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Generating Wreath Products
and their Augmentation Ideals.

ANDREA LUCCHINI (*)

To Giovanni Zacher, in occasion of his 70th birthday

Introduction.

For a group G, let d(G) denote the minimum of the cardinalities of
the generating sets of G. In this paper we will study for the wrea-
th product W = G of a finite group H and a finite permutation
group G.

In [3] and [4] this problem is discussed when H and G are nilpotent
and with respect to the regular permutation representation of the

group G.
In [13] we have considered the case of soluble groups, using a for-

mula, due to Gaschftz, that allows us to express the minimum number
of generators of a finite soluble group G as a function of some integers
coming from the study of the chief factors of the group G. Gaschftz’s re-
sult has been generalized to arbitrary finite groups by Cossey, Gruen-
berg and Kovacs: if IG is the augmentation ideal of ZG then d(IG ), its
minimum number of generators as a G-module, can be computed from
the knowledge of the structure of the irreducible G-modules. Applying
this result we will prove:

PROPOSITION 1. If H is a finite group and G is a transitive 
tation group of degree n, then

(*) Indirizzo dell’A.: Dipartimento di Elettronica per 1’Automazione, Uni-
versita degli Studi di Brescia, Via Branze, 25123 Brescia, Italy.
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The connection between d(G) and is: d(G) = + pr (G)
where pr (G) is a non negative integer, called the presentation rank.
The class of groups with zero presentation rank is known to be large
and contains all soluble groups. Therefore this proposition can be consi-
dered as a generalization of a similar result ([13] Theorem 1) proved for
the minimum number of generators of the wreath product of soluble
groups.

From Proposition 1 we will deduce:

THEOREM 2. If H is a finite soluble group and G is a transitive
permutation group of degree n, then

A similar result is proved in [13], but assuming that G is soluble and
only with respect to the regular permutation representation of G.

In Theorem 2 we assume that H is soluble; this hypothesis is necess-
ary. In section 3 we will describe an example with H perfect for which
our result does not hold.

Proposition 1 and Theorem 2 restrict the problem to the particular
case H abelian. We will study this problem in two particular situa-
tions.

In section 4 we will consider W = A ~ G with A abelian and G an ar-
bitrary finite group with respect to its regular permutation representa-
tion. The same problem is discussed in [13] (Theorem 2) but with the
hypothesis that G is soluble. We will prove that a similar result holds in
the general case; precisely for every non trivial irreducible G-module
M define

denote with dp (A) the minimum number of generators of the Sylow
p-subgroup of A and define

where M ranges over the set of non trivial irreducible F G-modules,
with pp=0 if every irreducible FG-module is trivial. Then we
have: 

°
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PROPOSITION 3. If A is a finite abelian group then

THEOREM 4. If A is a finite abelian group then

Theorem 4 has the following consequence:

COROLLARY 5. Let A be an abelian finite group, let G be a finite
group and suppose that for every prime p dividing I A I and every non
trivial irreducible F~ G-module M, M is not isomorphic as a G-module
to a complemented chief factor of G; then

where q ranges over the set of the prime numbers dividing I A I and
such that G is not q-soluble.

In particular:

COROLLARY 6. If A is abelian and A and G have coprime orders
then

COROLLARY 7. If p is a prime and S is a f°tnite non abelian simple
group then

(i) d(Zp ? S) = 2 if p does not divide S 1;
(ii) d(Zp ? S) = 3 if p divides 

In section 5 we consider the wreath product W =A? Sym (n) of an
abelian group A with the symmetric group of degree n, proving:

THEOREM 8. If A is a non trivial abelian group, then

In [20] Gruenberg and Roggenkamp use a similar elaboration of Ga-
schütz’s methods to study the minimal number of generators of semidi-
rect products A x G, where A is a semisimple G-module. The wreath
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product W = A l G = A n x G is a particular case of this situation (A n is
not in general a semisimple G-module but one may consider the quo-
tient over the radical). So Theorem 4 and Theorem 8, but not the corre-
sponding results for the augmentation ideal, could be deduced from
Proposition 4 of [20].

