coordinate plane in en construct a contour C; ,
i = 1, ..., n, composed of the semi-circle 
j =1, ..., n, and that part of the real axis 8i enclosed by this semi-circle.
Now consider Cn . f (zl , ..., zn , vn) is analytic with respect to Vn in

iv.: and continuous on By Cauchy’s integral
theorem we thus have
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where Consider also

where Un is any real number. The integrand is analytic in vn inside Cn
and continuous on the boundary of Cn . Thus by Cauchy’s theorem, the
value of the integral in (29) is zero. Adding (28) and (29) we obtain

If being the n th. coordinate of A, then by (27), the part
of the integral in (30) over the semi-circle tends to zero as r,~ --~ ~ .

Hence letting in (30) we obtain

where 6n=Re(vn) and Un  ( - an). We now consider f (zi , ..., Zn-l, On)
in the integrand of (31). Using exactly the same argument as above

with respect to zn-i we obtain

where Continuing in this way for each of the remaining
points down to zl , we obtain
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We now make the convention that

is the Fourier transform

where the change of order of integration is easily justified. Since

..., n, then

Thus
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where the change of order of integration is justified. Putting (34) into
(33) we have

where again we have changed the order of integration. Now it is well
known that if then

Thus letting N - oo on both sides of (35) and recalling (32) we have

Since zEB-1 was choosen arbitrarily, then (36) holds for zeBi and all

n-tuples of real numbers U such that ..., n. But f(z)
does not depend on U. Thus g(t) must vanish almost everywhere on
~ t : for at least one j, j =1, ..., n }, which implies that supp (g)c
e S i = { t : - ~ C t;  a,; , j =1, ..., n I almost everywhere. From this fact
and (36), we obtain immediately the desired representation of f (z); and
the proof is complete.
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Using Theorems 11 and 2 we can now prove the main result of this
section. Let D a constant such that and D &#x3E; 0. Choose D large
enough so that for zEBï i

THEOREM 12. Let f(z) be analytic in B I and satisf y~ ( 14) for
(1==(1, ..., 1 ). Let lim f (z) = f (x), where f(x) is continuous. Let D be a

y-0

constant such that (37) holds; and suppose (D+x, 
and (D+(x, x»)-Rf(x) is the Fourier transform in LP of a

function g( t) E Lq, 1  where the constant R is choosen so large
that N - 2R  - n - E, ~ &#x3E; 0. Then there exists an element U E 

havi’ng support in Si almost every.vhere such that

and the topology o f Im(x) -~ 0.

PROOF. Let D be a constant such that (37) holds. Then

(D+(z, z ~ )-R f (z) satisfies the assumptions of Theorem 11. Thus

supp (g) c SA almost everywhere and

Let A be a differential operator defined by , J and put

By the characterization theorem of Schwartz ([10],
Th6or6me XXV, p. 201 ), 1  q  ~ . Also supp (U) = supp (g) c

almost everywhere. Let such that a(t)= 1 on 8T and
for some fixed n&#x3E;0. Then

is well defined since £9§q c S’. Thus
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By (38) and (39) we obtain f (z) = ~ U, as desired.

Using Theorem 2 and exactly the same proof used to show (13) in

Theorem 3, we obtain in the topology of S’ as Im(z) - 0.
Now

By hypothesis the Fourier transform of g(t) is (D -~-- ( x, x ))-R f (x). Thus

and the proof is complete.

Section VI. Tubular Radial Domains and Tubular Cones.

In this section we shall consider functions which are analytic in

tubular radial domains and shall generalize some of our results obtained
above. We then consider functions analytic in a still more general sub-
set of the tubular cone, and shall obtain an interesting theorem
concerning distributional boundary values in of such a function.

For convenience in this section we change ( - 2~i ~ x, t ~ ) to (2~ni ~ x, t ) )
in the definition of Fourier transform. We do this so that our notation
and calculations in this section will be similar to those of Vladimirov

[12]; for we shall use some of Vladimirov’s results here. This change
of sign in the exponetial term of the Fourier transform does not change
the properties of the Fourier transform at all.

Let C be an open connected cone, and let C’ be an arbitrary com-
pact subcone of C. Put Let f (z) satisfy

where K(C’) is a constant depending on C’, N is a fixed real number,
b is a fixed nonnegative real number, and 11 is any positive real number.
We denote the set of all functions which are analytic in T’ and satisfy
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(40) by Qcl. In Carmichael [20] we have announced the following
generalization of Theorem 4.

THEOREM 13. Let f(z) c Qc’, and let f(z) converge in S’ to U as
Im(z) -0, Im(z)eC’cC. Then UE S’; and there exists an element

V E S’ having support in { t : uc(t)  b } such that U = V and f (z) _
= ~ v, 

A detailed proof of Theorem 13 will appear in Carmichael [ 21 ]
as will the proof of the following theorem, which we shall need here.

