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A RENORMALIZED LOCAL TIME FOR MULTIPLE
INTERSECTIONS OF PLANAR BROWNIAN MOTION

by

*
Jay Rosen

Department of Mathematics and Statistics
University of Massachusetts
Amherst, MA 01003

Abstract: We present a simple prescription for 'renormalizing' the local time for
n-fold intersections of planar Brownian motion, generalizing Varadhan's formula for
n=2. In the latter case, we present a new proof that the renormalized local time
is jointly continuous.

1. Introduction

If W, is a planar Brownian motion with transition density function

t
-1x]%/2t
(1) P = 5 ;

then, with W(s,t) = wt - ws ,

(1.2)  a(B) = lim JBpE(w(t],tz))...pe(w(tn_],tn))dt]...dtn

>0

defines a measure on

(1.3) Rg = {(tys--.»t )|Vt, >0 and inf]tj -t 268}

n
§
supported on

{(t],...,tn)lwt] = ...=W 1,

which has been applied in Rosen [1984a] to study the n-fold intersections of the
path W. The measure a(+) is called the n-fold intersection local time.

If we drop the condition infltj - tk| > 6 in (1.3), oa(+) ‘'blows up'. The
main contribution of this paper is the following theorem which tells how to 'renor-
malize' (1.2). We use the notation {X} = X - E(X).

THEOREM 1. Let

(1.4)  1(8) = JB{pe(N(t],tz))}...{pe(w(tn_],tn))}dtl...dtn

*
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Then Ie(B) converges in L2 for all bounded Borel sets B in

n_
%—{UPHW%HO§H5¢2§“.§%}.

REMARK 1. For n =2, this theorem goes back to Varadhan {1969] and has recently
seen several alternate proofs, see Rosen {1984b], Yor [1985a], [1985b], Le Gall
{1985] and Dynkin [1985].

For n =3 this theorem has recently been established independently by M. Yor
and the present author using stochastic integrals.

A different type of renormalized local time has recently been obtained for
general n by E. Dynkin.

REMARK 2. A full proof of Theorem 1 is given in Section 2. For general n the
notation becomes fairly complicated, so that we felt it would be useful to illustrate
our method of proof by looking carefully at the case n = 2.

We use the Fourier representation

. 2
(1.5) ps(x) S > Je1pxe—e|p! /zdp

(2m)
to write
2 2 ipW(t,,t,)  iqW(sq,S,)
(1.6) E(‘E(B)) - ___L_lr J e-elIpI™+1al %)/ 2 12y 17727,
2m BXB
Note that

ipW(t,,t,)  igW(s,,s,) ipW(t,,t,) + igW(sq,S,)

1.7y Ee Ve Ve 17 17727

] E(eipw(t],tz))E(eiqw(s],52))

depends on the relative positions of s],sz,t],tz. We distinguish three possible

cases.

CASE I: The intervals [s],sz], [t],tz] are disjoint. In this case, because W
has independent increments, (1.7) vanishes.

CASE II: The intervals [s],sz], [t],tz] overlap, but neither one contains the
other. For definiteness let us say

S < t] <8, < t2'
(1.7) becomes

2 2 2 2 2. 2y, o2
P LV R L P T RCOE PR L AR LI T

2 2 2
=12y 5 - IP*a] 2,4 = |P|"%
< 2 1/2 2/4 3/2
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where 21 = t] =Sy, 22 T Sy - t], 23 = t2 - Sy
We now integrate with respect to the variables s],sz,t],t2 using

T .2
(1.9) J eV Sds i—c—z
0 1 +v

to find that in Case II

- 2. - -
(110 E(2@) < ¢ [(1+]a%) (1+]pral2) T (141p1%) dpd.
This is easily seen to be finite and the dominated convergence theorem shows L2

convergence.

CASE III: One of the intervals [s],sz], [t],tz] strictly contains the other.
For definiteness, say

t] < s] < 52 < t2.

