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On Imprimitive Groups with Small Degree.

ANDREA LUCCHINI (*)

1. Introduction.

Given a group G and a subgroup H, with [H; G] we indicate the lat-
tice of all subgroups K such that H ~ K ~ G; [H; G] is called an interval
in the subgroup lattice of G.

The following question is open: is every finite lattice L isomorphic
to an interval in the subgroup lattice of a finite group?

As a particular case, one can consider a lattice L of length 2, consist-
ing of a least, a largest and n pairwise incomparable elements: a lattice
with these properties is indicated by the symbol 311n (for some history
of the question, which comes from universal algebra, see [1]). In this
case the problem can be formulated in the following equivalent way: for
which n is it possible to find a group G with a subgroup H such that any
proper subgroup of G containing H is maximal and H is contained in ex-
actly n maximal subgroups M 1 , ... , Mn of G?

If n -1 is a prime power the question has an affirmative answer: in-
deed if F is a field of n -1 elements, V is a 2-dimensional vector space
over F and G is the group of permutations r - ax + v over V, where
a E F, a =1= 0, v E V, then the subgroups of G containing H =

E F, a ~ 0 } form an interval But if n -1 is not a prime power
it remains an open question whether there exist or not G and H with
[H; G] = 311n . It is only known that in this case C cannot be solvable. M7
and 3llii have been exhibited as intervals in the subgroup lattice of the
alternating group of degree 31 (see [5]).

There is a natural translation of this problem in terms of per-
mutation groups: in fact G acts as a transitive permutation group
on the cosets of H in G, the kernel of this action is the core

(*) Indirizzo dell’A.: Dipartimento di Matematica Pura e Applicata, Via Bel-
zoni 7, 35131 Padova, Italy.
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of H in G, and there is a bijection between the systems of imprimitivity
of for this action and the subgroups Mi of G containing H.

So the problem that we are going to study is the following: let G be a
transitive, imprimitive subgroup of Sym (n), the symmetric group of
degree n, with the property that all the systems of imprimitivity are
maximal: how many systems of imprimitivity does G admit? -

In this paper we study this last problem in a very particular case:
when G is an imprimitive subgroup of Sym (~ 2 ) or of Sym (pq) where p
and q are distinct primes: in this situation all the systems of imprimi-
tivity are automatically maximal.

The main results that we prove are the following:

THEOREM 1. Let G be a transitive, imprimitive permutation
group of degree p2 and let n be the number of systems of imprimitivity,
for G. If n ~ 2 then G  Sym (p) x Sym (p) and either n = 2 or G is a
subgroup of the group of permutations over a 2-dimensional vector
space V over GF(p) of the form x H ax + v, where a E (GF(p))*, v E V,
and n=p+ 1.

THEOREM 2. Let G be a transitive, imprimitive permutation
group of degree pq, p and q primes, p &#x3E; q, and let n be the number of
systems of imprimitivity for G. Suppose n &#x3E; 2: then either n = 2 or
n = p + 1. Precisely:

i) There is at most one system with blocks of cardinality p.
ii) If G has a block of imprimitivity with p elements and one

’with q elements, then 

ill) If G has at least two different systems of imprimitivity, both
with blocks of cardinality q (in particular if n &#x3E; 3) then q divides p -1
and one of the following holds:

a) G is a non abelian group of order pq; G has exactly p + 1
systems of imprimitivity, one of them has blocks of cardinality p while

- all the other ones have blocks of cardinality q;
b) G = PSL(2, 7), p = 7, q = 3 and G has exactly two systems of

imprimitivity, both with blocks of cardinality 3;
c) G = PSL(2, 11), p =11, q = 5 and G has exactly two systems

of imprimitivity, both with blocks of cardinality 5.

These results can be equivalently stated in terms of the subgroup
lattice in the following way:

COROLLARY 1. Suppose G: and that M1, ... , Mn are the
maximal subgroups of G properly containing H.
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ii) If n ; 3, then GIHG is a subgroup of the group of permutations
over a 2-dimensional vector space V over GF(p) of the form x H ax + v,
where a E (GF(p))* , v E V, and n = p + 1.

