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An Asymptotic Result
for Weak Differential Inequalities.

S. ZAIDMAN (*)

Introduction.

In this paper we present in weak form a result concerning differen-
tial inequalities which, for strong solutions, was proved in [1], [3], [4].
The functions here involved need not be differentiable and they are
not supposed to belong to the domain of the given unbounded oper-
ator.

§ 1. - Let be H a Hilbert space and A, a linear closed operator,
with dense domain in H.

Let be A* the adjoint operator to A, defined on the dense set

through formula

Define now a natural class of vector-valued test-functions oo),
consisting of continuously differentiable functions 0  t  ~(t), I
having compact support in the open interval (0, oo), such that 0(t)
E ~(A*), B1tE(O, oo) and (A*O)(t) is continuous, 0  t  

Our aim is to demonstrate the following:

(*) Indirizzo dell’A.: D6partement de Math6matiques, Universite de Mon-
tr6al, Montr6al, (P.Q.), Canada.

This research is supported through a grant of the National Research

Council, Canada.
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THEOREM. Let us assume that u(t) and f(t) are strongly continuous
f unctions, 0 c t C 00 -+ H, related through the integral identity :

for any 99 (t) E l~A*(0, 1 C&#x3E;O) -
Assume also that on a sequence of vertical lines in the complex plane :

Re A = ~n -7 - oo as n -* 00, the resolvent operator

and verifies an estimate

In these conditions, if 111(t) ~~ c ~(t) ~~ ~c(t) ~~, U C t C 00, where 
0 C t C oo and i f for any real number a, it

t&#x3E;0

follows that u(t) = o, o.

We shall start with following

Let be a scalar-valued continuously differentiable f une-
tion defined as :

increasing between t = 0 and t = to .
Let be v(t) = exp for t &#x3E; 0, v(t) = 0 for t  0, ~where a is a

react number. Then the integral identity :

is verified, oo, 00).
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Here, gA*(- oo, oo) has a similar definition to KA-(OL oo); precisely, y
it consists of continuously diff erentiable functions - 
y~ (t), having compact support, the range being in 3)(~L*), and 
being H-continuous function.

PROOF OF LEMMA. We have

Write now the identity

hence we get

Denote: 0(t) = exp and take also a scalar-valued function

V8(t), depending on parameter e&#x3E;0, such that:

Now, it is easy to see that belongs to oo).
Consequently, using (1.1), we obtain
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We get now:

Actually we can estimate

Obviously it is: O O

Consider also

Here we can estimate

because 0(0) = C(O) 1p(O) = 0 and u(t), 0(t) are con-
tinuous, u(t) is bounded near t = 0 and 0(t) - 0 as tj0.

Summing up these results we get

Consider also the expression
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oo

which tends obviously as ev0 to -f (u(t), (A *ø )(t)) dt. Similarly we have
0

Summing up again we obtain the equality

and remembering definition of 0(t), we have

or also, turning back to (1.5), we obtain

Which is what we had to prove.
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If we denote

we see that h(t) is continuous,

§ 2. - Let us consider now a sequence of scalar-valued, non-nega-
tive Cl-functions, , vanishing for and such that

Consider the convolution

where v was defined in Lemma.
As usual, (v * an)(t) is well-defined for - oo  t  + oo and is H-

continuously differentiable there.
As was proved in our papers [5], [6], from (1.2) we can deduce

that (v * an)(t) E 0 (A), Vt E (- oo, oo) and that

We have now the following

PROPOSITION 1. It is

Remark that

Now, v(t) is estimated:
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On the other hand, our main hypothesis on u(t) implies that V real a,
~Na &#x3E; 0, such that 11 u(t) 1B  Na exp [at], t &#x3E; o.

Take then a -f- a = ~8 C 0, and get 11 v(t) II  Na exp for t &#x3E; 0, hence
Vt E RI too. Hence

Furthermore, for (v ~ an )’ (t ) = 0 because v ( i ) = 0 for T0.
This proves integrability of (v * an)’(t) on real axis.

Consider now h(t) which was defined as the sum

It follows: h = 0 for t c 0 and

Actually

Also, C’ (t) == 0 for t ~ 0, 
Consequently t&#x3E;0, and 3c1 &#x3E; 0 such that

(in fact only on 0~~ it is a contin-
uous function there, take CI its supremum).
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It is consequently

It we take again the convolution

it is identically null for t ~ -1/n, and is otherwise estimated by

This proves our Proposition 1.

PROPOSITION 2. The functions (v *a,,,) (t) and A(v * an)(t) are norm-
integrable on the real axis.

The second term is obviously integrable by Prop. 1. The proof
for the first term is similar to the one given above.

Let us multiply now equality (2.2) by 1/v’2:Ttexp [- izt], where
i = and then integrate on Ri ; we obtain

If we effectuate partial integration in the left-hand integral-say on
intervals (-r, r), and use vanishing of (v * an)(t) for and expo-
nential decay for t - + oo, we obtain



175

On the other hand, as exp [-iít](v* is integrable on RI and

has the same property we get, as well-known [2], that

and

Hence, using a standard notation, we get

Write now h(t) in the form

and consequentlyThen I

and also

where - oo  7:  00 and a is an arbitrary real number.
Take in then 

which has a bounded inverse ’BIn = 1, 2, .... We get

§ 3. - Remember now well-known relation
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Consider also a particular sequence Lx,,I-, constructed as follows:Consider also a particular sequence t 1 
00

Take one function 0  a(t) E Cl(- oo, 00), = 0 for |t| I &#x3E; 1, with 
-00

. dt = 1. Then put an(t) = na(nt) and see that it verifies the required
above conditions: also it is = as easily seen. Hence, from
section 2, we get now:

and

If we let oo, we get o2(T/n) ~ a(0) = 1, E (- oo, oo) hence

~~ c 9 
- oo  r and by Plancherel’s equality we get

The final steps are the standard ones (see [4]); we give here the full
details, for sake of completeness.

Because of definition of v (t ) we get, f or a = - ~n , n = 1, 2, ...

because g = 0 for t  0 ; also, as ~(t) =1 for we deduce

Actually, g(t) = exp [at] f (t) for t ~ to; for 0 g(t) is estimated by :
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For

We obtain:

and also

which implies

As we get hence forth

As to is arbitrary &#x3E; 0, u = 0 on [0, oo) too.
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