REND. SEM. MAT. UN1v. PADOVA, Vol. 110 (2003)

A Sufficient Condition for the Convexity
of the Area of an Isoptic Curve of an Oval.

M. MICHALSKA (¥)

ABSTRACT - The problem of convexity of the area function of an a-isoptic of the
convex curve C is considered.

1. Introduction.

An a-isoptic C, of a plane, closed, convex curve C is a set of those
points in the plane from which the curve C is seen under a fixed angle
7 — a. In [1] the authors discussed the problem of convexity of a-isoptic
curves. We will study the problem of convexity of the area function.

Let p(t), t e [0, 2] be a support function of the curve C. It is known
[1], [2] that the area A(a) of a-isoptic of C is given by formula

2n

1.1) A(a) = p(t + a)(pt) cos a + p(t) sina)] dt .

Let p(t) = ay + E (an cosnt + b, sinnt) be the Fourier series of the sup-

port funection. We will assume that p(t) e C%[0, 2x] and p(t), p(t) e
e L2[0, 27]. Moreover the cur'vature radius R(t) = p(t) + p(t) > 0 and the
Fourier series of R(t)=a,+ 2(1 n?%)(a, cosnt+b,sinnt) is convergent.

n=1
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Let f(x)~ 2 c,e™, glx)~ 2 d,e"eL” where c_,=T¢, are

complex numbers then we have ([5], p. 37, theorem 1.12)

THEOREM 1.1. Suppose that f and g are in L* and have coefficients
¢, and d, respectively. Then

o

27
(1.2) 1 jf(ac—t)g(t) dt= > c¢,d,e™
27r0 v=—o

for all x, and the series on the right converges absolutely and uniformly.
In particular

2

1 _ = .
1.3) — Jf(ert)f(t)dt: > e |Ze™,

2m X v=—o

1 2 .
(1.4) — Jrogwd= 3 cd,

2w X v

1 2 ©

- 2 30 _ 2
(15) — J|f(t)| dt= 3 e

0

If f(t) =ay+ 2 (@, cosnt + b, sinnt) is a real valued function and

g=f" then we have for all xe R

(1.6) sz(t) dt=2mal + 7 i_o‘,l(af +b2),
a.m jf(t + @) f(t) dt =27k + 7 2 (aZ+D2) cosnz,
(1.8) J'f(t +x) (D) dt=mn E n(a? + b2) sinna

n=

which, with formula (1.1), give the following formula for the area of the
a-isoptic

1.9 Ala) =

1
= ——|2ma5 + Z (an +b2) — cosa(ZnaO + Z (an +b? )cosna)
sin®a n=1 w=1
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—sina-x E n(aZ+b?) smna]

n=1

= .ﬂ [2a0(1—cosa)+ Z(an+b)(1—cosnacosa nsmasmna)}

sin®a n=
2
cosna | |.

JT

sina

+
[2@0 (1-cosa)+ E (@2, +b2, (1+gcos(n+2)a— "

2. The main result.

THEOREM 2.1. Let p(t) = ay + E (an cosnt + b, sinnt) be the Fouri-

er series of the support function of C If Fourier coefficients of p(t) are
such that the inequality holds

@2.1) af= 2 (n(n+2)P (@l + b2 1)
n=0
then A(a) is a convex function.

Proor. We will show that A”(¢) = 0. From the above considerations
we get

A'(a) , (1—cosa)
7 sin® a
1 nn+ 2
+ E(&n+1+b 1) — [ ( )sina(sinna—sin(n+2)a)—
n=>0 SIn~ a

+
-2 cosa(l + gcos(n+2)a— i

o]
Cos na

and by some calculations

22 A"(a)= ad(1—cosa)*(2—cosa) +

sin*a

+ E(a,2+1+bn+1)[n sin® a sin (n + 1) a + 3n2%sin® a cos na —

n=

—6nsinacosasinna +2(1 + 2 cos?a)(1 — cosna)lt.
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If the condition (2.1) holds, then

A” 1 o
(@) > — 2(0@3“+bf+1){2n2(n+2)2(1—cosa)2(2—cosa)+
4 sm-a n=0

+n3sinasin(m + 1)a + 3n2sin® o cos na — 6% sin a cos a sinna +
+2(1+ 2 cos®a)(1 — cosna)}
1