In such a case we refer to [s],sz] as an isolated interval and to q as an isola-

ted variable.
If we attempt to use the method of Case II, we find instead of (1.10), the

integral
-1 - -
j(1+1p12> (1+1p+a)2) " (1+]p1%) Vdpdg

which diverges, since q appears only in one factor (hence the terminology isolated
variable.)
We proceed more carefully. In Case III, (1.7) becomes

2
-|p|22]/2 |p+q] 22/2 - ]p|2£3/2

(1.11) e
2 2 2 2
) e-lpl 2]/2 - (Ip|™+]q| )22/2 - |p] 23/2
2 2 2 2 2
-p["2 -|p+q|°e -(Ip]"+lal")e, »  =IPI2y,,
e 1/2(, 2/2 _, 2/2y, 3/2
where 2] =5y - t], 22 =Sy - Sy 23 = t2 - S,

The key step is now to integrate first with respect to the isolated variable
g in (1.6).

We use

elql2/2 -lp+al2e.. -(|p|%+]q|?
a2 e clal’re Il Gellalhe

2 2
- 2, -peql -
= e . l/zj(e Prd -1)e lai (Q+€)/2dq
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) K g2
i e-|p[ 1/2 [e 2(0te) _ ]}

2+ e

= Fe(p,z) >0.

The remaining integrand in (1.6) is now positive, and monotone increasing as
e + 0. We can use the bound

-Ip1%e/,
(113)  F(pn) < Flpoe) = 1m€ D) ¢p| 28,14

for any 0 < 8 < 1. We then integrate with respect to $1sS,stqst, using (1.9) for
|p(2, to obtain, instead of (1.10) the bound

- 8 -
(1.14) e[+ 1pB IR0 + [pl?) e < o
As before, the dominated convergence theorem gives L2 convergence.

REMARK 3.  With a bit more work we can show

(1.15)  E(1_(B) - I_,(8))% <cle - ¢'|®
for some & > 0. To do this we note that the expectation in (1.15) differs from (1.6)
in that the factor

_ 2, 2)/
(1.16) e(]p| lq] 2

is replaced by

2 TNt PRy a2
- (e-elpl g ® Ipl /2)('3 elal™/, e lal /2)

For any non-isolated variables we use the bound

-elpl?,  -e'Ipl,
- e

(1.18) e | < clpl®(e - ¢")

This suffices to show (1.15).
For use in discussing general n, we note that we can also obtain a useful
bound from an isolated variable. Note:

(1.19)  F_(p,a) - F_i(p,2)

2 se 2 2 ae! 2
- (e'|P| 2(*e] _ e‘|P| 2/2) _ (e el 2(e¥e’) _ e Pl 2/2)
B L+ e L+ e’
2 Re 2
-IP1® grarey  CIPI%2
= (e 2(2+e e /2)(__]__ 1 )

tte  Rte!

Le’
22914'3'; ). 1

2te!

e

+ (e_|p|2 2axe] e-lpi2
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Therefore

28 2e B e' - ¢ e 2e’
(1.20)  [F_(p.2) - F_.(ps2)[< c]p] [ lm ‘L{ Uéﬂfﬁ" THe T THe'

B 1
e’ |

B 10
ot+e!

28 (e' - €) %2(5' - €)

- clp| | * S
cip (1+e)f (WFe)(m¥eT) e ) (¥

Since |e - e'| < max (2+e,8+e') we always have

8

le' -]l ' - g
(2+e)(ate™) = 2'I+6

(1.21)
so that returning to (1.20), we have

(1.22)  [F(p,8) - F_i(p,2)] < clp|®B(]er - e|SaT#B0 & | _ ¢ |08y-(140B)+8)
Taking 0 < 8 < B8 we find
(].23) JIFE(p,Q) - Fel(p’g)ldz ic|p12615' _ E]GB .

_ 2 .
For x = (x1,...,xn_]), X; € R® we now define

(1.24)  1_(x,T) = J f {p (W(tyt))-x)) T Ip (Mt 1ot )-x 1) .
Ofﬁlg,..fﬁnfj

Without the brackets, and in the region (1.3), 1lim Ie(x,-) is the occupation den-
>0
sity of the random field

X(t) = (w(t] ’t2)9' e ,W(tn-] ’tn))’

and studied in Rosen [1984]. The 1imit of Ig(x,T) as e€->0 1is a renormalized
version of the occupation density, and we would Tike to know that with probability
one it is continuous in x,T - as is known to be true when n =2, see Rosen [1984b],
Le Gall [1985].

Unfortunately, the bounds we find in the proof of Theorem 1 do not suffice to
establish (pathwise) continuity.