COROLLARY 2. Suppose G : H ~ = pq and that Ml , ... , Mn are the
maximal subgroups of G properly containing H.

i) If n &#x3E; 2 and there exist i and j with
then G / HG  Sym (p) x Sym (q);

ii) If n ~ 2 and there exist i and j with
one of the following holds:

a) H is normal in G, G/H is a non abelian group of order pq
and n=p+1;

In particular we get a curious and unexpected consequence:

COROLLARY 3. Suppose H ~ G with I G: H = pq; if H is properly
contained in at least three different proper subgroups of G, then H is
normal in G.

Theorem 1 can be compared with a similar result proved by
Wielandt in the contest of S-rings: see in particular [6], Lemma
26.3.

1. Some preliminary remarks.

Proofs of Theorem 1 and 2 will be given, respectively, in Section 2
and 3, while this section contains some general remarks on imprimitive
groups, that will be useful in both proofs.

1.1 LEMMA. Suppose that a transitive, imprimitive group G con-
tains two different systems of imprimitivity m = {B1, ... Br ~, 9 IT =
= {C1, ... C~ ~ and that B is a minimal system of imprimitivity for G:
then either Bi n  1 for all 1  i ~ r, 1 ~ j ~ s or B is a refinement
of ff.

PROOF. Suppose that Bi n Cj and Bi* n Cj* are both non empty: cho-
sen x E Bi n Cj and y E Bi* n since G is transitive, there exists g E G
such that x 9 = y: it is also (Bi n Gj )fI = Bi * n Gj* so the non empty inter-
sections of blocks of the first partition with those of the second have all
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the same cardinality. If this’cardinality is different from 1, then these
intersections are a system of imprimitivity for G: being 83 minimal, this
system of imprimitivity is equal to 83: therefore B is a refinement of
IT. 0

1.2 LEMMA. Let G be a transitive, imprimitive group of degree
n = rs and let 83 = {B1, ... , Br }, {C1, ... , be two minimal sys-
tems of imprimitivity for G, with = s and = r : then
G ~ Sym (r) x Sym (s).

- 

PROOF. By (1.1) since it must be
for all It will be convenient to label (i, j )

the unique element in Bi n in this i ~~, 1  j  s ~
and the blocks are respectively the «rows»

and the « columns » Let n~ : G ~ Sym 
G ~ Sym (tT) be the mappings that send an element g of G into the

permutation induced by g on the set of the «rows» or respectively of the
« columns » . Let g E ker for each

so g fixes all the elements of 0. There-
fore ker and is an

injective homomorphism.

2. Proof of Theorem 1.

Throughout this section we assume that G is a transitive, imprimi-
tive permutation group on a set 0, with lal = p2 , and that there exist at
least two distinct systems of imprimitivity, ~3 = {B1, ... , Bp ~ , &#x26;r =
= (Ci , ... , Cp}; obviously _ ~ = p and both these systems of im-
primitivity are minimal. The situation is the same that is described in
Lemma 1.2, so we may assume and

G ~ Sym (p) x Sym (p), acts on 0 by the position
t/J) = In particular, p2 divides p3 does not divide

IGI~
Suppose now that G has a third system of imprimitivity, (D =

- {D1, ... , D, 1. By (1.2) Dk meets each Bi and Ci in exactly one point;
therefore, if ~we call H the stabilizer in G of (1,1),

we get
if (we are assuming

(1, 1) E D1 ). Furthermore, transitivity of G implies that H contains no
nontrivial normal subgroups of G.

Let Si be a minimal normal subgroup of G contained in Mi; Si =1= 1
otherwise we would have G ~ Sym (p) and p2 would not divide I G 1. For
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i ~ j, we get G = it follows that Si acts transitively on the right
cosets of Mj in G, so p divides and pl does not divide iSi 1: but then Si
is simple.

Let Pi be a subgroup of Si with IPi _ p: Pl x P2 is a Sylow p-sub-
group of G and it is contained in Sl X S2 which is a normal subgroup of
G. It follows P3  S1 X ,S2 hence 1 =1= S3 n (,S1 x ~). Since S3 is a minimal
normal subgroup of G we have It is now clear that S1: is
cyclic of order p,
S = Sl X S2 can be thought as a vector space of dimension 2 over 
since H normalizes Sl , S2 and S3 it follows that H acts on S1 x S2 by
scalar multiplications. So G is a subgroup of the group of permutations
x -4 ax + s over S, where a E (G7~(p))*. s E S, and the systems of im-
primitivity of G are in bijective correspondence with the maximal sub-
groups of G containing H, i.e. with the p + 1 one dimensional subspaces
of S. This concludes the proof of Theorem 1.

