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A Note on Fixed Point Theorem of Schauder Type
with Applications.

BOGDAN RZEPECKI (*)

SUMMARY - In this note we present an axiomatic approach to the measure
of noncompactness of sets. A fixed point theorems of Darbo type (of. (3])
are proved; some applications to the system of differential equations
are given.

1. Let lll be a Banach space. For an arbitrary bounded subset X
of 3C, the measure of noncompactness C(X) is defined as the infimum
of all s &#x3E; 0 such that there exists a finite convering of X by sets of
diameter  8. For properties of function C, see [4] or [6].

Suppose that is a bounded closed convex subset of X and F
is a continuous mapping of .K into itself such that ~(.F’~X]) C k. C(X)
(here F[X] denote the image of X under F) for each subset .X of K.
G. Darbo [3] proved that if k  1, then .~’ has a fixed point. Ob-

viously, this result is a generalization of the well-known fixed point
principle of Schauder.

In the present note we give an axiomatic approach to the measure
of noncompactness which is useful in applications to the system of
equations. Using this concept we generalize the above Darbo theorem
and give applications.

2. Let 3C be a Banach space. For subset X of ~, we shall denote
their closure by X and their closed convex hull by conv X.

(*) Indirizzo dell’A. : Institute of Mathematics, A. Mickiewicz University,
Matejki 48/49, 61-712 Poznan, Poland.
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DEFINITION. Let 8 be the set of all (tl, t2, ... , tn) in (Rn is n-di-
mensional Euclidean space with the zero element 0) such that tZ &#x3E; 0
for i = 1, 2, ... , n, and let 800 be the set of all ( q1, q2 , ... , qn ) with

for I = &#x3E; 2 &#x3E; ... 7 n. For u = (u1, ... ... 

in 800 we write u  v if for every i.
A function y: 21 -&#x3E; 800 (2~ denote a family of all nonempty sub-

sets of ~) is said to be a generalized measure of noncompactness on t
provided it satisfies for every point x in 3C and every subsets X, Y
of X the following axioms: (1) ~x~_) = y~ (X ), (2) if X c Y then
~(X)  1jJ( Y), and (3) if = 0 then X is compact.

The following theorem is the main result of this paper.

THEOREM 1. Suppose that X is a Banach space, K is a nonempty
convex closed subset of X, and F is a continuous mapping of K into it-
self. Let y be a generalized measure of noncompactness on X such that
1p(K) X) = 1p(X) for each subset X of K. Assume, more-
over, that for each subset X of K, where L is a
bounded linear operator of Rn into itself with the spectral radius less

than one and the property that L[S] c S. Then the set {x E .K : I’x = x~
is nonempty and compact.

PROOF. First we prove that if Xo is a subset of K such that

y(F[Xo]) = then Xo is compact. Indeed, and 
 L(1p(Xo)). Since L[S] c S, we find that o  for
n = 1, 2, .... Now, by theorem 1.2.2.9 from [7], we obtain = 0
and consequently Xo is compact.

Let us put Q = m = 0, 1, ... f, where and xn = 
for n &#x3E; 1. Then = and therefore Q is compact. Hence
there exists a nonempty subset Qo of Q such that I’CQo] = Qo (see [2,
Th. VI.I.81).

Writing ’
X G flL) we have Tr and c onv F[X] whenever X Hence
V = conv F[V]. Therefore F is a continuous mapping of the convex
compact set V into itself and by Schauder theorem, .I’ has a fixed
point in ..K. This completes the proof.

M. A. Krasnoselskii [5] has given the following theorem: If K

is a nonempty bounded closed convex subset of a Banach space, A is
a contraction and B is completely continuous on .g with Au -~- Bv e ~
for u, v in K, then there exists x in .K such that Ax + Bx = x. Next
we generalize this result.

Throughout the rest of this section, Xi (i = 1, 2, ... , n) is a Banach
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space with the norm III ’ III and the measure of noncompactness Ei, Ki
is a nonempty convex closed bounded subset of and K = .Kl X
X K2 X ... X Kn.
We start with the result stated as follows:

COROLLARY. Suppose that Fi (i = 1, 2, ... , n) is a continuous map-

ping from K into K i such that

for each Xjc Hj (j = 1, 2, ... , n). Assume, moreover, that (i, j =
= 1, 2, ... , n) is a matrix with the spectral radius less than one. Then
there exists a p oint (x1, x2 , X-) in K such that xi = Fi (xl , X2 ... , 
for i=1,2,...,n.

