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A Sufficient Condition for the Convexity
of the Area of an Isoptic Curve of an Oval.

M. MICHALSKA (*)

ABSTRACT - The problem of convexity of the area function of an a-isoptic of the
convex curve C is considered.

1. Introduction.

An a-isoptic Ca of a plane, closed, convex curve C is a set of those
points in the plane from which the curve C is seen under a fixed angle
p2a . In [1] the authors discussed the problem of convexity of a-isoptic
curves. We will study the problem of convexity of the area function.

Let p(t), t� [0 , 2p] be a support function of the curve C . It is known
[1], [2] that the area A(a) of a-isoptic of C is given by formula

A(a) 4�
0

2p
1

sin2 a
[p 2 (t)2p(t1a)(p(t) cos a1p

.
(t) sin a) ] dt .(1.1)

Let p(t) 4a0 1 !
n41

Q

(an cos nt1bn sin nt) be the Fourier series of the sup-

port function. We will assume that p(t) �C 2 [0 , 2p] and p(t), p
.
(t) �

�L 2 [0 , 2p]. Moreover the curvature radius R(t) 4p(t)1p
..

(t) D0 and the

Fourier series of R(t)4a01 !
n41

Q

(12n 2 )(an cos nt1bn sin nt) is convergent.
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Let f (x) A !
n42Q

Q

cn e inx , g(x) A !
n42Q

Q

dn e inx �L 2 where c2n4 cn are

complex numbers then we have ([5], p. 37, theorem 1.12)

THEOREM 1.1. Suppose that f and g are in L 2 and have coefficients
cn and dn respectively. Then
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f (x2 t) g(t) dt4 !
n42Q

Q

cn dn e inx(1.2)

for all x, and the series on the right converges absolutely and uniformly.
In particular
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If f (t) 4a0 1 !
n41

Q

(an cos nt1bn sin nt) is a real valued function and

g4 f 8 then we have for all x�R
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f 2 (t) dt42pa0
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2 ) ,(1.6)
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2 1bn

2 ) sin nx(1.8)

which, with formula (1.1), give the following formula for the area of the
a-isoptic

(1.9) A(a) 4
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2. The main result.

THEOREM 2.1. Let p(t) 4a0 1 !
n41

Q

(an cos nt1bn sin nt) be the Fouri-

er series of the support function of C . If Fourier coefficients of p(t) are
such that the inequality holds

a0
2 F !

n40

Q

(n(n12) )2 (an11
2 1bn11

2 )(2.1)

then A(a) is a convex function.

PROOF. We will show that A 9 (t) F0. From the above considerations
we get
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sin3 a
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and by some calculations

(2.2) A 9 (a) 4
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If the condition (2.1) holds, then

A 9 (a)
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2 )]2n 2 (n12)2 (12cos a)2 (22cos a)1
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12(112 cos2 a)(12cos na)(
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sin4 a
!
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(2.3) Mn (a)42n 2 (n12)2 (12cos a)2 (22cos a)1n 3 sin3 a sin (n11)a1

13n 2 sin2 a cos na26n sin a cos a sin na12(112 cos2 a)(12cos na)

for abbreviation. One can see that Mn (0) 40 for n�N and M0 (a) 40.
We will show that Mn8 (a) F0. We have

Mn8 (a) 42(n 4 14n 3 14n 2 ) sin a(12cos a)(523 cos a)1

1n 4 sin3 a cos (n11)a14n 3 sin3 a cos (n11)a1

18n sin2 a sin na28 sin a cos a(12cos na) .
If a� [0 , p) then sin aF0 and Nsin naNGn sin a and n 4 14n 3 F5n 2 for
any positive integer n . Moreover, we have

Mn8 (a) Fn 4 sin a(12cos a)[2(523 cos a)2 (11cos a) ]1

14n 3 sin a(12cos a)[2(523 cos a)2 (11cos a) ]1
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28n 2 sin3 a28 sin a cos a Q2 sin2 n
a

2
F
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18n 2 sin a(12cos a)[523 cos a212cos a]2

216n 2 sin a cos a sin2 a

2

F5n 2 Q2 sin a sin2 a

2
(927 cos a)216n 2 sin a cos a sin2 a

2
4

42n 2 sin a sin2 a

2
[45235 cos a28 cos a] 4



A sufficient condition for the convexity etc. 165

42n 2 sin a sin2 a

2
(45243 cos a) F0.

