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Some Uniqueness Results
for Degenerate Elliptic Operators

in Two Variables.

FERRUCCIO COLOMBINI - DANIELE DEL SANTO (*)

SUMMARY - We prove the uniqueness in the Cauchy problem for degenerate ellip-
tic operators in two variables of the type:

with respect to the surface f t = 01 in the origin, under some assumptions in-
volving the coefficients a(t) and b(t). These results can be applied to the
operators:

1. Introduction.

In this paper we give some sufficient conditions for the uniqueness
in the Cauchy problem for linear partial differential operators in two
variables of the type:

(Dy means as usual - relatively to the surface {(~ t) E R2B t = 01

(*) Indirizzo degli AA.: F. COLOMBINI: Dipartimento di Matematica, Univer-
sita di Pisa, Via Buonarroti 2, 1-56127 Pisa; D. DEL SANTO: Dipartimento di
Scienze Matematiche, Università di Trieste, Piazzale Europa 1,1-34127 Trieste.
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in the origin. More precisely we will consider operators like (1) which are
degenerate elliptic with real principal part, i. e. :

Let us briefly recall what we mean by uniqueness in the Cauchy
problem. Let Q be a linear partial differential operator:

where are complex valued functions defined in ~, open subset of
R n. Let p be a real valued e1 function defined in 0 and let yo be a point
of 0 such that p(yo) = 0 and 0.

DEFINITION 1. We wilL say that the operator Q has the uniqueness
in the Cauchy problem with respect to the surface {y E S~~ 1 p(y) = 01 in yo
if given open neighborhood of yo , such that

supp (U) c {y E ~(y) : 0) and Qu = 0 in ~2’, it follows that u = 0 in a
neighborhood of yo .

Dealing with operator (1), the classical Calder6n’s uniqueness theo-
rem ([4]) can be applied only in the simple case of a(0, 0) ~ 0, i.e. when
the operator is elliptic or strictly hyperbolic. The degenerate elliptic
case has been considered by several authors ([1], [2], [6], [8], [10]).

In [6] a uniqueness result for the operator (1) with respect to the
surface { (x, t) = 0 } in 0, is proved under the following condi-
tions :

there exist two strictly positive constants C, c such that:

Condition (3) can be interpreted as a combination of a «quasi-mono-
tonicity» property in the variable t for the coefficient a(x, t) and a «Levi
type» condition on the term of order one.

In [10] K. Watanabe shows that if (2) holds and the function
t H a(0, t) has a finite order zero in 0, then operator (1) has the unique-
ness property without any condition on the term of order one.

S. Alinhac and C. Zuily consider in [2] the case of a(x, t) --- 0, in
which the recalled result of [6] is not meaningful. They give some suf-
ficient conditions for the uniqueness, in particular they prove that
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uniqueness holds if b(x, t) = b(t) = 61 (t) + ib2 (t) with bl (t) and b2 (t) real
valued e°’ functions and b2 (t) has a finite order zero in 0.

Nevertheless it is not so hard a work to find operators like (1) to
which no one of the previous uniqueness results can be applied, as it
can be seen in the two following examples:

The aim of this work is to prove some uniqueness theorems such
that they can be applied to operators like (4) and (5) i.e. to degenerate
elliptic operators of type (1) where the coefficients a(x, t) and b(x, t) de-
pend only on t, the first order part doesn’t satisfy a «Levi type» condi-
tion and a(t) is not identically zero. We will obtain two results depend-
ing on the fact that a «quasi-monotonicity» property is satisfied by the
real (Theorem 1) or the imaginary part (Theorem 2) of the coefficient of
order one. The proofs are based on Carleman’s estimates in which we
use an auxiliary function modeled on the «leading» part of the first or-
der coefficient of the operator, together with a usual weight func-
tion.

2. Statements of the results and remarks.

Let 0 be an open neighborhood of the origin in R 2. Let P be the fol-
lowing operator:

where a, b1, b2 are real valued e1 functions, while c and d are complex
valued L °° functions, defined in S~. We require that for each t , 0:

We state now the main results (in the following «’ » will mean

a/at).

THEOREM 1. Let P be like (6) and let (7) hold. Suppose that there
exist - &#x3E; 0, T &#x3E; 0 and y E L 00 (]0, T ]) such that for each t E ]0, T ]:
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Then P has the uniqueness in the Cauchy problem with respect to

THEOREM 2. As in Theorem 1, let P be like (6) and let (7) hold.
Suppose that there exist c &#x3E; 0, T &#x3E; 0 and a E L °° (10, T]) such that for
each t E ]0, T]:

Then the same conclusion of Theorem 1 holds.

Condition (8) implies that bl (t) is identically zero or strictly positive
for t &#x3E; 0. If in Theorem 1 we replace condition (8) with an analogous
condition with the opposite sign the thesis is the same. In fact it is suf-
ficient to change x with - x to obtain again the hypotheses of Theo-
rem 1. The same remark is valid for condition (12) in Theorem 2.

Let us observe that from conditions (8) and (11) it follows that also
a(t) satisfies a «quasi-monotonicity» condition like (8). This fact is not
surprising if we look at (3). Nevertheless we know something about the
necessity of such a condition on a(t) only if the space dimension is
greater or equal than 2 ([6], Theorem 3). In fact in the non-uniqueness
examples known for operators like (1) ([5], [7], [9]), the non-uniqueness
phenomenon seems to be caused only by the rapidly oscillatory behav-
ior of the coefficient of the first order part, without any relation with
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a(t). We don’t know any example of non-uniqueness for operators like
(1) with a(x, t) ? 0 and b(x, t) = o.