The results proved in this paper will be applied in section 6 to com-
pute the minimum number of generators of the automorphism
group of the direct product of n copies of a finite non abelian simple
group S. We will obtain:

PROPOSITION 9. Suppose that S is a finite non abelian simple
group and Let Out,S = Aut S/S be the outer automorphisms group of S. If
n # 1 then

1. - Given a finite group G we will denote with IG the augmenta-
tion ideal of ZG and with d(IG ) the minimum number of generators of
IG as a ZG-module. A formula, proved by Cossey, Gruenberg and Ko-
vacs ([5] Theorem 3) allows us to express d(IG ) as a function of some in-
tegers coming from the study of the structure of the irreducible
G-modules.

In this section we describe this formula and introduce some related
remarks.

Let M be an irreducible G-module; we define the integer numbers
rG (M), and hG (M) by setting:

Cossey, Gruenberg and Kovdcs proved:

1.1. d(IG) = max (d(G/G’), hG (M)) where M ranges over the set of
m

non isomorphic non trivial irreducible G-modules.

To compute hG (M) it is useful to remark (see [2] 2.10 and
Theorem A):
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denotes the number of chief factors G-isomorphic to M and complemen-
ted in an arbitrary chief series of G and CG (M) is the centralizer in G of
M.

From 1.2 and 1.3 it can be easily deduced ([12] Lemma 1.5):

1.4. hG (M) ~ max (2, 6 G (M) + 1 ) .

A consequence of this is:

1.5. Let N be a normal subgroup of G with N ~ G ’, then

where M ranges over the set of non isomorphic non trivial irreducible
G-modules such that  6G(M)-

PROOF. Suppose d(IG ) &#x3E; max (2, d(IGIN)). By (1.1) there exists a
non trivial irreducible G-module M such that We have
to prove 6 GIN (M)  a G (M). First notice that 6 G (M) 0, otherwise (1.4)
would imply d(IG ) = hG (M) ~ 2. Now suppose, by contradiction,
~ G (M) - &#x3E; 0; then there exist two normal subgroups of G, say
K, and K2, such that N ~ K,  K2 and is G-isomorphic to M; in
particular this implies N ~ CG (M) but then End(M) == EndGIN (M)
and, by (1.2), so

d(IG ) = hG (M) = a contradiction.

On the other hand (see [18] p. 189-190):

1.6. d(IG ) = 1 if and only if G is a cyclic group.

So from (1.5) and (1.6) we can conclude:

1.7. If G is not a cyclic group and N is a normal subgroups of G with
N ~ G ’, then

where M ranges over the set of non isomorphic non trivial irreducible
G-modules such that d G~N (M)  d ~ (M).
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REMARK 1.8. Consider an arbitrary chief series of G

passing through N. The assertion  a G (M)» means that in
( * ) there exists an abelian complemented chief factor with

Ai ~ N such that is G-isomorphic to M. Since M is a non trivial
G-module, G does not centralize Ai /Ai + 1.

Another useful consequence of (1.1) and (1.4) is

1.9. If N is a normal subgroups of group G and N ~ Frat G
then = d(IG).

PROOF. It suffices to remark that the abelian chief factors of G con-
tained in N are not complemented in G.

The connection between d(G) and d(IG ) is given by a theorem of
Roggenkamp ([17]) which states that

Here the non negative integer pr (G) is an invariant of the finite

group G called its presentation rank, whose definition comes from the
study of relation modules ([9]). It is known that pr (G) = 0 for many
groups G, in particular we will use ([7] p. 263-264 and [8]):

1.11. If d(G) ~ 2 then pr (G) = 0.

1.12. If G is a soluble group then pr (G) = 0.

We will need also the following result ([10] p.218):

1.13. If N is a soluble nornzal subgroup of G and pr (G) &#x3E; 0 then

2. - Let H be a non trivial finite group and let G be a transitive per-
mutation group of degree n; G acts on B = Hn by the rule:

(hl, ..., hn)g = (hlg-l, ..., hng-l) for every (hl, ..., hn) E B and g E G.
This action of G on B leads to a semidirect product W = B x G, which is
called the wreath product of H and G and it is denoted with the symbol
H ? G; the subgroup B is called the base subgroup of the wreath pro-
duct W.

In this section we will prove that the problem to compute d(Iyy ) can
be reduced to the case H abelian.
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Consider the derived subgroup B’ of B: B’ _ (H’ )’~ is a normal sub-
group of W with W/B’ = so, by (1.7):

2.1. d(Iw) = max (2, hw(M)) where M ranges over the
m

set of non isomorphic non trivial irreducible G-modules such that
8W/B’(M)  8W(M).

