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Multiple Homoclinic Orbits
for a Class of Conservative Systems.
ANTONIO AMBROSETTI - VITTORIO COTI ZELATI(*)

1. Introduction.

This paper deals with the existence of multiple homoclinic orbits for
second order autonomous systems

where q E R N and
homoclinic orbit is a solution
asymptotic conditions

is smooth and such that V’(0)=0. A
of (1) which satisfies the

q e C2 (R, RN)

typical situation where homoclinics arise is the case in which
is a hyperbolic point for the hamiltonian
origin (p, q) = (0, 0) E

The
the

namely when

q 0 is a strict local maximum for the potential V.
The existence of homoclinic motions has been deeply investigated.
For example, we refer to [2], [7], [15], [16] for results concerning second order systems and [11], [18] and [19] for first order systems.
When the potential V depends on time in a periodic fashion, multiple homoclinic orbits arise. Actually, the existence of many homoclinics
is a very classical problem and the first multiplicity results go back to
=

(*) Indirizzo degli AA.: A. AMBROSETTI: Scuola Normale Superiore, 56100
Pisa; V. COTI ZELATI: Istituto di Matematica, FacoltA di Architettura, 81034

Napoli.
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Poincaré [14] and Melnikov [12]. By means of perturbation techniques
they proved that in the one dimensional case (N 1) and when V depends in a periodic fashion on t, forced systems like
=

possess finitely many homoclinics. The extension of this kind of results
to any finite number of degrees of freedom (namely, when N ~ 1) is a
quite non trivial matter. Recently, there has been a great progress in
such a problem by using critical point theory. Actually equations (1) or
(2) are variational in nature and homoclinics can be found as critical

points of

on the Sobolev space E
HI, 2(R, R N). The groundwork for employing
variational tools has been given in [8] and expecially in the remarkable
paper [17], dealing with first order convex forced hamiltonian sys=

tems

Subsequently, the convexity assumption has been dropped in [9], in
the case of second order systems like (2). Both in [17] and in [9] the
existence of infinitely many homoclinics is established. It is worth remarking that such a multiplicity result is not a consequence of any symmetry or invariance property of the functional f. Rather, it is obtained
by using in a striking way the periodic time dependence of the
hamiltonian.
On the contrary, in the autonomous case, no multiplicity result is
known, and in fact one does not expect, in general, to find infinitely
many homoclinics, nor multiple solutions in such a case.
The purpose of the present paper is to show that, for a class of second order autonomous systems, multiple homoclinic orbits actually
occur.

Roughly,

we

deal with hamiltonians like

where W(q) satisfies
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Our main result states that (1) possesses at least two homoclinics provided b 2°‘-2/2 , C~. Other multiplicity results are also discussed.
Our approach is still variational, the main tool being a LusternikSchnirelman type lemma (Lemma 5 below) which allows us to take advantage of the «pinching» condition (4). Such a lemma is in a certain
sense a comparison result, somewhat related with [4, Theorem 1.2],
and we think it can be of possible interest in itself. It permits to esti=
mate the number of critical points of a functional f on a manifold M, in
relationship with those of a related functional g, whenever the sublevels of f and g are boxed in a suitable manner.
The main results of the present paper have been outlined in the pre-

liminary

note

[3].

2. Main results.

Let

where
fies :

us

consider

q ERN, I qI

a

potential

V of the form

denotes the Euclidean

norm

in

RN and W satis-

(W3) 3!Pb!P2 c C2 (RN, R), homogeneus of degree

&#x3E;

0

such that

REMARK. From the preceding hypotheses it follows that q
strict local maximum for V. Moreover the set
V(q)
compact and q 0 belongs to the interior.

=

0 is

~ 01

2,

a

is

=

We set

Our main result is the
THEOREM 1.

