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Finite p-supersoluble groups with
some E-S-supplemented subgroups
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ABSTRACT - Let H be a subgroup of a group G and HeG denote the subgroup of H
generated by all those subgroups of H which are S-permutably embedded in G.
H is said to be E-S-supplemented in G if there exists a subnormal subgroup T of
G such that G  HT and H \ T  HeG . In this paper, we investigate the influence of some E-S-supplemented subgroups on the structure of finite groups.
Some new characterizations of p-supersoluble groups are obtained.
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1. Introduction
Throughout this paper, all groups are finite. Most of the notation is
standard and can be found in [4] and [17]. G always denotes a finite group and
p denotes a prime. G is said to be p-nilpotent if it has a normal p-complement
and G is called a p-supersoluble group if its every p-chief factor is cyclic. It is
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easy to see that if G is p-nilpotent then G is also p-supersoluble. In the sequel,
U p will denote the class of all p-supersoluble groups and G U p will denote the
U p -residual of G, i.e., the intersection of all normal subgroups N of G with
G=N 2 U p .
Recall that a subgroup H of G permutes with a subgroup K of G if HK is
a subgroup of G; H is said to be S-permutable in G if H permutes with all
Sylow subgroups of G. This property extends normality and permutability
and was introduced by Kegel [10] in 1962. It turns out to be useful in establishing results concerning the group structure. On the other hand, the
study of the generalizations of S-permutability is also one of the most
fruitful research areas. For instance, Ballester-Bolinches and PedrazaAguilera [2] said that H is S-permutably embedded in G, if for each prime p
dividing the order of jHj, a Sylow p-subgroup of H is also a Sylow p-subgroup of some S-permutable subgroup of G. Skiba [20] called that H is
weakly S-permutable in G if there is a subnormal subgroup T of G such that
G  HT and H \ T  HsG , where HsG is the subgroup of H generated by all
those subgroups of H which are S-permutable in G. Using these generalized permutable subgroups, one has given a series of necessary and sufficient conditions for nilpotency, supersolubility, existence of Sylow towers
and, more generally, for belonging to saturated formations containing some
of these classes (see [1, 11, 14, 18, 19]). In order to unify above mentioned
subgroups, Li, Zhang and Yi in [12] introduced the following concept:
DEFINITION 1.1. Let H be a subgroup of G and HeG denote the subgroup
of H generated by all those subgroups of H which are S-permutably embedded in G. If there is a subnormal subgroup T of G such that G  HT and
H \ T  HeG , then H is called E-S-supplemented in G.
In [12], the authors improved a nice result of Skiba which gives some
conditions under which every G-chief factor of a normal subgroup E of G is
cyclic. In present paper, we continue the work of [12] to study the influence
of E-S-supplemented on the structure of finite groups. More precisely, we
study p-supersolubility of finite groups under the assumption that some
special subgroups are E-S-supplemented.

2. Preliminaries
LEMMA 2.1 ([12, Lemma 2.2]). Suppose that H is E-S-supplemented in G.
(1) If H  L  G, then H is E-S-supplemented in L.
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(2) If N / G and N  H  G, then H=N is E-S-supplemented in G=N.
(3) If H is a p-subgroup and N is a normal p0 -subgroup of G, then
HN=N is E-S-supplemented in G=N.
LEMMA 2.2 ([14, Lemma 2.3]). Suppose that H is S-permutable in G, and
let P be a Sylow p-subgroup of H. If HG  1, then P is S-permutable in G.
LEMMA 2.3 ([13, Lemma 2.6]). Assume that L is a nontrivial normal
subgroup of G and L \ F(G)  1. Then the Fitting subgroup F(L) of L lies
in Soc(G) and therefore F(L) is the direct product of the minimal normal
subgroups of G contained in F(L).
LEMMA 2.4 ([3, Theorem 2.1.6]). If G is p-supersoluble and Op0 (G)  1,
then the Sylow p-subgroup of G is normal in G.