But if A is an H-module then A n can be viewed as a W-module if we
define (~i,...,~)~2013’~~=(~B...,~’) and ([13] Propositon
1.3) the map AHAn gives a bijection between the set of non-central
complemented chief factors of H and the set of non isomorphic non tri-
vial irreducible G-modules such that So we ha-
ve :

2.2. d(Iw) = max (2, where A ranges over the
A

set of non isomorphic complemented chief factors of H that are not cen-
tralized by H.

We want to compare with 

PROOF. It suffices to remark that = E ndH (A ) (see [13]
Lemma 1.6).

PROOF. We have to prove Consider the

cohomology sequence determined by the group extension

and denote, as usual, the B-fixed points in A n by (A n )B. Then we have
the exact sequence:

where i is the transgression ([15] p. 354). Since A is a non trivial irredu-
cible H-module (A’ )B (CA (H))n = 0, so H1 (W/B, (An )B ) =
= = 0 and we obtain
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To conclude the proof we have to show that H 1 (B, A" 16’° * H 1 (H, A).
Recall that A n ) = Der (B, A n )/Inn (B, A n ) where Der (B, A n ) is
the set of all derivations from B to An and Inn (B, An ) is the set of inner
derivations; if 3 E Der (B, A n ) and w E W then b(3 ’° ) = for

every b E B. Let 3 + Inn(B, A n ) E A n )W; for every w E W there
exists a w = (a I, ... , an) E A n such that

, =
and Bn =

= Hl x ... x Hn . We claim that Ai for every 1 ~ i ~ n. We prove
this when i = 1, but the same argument holds for every 1 ~ i ~ n. Let

suppose h3 =

- ~ a1 ~ ~2 ~ · .. , CLn ) E A n; by (* * *)

which implies = ai for every 2 ~ I 5 n and every choice of hi E H;
since CA (H) = 0 we conclude a2 = ... = an = 0 so that !1.ð =

- (al , 0, ... , 0) E A1. But then we may assume d = (d 1, ... , d n ) E
E Der (Hl , x ... x Der (Hn , An ) = Der (H, A)n . Since G is transitive
on {1, ... , n 1, for every i ~ 1 there exists gi E G such that 1 = igi . Apply
( * * * ) with b = ( h, ... , h), h E H and w = gi; we deduce that, for every
h E Hi

but then h3 1 = [a 1, h] for all he H, hence d i --- 81 mod Inn (H, A).
Conversely if (~ 1, ... , ~ n ) E Der (H, A)n 1 mod Inn (H, A) for
every 1 ~ i ~ n then the map 6: defined by (hl , ... , 

=

= (h181, ..., hn 6 n) satisfies the condition 8 + Inn (B, An) E H 1 (B, A n )W.
So we conclude H (B, H 1 (H, A).
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Now we can prove the main result ot this section:

THEOREM 2.6.

PROOF. If H is cyclic then there is nothing to prove: indeed .

So we may assume that H is not a cyclic group, which in particu-
lar implies [(d(IH) - 2)/n] + 2 ~ 2. By 2.2 and 2.5

On the other hand, by (1.1) and (1.4),

Now consider the different cases. If d(IH ) = max (hH (A)) then
A

where the last inequality depends on the fact that H/H’ is a homomor-
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phic image of H/H’ 1 G (see, for example, Lemma 3.1 in [16]), and

Finally if d(IH ) = 2 then

and

COROLLARY 2.7. If H is a soluble group then

PROOF. By (1.10) and (1.12) d(H) = d(IH ) so

Furthermore, since
have

To prove that
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we distinguish two cases. If pr ( G ) = 0 then

If pr ( G ) ~ 0 then, by
therefore

3. - In this section we want to show that the equality

given by Corollary 2.7 does not in general hold if H is not assumed to be
soluble.