If bl (t) verifies (8) then condition (9) implies that b2 (t) verifies con-
dition (12). Nevertheless there exist operators for which the hypothe-
ses of Theorem 1 hold while this is not true for the ones of Theorem 2:
the operator PI given by (4) is an example. Moreover condition (9) im-
plies that b2 (t) = 0 or there exist M &#x3E; 0, C1 &#x3E; 0 and C2 &#x3E; 0 such that for
each t E ]0, T ]:

but obviously the opposite implication doesn’t hold.
As far as the Theorem 2 is concerned, we observe that if condition

(12) holds and there exists a e1 ([0, T]) function f with f ’ E L 00, such
that:

then the conditions (13) and (14) are verified.

3. Proofs.

a) Preliminary results.

First of all we state a lemma that will be useful in the follow-

ing.

LEMMA 1. Let u be the solution of the following Cauchy problem
for O.D.E.:

where x is ac parameter varying in [ - C, C], c(x, t), d(x, t), h(x, t) are
complex valued L 00 functions defined in [-C, C ] x [0, T], r(t) is a con-
tinuous real valued increasing function with = 0 and r(t) &#x3E; 0 for
t&#x3E;O.
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Then:

where functions.

PROOF. It is sufficient to write u like a linear combination of inde-

pendent solutions of the correspondent homogeneous Cauchy problem.
So it is easy to obtain the explicit expression for the coefficients of the
linear combination. Then we use the monotonicity of r(t).

Let us now consider the operator (6). Suppose that the hypotheses
of Theorem 1 hold. Using (16) it is not difficult to obtain that:

for some gl E &#x26; ([0, T]) n e1 (10, T]) and for some 0.
In a similar way from (11) we get:

for some g2 E e° ([0, T]) n ~ (]0, T]).
Let be an open neighborhood of the origin and let

u(x, t) E eoo (0’) be a null solution for the operator (6) (this means
simply that Pu = 0 in 0’ and supp (u) is contained t) E 0}).
So that:

By (17), (18) and the fact that Dx u and D;u are eoo with support
in f (x, t) e ~’ ~ t ; 0) we obtain:

where is in L °° and by (8) we have that if we define =

= tk bl (t) then rk is a continuous increasing function with rk (0) = 0,
rk (t) &#x3E; 0 for each t &#x3E; 0, if 1~ is an integer * 2. We use the Lemma 1
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and we get:

where and are L °° functions for each k * 2.

Similarly if we are in the hypotheses of Theorem 2 we obtain
that:

where (I, k and ~2, k are L °° functions for each k ~-&#x3E; 2.

b) Proof of the Theorem 1.
Consider the following singular change of variables ([3]):

We set:

We define:

We will deal with the following operator:

The relation between P in (6) and Q in (21) is clear; if we call P the
operator P in the new variables, we obtain:

where q and w are complex valued L °° functions.
Uniqueness for P will be deduced by an estimate on Q. To get such

an estimate we will use Q.
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Suppose to be in the hypotheses of Theorem 1. We set:

so that Let w(x, t) be a null solution for P in
(6). Let us consider the function:

So 16(y, s) is a null solution for P and consequently for Q. We point out
that iv can be considered having support contained in

By (19) we obtain:

where z2, k , are L °° functions.
Let x(s) be a real valued «;00 function defined on I~ such that:

We define u(y, s) = x(s) 16(y, s). Obviously u is a %°’ function with
support in [- ýä, ~] x [0, 
We will compute:

Let us set:

We obtain:
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where g E L °° (S~) and:

First of all we must verify that Jl v and J2 v defined in (25) are in L2.
We show only that and ir/Jf32Xv are in L2, the other func-
tions being similar to these:

y, s) is bounded for each fixed (k, T); so far each r &#x3E; 0,

By the definition of a have that:

so that:

where pk (z, y, s) is bounded for each fixed (k, z). Using (18) it is easy to
get that:

for each

Finally:
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By (17) we know that:

where gl is a continuous function. But:

and
We want now to compute 2 Re (J1 v, J2V)L2(D),L2(D). By (25) this term

splits into fifteen integrals. Let us calculate them (from now on «’ » will
mean a/as)

Let us consider:

All of the three functions on the right-hand side in (26) are in L 1 (S2),
then also the term of the left-hand side is in L’(0). By (23) we easily ob-
tain that:

where §k is bounded for each fixed (k, z).
This implies that:
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By (26) we finally get:

Using a similar technique we have:

where we have used the fact, deduced by (11), that
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and this implies that:

consequently, by the choice of ~ we have:

In the following Y1, ... , Y6 are functions in L°’ (Q). Then:

So: O
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We obtain:

therefore:

We have:

We use (9) and we easily get:

where Therefore:
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By (25) we have:

Finally we reach:

We obtain:

consequently:

We have:
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Finally:

By (8) we get:

By (10) we deduce:

Finally, by (11) we have:

Choosing Epj  E/2 and collecting all this information, we easily
obtain that there exist TO &#x3E; 0 and So &#x3E; 0 depending only on the coef-
ficients of Q, such that if z * co then:

Using (22), (24) and (27) it is trivial to obtain now the following Car-
leman’s estimate:

Remembering that u(y, s) = x(s) w(y, s), with w null solution for Q,
we reach the thesis of Theorem 1 in the standard way (see [11],
Ch. 1).
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c) Proof of Theorem 2.
The proof of Theorem 2 is similar to that of Theorem 1. We

set:

and we use the same test function u( y, s) defined at the point b). We ob-
tain analogous estimates for the Let us point out the main
differences:

We use the condition (13) and we deduce:
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where Therefore:

We use now (25), and we get:
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We use both of these estimates to calculate M5. We obtain:

Finally:

The other Mj can be easily calculate and the result is very similar to
that of point b). It is easy now to obtain (27) and then the thesis. This
completes the proof.
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