Let V

following

one

of the form (5)

with W

satisfying (Wo)-(W3),
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and let

Then (1) possesses at least two homoclinic orbits.
REMARK. A condition like (7) recalls a similar one used in a celebrated multiplicity result by Ekeland-Lasry [10], see in particular the
proof given in [5]. Actually, even if the approach in the present paper is
somewhat similar to that one of [5], the discussion in the sequel will
make it clear that the two results are different in nature.
When W is even, the preceding theorem can be improved. For
k N, let IIk denote the class of k-dhnensional linear subspaces of R N
and let us set

THEOREM 2. Let V be of the form (5) with W satisfying (WO)-(W3)
and suppose, in addition, that W is even. If, for some k ~ N, there
results

then ( 1 ) possesses at least k hornoctinic orbits. In
holds, then (1) has at least N homoclinic orbits.
As

consequence of the

preceding theorems, one
plicity results, perturbative in nature. For example,
a

THEOREM 3.

with

a

&#x3E;

Let V be

2 and R

&#x3E;

can
one

deduce multihas

of the form

satisfying (Wo)

Then there exists eo

particular, if (7)

and

0 such that

for all

0 ~ ~ ~ eo

one

has:

(a) (1 ) possesses at least two homoclinic orbits;
(b) if, in addition, R is even, then ( 1 ) has at least N pairs of homoclinic orbits.
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3. The variational

setting.

Let E denote the Sobolev space

with scalar

prod-

uct

and

norm

Let V be of the form (5). With the
defined in (3) becomes

preceding notation,

the functional F

In order to prove the preceding theorems it is convenient to use a different variational principle, substituting the search of critical point of
F on E with a constrained problem. This device is closely related to
that one used, for example, in [5]. See also [6] and [ 1 ], Proposition
1.4.
Let us consider the unit sphere ,S ju e E:
1}; for u E S and
À E R + , one finds
=

=
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Let ~1o be such that

=

0. Then (13)

yields

and from (14) it follows

Using ( W2 )

we

Moreover (Wi)

infer from (15) that

(or

Then (16) and (17)
such that

else

(W3)) readily implies

imply

that for all u

The

preceding discussion allows us
setting

Let

Vfls

E

that

S there exists

to define

a new

a

unique ~ (u)

function f S ~ R

by

denote the contrained gradient of f on S.

LEMMA 4.

Suppose

PROOF. From the

that W

satisfies (W,)-(W2). Then

preceding discussion

it follows that À(u) is the
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unique solution

of

Then the regularity of F, and (16) imply that À - À(u) is C1 and hence
(a) follows.
From (W1)-(W2) we infer that W(q) o( 1 q 2) as q - 0 and thus there
is ~ &#x3E; 0 such that
=

Since for all v

a1

_

e

E

one

~. Hence

This, jointly

c111vllI

has

alcl (hereafter

ci, c2,

then for any v

e

E such that

etc., denote constants) there results

(20) yields

with

(Wi) and (18), implies that for all

there

results

Therefore

one

infers there

and (b) follows.
Since f(u)
that

=

Thus, if u e S is

F(À(u)u)

a

critical

exists p

&#x3E;

0 such that

and À(u) satisfies (19), then

point of f I s then

for some Lagrange multiplier y e R.
and using again (19) it follows that

Taking

one

finds

there results

the scalar

product with u
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Therefore (22) yields À(u)F’(À(u)u)
F’(À(u)u) 0. This proves (c). m

0 and

=

finally (21) implies

=

4. A Lusternik-Schnirelman lemma.

This section is devoted to state in a general form a theoretical lemwhich will furnish a basic tool for proving our multiplicity results.
We will use the Lusternik-Schnirelman (L-S, for short) theory of critical points. See for example [1] for a short review.
Let us consider a C1 Riemannian manifold M and a functional
fe C1(M, R). For c eR we set f’= lu e M: f(u) c}. Let K(f) denote
the set of critical points
K( f ) _ fu e M:
01. We say
satisfies the condition (C)
whenever for any e-neighbourhood U of K(f) there exists d &#x3E; 0 such that
ma

=

REMARK. In using variational tools, it is usually employed the so
called (PS) condition introduced by Palais and Smale [13] rather than
condition (C). Verifying (PS) on f ~ amounts to requiring that any se- 0,
quence un Efc such that f (un ) is bounded (below) and
possesses a converging subsequence. Actually, condition (C) suffices to
prove the main results in L-S critical point theory.