3. Proof of Theorem 2.

Throughout this section we denote with G a transitive, imprimitive
permutation group on a set 0 with lal _ ~q, where p and q are distinct
primes with p &#x3E; q.
A block of imprimitivity of G has cardinality either p or q; in partic-

ular all the systems of imprimitivity of G are minimal.
If G has two systems of imprimitivity whose blocks have cardinality

respectively p and q, then we are in the situation described in Lemma
1.2 and so 

This proves (ii) of Theorem 2.
Observe that G has at most a unique system of imprimitivity whose

blocks have cardinality p (if 1B = ~ _ ~ C 1, ... , are two
different systems of imprimitivity with _ ~ )Cj ) =p, then, by ( 1.1 ),
Bi meets each Cj in at most one element, and so, since 1,~ = q, it follows

q, a contradiction). In particular it follows that if G has three dif-
ferent systems of imprimitivity (or more) then at least two of them
must have blocks of cardinality q. This is statement (i) of Theo-
rem 2.

From now on we assume that G has two systems of imprimitivity,
1B = ... Bp }, ... Cp }, both with blocks of cardinality q: our
aim is to determine the structure of this group G.

Let 7tm: G ~ Sym (~6), G ~ Sym (3) be the mappings that send an
element g of G into the permutation induced by g on the set

f B1, ... , Bp } of the blocks ~3, or respectively on the set {C 1 , ... , Cp } of
the blocks of M and 7tv are homomorphisms from G into Sym (p) and
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both G7rm as G7rff are transitive permutation groups of degree p, and so
in particular primitive permutation groups.

PROOF. Let g E n ker (7r,, , ): Bi g = Bi and Cj g = C~ for every
1 ~ i, j ~ p. On the other hand for any wED there exist suitable i and j
with but then i. e. g
fixes all the elements w in 13 and so it is the identity.

(3.2) If g E G has order p then g does not fix any point of 0.

PROOF. Suppose, by contradiction, that wg = c~; = Bi n C~ for
suitable 1  i, j  p. So in particular Bi g = Bi but this implies that

= 1 since is an element in Sym (p) with a fixed point and whose
order divides p. In the same way from Cjg = C~ it follows = 1; hence
g E ker (7r8 ) n ker (it’ff) = 1 by (3.1).

PROOF. By (3.1) it is enough to prove that ker = ker Sup-
pose, by contradiction, that ker (7rg) is not contained in ker then
ker nF is a non trivial normal subgroup of the primitive permuta-
tion group G7rff: so it is transitive of degree p and of consequence p di-
vides ~ ker (7r8 ) 1. So ker (7rfB) contains an element g of order p; g sends
each block Bi of 1B into itself without fixing any point (by (3.2)) but this
is impossible since and The converse inclusion is

proved in the same way.

Now let t be an an assigned element of order p in G (it exists since G
is transitive of degree pq). By (3.2) t is the product of q cycles of length
p. the orbits is a partition
of 13 in subsets of cardinality p. Furthermore:

PROOF. We claim first that IAi n By I ~ 1. In fact, suppose by con-
tradiction, that cui and co2 are two different elements in Ai n Bj: since Ai
is an orbit of t, W2 = for a suitable 1~: it follows = Bj and of con-
sequence (Ai n tk = Ai n so Ai n Bj is a union of orbits of t k, but
all these orbits have length p, hence ~~ divides lAi q, a
contradiction. Finally, since IBj = q = we conclude IAi n Bj = 1.
The same argument can be repeated with Ck in place of Bj. m
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Now it will be convenient to label (i, j ) the unique element in
in this way the orbits of t are

the «rows» while the blocks of 83 are the
« columns » Furthermore with each Ci is associ-
ated an injective map oi from {1, ... , q} into {1, ..., p) by the position

in this way it results and
so the system of imprimitivity F can be represented by a set of p inj ec-
tive maps {0"1, ... , ap I from { 1, ... , q) into { 1, ... , p 1. Moreover we may
assume for all 1  i ~ q. In this notation we have t =

where Sym(p). We have

proved above that G7rB= G * is isomorphic to G; we study now the
structure of G*:

PROOF. Since = p and 7ry is injective, ( t ) acts transitively on the
set {C 1 , ... , Cp } of the blocks of J; in particular G = (t) r where r =

It follows So to con-
clude we have to prove that But this
is clear since if g then = C1 and so g must permute into itself
the subset {B1, of the blocks of 1B with non trivial intersection
with C1. ..