The next theorem refers to the known case n = 2. The proof given here is new,
and related to the proof of Theorem 1. It is offered in the hope that it will lead
to a proof for general n - and be useful in studying other processes with an inde-
pendence structure similar to Brownian motion, e.g. Lévy processes and Brownian
sheets.
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Tt
THEQREM 2. Ie(x,T) = J j {pe(w(s,t) - x)}dsdt converges as to a limit process
0’0

I(x,T) which is jointly continuous in x and T.

Let us now define

=[] et e, et
0<ty<...<t <T

without brackets, so that we know aé")(T) +» as e~ 0.
In case n=2 or 3 we can be more explicit.

uéz)(T) LT 29%%191

2
oB3N(m) L1 [&ﬂé%lfl} + 2[1&%%11 + Y(T)]zg(1/e)

where

y(T) = Vim I_(0,T)

>0

Tt
Tim I J {p (W(s,t))}dsdt
e>0 J0l0 €

of Theorem 2.

It would be nice to have a similar asymptotic expansion for aé")(T) for gen-
eral n. We have not yet succeeded in finding this, but mention that E. Dynkin has
found such an expansion for his renormalized local time.

2. Proof of Theorem 1

Our proof for general n is similar to the proof for n =2 given in the in-
troduction. We first integrate over isolated variables where the 'bracket' is es-
sential.

Here are the details. Let W(s,t) = wt - NS, i* = i+1, and every JT or I
is over all possible values of the indices, unless specified otherwise. We have

jw(tj ,tj*) }.{e'inw(Sj ,Sj*)}

ip
(1) E(2@) = [ [asdt cpdas(p.QE(TTCe )

BxB
where

~e(z]p; 1% + la;1%)/
(2.2) G (pq) = e J e

By additivity, it will suffice to consider integrals of the above form where B x B
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is replaced by a Borel set

Ac [O,T]zn

in which the values of the 2n coordinates have a fixed relative ordering. Thus,
e.g., if for some point in A the third component is larger than the second, then
this will be true for all points in A. We rename the coordinates F1sToseeeslon
so that

0 < Fp<rp<rg<...<ry, < T.
Throughout A, each s; or tj is uniquely identified with one of the e

We say that an interval [ri,ri*] is isolated if either

[ri,ri*[ = [sl,sz*] for some &,
or
[r%,ri*] = [tm,tm*] for some m.
Let
I-= {i|[ri,ri*] is isolated}

IS = {zl[sl,sl*] is isolated}
I; = {kl[tk,tk*] is isolated} .

Note that the 'brackets' in (2.1) assure us that our integral will vanish unless
1, 2n-1 are not in 1I.
In (2.1) we expand the bracket, {X} = X - E(X) for all non-isolated intervals,
obtaining many terms, each of which will be bounded separately.
We first consider the term
s J

iz p.w(tj,tj*) + ?c qu(sj,sj*)
@3) | [ [[aoaa 6 (ol |e T S

ip.W(t,,t, ig.W(s.,s.
-TT{e pJ (J J*)}_ﬂ_{e qJ (J J*)l dsdt .
IT IS
Write
2n-1
(2.4) ?.‘l:. pjw(tj’tj*) + i:g ij(sjﬁsj*) = 151 uiw(r'i ’r'i*) .

The u; are linear combinations of the p's and q's. More precisely, ff either

i=1, 2n -1 or iel, then u; is equal to one of the pj or qj. Otherwise,
u; will be the sum of exactly one pj and one q -
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If iel and [ri,ri*] = [Sz’sz*] set v, =q,, while if [ri,ri*] =
[tm,tm*] set. v, = p.. vy is called an isolated variable. Taking expectations,
(2.3) becomes

- .2.
(2.5) IA[ IJ dpdq G _(p,q)e fe 1! il

2 2 2
~Justvs | %/2 -(Wi[+hi|)%/
< TT e -e dsdt

where 21 RLETRRL is the Tength of the i'th interval. We now integrate over
the isolated variables vi> and by (1.15) we find that (2.5) is equal to
|u.|22.
A A i 1/2
(2.6) ”dpdq G (5,a)e TTF_(u, .2, )dsdt
A 1 € 1 1

where ﬁ,a denote the remaining, i.e. non-isolated variables.
The integrand in (2.6) is now positive, and as in the introduction we use the
bound (1.9), (1.10) to see that (2.6) is bounded by