3. Main Results
THEOREM 3.1. Let p be a fixed prime dividing the order of G and L a psoluble normal subgroup of G such that G=L is p-supersoluble. If there
exists a Sylow p-subgroup P of L such that every maximal subgroup of P is
E-S-supplemented in G, then G is p-supersoluble.
PROOF. Suppose that the theorem is false and let G be a counterexample of minimal order. We will derive a contradiction in several steps.
(1) G is p-soluble.
This follows directly from the p-solubility of L and the p-supersolubility
of G=L.
(2) Op0 (G)  1.
If T  Op0 (G) 6 1, we consider G  G=T. Clearly, G=L  G=LT 
(G=L)=(TL=L) is p-supersoluble by the p-supersolubility of G=L, where
L  LT=T. Let P1  P1 T=T be a maximal subgroup of PT=T. We may
assume that P1 is a maximal subgroup of P. Since P1 is E-S-supplemented
in G, the subgroup P1 T=T is E-S-supplemented in G=T by Lemma 2.1(3).
The minimal choice of G yields that G is p-supersoluble, and so G is also psupersoluble, a contradiction.
(3) If N is a minimal normal subgroup of G, then N is an elementary
abelian p-group.
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This follows from Steps (1) and (2).
(4) G has a unique minimal normal subgroup N contained in L such that
G=N is p-supersoluble.
Let N be a minimal normal subgroup of G contained in L. Obviously,
N  P and P=N is a Sylow p-subgroup of L=N. Let P1 =N be a maximal
subgroup of P=N. Then P1 is a maximal subgroup of P. By hypothesis, P1 is
E-S-supplemented in G and so P1 =N is E-S-supplemented in G=N by
Lemma 2.1(2). Since (G=N)=(L=N)  G=L is p-supersoluble, G=N satisfies
all the hypotheses of our theorem. It follows that G=N is p-supersoluble by
the minimality of G. Noticing that the class of all p-supersoluble groups is a
saturated formation, we have N is the unique minimal normal subgroup of
G contained in L.
(5) jNj > p.
It is clear by Step (4).
(6) The final contradiction.
If N is contained in all maximal subgroups of G, then N  F(G) and so
G is p-supersoluble. This contradiction shows that there exists a maximal
subgroup M of G such that G  NM and N \ M  1. Let Gp be a Sylow psubgroup of G containing P. Then Gp  N(Gp \ M) and Gp \ M < Gp .
Take a maximal subgroup G1 of Gp containing Gp \ M and set P1  G1 \ P.
Then jP : P1 j  jP : G1 \ Pj  jPG1 : G1 j  jGp : G1 j  p and so P1 is a
maximal subgroup of P. First, we have N 6 P1 . If not, P  P \ Gp 
P \ NG1  N(G1 \ P)  NP1  P1 , a contradiction. Secondly, we have
N \ P1 6 1. If not, jN : P1 \ Nj  jNP1 : P1 j  jP : P1 j  p and so P1 \ N
is a maximal of N. Therefore jNj  p, which contradicts Step (5).
By hypothesis, P1 is E-S-supplemented in G. Then there is a subnormal
subgroup T of G such that G  P1 T and P1 \ T  (P1 )eG . Since jG : Tj is a
power of p and T / / G, Op (G)  T. We know G=Op (G) is a p-subgroup, so
G=Op (G) is p-supersoluble and G=(N \ Op (G))9G=N  G=Op (G) is p-supersoluble. Then N \ Op (G) 6 1. Since N is the minimal subgroup of G,
N \ Op (G)  N and so N  Op (G). It follows that N \ P1  N \ (P1 )eG .
Obviously, (P1 )eG 6 1. Let U1 ; U2 ; :::; Us be all the nontrivial subgroups of
P1 which are S-permutably embedded in G. For every i 2 f1; 2; :::; sg,
then there is an S-permutable subgroup Ki of G such that Ui is a Sylow psubgroup of Ki . Suppose that for some i 2 f1; 2; :::; sg, we have (Ki )G 6 1.