(3.6) If G is solvable, then G is a non abelian group of order pq and q
divides p - 1.

PROOF. Since G is transitive of degree G ) = ps where q divides
s. On the other hand G is isomorphic with this latter group, being a
solvable transitive permutation group of degree p is similar to a sub-
group M of Aff (1, p), the group of bijection from Z/pZ into itself of
the form XCPa,b = ax + b, with a E (Z/pZ)* and b E Z/pZ; it is not restric-
tive to identify r with the translation xr = x + 1. So we have M = 
where Mo = StabM (o) is cyclic of order s; let Mo = (~): xcp = ax where a
is an element of order s in (Z/pZ)*. By (3.5) there exists 1~ such that ~,7k
maps into itself an assigned subset of Z/pZ, say X, of cardinality q; on
the other hand = a’x + (aT -1/ a-I) k from which it follows that
~~ has a unique fixed point (x = a) and acts on the remaining p - 1
points as the product of p - lls cycles of length s. This is equivalent to
say that the orbits of ~~ have all, except from 1 of length 1, the same
length s; since X must be a union of some of these orbits and q divides s,
we conclude s = q.

To conclude we have to deal with the case when G is not solvable;
under this hypothesis, by a famous result of Burnside ([2], Th. 21.3),
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G* = is 2-transitive; from this we can deduce:

PROOF. Since G* is 2-transitive, {1, 2}G* is the set of all the sub-
sets of {1, ..., p) with 2 elements: hence it has cardinality p(p- 1)/2.
On the other hand {1, 2}G* _ {1, 21K(,r) and every element of {1, 21K
is a subset of {1, ..., q). So the possibilities for {1, 2}G* are at most

hence it must be

To conclude we need the classification of transitive permutation
groups of degree p ([3], [4]), i. e. :

(3.8) There exists a normal subgroup S of G*  Sym (p) and one of
the following holds:

We now analyze each of these possibilities:

S * Alt (p), i. e. we can exclude possibility (i).

PROOF. Suppose S = Alt (p)  G * ~ Sym (p): Alt (p) is p - 2 transi-
tive, moreover q  p - 2. Hence S, and consequentely G* also, is q-
transitive in contradiction with {1, ... , q} G* = {1, ... , q}r&#x3E;.

(3.10) S 0 Mll and S =1= M23, so we can exclude also possibilities (iii)
and (iv).

PROOF. In both cases SG* implies G* 4-transitive and, by (3.7)
q . 4: {1,2,3,4}G*= {1, 2, 3, 4} K~ z~ and every element of

1, 2, 3, 4} K is a subset of { 1, ... , q} . So, arguing as in (3.7), we get

Let S = Mll: since ~n!=ll’10’9’8 and (by
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(3.7)), q must be 5: we would have

but this is false.
In a similar way, yields, since ~23~=23’11’9’7’5’2~

q % 11 and finally 23 but also this is false.

PROOF. Suppose S = PSL(d, r) ; G * % prL(d, r) where r = ph is a
prime power. First we claim that (h, pq) = 1. In fact, if by contradic-
tion, p divides h, then h &#x3E; p = 1 + r + ... + rd-1 &#x3E; 1 + r &#x3E; 1 + ph, but this
is false; if we suppose, again by contradiction, that q divides h, then

we deduce but the
relation 1 + pq ~ q 2 - q + 1 never holds.

Our assumption is that G * = G can be represented as a transitive
permutation group of degree pq admitting a subgroup H of index pq
that is the intersection of two subgroups of index p. Since IG*: SI I di-
vides IPrL(d, r): PSL(d, r)~ = h and (h, pq) = 1 we conclude IS: S n HI =
= pq, i.e. S also is transitive of degree pq. Moreover S must contain two
subgroups Mi and M2 , both of index p, whose intersection S n H has in-
dex pq. We analyze now when this is possible. Since p is a prime,
PSL(d, r) = SL(d, r) and the representations of PSL(d, r) as a transitive
permutation group of degree p are all equivalent either to the action on
the points or to the action on the hyperplanes of PG(d -1, q). So a max-
imal subgroup of degree p in PSL(d, r) coincides either with the stabi-
lizer of a point or with the stabilizer of a hyperplane.