Another main tool of the L-S theory is the L-S category. Let T be a
topological space and let X c T. The L-S category of X with respect to
T, cat (X, T ), is the least integer k such that X c U Xi, Xi being
1
1ik

closed subset of T, contractible in T. Among the properties of the L-S
category, let us recall here for future references the following mono-

tonicity properties:

In the

sequel

we

will make

use

of the

following result

in the L-S

theory:
LEMMA 5.

Let feel (M, R) be bounded below on M and satisfy (C)
has at least

The main result
one.

we

cat(fC,fl)

critical

points

in

f~

will prove in this section is the

following
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LEMMA 6.
that:

Suppose that exist

c, m E R and subsets X eYe M such

x for all
2) 3q E C( Y, X ) such that
m
and
3) M f
flM satisfies (C) in fc.

x E

X;

points

in

=

Then

II M

has al least cat (X, X ) c r it ical

IC.

PROOF. First of all, assumption 3) allows us to apply the L-S
theory to f on f c yielding the existence of (at least) cat (f c, f ~ ) critical
points for flM on f ~.
Next, using assumption 1) jointly with (23) and (24), one infers

We claim

that, if 2) holds, then

one

has

Indeed, since X c Y, (23) yields that cat (X, Y) ~ cat (X, X). ConverThen X c
with Xi closed and consely, let
:!5: k Xi,
tractible in Y. Let hi E C([O, 1] x Xi, Y) denote the homotopy such that,
for all x E Xi :

U

Let

This
=

us

set

-

Xi, X) and there results

that Xi is contractible in X and therefore cat (X, X) ~ k
Y), proving (26). As a consequence, (25) becomes

an

application

5. Condition

on

x

means

cat (X,

and

Then Hi E C([0, 1]

Hi

of Lemma 5

completes

the

=

proof.

(C).

It is well known that the usual (PS) condition does not hold for F
E because F is invariant under the (non-compact) action r -+ ut --u(. + z). To overcome this difficulty, the following result has been
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proved in [8] and [9]. Let Ko (F) denote the

set

F’(u) = 01.
LEMMA 7. Suppose
quence such that

=

inf

F

&#x3E;

0 and

e

E be

a se-

UEKO(F)

Then there exist Tn E R and zo E E such that,
there results (up to a subsequence)

setting

zn (t)

=

vn (t +

~n )

REMARK. Actually, the proof in [8] and [9] is given in the case
of non-autonomous potentials, but it can be carried over without
changes in the autonomous case, too. Moreover, let us explicitly point
out that, in the present setting. Lemma 4 (b)-(c) readily implies that

1 = m(= inf
f). 0
S
analogy with Lemma 7,
Precisely one has

In

LEMMA 8.

Let un E S be

a

a

condition similar to (27) holds true for
sequence such that

Then there exist Tn E R and uo E E such that,
there results (up to a subsequence)

PROOF. There results:

setting wn (t)

=

un (t +

2n)
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where

(In

-

0. From (30) it follows that

Multiplying by un

and

taking

into account

(19),we get 0

= yn +

(Jn un)

and hence

Since À(un) * p

&#x3E;

0

(see (21)) then

one

infers

There results

and

hence, using again (21),

we

deduce that

This and (29) say that Lemma 7 applies to the sequence vn À(un) un
with 1 m, see the Remark after Lemma 7. Therefore vn satisfies (27)
as well as un verifies (28), proving the Lemma.
=

=

As

an

immediate consequence of Lemma 8

LEMMA 9.