To do that we consider the particular case H = the direct pro-
duct of m copies of a finite non abelian simple group S and G = ~ , the
cyclic group of order 2. If m = 1 then W = S ? can be generated with
2 elements [14]. We ask for which integers m the statement

= 2 remains true. Let B ..., am , bl, ... , bj E
E S} X S m = be the base subgroup of W and, for every 1 ~ I 5
 m, define Bi = {(01, ... , am , bl , ... , 1 for every 1  j 

Bi = S 2 is a normal subgroup of W and Wi = BiZ2 = S? Z2.
Let Z2 = (E); d(W) = 2 if and only if there exist yl E
E B1, ... , xm , YmEBmsuchthat(XlX2...XmE, YlY2 ... Ym) = W and it is not
difficult to see that this holds if and only if:

a) (xi E, for every 1 -i- m;

b) for every 1 ~ i  j ~ m the subgroup
of W does not normalize the diagonal subgroup L1 ø =

Define ,S~ _ ~(x, y) E S2 x S2 ~ (x~, y~ = S z ~2 ~ and T = ~~ E
E Aut(S) 2 Z2 = Aut(S2)|EO E E S2} = NAut(S2)(S2Z2). If (x, y) E Q and

then implies 
and so e Q. It can be verified that (x, y)~ _ 
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defines a group action of r on the set 0. Notice that this action is regu-
lar : in fact if ( x, y )~ _ ( x ~ ~ ~ E, y 0 ) = ( x, y ) then = XE and y " = y;
but xe, y generate so we must have 0 = 1. Now the condition (a)
holds if and only if yi ) E S~ for every 1 ~ i ~ rn. Furthermore

Yi yj) normalizes the diagonal subgroup d ~ if and only if, for
every x E S 2

and this occurs if and only if Xj E and Yj = that e r and

y2 )~ _ (Xj, Yj). But then ... , ... , ym satisfying ( a) and ( b )
can be found if and only if there are at least m different orbits for the
action of r on Q. Since this action is regular we deduce:

3.1. = 2 if and only if 
lri 

*

Now define

PROOF. Suppose (x, Y) E Q with x = (xl , x2 ) and y = (y1, y2 ). If

(Xl’ X2, then x2 , yl , Y2) = M is a proper subgroup of S
and y) £ Mi 2%, a contradiction.

Using a method developed by P. Hall ([11]) the number I can be
calculated in terms of the Moebius function f.J- of the lattice of subgroups
of ,S, namely:

Furthermore observe that:

PROOF. Since every O E T can be writ-
ten in the form 0 = (x1, x2 ) E i, with x1, x2 E Aut S and 
and only and this holds if and only ifxl = x2 mod S.

In particular from 3.1, 3.2 and 3.4 we deduce:

Now let S = Alt ( 5 ), the alternating group of degree 5; by 3.3, 1 T21 I =
= 12785880, while I F I = I = 14400; by 3.5 we obtain:
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In particular consider H = Alt ( 5 )~; d(H) = 3 (namely
d( Alt ( 5 )m ) = 3 for 20 ~ m ~ 1668), but

so in this case the statement of Corollary 2.7 does not hold.

4. - The theorem proved in section 1 reduces the study of d(IG ) for
a wreath product W = H l G to the case H abelian. We will study this
problem in two cases. In the next section we will discuss the case G =
= Sym (n). In this section we consider any arbitrary finite group G with
respect to its regular representation. So let A be a finite abelian group,
G an arbitrary finite group and let W = A ? G be the wreath product of
A and G with respect to the regular permutation representation of
G.

For every prime p dividing denote by dp (A) the minimum
number of generators of a Sylow p-subgroup of A and define

where M ranges over the set of non trivial irreducible l~p G-modules,
with pp = 0 if every irreducible l~p G-module is trivial (here lFp denotes
the field with p-elements). As is well known, Op (G) = n CG (M) whereM

M runs through the irreducible FpG-modules, so ep = 0 if and only if
G = Op (G) is a p-group.

PROOF. The statement is obvious if A is trivial. So from now on we

may assume that A is a non trivial abelian group. Let n = [ G I and con-
sider B = A n the base subgroup of W. Frat B = Frat A n = 
 Frat W so, if we consider W = W/Frat B = = A/Frat A 2 G,
by (1.9), Let Fp G be the group algebra of G over the
field Fp and let B = n G acts on B by rigth multiplication
- - p| |A| I -

_and W * b % G ([13] pp. 485-486_). Now [B, G] is a normal subgroup of
W with W /[B, G] = A x G (here A denotes the factor group A/Frat A),
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so, by (1.7)

where M ranges over the set of the non trivial irreducible W-modules
which are isomorphic to some complemented chief factor of W contai-
ned in B. But ([13] Lemma 2.1) for every prime p dividing IA I, every
non trivial irreducible 1Fp G-module M is isomorphic to a complemented
chief factor of W contained in B and