A
e [T e hug T 1yl b
I

From the discussion following (2.4) we see that the set {ui} will span the

. .C
iel
set {uj}jel’ and by choosing & > 0 small enough, it suffices to bound

+

A A

=148
@) [T 0+1w® e
IC

Each non-isolated variable will occur as a summand in precisely two (neces-
sarily successive) factors in (2.8). For a variable occurring in one could not be
non-isolated, while if it occurred in more than two - say UgsUssUy - the other com-
ponent of u. could not be non-isolated. The upshot of this is that if 11¢] = &,

then any k - 1 vectors from the set {ui} c will span the set of non-isolated
iel

variables. (Remember, i =1, 2n-1 are both in I®, and both Ups Uy, ¢ are
exactly equal to a non-isolated variable.) We can now use Holder's inequality to
bound (2.8).

(2.9) HTIFCU + Ju;19)

. RN
aaa = [ [ I [Tr (1 + Juy 1) dpdd <
1

iel 1€

-148

J#i
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_ 148
f_TTCH -l-[; ('l + lu|2) k-] ‘k <
iel I J
j#i

as long as

2(1 - Bk

B 2
i.e.

el

This shows that the term (2.3) is uniformly bounded. The other terms which
come from our expanding the 'bracket' for non-isolated intervals, can be obtained
from (2.3) by replacing some factors by their expectations. As in the introduction
the resulting integrals can be bounded similarly to (2.3). Thus E(IE(B)) is uni-
formly bounded, and L2 convergence follows easily from the dominated convergence
theorem.

If we wish we can even obtain

E(I_(B) - 1_,(8))% < cle - &'

for some & > 0, by following Remark 3 of the introduction.

3. Proof of Theorem 2

The reader is advised to go through the proof of Lemma 2 in Rosen [1983] in
order to appreciate the constructions introduced here.
We will show that for some & > 0, and all m even

(3.1)  E(I06T) - xS < e [(ex,T) - (eh,x!, 7)™,

where the constant ¢, can be chosen independent of e,e' >0 and x,x',T,T' in
any bounded set. Kolmogorov's theorem then assures us that, with probability one,
for any B < §

(3.2)  I06T) - I, (x',T)] < cl(ex,T) - (e',x',T)(8,

first for all rational arguments in a bounded set as described - but then for all
such parameters since IE(x,T) is clearly continuous as long as e>0.
(3.2) shows that

(3.3) I(x,T) = 1im Ie(x,T)
>0

exists and is continuous in x,T.
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It remains to prove (3.1). We concentrate first on bounding

(3.4) E(Ie(X’T)m) = J B I dsdtIdpG (x,p) E[ WTT { 3 w(t ’SJ)}

j=1
where
. 2
n -ipxeelpgl?/,

(3.5 6p) =TT e
J=1

(3.6)  B={(s,t)[0<s<t<t)

It suffices, by additivity, to replace B by a region A g_[O,T]2m in which
the values of the coordinates have a fixed relative ordering. Let r
relabel the coordinates so that

],rz,...,rzm

0<ry<ry 2m

Thus, throughout A each rj is uniquely identified with one of the s

< ...<r, <T

o or tm’

In general, u [r o7 ,] will have several components. Using independence, it
i

is clear that in bounding (3.4) we can assume that there is only one component.

In analogy with our proof of Theorem 1, we will say that [r1,r1*] is isolated
if [ri,ri*] = [sj,tj] for some Jj, in which case we set v, = P and refer to
v; asan isolated variable. Let

—
n

{i|lr;sris]  isolated}

(=]
|

= {jl[sj,tj] isolated}.

We note again that 1, 2m - 1 are not in I.
We now expand the 'brackets' in (3.4) for all non-isolated intervals [sj,tj].
We obtain many terms, of which we first consider

ip.W(s;,t.) ipW(s.,t.)
(3.7) J...stdtJdp Ge(x,p)E[ 1T e1p3 3T j e 3377 } } .
A 3 J l
We now write
2m-1
(3.8) T pjw(sj,tj) = iil uiw(ri,ri*)

€
Taking expectations in (3.7) gives
2
“Tclug 172y,

2 2 2
“lustv, |90 ~(us | “+]vs )25
(3.9) J.A. stdtJdp Ga(x,p)e 1 2 TTle | J VJ‘ 32 -e J J 2
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th

where again 2 -y is the length of the i interval.