Then we can take a minimal normal subgroup D of G such that D  (Ki )G .
In view of Step (3), D is a p-group. Then D  (P1 )eG  P1  L. By virtue
of Step (4), D  N. Consequently, N  P1 . This contradiction shows
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that for all i 2 f1; 2; :::; sg, we have (Ki )G  1. By Lemma 2.2, Ui (i 2
f1; 2; :::; sg) are S-permutable in G. It follows that (P1 )eG is S-permutable
in G. Let Gq be any Sylow q-subgroup of G with p 6 q. Then
(P1 )eG Gq  Gq (P1 )eG . Since N \ P1  N \ (P1 )eG  N \ (P1 )eG Gq , we have
N \ P1 is normalized by Gq . Since P  Gp \ L, we have P / Gp and so
P1 / Gp . It follows that N \ P1 is normalized by Gp . Therefore, N \ P1 is
normal in G. The minimality of N implies that N \ P1  1 or N  P1 , a
contradiction.
p
We can choose L to get some results of special interest. For example, if
we choose L  G or L  G U p , then we obtain the following criteria for psupersolubility of groups.
COROLLARY 3.2. Let P be a Sylow p-subgroup of a p-soluble G, where p
is a fixed prime divisor of jGj. If all maximal subgroups of P are E-Ssupplemented in G, then G is p-supersoluble.
COROLLARY 3.3. A p-soluble G is p-supersoluble if and only if all
maximal subgroups of any Sylow p-subgroup of G U p are E-S-supplemented in G.
In the following, we shall denote by Fp (G) the p-Fitting subgroup of G.
In fact, Fp (G)  Op0 p (G).
THEOREM 3.4. Let p be a fixed prime dividing the order of G and L a psoluble normal subgroup of G such that G=L is p-supersoluble. If all
maximal subgroups of Fp (L) containing Op0 (L) are E-S-supplemented in
G, then G is p-supersoluble.
PROOF. Suppose that the theorem is false and let G be a counterexample of minimal order. We will derive a contradiction in several steps.
(1) Op0 (L)  1.
If Op0 (L) 6 1, we consider the factor group G=Op0 (L). First,
(G=Op0 (L))=(L=Op0 (L))  G=L
is p-supersoluble. Now Op0 (L=Op0 (L))  1 and Fp (L=Op0 (L))  Fp (L)=Op0 (L).
Let M=Op0 (L) be a maximal subgroup of Fp (L=Op0 (L)). Then M is a maximal
subgroup of Fp (L) containing Op0 (L). Since M is E-S-supplemented in G, in
view of Lemma 2.1(2), M=Op0 (L) is E-S-supplemented in G=Op0 (L). Thus
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G=Op0 (L) satisfies the hypotheses of the theorem. The minimality of G implies that G=Op0 (L) is p-supersoluble and so G is p-supersoluble, contrary to
the choice of G.
(2) L \ F(G)  1.
Write H  L \ F(G). If H 6 1, we consider the factor group G=H.
By virtue of [9, III, 3.5], we have F(L=H)  F(L)=H and so F(L=H) 
Op (L)=H. On the other hand, writing K=H  Op0 (L=H) and letting S
be a Hall p0 -subgroup of K we have K  SH, and by the Frattini
argument G  KNG (S)  HNG (S)  NG (S) and S / G. Therefore S  1
and Op0 (L=H)  1. This implies that Fp (L=H)  Op (L=H)  Op (L)=H 
Fp (L)=H. If P1 =H is a maximal subgroup of Fp (L=H), then P1 is
maximal in Fp (L) and, by our hypothesis, it is an E-S-supplemented
subgroup of G. Hence P1 =H is E-S-supplemented in G=H by Lemma
2.1(2). Now the minimality of G implies that G=H is p-supersoluble
and then so is G, which contradicts the choice of G.
(3) The final contradiction.