= —— 2 (a.1+b2,1) M, (@), where
sm o n=0

23) M,(a)=2n%(n+2)*(1—cosa)*(2—cosa)+n’sin*asin(n+1)a +
+3n2sin®a cosna — 6n sina cos a sinna + 2(1 + 2 cos?a)(1 — cos na)

for abbreviation. One can see that M,(0) =0 for ne N and M,(a) =0.
We will show that M, () =0. We have

M, (a) =2(n*+4n® +4n?) sina(l — cosa)(5b — 3 cos a) +
+ntsin*acos(n + 1) a +4nisinfacos(n+ 1)a +

+8nsin®a sinna — 8 sin a cos a(1 — cosna).

If ae[0, ) then sina = 0 and |sinna| <nmsina and n* + 4n® = 50 for
any positive integer n. Moreover, we have

M, (a) Zn*sina(l —cosa)[2(5 —3 cosa) — (1 +cosa)] +
+4n3sina(l —cosa)[2(5 -3 cosa) — (1 + cosa)] +

+8n2sina(l — cosa)(b —3 cosa) —
2 . 3 . . 2 a
—8n~sin° a — 8 sin a cos a2 sin nE =

=t +4n®) sina(l —cosa)[9 — T cosal +

+8n%sina(l —cosa)[5—3cosa—1—cosa] —

. . a
—16n2sin a cos a sin® >

. . a . .
=5n2-2 sin a sin® 5(9 —Tcosa) — 16n2sin a cos a sin’

| R

= 2n2gin a sin® %[45 —35cosa—8cosa] =
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2 .2 &
= 21 °sin o sin 5(45 —43 cosa) = 0.

The function M, (o) is not decreasing for each a € [0, ) and M, (0) =0.
This means that M, (a) = 0 for each a € [0, ) and each positive integer
n and My(a) =0. This completes the proof of the inequality

A"(a) 1

=

> ——— 2 (af 1 +bi ) M, ()20
JT SiIn“a n=0

for each a [0, ). =

ExampLE 1. Let p(t) =a+ bcos3t, a, b>0 then the curvature
radius R(t) =a — 8bcos3t. If a > 8b then the curve C is convex. From
(2.1) the area function A(a) is convex if a?= (8b)°.

ExXaMPLE 2. Let p(t) = a + bcos3t + ccos5t then from (2.1) a?=
= (8b)* + (24¢)* and R(t) = a — 8bcos 3t — 24ccos5t >0 for a > 8 |b| +
+24 |c|. We have

a?> (8]b] +24|c|)?> (8b)2 + (24c)2.

For any convex curve C with support function p(t) =a + bcos3t +
+ ccosbt the area function A(a) is convex.

1
1-asint’
te[0, 27). Then the curvature radius of the corresponding oval is

—3asi 2
R(t) = 123087207 o for 0 < |a <. We will find the Fourier

(1 —asint)?

ExavmpLE 3. Consider a support function p(f) =

series of p(t) = ay + > (a,cosnt + b, sinnt).
n=1

1 o0
—_— = E(asint)”,
1—asint =z=0
where
—1)Y [ K2k ) 2%
( ZIc) [2 2( .)(—1)‘70052(l€—j)t+(—1)k( )] for m=2k
sin™t= 2 =00 k

(—-1) 2k +1 o )
_ 2 (=1)sin(2k—2j+1)t| for m=2k +1,
22k =0\ g
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hence we have

© a2]+2(2j+2)
l—asmt k=0 =k

. (2k)
k+1
Ea +Z( 1) cosZ(k+1)t2 e ik

0 2i+1
+ E(—l)k51n(2k+1)t Z a] (2j+k1).
i-

The Fourier coefficients of p(t) are equal to

(. (2k)
2 —— for n=0
k=0
ay = a2 (2542
(-1 2 (] )forn=2k+2
j= k227+1 j_k
L0 for n=2k+1,