Since B centralizes M, End ( i. Fur-

thermore, by (1.2),

But then

So max hw (M) = max e, and d(Iw) = max (2, Op)’ To conclu-M p| |A| 
’ p| |A| i

de the proof it remains to see that 2 ~ max (d(IA x G)’ Q p ) - If A x G is
p| |A| i

not cyclic, then d(IA x c) ~ 2. Suppose that A x G is cyclic: a prime p di-
viding I A I does not divide ~ I so there exists at least one non-trivial
irreducible Fp G-module, say M. But then 

0

PROOF. Since A x G is an epimorphic image of W = A 1 G,
d(M0 a d(A x G). Furthermore d(W) ~ max e p, so d(A ~ G) ~

p| |A| I
To prove

distinguish two cases. If
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We consider now a particular case; suppose

( * ) For every prime p dividing IA I and every non trivial irreducible
F p G-module M, = 0, that is M is not isomorphic as a G-
module to a complemented chief factor of G.

Notice that ( * ) holds in particular if G is nilpotent, if G is simple or
if A and G have coprime orders.

LEMMA 4.3. Suppose that G is not a p-group and that G satisfies
(*):

if G is p-soluble;

if G is not p-soluble.

PROOF. Suppose that G is not a p-group and let M be a non trivial
irreducible Fp G-module. Since 8G (M) = 0, by (1. 2), SG (M) =
= H 1 M) so

By (1.3) hG (M)  2 and hG (M) = 1 if and only if H (M), M) =
= 0. The conclusion follows from the following theorem proved by
Stammbach ([19]): a finite group G is p-soluble if and only if
H1 (G/CG(M), M) = 0 for every irreducible FpG-module. 8

COROLLARY 4.4. If ( * ) holds then

where q ranges over the set of the prime numbers dividing I A I and such
that G is not q-soluble.

In particular:

COROLLARY 4.5. If A is abelian and A and G have coprime orders
then
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PROOF. If (IAI, G ~ ) = 1 then d(A x G) = max (d(A), d(G)) and,
for every prime p dividing I A 1, since p does not divide G ~ , G is

p-soluble.

Using the fact that every non abelian finite simple group can be ge-
nerated with 2 elements [2], we deduce:

COROLLARY 4.6. If p is a prime and S is a finite non abelian sim-
ple group then

if p does not divide S 1;
if p divides IS 1.

5. - In this next section we compute the minimum number of gene-
rators for W = A ? Sym (n), the wreath product of a non trivial abelian
group A with the symmetric group of degree n.

LEMMA 5.1. pr ( W) = 0.

PROOF. Suppose, by contradiction, pr (W) ~ 0; by (1.13) d(W) _
d(A’ x Sym (n)) = d(Sym (n)) - 2, hence, by (1.11), pr(W) = 0, a con-
tradiction..

In the same way we can also prove:

LEMMA 5.2. pr (A x Sym (n)) = 0. _

Now Frat B = Frat W so, by (1.9), = d(I W/FratB ).
Let Bp be the base subgroup of the wreath product Zp ? Sym (n); Bp can
be viewed as a Sym (n)-module and

and [B, with W/[B, Sym (n)] =
= A/FratA x Sym (n), so, by (5.1), (5.2) and (1.7) we have

where M ranges over the set of the non trivial irreducible W-modules
which are isomorphic to some complemented chief factor of W contai-
ned in B.

To apply these result we need some information about the structure
of Bp as a Sym (n)-module. Define
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and, for every 1 ~ i  j ~ n, let ... , xn ) with xi = 
= - 1 . xk = 0 if i, j. It is easy to verify that Ip is a submodule of Bp
and that, for every generates Ip as a Sym (n)-module. Further-
more it can be easily seen that

