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In this lecture

discuss three spectral problems in which nonWeylian asymptotics of eigenvalue counting function arise. Namely we
consider detaily operators in the domains with thick cuspst) and we
consider briefly operators with potentials degenerating at infinity and
operators degenerating at symplectic submanifolds. There following
common features of these problems: if problem isn’t too bad then standard Weylian asymptotics is valid, if the badness is temperate then the
same asymptotics remains true but with worth remainder estimate and
if the problem is very bad then Weylian formula is completely wrong (it
even predicts wrongly that spectrum is no more discrete); in the second
case correct asymptotics include non-Weylian term and in the third case
this non-Weylian term is principal; this term in fact is obtained by the
Weylian way for certain operator with operator-valued symbol in some
auxiliary Hilbert space.
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We don’t discuss them here for a sake of simplicity.
V- 4

by asymptotic formula (12)-(14) because it gives
a very complicated answer: we need to calculate an eigenvalue counting function for an auxiliary operator a depending on parameter (x’, ~1).
Now our goal is to give an asymptotic formula in which only an eigenvalue for single auxiliary operator is included.
In order to do it we treat the different parts o cusp by différent way.
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...11

--

1.

--,

»-

-

On the other hand
orem

2.1.14

microhyperbolicity property for symbol a and the[3] yields that if £ is supported in [-1, -1/3] U (113,1~ then

with an arbitrary s and T E Tl, T2~, T2 = f/h2, h2 = ’)i-Ir-I/2;; therefore the left-hand expression of (15) with Tl and 0’ replaced by T2 and
also doesn’t exceed ’ P
Applying Tauberian arguments we obtain that

C-d’ -d"-T(d-v)/-1.

V-5
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Proposition 6.
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with v &#x3E; v*. Then

00 is arbitrary compactly supported function equal 1 in the
neighbourhood of 0, ( E [C, rD, 8 &#x3E; 0 is a small enough exponent,
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Remark 9. (i) It is easy to calculate the last term in the right-hand
expression in (20) in terms of an eigenvalue counting function of operator

in Y with the Dirichlet boundary condition.
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(ii) In frames of theorem 7 with d" &#x3E;
one can replace remainder estimate
by
provided
- oo as T - oo.
hand
in
the
other
frames
of
theorem
On
7 with
Cl
d"
(d’ - 1)p and certain condition of the global nature (which is
1 and all the eigenvalues of A are simple") one can
equivalent to
replace remainder estimate
by
If
coincides
with
lx’1-1’ only asymptotically (but quickly
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one
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2. Let

in

us

Rd with
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where
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=

Rd is

a
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the last inequality means that the diameter of the canyon
tends to 0 at infinity for every T. Then the standard Weylian

T~
theory [5]

yields
Theorem 10. Let conditions (21) that rrz &#x3E; q -f- n + qn and qdn + pq -f- dn

be fulfilled. Let us assume
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with
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Remark 11. In frames of this theorem with
&#x3E; n~d-1 ~ under
stabilizing condition for Yo and a standard condition to Hamiltonian flow
remainder estimate
holds [5].
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Let

us assume now

that

Let us change variables x such
tx" 0}; then in the new
variables the coefficients of the senior part of A are not necessarily constant. Let us replace D’ by l’in A; then we obtain operator-valued
let n( ~’, 1’)
symbol a( x’, 1’) in the auxiliary Hilbert space H
be its eigenvalue counting function.
Then the methods similar to used in the first part yield
Theorem 12. Let conditions (21) - (24) and (28) be fuifilled and let
=

=

us assume

that

The

where

( E
equals

arbitrary, 8 &#x3E; 0 is small.
neighbourhood of 0 and asymptotics

E

cf!

to 1 m the
formula
rexna.ins true for N(T).
All the comments to theorem 3 remain true and under certain ad-

(27)

ditional conditions we can obtain the similar asymptotical formulae in
which an auxiliary operator a depends on the parameter of the smaller
dimension (normally we obtain dim - - 1-dimensional parameter instead of 2dimE-dimensional).
3. Eigenvalue asymptotics with accurate remainder estimates for
maximally hypoelliptic operators with symplectic characteristics are presented in [6].
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