Since L is p-soluble and Op0 (L)  1, we have CL (Op (L))  Op (L) by [5,
Theorem 6.3.2]. Now F(L)  1 implies that F(L)  Op (L) is a nontrivial
elementary abelian p-group by [9, III, 4.5]. Thus CL (F(L))  F(L). By
hypothesis, all maximal subgroups of F(L) are E-S-supplemented in G.
Applying [12, Theorem 1.4], all G-chief factors of F(L) are cyclic. In view of
Lemma 2.3, we have F(L)  N1  N2      Nr , where Ni is a minimal
normal of G with order p. Since for each i the factor group G=CG (Ni ) is
isomorphic to some subgroup of Aut(Ni ), we have G=CG (Ni ) is cyclic.
Consequently, G=CG (Ni ) is p-supersoluble. From the p-supersolubility of
G=L, it follows that G=(L \ CG (Ni ))  G=CL (Ni ) is p-supersoluble. Therer
T
fore G= CL (Ni ) is p-supersoluble. In fact, what we really have is G=F(L)
i1

is p-supersoluble because
r
\

CL (Ni )  CL (F(L))  F(L):

i1

However all G-chief factors of F(L) are cyclic of order p and hence G is psupersoluble, a contradiction.
p
COROLLARY 3.5. Let G be a p-soluble group, where p is a fixed prime
divisor of jGj. Then G is p-supersoluble if and only if all maximal
subgroups of Fp (G U p ) containing Op0 (G U p ) are E-S-supplemented in G.
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THEOREM 3.6. Let p be a prime dividing the order of G and P a
Sylow p-subgroup of G. If NG (P) is p-nilpotent and all maximal subgroups of P are E-S-supplemented in G, then G is p-nilpotent. In particular, G is p-supersoluble.
PROOF. It is easy to see that the theorem holds when p  2 by [12,
Theorem 5.1], so it suffices to prove the theorem for the case of odd prime.
Suppose that the theorem is false and let G be a counterexample of
minimal order.
(1) If H is a proper subgroup of G with P  H < G, then H is p-nilpotent.
It is easy to see that NH (P)  NG (P) and hence NH (P) is p-nilpotent. By
Lemma 2.1(1), all maximal subgroups of P are E-S-supplemented in H.
Hence H satisfies the hypothesis of our theorem. The minimal choice of G
implies that H is p-nilpotent.
(2) Op0 (G)  1.
If Op0 (G) 6 1, we consider G=Op0 (G). Obviously, POp0 (G)=Op0 (G) is a
Sylow p-subgroup of G=Op0 (G). In view of Lemma 2.1(3), it is easy to see
that all maximal subgroups of POp0 (G)=Op0 (G) are E-S-supplemented in
G=Op0 (G). Since
NG=Op0 (G) (POp0 (G)=Op0 (G))  NG (P)Op0 (G)=Op0 (G)
is p-nilpotent, G=Op0 (G) satisfies the hypothesis of our theorem. The
minimal choice of G yields that G=Op0 (G) is p-nilpotent and so G is p-nilpotent, a contradiction.
(3) Op (G) 6 1.
Let J(P) be the Thompson subgroup of P. Then NG (P) 
NG (Z(J(P)))  G. If NG (Z(J(P))) < G, then, in view of Step (1),
NG (Z(J(P))) is p-nilpotent and so G is p-nilpotent by [5, Theorem 8.3.1],
a contradiction. Hence NG (Z(J(P)))  G, which shows that Z(J(P)) is a
normal p-subgroup of G and 1 < Op (G) < P.
(4) G is p-soluble.
It is easy to see that the factor group G=Op (G) satisfies the hypothesis
of our theorem. Now, by the minimality of G, we see that G=Op (G) is pnilpotent. Consequently, G=Op (G) is p-soluble and so G is p-soluble.
(5) The final contradiction.
Applying Corollary 3.2, G is p-supersoluble. In view of Lemma 2.4, P is
p
normal in G. Therefore, G  NG (P) is p-nilpotent, a contradiction.