5.4. Z , the trivial Sym (n)-module and

(i) if p divides n then Ip is the unique maximal submodule of Bp ;
(ii) if p does not divide n then Bp = Ip Q3 Zp and Ip is an irreduci-

ble Sym 

Let rad (B) be the intersection of the _maximal Sym ( n )-submodules
of B; no chief factor of B contained in rad (B) is complemented, so we ha-
ve only to consider the chief factors of B/rad (B) which are not centrali-
zed by Sym (n). By (5.4)

and, from (5.3), we deduce

We have to compute

5.6 If p does not divide n, then Endw (Ip) = Endsyn, (n) (Ip) = 

PROOF. Since Ip = E ndsym (n) (Ip ) is uniquely deter-
mined by the knowledge of = ( x1, ... , xn ). Let Q = (1, 2) E
E Sym (n): 

if p ~ 2 then xk = - xk = 0 for 3 ~ 1~ ~ n, ri = - X2 = r e Z~ and =

= xel, 2 . If p = 2 then we can conclude only xl = x2 = x. But consider now

since this holds for every a e 2), it must be X3 = ... = xn =

- y and e ~ 2 = ( x, x, y ... , y ). But implies 2 x + ( n - 2 )y =
- ny = 0; since, by hypothesis, 2 does not divide n, we deduce y = 0
and again the conclusion is = xel, 2 ..

5.7. If p does not divide n, then = n - 1.
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PROOF. = dmiEndw(7p) (I p ) = = n - 1.

5.8. If p does not divide n, then H1 (Sym (n), Ip ) = 0.

PROOF. Recall that

Ip ) = Der (Sym (n), Ip )/Inn (Sym (n), Ip ).
Since p does not divide n, = 0 and Inn (Sym ( n ), I p ) ~ I =
= n 1. To conclude it suffices to prove that Der (Sym (n), 

Consider the transpositions U2 = ( 1, 2), ..., Qn = (1, n). Since
Sym (n) = (a2 ..., an), 6 E Der (Sym (n), Ip) is uniquely determined by
the knowledge of ori 6, for 2 ~ i ~ n. We claim

This will imply that ai 6 can be chosen in at most p different ways, so
there are at most different possibilities for 3.
We prove our claim for i = 2, but the same argument can be repea-

ted for every 2 ~ i - n. Let a~2 d = (x1, ... , xn ):

If p # 2 then xl = - x2 = x and xk = 0 for every k &#x3E; 3 so OF26 = xel, 2 . If
p = 2 we can only deduce xl = X2 = x; but let a E Stabsym(n) ( 1, 2) and
suppose a3 = ( y1, ... , yn ):

this implies (x, x, x3 , ... , = (x, x, x3 , ... , xn ) for every Q E

E StabSym(n) ( 1, 2 ) and, of consequence, x3 = ... = Xn = y. But, as at the
end of the proof of 5.6, = (x, x, y, ..., y) E Ip implies y = 0 and
Or2 6 = xel, 2 - 0

5.9. If p does not divide n, then = dp (A).

while, since Ip cannot be a factor of Sym (n), 6 is the number of
chief factors isomorphic to Ip in Blrad (B), and this is equal to

dp (A ).
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By (5.7) and (5.9) we have

5.10. If p does not divide n, then

From this it can be easily deduced:

5.11. If p does not divide n, then

Now we can conclude:

THEOREM 5.12. If A is a non trivial. abelian group, then

PROOF. By (5.5) d(A? Sym(n)) = max (d(A x Sym(n)), hw(Ip»).
p| |A|, p x n 

On the other hand it can be easily seen that max (2, d(A x Sym (n)) _
max (2, dp (A), d2 (A) + 1) and the conclusion follows immediately from
pl JAI
(5.ll)..

6. - In [6] it is proved that if S is a finite non abelian simple group
then d(AutS) = max (2, d(OutS) = max (2, fl (0ut S/(0ut Sl’ )) where
Out S = Aut S/S is the outer automorphism group of S. We may use the
results discussed in the previous sections to compute d(Aut (sn».

THEOREM 6.1. Suppose that S is a finite non abelian simple
group. 1 then

PROOF. It is well known that W = = the
socle of W is sn and it is the unique minimal normal subgroup of W; in
[14] it is proved that if N is the unique minimal normal subgroup of a fi-
nite group G and is not abelian then d(G) = max (2, d(G/N)). In our ca-
se, since = AutS/SlSym(n) we obtain
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The outer automorphism group Out S of a finite non abelian simple
group S is a soluble group whose structure is well known; in particular
d(Out S)  3 and d(out S) = 3 if and only if 2% x 2z x Zj is an epimor-
phic image of Out (S) (this occurs, for example, if ,S = with

p odd, h and m even). Since Out S is solvable and d( Out S) ~ 3, by
(2.7)

On the other hand it is not difficult to see 1 for

every odd prime; but then, applying Theorem 5.12, we conclude
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