. =T,
i i+]
We first integrate over isolated variables using

SlunvlZy,  =(ull e v D
(3.10) IGE(X’V) [e lutv|“e/, e (Ju]™+]v]%)

2
-lul“e/ . v|Z(a+e)/
o lul 2 Je1xv(e-uvl “1e -[vl 2d

-lulP, -Ix1Pr20e) (e"x“(m) + lufret N
=€ € L+ e
X%/ 2
- e 2(nte) le-1xu(l+€) - Ju] /2(2+€ ) e—|u| Q/ZJ
2+ €
-x2/ 2
e 2(2+e) -1xu(§;g~ -| | /2(1+€ -lul2/,
%+ e - ¢
2
—ixu(-2 -lul®y
+ [e 1XU(R+£ - 1Je lu] 2
-lu]zz/ -lu 22/
S ALCS g e cle) e 2+ (Ble) - e 2
where
-lxl% “
A(x,e) = e)
-ixu(s=
B(x,e) = £+€
u /2(
Cle) = l 2t
We use the following bounds
2 2
-|u] 2/2 -|ul 2/2
(3.11)  |A(x,e)B(x,¢e) {L€) e L) (o) R )
-lul?es,
< (] - @ - ) < Cl l 1+
and
_ -lul“e/ 28 (268
(3.12)  |A(x,e) {Blxae) = 1) ¢ * 2 < Alxe) XLl

< Alxoe) __L_L___ 0|28 148 ¢ o[y 28y7140

(2 + e)
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since

28 -a
(3.13) A(x,e) ——Jl&L—ngg sup [e /Zaa] < oo,

(2 +¢) a>0
To summarize, an integral (3.10) over an isolated variable V5 is bounded by
26 -1+8
cluj| 8

We now integrate out dsdt to find (3.9) bounded by

-1
(3.18) Jﬂc (1 + Juy 1) T 10,1255
I

where p denotes again the non-isolated variables.
We note that in our present set-up every isolated interval is immediately pre-
ceded by a non-isolated interval. Thus (3.14) is bounded by

-1+
(3.15) Jﬂ“ (+ |uj|2) '
IC

where vy = 26.

Each uj, ue Ic, is a sum of certain non-isolated variables, see (3.8), called
the components of uj.
Let

F={ili eI® and ri =5 for some j} .

Thus, for i e F, some non-isolated pj appears as a component of P for the
first time, i.e. pj is not a component of uy for any & < i. Since every non-
isolated variable must appear for a first time, it is clear that {ui}ieF spans the

set of non-isolated variables.
Let

D=1°-F={(i]i el and ri =ty some it .

Lemma 4 of Rosen [1983] uses a simple induction argument to show that the set of vec-
tors {ui}ieD spans the set of all its components. This does not necessarily mean

that {ui} spans the set of all non-isolated variables. The trouble comes from

ieD
a non-isolated p. such that [sj,tj] contains only points of the form 52, i.e. no
tk's, so that pj will not appear as a component in any Uss ieD.

Let R denote the set of such indices j. Since p; is non-isolated, there
will be at least one s, between sj and tj - so that, by (3.8) pj will appear
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as a component in at least two uk's, k € F. Pick two such, and denote them by

v. and wj. Note that all components of vj and wj other than pj appear in

uys where r, = tj, so i e D and therefore each of {ui}ieD u vy and {ui}ieD

wj contain pj in their sman. Also, as a consequence of the above, distinct in-

u

dices j in R give rise to distinct {vj,wj}.

We therefore have

2,71 2,71 2.-1
(16) T+ lugl2 =TT+ gl T A+ gl
c F D

-5/ -3/ -3/
2
ST O+ Quyl® BT+ vg1h) B0 e wy® 8

F R

2 -1
'-ﬂ—(]*’lu\ﬂ) .
D

Using Holder's inequality we see that (3.15) squared is less then

) - B1-y)
(3.17) JTFT (1 + Ju;?) dp

6
-804y 2428
o w0 s g T o w6
R D

The first integral in (3.17) is clearly bounded for

2 .
7? (1-v)>2, id.e. y< %

while, using Holder once more we find the second integral squared is bounded by

12
- ==(1-y) -2+28
(3.18) jg (1 + |vj|2) CA 15[ (+ lujlz) dp

times a similar integral with vj replaced by wj. Since our previous considera-
tions show that each of
{u;} u {vj}

ieD jeR

and

{u; 1, D u{wj}

i‘ie jeR

span the set of non-isolated variables, (3.18) is also finite if vy < %A.