The cases that may occur are the following:

1) M1 = Stab (P1 ) and M2 = Stab (P2 ) where PI and P2 are two
distinct points of PG(d -1, r). With a suitable choice of coordinates we
may assume PI = (1, 0, ..., 0) and P2 = (o,1, ..., 0). The matrices that fix-
es P 1 and P2 are of the form:
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with a, b E E GF(r) and a ~ b ~ det (A) = 1: this implies that
We this

implies d = 2 and and, since p is a prime, we get q = 2
and S = SL(2, 2); but in this case G is solvable and we have already dis-
cussed this possibility.

The same happens for the intersection of the stabilizers of two
hyperplanes.

2) M1 = Stab (P) and M2 = Stab (x) where is a hyperplane and P
is a point with P « x.

We may choose the coordinates so that P = (1, 0, ..., 0) and 7r has

equation xo = 0. Now the matrices that fix P and 7t" have form:

where a E GF(r)* and a - det (A) =1. We get IS: Mi n = p - ra -1 and
implies d = 2, r = q, S = PSL(2, 2): we conclude as

above.

3) M1 = Stab (P) and M2 = Stab (7r) where n is a hyperplane and P
is a point with P e x. We choose the coordinates so that P = (1, 0, ..., 0)
and x has equation x, = 0. The matrices that fix P and 77 are those of the
form:

with ac, b E GF(r)*, Xi, Yj E GF(r) and at . b . det (A) = 1. Hence

and, of consequence, it must be q =
= rd -1-1 /r -1. Since q is a prime, this implies that d - 1 must be a
prime. On the other hand from p = rd -1 / r -1 it follows that d also is a
prime, and this happens if and only if d = 3. Now q = 1 + r implies that
r is even and q is a Fermat prime, i.e. q = 1 + 22"~. If m =1= 0 p = 1 + 22m +
+ 2’r+1 is divisible by 3 in contradiction with p prime. So the only possi-
bility is m = 0 and S = PSL(3, 2).

Since PSL(3, 2) = prL(3, 2) we conclude that if G* contains a nor-
mal subgroup S with the wanted properties, then
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Therefore we have proved that if G is not solvable then

Suppose G=PSL(3,2)=PSL(2,7): IGI=8.3.7, in particular a Sylow
2-subgroup of G has index 7 - 3 = pq and it is contained in exactly 2 max-
imal subgroups, both of index 7 in G: so G acts as a transitive group of
degree 21 on the set of cosets of a Sylow 2-subgroup with exactly two
systems of imprimitivity.

G = PSL(2, 11) contains two conjugacy classes of subgroups of index
~q =11 ~ 5: the subgroups belonging to the first class are maximal; on
the other hand a subgroup of the second class is contained in exactly
two maximal subgroups, both of index 11: therefore to each of these
subgroups is associated a representation of G as a transitive permuta-
tion group of degree 55 with exactly two systems of imprimitivity.

Theorem 2 is now completely proved: in fact we have shown that a
transitive, imprimitive group G of degree pq which has two systems of
imprimitivity whose blocks have cardinality q is either isomorphic to
PSL(2, 11) or to PSL(2, 7), and in both these cases the two given sys-
tems of imprimitivity are the only ones that G admits, or G is a non
abelian group of order pq, which has exactly p + 1 systems of imprimi-
tivity, one of them with blocks of cardinality p.

3.12 REMARK. It follows immediately from what we have proved
that: if a transitive permutation group of degree pq, say G, has at least
three different systems of imprimitivity a = ... , 83 =

, then G is
a non abelian group of order pq. However this result can also be proved
without making use of the classification of the transitive permutation
groups of degree p. We give a sketch of this alternative proof.

It can be assumed:

where, as before, ak is an injective map from { 1, ... , ~ } into { 1, ... , q } .
If g E G, then with ag E Sym (p), fig E Sym (q); moreover,
since it is transitive, G contains an element of order p: this element
must have form (1, r) with ’r E Sym (p) Since C2f
for a suitable , f in Sym (p), it is easy to prove that it can be assumed aj =
_ for each 1 ~j ~ p. Let now (1, p) be another element of order p in
G. with g E Sym(p), implies Xa1 -rip = Xa1 -ri+ig for each
1; i ; ~: one can prove that this happens only if ~p ~ = (-r): but then
(r) is normal in G, and of consequence G is solvable.
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