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XIX.1

The purpose of this talk is to give the formulation of the

boundary value problem for the elliptic system of linear differential

equations. The formulation is closely related to the theory of micro-

functions.

We use the same notations as in Kashiwara-Kawai 1 , [2J
and Sato-Kawai-Kashiwara [lJ and do not give their definitions here.

The problem which we want to consider is the following :

Let % be an admissible and elliptic system of linear

differential equations on a real analytic manifold M. Consider a submani-

fold N of M with codimension d. What is the "boundary value problem" for

TR with respect to N ?

"N
The answer is given by using the comonoidal transform m"

with center N as follow,s. We denote by ;-c the projection from
to M. 

’

Theorem 1 : Assume that N is non-characteristic with respect to 19. Let

X and Y be a complex neighborhood of M and N respectively. Denote by p
ac - /201320132013’ 

the canonical projection from By X to and by q
, 

- *’

the canonical projection from S X - ’ B -1 S M to SV M . Then we have the

following canonical isomorphism.

Here denotes the sheaf 
-11,c 

of hyperfunctions on M, (3 iBt denotes the sheaf
of microfunctions on B/-1 S N and 0) / denotes the locally constant sheaf

~~ - (~. ° 
lB/M

In this talk we sketch the proof of the theorem.

The proof is given by introducing the auxiliary sheaf
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The following M-linear homomorphisms follow obviously
from the def inition of the 

These homomorphisms immediately imply the following homo-

morphisms :

The ellipticity of 3R implies that the homomorphism i is an

isomorphism, since M. (mi,ctm) 2! Moreover it also

implies that the homomorphism j is an isomorphism because

turns out to be a proper map. Note that

On the other hand the horizontal arrows in (3) are isomor-

phisms because of ellipticity of . In fact it is sufficient to prove this

under the assumption that % is a r~i:’ equ.ation, while the’ proof in this ca



XIX.3

can be performed by using the results of Kotak6-Narasimhan [1] and

Komatsu 

Therefore it is sufficient to show the following lemma

to prove the theorem.

Lemma 2 : be a system of pseudo-differential equations with respect
to which N is non-characteristic. Then we have the following isomorphism :

In order to prove this lemma we use the fact that the sheaf

is isomorphic to the sheaf of microfunctions with holomorphic/ "_ "_

parameters outside S y x n SNX , i.e. solution sheaf of the partial Cauchy-
Riemann equations. More precisely, we can transform the statement of Lemma

2 in the following form ( Iemma 2’) by the aid of the "quantized" contact

transformation. Then the situation results as follows.

Consider a smooth holomorphic map f : i X - Y with fiber dimen-

sion d. Assume that Y is a complexification of a real analytic manifold

N and set M = f 1(N) . Then, using the comonoidal transformation

subsheaf of C,mwhich is the solution sheaf of the Cauchy-Riemann equation
along the fibers of f.

Now Lemma 2 may read as follows :

Lemma 2’ : Let 3k be a system of pseudo-differential equations on X with
’)"c’

respect to which f is non-characteristic, that is, Supp T n mx P Y - P Y
is a finite morphism. Then we have the following isomor p hism :Y
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In order to see that lemma 2 is equivalent to lemma 2’ ,
we use the following proposition, ’ which implies that the sheaf is

isomorphic to the sheaf of microfunctions with holomorphic parameters.

Proposition 3 : Let L be a real analytic manifold and Z be its complexi-
fication. Consider a complex submanifold X of Z with codimension d such

that X (regarded as a real manifold) and L intersect transversally. Denote
"_

L n X by N. Ue can identify S" X with S7 Z z N by the assumption ofN L L

transversality of X and L. Then we have the following isomorphism :

As a special case of Proposition 3 we consider the follo-

wing situation : t

Here Cd denotes the complex conjugate of Cd6 Ile denote

a point in L by (z,s) E Cd x En-d and a point in Z by ( z z 6) E 

In this case is nothing but the equation !R defined

by the relation tu = 0 ( j = ., ... , d) . The system 9? is an equation of
J

Cauchy-Riemann type (in the terminology of Sato-Kawai-Kashiwara El]
3~ ~(-

Chapter III) on SN X - Sy X, where Y is a complexification of N.

Therefore the application of the "quantized" Legendre
transformation reduces the situation discussed in Lemma 2 to that in

Lemma 2’ .

In passing the proof of lemma 2’ is performed by the

reduction to the case where d = 1 and n is a single equation. In this cas

Lemma 2’ is proved by applying the division theorem of Späth’s type for

pseudo-differential operators (Sato-Kawai-Kashiwara Chapter II Theorem

2.2.6) . This completes the proof of Theorem 1.
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’ " 

At the end of this

talk we give the formulation of the generalized boundary value problems.

This formulation is useful when one treats the so-called "non-elliptic

boundary value problems." As for the concrete arguments we refer to

Kashiwara-Kawai ~2~ .

In order to treat the generalized boundary value problems
we assume the following condition :

o« 

(7) The restriction of the map q to Z = Supp !M f1 S X decomposes into

the composite of the mapping p and the mapping t from p(Z) to
a; ,

SN M .

This assumption allows us to rewrite the right hand side

of (4) in the following form :

i1

Now consider an admissible GDN - submodule ofm

) such that the quotient sheaf is also

admissible.

Then we clearly have the following exact sequence :

The generalized boundary value problem is by definition the investigationo

the range of B. Thus the study of (£,6N) gives the answer

to the generalized boundary value problem. 
N 

N
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