The function Mn (a) is not decreasing for each a� [0 , p) and Mn (0) 40.
This means that Mn (a) F0 for each a� [0 , p) and each positive integer
n and M0 (a) 40. This completes the proof of the inequality

A 9 (a)

p
F

1

sin4 a
!

n40

Q

(an11
2 1bn11

2 ) Mn (a) F0

for each a� [0 , p). r

EXAMPLE 1. Let p(t) 4a1b cos 3t , a , bD0 then the curvature
radius R(t) 4a28b cos 3 t . If aD8b then the curve C is convex. From
(2.1) the area function A(a) is convex if a 2 F (8b)2 .

EXAMPLE 2. Let p(t) 4a1b cos 3 t1c cos 5 t then from (2.1) a 2 F

F (8b)2 1 (24c)2 and R(t) 4a28b cos 3 t224c cos 5 tD0 for aD8NbN1

124NcN . We have

a 2 D (8NbN124NcN)2 D (8b)2 1 (24c)2 .

For any convex curve C with support function p(t) 4a1b cos 3 t1

1c cos 5 t the area function A(a) is convex.

EXAMPLE 3. Consider a support function p(t) 4
1

12a sin t
,

t� [0 , 2p). Then the curvature radius of the corresponding oval is

R(t) 4
123a sin t12a 2

(12a sin t)3
F0 for 0 ENaNE

1

2
. We will find the Fourier

series of p(t) 4a0 1 !
n41

Q

(an cos nt1bn sin nt).
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(a sin t)n ,
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(21)k

22k
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j40

k g2k11

j
h (21) jsin (2k22 j11) tz for m42k11,
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hence we have

1

12a sin t
4 !
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22k
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The Fourier coefficients of p(t) are equal to
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!
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Q
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22k
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Using the inequalities
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and
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We can estimate the right hand side in the formula (2.1)
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On the other hand

a0
2 4 u!

k40

Q
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k h
22k
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4 u11 !
k41

Q

a 2k
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k h
22k
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D1.

Comparing both sides we obtain that if 0 ENaNEo 2kp 2 118p23p

25p172
then

the condition (2.1) holds.

PROPOSITION 2.1. Let p(t) be the support function of the curve C . If
there exists eD0 such that for a� [0 , e] Fourier coefficients of p(t) sat-
isfy inequalities

(2.4) !
n40

Q

(an11
2 1bn11

2 )[n 3 sin3 a sin (n11)a13n 2 sin2 a cos na2

26n sin a cos a sin na12(112 cos2 a)(12cos na) ] F0
and

a0
2 FC(e) !

n40

Q

(n 3 13n 2 16n)(an11
2 1bn11

2 ) ,(2.5)

where C(e) 4
1

2(12cos e)2 (22cos e)
then A(a) is a convex function.

PROOF. If a� [0, e] then from the assumption (2.4) we have A 9(a)F0.
For a� (e , p) we have

n 3 sin3 a sin (n11)a13n 2 sin2 a cos na2

26n sin a cos a sin na12(112 cos2 a)(12cos na) F2n 3 23n 2 26n
and if a0 satisfy (2.5) then we obtain
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In particular, if the Fourier coefficients of p(t) are such that

)n0�N (nDn0
an 4bn 40

then p(t) satisfy (2.4) for some e 0 D0. In fact if we put

Nn11 (a) 4
1

sin4 a
[n 3 sin3 a sin (n11)a1

13n 2 sin2 a cos na26n sin a cos a sin na12(112 cos2 a)(12cos na) ]

in (2.2) we have lim
aK01

Nn11 (a) 4
n 2 (n12)2

4
D0 for each 0 EnGn0 and

N1 f0. Nn11 (a) is a continuous function and therefore exists e n D0 such
that Nn11 (a) D0 for a� [0 , e n ] we define e 0 4 min ]e 1 , e 2 , R , e n0

(. If
for e 0 conditon (2.5) holds then A(a) is a convex function.
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[1] W. CIEŚLAK - A. MIERNOWSKI - W. MOZGAWA, Isoptics of a Closed Strictly
Convex Curve, Lect. Notes in Math., 1481 (1991), pp. 28-35.
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