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COROLLARY 3.7. Let p be a prime dividing the order of G and L a
normal subgroup of G such that G=L is p-nilpotent. Suppose that
there exists a Sylow p-subgroup P of L such that all maximal subgroups of P are E-S-supplemented in G and NG (P) is p-nilpotent.
Then G is p-nilpotent.
PROOF. It is obvious that NL (P) is p-nilpotent and all maximal
subgroups of P are E-S-supplemented in L. Applying Theorem 3.6, L is
p-nilpotent. Now we have Lp0 is the normal Hall p0 -subgroup of L.
Furthermore, Lp0 is a normal subgroup of G. If Lp0 6 1, we consider the
factor group G=Lp0 . First, (G=Lp0 )=(L=Lp0 )  G=L is p-nilpotent and all
maximal subgroups of PLp0 =Lp0 are E-S-supplemented in G=Lp0 by
Lemma 2.1(3). Secondly, NG=Lp0 (PLp0 =Lp0 )  NG (P)Lp0 =Lp0 is p-nilpotent.
Hence G=Lp0 satisfies the hypothesis of our corollary. By induction,
G=Lp0 is p-nilpotent and so G is p-nilpotent, as desired. Hence we may
assume Lp0  1, i.e., L  P. By hypothesis, NG (P)  G is p-nilpotent. p
THEOREM 3.8. Let L be a normal subgroup of G such that G=L is psupersoluble, where p is a prime divisor of jLj with (p 1; jLj)  1. Suppose
that for a Sylow p-subgroup P of L, there exists a subgroup D of P such that
1 < jDj < jPj and every subgroup H of P with order jHj  jDj and every
cyclic subgroup of P with order 4 (if jDj  2 and P is a non-abelian 2-group)
is E-S-supplemented in G. Then G is p-supersoluble.
PROOF. Suppose that this theorem is false and consider a counterexample (G; L) for which jGkLj is minimal.
(1) L is p-nilpotent.
By Lemma 2.1, it is easy to see that every subgroup H of P with order
jHj  jDj and every cyclic subgroup of P with order 4 (if jDj  2 and P is a
non-abelian 2-group) are E-S-supplemented in L. Applying [12, Theorem 1.5],
L is p-nilpotent.
(2) P  L.
From Step 1, we know Op0 (L) is the normal Hall p0 -subgroup of L.
Assume that Op0 (L) 6 1. In view of Lemma 2.1, the hypothesis holds for
(G=Op0 (L); L=Op0 (L)). Hence, by the minimal choice of (G; L), the theorem
is true for (G=Op0 (L); L=Op0 (L)) and so G=Op0 (L) is p-supersoluble. Consequently, G is p-supersoluble. This contradiction shows that Op0 (L)  1.
Hence L is a normal p-subgroup of G.
(3) The final contradiction.
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Applying [12, Theorem 1.4], all G-chief factors of L are cyclic. From the
p-supersolubility of G=L, we have G is p-supersoluble.
p
COROLLARY 3.9. Let p be a prime divisor of jG U p j with (p 1; jG U p j)  1.
Suppose that for a Sylow p-subgroup P of G U p , there exists a subgroup D of
P such that 1 < jDj < jPj and every subgroup H of P with order jHj  jDj
and every cyclic subgroup of P with order 4 (if jDj  2 and P is a nonabelian 2-group) is E-S-supplemented in G. Then G is p-supersoluble.
COROLLARY 3.10. Let p be the smallest prime divisor of jGj. Suppose
that for a Sylow p-subgroup P of G U p , there exists a subgroup D of P such
that 1 < jDj < jPj and every subgroup H of P with order jHj  jDj and
every cyclic subgroup of P with order 4 (if jDj  2 and P is a non-abelian
2-group) is E-S-supplemented in G. Then G is p-nilpotent.