[0 for n =2k
b, = = a2t (25 + 1
T(—l)’“Z“ 4 (J )forn=2k—|—1.
i=k 22 \j—k

Using the inequalities

n n 1 n n _r
\/Zym(—) e 1zn+1 <n!<\/27m(—) e 12
e e

1 n 1 12+%
(1+—) <e<(1+—) ,
n n

we have
25 +2
(j+1)< 2 - 2
P Vel VavEil
25 +1
(j+1) 2

2
— < - < , forj=k, k+1, ...
2 Vavj  Vavk
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and

* 2j+2 27+ 9 0 27+2 2i 49 o 2 2j+2
|a2k+2|22a—(] ) E (j ) Za—
J J

A A Y R Y E RV~TRET

2a2k+2 1

Vate+1) 1-a*

B lziazf‘“(Zjﬂ) i ZJ+1(2]+1)
SR = j—k| =k 2% \j+1

0 2a2j+1 2a2k+1 1
< > = .
i=k \/mk \Vak 1-a®

We can estimate the right hand side in the formula (2.1)

2, (n(n +2)P (01 + b y) =

= k}_}@(zk + 122k + 37 ad s o + kZO(Zk)Z(zk + 220341 <

o 2 2k +2 1 2
< D2k + 12k + 3 —= |+
k=0 ak+1) 1—a

®© 2 2k+1 1 2
+ D kR + 22 2L ) <
k=0

Vrak 1-a?

< 2)2 2[64k(k+1)2a4k+2+8(2k+1)(2k+3)2a4k+4]:
a(l—-a =

— (1 2)2 2[(a4k+5)m 4(a4k+4)u_3(a4k+3)r _3a4k+2+
al —a
8a*(9—4a®+a*)

+(a4k+7)w_4(a4k+6)n _3(a4k+5)/ _ 3a4k+4] —
a(1 —a?)®
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On the other hand
. (2I~c) 2 " (Zk) 2
k .\ k
(]/[)2: kzankW = 1+k§1a2kﬁ >1.

n*+18m —
-5+ 172

Comparing both sides we obtain that if 0 < |a| < \/ 2 37 then

the condition (2.1) holds.

ProposiTION 2.1.  Let p(t) be the support function of the curve C. If
there exists € > 0 such that for a e [0, €] Fourier coefficients of p(t) sat-
isfy inequalities

24) X (al, +b2,Dnisin’asin(n+1)a +3n?sin®acosna —
0

n=

—6nsinacosasinna + 2(1 + 2 cos?a)(1 — cosna)] =0

and
(2.5) af =C(e) 2 (n®+3n*+6n)al,; +b2:1),
n=0
where C(e) = ! then A(a) 1s a convex function.

2(1 — cose)?(2 — cos €)

Proor. If a€[0, ] then from the assumption (2.4) we have A"(a)=0.
For a e (e, m) we have

n3sin®asin(n + 1)a + 3n2sin®a cosna —

—6nsinacosasinna + 2(1 + 2 cos?a)(1 — cosna) = —n® —3n%—6mn
and if a, satisfy (2.5) then we obtain
A"(a) _ 2a¢(1 —cosa)*(2 — cosa) N

7 sin'a

1 < . .
— D2, + b2, Dndsindasin(n + 1)a +
sm a n=0

+

+3n2sin®a cosna — 6m sin a cos a sinna + 2(1 + 2 cos?a)(1 — cos na)]

. 1
—— | Ce) 2 (0 + 302+ 6m)(af 1 +bF ) — —
sin*a n=0 C(e)

>

=

— D (@l + b2 )P +3n+6n)|=0. =
n=>0
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In particular, if the Fourier coefficients of p(f) are such that
anoeN Vn>n0 Qy, = bn =0

then p(t) satisfy (2.4) for some £, > 0. In fact if we put

N,.i(a)= [r3sin®asin(n + 1)a +

sin‘a

+3n2sin®a cosna — 6m sin a cos a sinna + 2(1 + 2 cos?a)(1 — cos na)]

2 2
in (2.2) we have lim N, (a)= ni(n+2)

a—0

N;=0.N,.(a)is a continuous function and therefore exists ¢,, > 0 such
that N, 1(a) >0 for a [0, €,] we define ¢) = min{e, €5,...,€,,}. If
for ¢, conditon (2.5) holds then A(a) is a convex function.

The author would like to thank the Referee of this paper for his re-
marks which improve this paper.

> (0 for each 0 <n <n; and
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