For all

c

2m

we

infer

satisfies condition (C)

on

6. Proofs.

The proofs of Theorems 1, 2 and 3 will rely on an application of Lem6 to f, with a suitable choice of X and Y. First, some preliminaries
are in order.
For K a, b let us consider functionals GK : E -~ R defined by

ma

=

setting

Moreover, the same arguments developed in Section 3 permit
(smooth) functionals gK : S ~ R,

to define
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From

assumption (W3)

it follows that

and hence

This, in turn, implies

F &#x3E;

LEMMA 10.
0, small.

Ifb

a.

2a-2/2, then gb

for all c and

C

all

PROOF. From the left-hand side inequality in (31) we immediately
infer
Furthermore, for all U E S there results

+ 00

Setting A(u) =

a
-

In the

same

way

direct calculation

yields

m

one

finds

Using (7), from (32) and (33)

it follows

This and the

inequality

right-hand

side

in (31)

yield

completing the proof of the lemma.
PROOF

OF

THEOREM 1.

The

proof will be carried

our

in several

steps.
(i) If u E S is
ments of Section 3

possible
yield that
a

critical

u)

point of gb
=

,S, then the arguq (t) A(u) u(t) is a

on

0 and thus

=

189

homoclinic orbit of

From the conservation of the angular momentum, it follows that
g(t) _ çr(t), where ç E SN-1 and r r(t) satisfies the scalar equation
=

Since (34) has, up to time translations, a unique solution it follows that
a unique critical level on S.
(ii) Let g inf gb . Clearly Lemma 9 applies to gb with m = IA and

gb has

=

s

therefore the L-S

be used to infer that,

gb .
actually, [A min
s
Let u* E ,S be such that gb (u * ) Then, according to point (i) above, IA
is the only critical level of gb and q * (t) _ ~(u * ) u * (t) has the form
E SN-1 and r satisfying (34).
q*(t) _ ~* r(t),
(iii) We will apply Lemma 6 to M = S and f, by taking c 2g - E,

theory

can

=

=

=

with c

&#x3E;

0

small, and

First of all, let us notice that cat (X, X) 2. To see this, we recall that
X = JU
is a solution of (34)}; moreover, the solutions of (34) have the form r(t) ro (t + T), for a fixed ro and any r E R.
Thus X S N-1 x R and the claim follows.
Next, from Lemma 10 (with c g) it follows that assumption 1) of
Lemma 6 is verified. Moreover, from point (ii) we deduce that X is a deformation retract of Y. Indeed, gb has no other critical points than those
in X, and Y can be deformed (actually, retracted) on X because, by
In particular, such
Lemma 9, condition (C) holds true for gb Is on
a retraction gives rise to the map n E C(Y, X) satisfying assumption 2)
of Lemma 6.
From (31) it follows that min f &#x3E; 03BC. Hence 2g - e 2m and
=

=

=

=

=

=

s

therefore,

f2m -

as a

consequence of Lemma

9, fls verifies

condition (C)

on

~ e.
.

(iv) The discussion of point (iii) allows us to apply Lemma 6 yieldMore precisely, according to
ing cat (X, X ) 2 critical points for
the L-S theory, fs has two critical levels C1 m ~ c2 and if Cl c2 ( = m)
then fls has at level m infinitely many critical points Km , such that
=

=

=
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cat ( KM, f ~‘ - E) 2. It remains to show that, in any case, (1) possesses
at least 2 geometrically distinct homoclinic orbits. To see this, let ui be
+ r),
such
If
u(t)
ci and
=

=

=

=

geometrically distinct homoclinic orbit, we would
and therefore C1 c2 m. But it is immediate to see
that cat ( ~ (u), fC) 1 for all u
can assume, without loss of generality, that f ~ is connected, otherwise the same would be true in each
component). This completes the proof.
there exists

only

one

=

=

=

Before proving Theorem 2, let us recall that when W is even, then F
and f are even functionals, and we can use the Z2-invariant L-S theory.
Let y(A) denote the Z2-genus of the Z2-symmetric closed set A, with
see, for example [1, Section 2]. We anticipate that, due to the
specific features of the Z2-genus, we do not need to use Lemma 6 any
more.