PROOF. By virtue of Corollary 3.9, G is p-supersoluble. Since p is
the smallest prime divisor of jGj, we have G is p-nilpotent by [11,
Lemma 2.8].
p

4. Some Applications
It is clear that all the subgroups, whether they are c-normal subgroups
[21], c -normal subgroups [22], S-permutably embedded subgroups or
weakly S-permutable subgroups, are all E-S-supplemented subgroups.
Hence the following results are all special cases of our Theorems.
COROLLARY 4.1 ([22, Theorem 3.7]). Let p be a prime, G a p-soluble
group and H a normal subgroup of G such that G=H is p-supersoluble. If
all maximal subgroups of Fp (H) containing Op0 (H) are c -normal in G,
then G is p-supersoluble.
COROLLARY 4.2 ([22, Theorem 3.5]). Let p be a prime, G a p-soluble
group and H a normal subgroup of G such that G=H is p-supersoluble. If
there exists a Sylow p-subgroup P of H such that every maximal subgroup
of P is c -normal in G, then G is p-supersoluble.
COROLLARY 4.3 ([16, Theorem 3.1]). Let p be a prime, G a p-soluble
group and H a normal subgroup of G such that G=H is p-supersoluble. If
there exists a Sylow p-subgroup P of H such that every maximal subgroup
of P is c-normal in G, then G is p-supersoluble.
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COROLLARY 4.4 ([8, Theorem 3.10]). Let p be a prime, G a p-soluble
group and H a normal subgroup of G such that G=H is p-supersoluble. If
there exists a Sylow p-subgroup P of H such that every maximal subgroup
of P is S-permutably embedded in G, then G is p-supersoluble.
COROLLARY 4.5 ([15, Theorem 3.3]). Let p be a prime and G a psoluble group. If there exists a Sylow p-subgroup P of G such that every
maximal subgroup of P is weakly S-permutable in G, then G is psupersoluble.
COROLLARY 4.6 ([6, Theorem 3.1]). Let p be an odd prime dividing
the order of G and P a Sylow p-subgroup of G. If NG (P) is p-nilpotent
and every maximal subgroup of P is c-normal in G, then G is pnilpotent.
COROLLARY 4.7 ([14, Theorem 3.2]). Let p be a prime dividing the
order of G and P a Sylow p-subgroup of G. If NG (P) is p-nilpotent and
every maximal subgroup of P is S-permutably embedded in G, then G is
p-nilpotent.

5. Some Remarks
REMARK 5.1. The hypothesis that L is p-soluble in Theorems 3.1
and 3.4 cannot be removed. Consider for example the group G  A5 ,
the alternating group of degree 5. Clearly 1 is the maximal subgroup of
any Sylow 5-subgroup of G and F5 (G)  1. However, G is not 5-supersoluble.
REMARK 5.2. In proving our Theorem 3.6, the assumption that NG (P)
is p-nilpotent is essential. To illustrate the situation, we may also consider
G  A5 and p  5.
REMARK 5.3. From [7] or [11], we know if there is a subgroup T of G
such that G  HT and H \ T  HeG , then H is called SE-supplemented or
E-supplemented in G. Obviously, the set of all SE-supplemented subgroups of a group is wider than the set of all its E-S-supplemented subgroups. However, the following example shows that we cannot generalize
our Theorems 3.1 and 3.6 using SE-supplemented subgroups: Let
A  Z3 j Z2  S3 , where Z3 is a cyclic subgroup of order 3, Z2 is a cyclic
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subgroup of order 2 and S3 is the symmetric group of degree 3. Let
B  A o Z3 , the regular wreath product of A by Z3 . Put G  O2 (B) 
hx j (x)  3i. Then G  (Z3  Z3  Z3 ) j A4 and G is soluble, where A4 is
the alternating group of degree 4. Let P be a Sylow 3-subgroup of G. Then
NG (P)  P is 3-nilpotent. It is easy to see that every maximal subgroup of
P is SE-supplemented in G. But G is not 3-supersoluble.
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