PROOF. Let us and let L
denote the linear operator generated by matrix [cij]. Moreover, let

us put y~(X) _ (Cl(Xl),..., tn(Xn)) for each subset .X = X1 X ... 
of X, where ii(Xi) is equal to or + oo if diameter of Xi is
finite or infinite, respectively. Then 1p is a generalized measure of
noncompactness on ~, and the assertion follows from Theorem 1.

THEOREM 2. Suppose that Gi i (i = 1, 2, ... , n) is a mapping from
K X K to Ki satisfying the following conditions : (i) for each f ixed y in K
the function x ~ Gi(x, y) is continuous on K, (ii) y): x E X~) 

x, 2c = (UI, ... , Un) and v = (VI’ ... , vn) in K. Assume, moreover, that

[ai; + 2bii] (i, j = 1, 2, ... , n) is a matrix with the spectral radius less
than one. Then there is a point x = (x,, x2, ..., xn) in K such that

Gi(x, x) = xi for i = 1, 2, ... , n.

PROOF. Let us put .F’ix = Gi(x, x) (i = 1, 2, ... , n) for x in ..K; Fi
are continuous. Now, let X = XIX... be an arbitrary subset
of .K with Xic Ki (j = 1, 2, ... , n). Modifying the reasoning from [3,
p. 91] we obtain

Therefore all the conditions of our Corollary are satisfied, and F =
= 

... , F n) has a fixed point in g. This finishes the proof.
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Note finally, that a nonnegative matrix M = [cij] (i, j = 1, 2, ... , it)
has the spectral radius r(M) less than one if and only if

for all i = 1, 2, ... , n. Let us remark that there exists a positive con-
stant ho such that r ( h ~ M)  1 for every 0  h  ho .

3. Now, we are going to consider an application of our result to
the theory of differential equations.

Assume that Ei (i = 1, 2, ... , n) is a Banach space with the norm
II ./1 i and the measure of noncompactness ~i . Let us put I = [0, a],

and with 

b} for i = 1, 2, ..., n.
By (PC) we shall denote the problem of finding the solution of

the system of differential equations

satisfying the initial conditions = Oi i (Oi i denotes the zero of E¡)
for i = 1, 2, ... , n, where each fi is a function from I X B X B into j67,
and satisfies some regularity conditions (of the Ambrosetti [1] type)
with respect to measure Ei.

PROPOSITION. Let f i (i = 1, 2, ... , n) be a bounded continuous func-
tion f rom I X B into Ei satis f ying the following conditions: (a) X

~ f or any subset X = Xl X ... X Xn of B with

and u = (UI, ... , un), v = (VI’ ... , vn) in B, where each Lii i8 an integrable
f unction on I. Let sup x, y) II i : (t, x, y) E I X B X B~  M for i =

=1, 2, ... , n. Assnme, moreover, that h  min ( a, M-1 b ) and [h - kii +

spectral radius less than one. Then there exists a solution o f problem
(PC) defined on J.
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PROOF. Let i = 1, 2, ... , n. Let us denote by C(J, Ei) the space
of all continuous functions from an interval J to .Ei, with the usual
supremum norm ~~) ’ ~~~ ~ i and the measure of noncompactness Li. More-

over, let I~i be the set of all functions g in C(J, Bi) such that g(O) = 6i
and [ for and let us put 
X K2 X ... X Kn.

Define a mapping G = (G.1, G2 , ... , Gn) as follows:

Then for each fixed y in K the function x « Gi(x, y) is continuous

in IT. Now, assume that X =
, 
with Xi c Ki and y E K fixed. By the integral main-

f

value theorem we have
v

f or x in X . Hence

and, using the Ambrosetti Lemma [1, Lemma 2.2 °], we obtain

Consequently, y by Theorem 2 there exists ) in K such
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