THEOREM 14. Let V E S’ and supp (V) c { t : uc(t)  b }, where b is

any f ixed nonnegative real number. Let and C’ be an arbitrary
compact subcone of O(C). Then

We now obtain a generalization of Theorem 3.

THEOREM 15. Let C be an open connected cone. Let V E S’ such
,that and 1 C p  2. Then

is analytic in 

as elements of S’; and

in S’ as Im(z) - 0, Im(z) e C’ c 0(C).

PROOF. By the same calculation as in (9) in the proof of Theorem
3, we have the desired representation of V. (Because of our change in
the Fourier transform in this section, the term ( - 1) 1 P I does not appear
in this representation of V as it did in (9).) Let such that

‘~3(t)=1 for fi(t)=0 for t(-~), e&#x3E;0, and 0~~)~1; and put
~~~c(t) _ ~3(( t, y)), Vladimirov ([ 12], Theorem 2, p. 239) has
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shown that ~ V, e2’~i~ y~ t &#x3E; ~ _ ~ V, is analytic for Now

put H(t) =1 on supp (V) and H(t) = 0 elsewhere. By Theorems 14 and
1 we have for C’ c o(C), that

where Thus (41) is obtained. By exactly the same method as in
proving (13) in Theorem 3, we have (V, in S’ as 

By this fact and (41), we thus obtain

1

in §’ as /~(z)2013~0, as desired; and the proof is

complete. r

We note that if T’ is just an octant BrJ’, than
J

usual Cauchy kernel. The following corollary is a generalization of

Corollary 1.

COROLLARY 2. Let the boundary value in

S’ of f (z) E Qc°. Let C’ be an arbitrary compact subcone of C. Then

where U is the Fourier transform of an element V E S’ which has support
in I={t : 

PROOF. By Theorem 13, there exists an element Y E S’ with

I
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supp (V) c I such that U = V and

But for such a V, (41) holds. Thus by (41) and (43), we have (42).
We now let C be an open cone which is not necessarily connected.

For such a cone, TC==Rn+iC is a tubular cone.

THEOREM 16. Let C be an open, disconnected cone such that
r

C = U C; , Cj being an open connected cone, j =1, ..., r. Let f(z) be
7=1

analytic in the tubular cone Tc and satisfy (40) for zETc’, C’ being
an arbitrary compact subcone of C. For each C; , j =1, ..., r, let C’i be
an arbitrary compact subcone of Cj; and suppose

in the topology of S’ for each j =1, ..., r such that UI==U2== ... = Ur
Then

(45) there exist an element V E S’ with
such that if 15 p 5 2, then , hrlt) being continuous

and bounded if p =1, and

where K and R are nonnegative real

numbers which do not depend on C’.

PROOF. By hypothesis f(z) is analytic in T’ and satisfies (40) for
C’ c C. Thus f (z) is analytic in Tej for ..., r; and f (z)

satisfies (40) for ..., r. By hypothesis f (z) - Ui ,
j=1, ..., r, as Im(z) - 0, and Ui E 0’ , 1 _..... p oo. Thus
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by Theorem 13, for each U; there exists a V; E S’ such that supp (V;) c
c f t : Mc/~~6’}, V;=U; , and

By hypothesis Ul = U2 = ... = ~I r , and we call this common value U. Then

V i = V2 = ... = V r , and we call this common value V. We then have

V = U; and if 1  p  2, then by a calculation as in (9) in the proof of
Theorem 3, we have , , where hp(t) is continuous and bound-

Now Me (t)  b }, j =1, ..., r. Thus V vanishes on

From the definition of pc we have

t4J(C)(t)  pcuc( t). Since

we then have

and by a lemma of Vladimirov ([12], Lemma, p. 200), pc OO . Now
suppose that and consider the set J = { t : 

If then by (49),

and on this set V vanishes. Thus V vanishes if which implies that
} as desired. Since and supp(V),c

c f t : we have by a theorem of Vladimirov ( [ 12 ] , Theorem
2, p. 239) that ( V, is analytic in and satisfies

y= Im(z), z c T", C’c O(C). By hypothesis f(z) is analytic in Tc; thus f(z)
is analytic in for each j =1, ..., r. It is then immediate by Bochner’s
theorem on analytic extension of tubular domains (Bochner and Martin
[22], Chapter V) that f(z) is analytic in for each /=1, ..., I r; and
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(44) is obtained. By (48), f(z) and (V, e~‘z~Z~ t~ ~ are .identical in a subset

of for each /==!, ..., r. Thus by the identity theorem for analytic
functions, f(z) = ( V, 2~i~ z~ t &#x3E; ), ..., r; and (46) is

obtained. But then by (46) and (50), we have (47); and the proof is

complete.
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