For k K N, let 7r* denote the k-dimensional linear
such that for the ak defined in (8) there results

Define Ek

=

{xERN:

Since
claim

Ixl[

PROOF. For all

Therefore, for

and hence

s E

any u

and

=

x R, then

= k,

see

Lemma 2.11-(vi) of [ 1 ]. We

R and all x E 2k there results

=

subspace of R N

Xk

one

has
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The

same

calculation made in Lemma 10

yields

+ 00

where A
also has

=

On the other side,

and hence,

in Lemma 10,

one

using (35), (36) and assumption (9)

Finally, since
(37) implies
We

as

-°°

u

are now

solves

=

2g
in

for all u

position

E

Xk .

(34), there results

and

0

to prove Theorem 2.

PROOF

OF THEOREM 2. From Lemma 11 and the monotonicity
of
property the Z2-genus (cfr. Lemma 2.11 of [1]) we infer y ( f ~" - ~) &#x3E;
~ y(Xk)
k. Moreover, according to Lemma
satisfies (C)
because 2g - c 2m. Then fls possesses at least k (pairs of) critical
points, which give rise, as in the proof of Theorem 1, to k geometrically
distinct homoclinic orbits.
=

REMARK. As seen in the preceding proof, we did not need to find
any set Y as claimed in Lemma 6. The reason is because, unlike the
genus, we do not have, in general, that cat (X, X) ~ cat (r, Y) provided
XcY.
In order to prove Theorem 3, les us begin modifying the potential
R. Let ro &#x3E; 0 be such that 0
( 1 /2) r 2 implies 0 r ro and
E
such that
C
°°
be
a
function
(R
R)
+
,
nonincreasing
let x

Define

R (q)

by setting
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and set

LEMMA 12.

Then q is

a

Let e

&#x3E;

0

and let q be a horrcoclinic orbit of

homoclinic orbit

of (1)

urith V

given by (10).

PROOF. From the conservation of the energy

we

infer

Hence it follows

Since e &#x3E; 0 and R(q) &#x3E; 0, then we find that 1/2 |q(t)|2 &#x3E; 1/a|q(t)|a.
Therefore
ro and from the definition of X it follows that R R.
+
Hence q(t) solves (1), with V(q) = -1/2IqI2
=

PROOF
and small
any

From

THEOREM 3. First of all, let us check that for all e &#x3E; 0
enough, W, verifies assumptions (Wi) and (W2). Let us take
1/2[. Then there results
OF

as
(W4) it follows that R’(q) ~ q and R(q) are
for I q I small, then there eidsts 6 &#x3E; 0 such that

Since

R (q) = R(q)

On the other hand, since
e1 &#x3E; 0 such that

whenever

R (q)

=

0 for all

ro +

1, then there exist

This and (39) imply that We verifies (Wi) provided
0ee1.
In a quite similar way, one shows that there exists E2 &#x3E; 0 such that
W~ verifies (W2) provided 0 ~ e ~ ê2.
Finally, let b be any real number such that 1 b 2°‘ - 2/2 . We claim
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and
that, for e possibly smaller, ( W3 ) holds true with ~l (q) _ (1 /a)
’P2 (q) = (b/a) I q I a.
To see this, we argue as before. We first remark that, being R(q) =
as q - 0, then Ed’ &#x3E; 0 such that
=

Moreover, since

R (q)

=

0 for

ro +

1, then there exists

E3 &#x3E; 0

such

that

provided 0 ê ~ e . Since, plainW~ (q) ~ ~2 (q) _ (b/«) ~
&#x3E;
the claim follows.
VE
0,
ly, W~ (q) ~
The preceding discussion allows us to apply Theorem 1 (respectively, Theorem 2) whenever 0 ~ ê ~ Eo =
ê2, ê3} and V has the
form (10) (respectively, V has the form (10) and is even), yielding 2 (respectively, N) homoclinic orbits for equation (38). According to Lemma
12, these orbits are in fact solutions of (1), and this completes the proof
Therefore

of Theorem 3.
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