This completes our proof that the term (3.7) is uniformly bounded, and as in
Theorem 1 all other terms can be handled similarly. Thus E(Ie(x,T)m) is uniformly
bounded.
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To establish (3.1) we use

(3.19)  E(I_(x,T) = I_(x*,T'N™ < clE(I_(x,T) - I_(x',T)"
FE(I(x'5T) = T TN+ (I (xST) = T (xf,T))™)
and will bound each term separately.

Consider first the term

(3.20)  E(I_(x,7) - I_(x*,T)"

ip.x ip.x
which is similar to (3.4), except that in Ge(x,p), e 9 is replaced by e L
e1pjx .

For each non-isolated variable we use the bound
(3.21) ™ - ™| < clp)®lx - x|°

while for isolated variables v, using (3.10) we need to bound

~lul?e/,
(3.22)  (A(x,e)B(x,e) - A(x',e)B(x',e)) c(e) 7 T c

2
_ . _ -lul|®e/
+ A(x,e}9§£%¥%L——l)-- A(x',e}giiézi%lg——lll e 2

€

By (3.11),

- Jul?2/
(3.23) [C(E) - € ?

28,-1+8
l L+ e 172 :

<clu

So the first term in (3.22) is bounded by

262-1+6 262-1+6

(3.24)  1AGe) - Alx'se) [ B(xe) [ u] + A(x' ) [Blx,e) - B(x's)|Ju]
< C(lX - XI|B|U126Z-]+6-B+ IX _ XI‘BIU|25+BQ,-‘I+G)

while the second term, if |[x'| > |x| we write as

A(x',e)) (B(XZ€> - ]2 'A(X',E) (B(X',;)+-€B(X,€))

(3.25)  (A(x.¢) )

0 P g a1y aare) 10t 1al®
L+ e

1-e

-|x'|2/2(2+e) u 6]x-x'|6
t+e L+ e

I A

c]uP(lx - x'|BJL"]+5'B + |x - x'|5'62_]+8)

IA
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using (3.13) and |x - x'| < 2|x']|.

If |x|[< |x'| we proceed similarly. These suffice to show that (3.20) is
bounded < c[x - x'[*™ for some o > 0.

We next turn to

(3.26)  E(I_(x,T) - IE.(x,T))m )
-elps|"/2

J is replaced

which is similar to (3.4) except that in GE(x,p), e
2/ ' 2/
-e|p; |2 -e'|ps|“/2
e J -e J .
For non-isolated variables we use the bound (1.20) while for isolated vari-
ables we need to bound the difference of (3.10) and a similar expression with ¢

replaced by €'.
Bound first

-lu|?e/, -,
(3.27) A(x,e)B(x,e) {CLe) & - ) - A(x,e')B(x,et) L )2'+ee )
~lul?e/ ~lul%e/
o) - e 2) (e - e 2)
- I L+ € L+ €'

+ [A(x,€)B(x,€) = A(xye')B(x,e')|c|u]20g1*0

by (3.23). The first term in (3.27) is handled by (1.22) while the second is boun-
ded by

(3.28)  [B(x,e) - B(x,e')|[u]Z527* 4 |A(x,e) - A(x,et)||u]20e7 T

B B
3 =146

2648, B | 2 2 -148 268 28| 1 1
< Jul™ x| ]iiz " T U™ I e - e

< IUIZG+BIE - E'l82-1+6-6 + |u]26|€ - E'IBJL-]'HS-ZB .

We are Tleft with bounding
B(x,e) - 1 vy (B{x,e') -1
(3.29)  |atx,e) LLLEL=T) gy ey BOGEY) - 1)

if say, € < ', we bound this by

(3.30) kaﬂ-AuxnﬁﬁLléﬂw-Mma

El
L+ €'

2+ ¢!

[wu@rw)_@u¢WJq)
2+ ¢ *

The first term is bounded by
[ - lllE c;L__ _l__)

_ 2 ‘ot e } n(B(x,e') - 1)
1 e A(X,E ) %+ e

2(1(e _ e)alul262-1+6-2a

(3.31)

< Ix] .
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by (3.12) while the second is bounded by

(3.32) lA(x,e)(B(x,e) - Dl - ﬁ‘?)‘ + A(x,e) [B2) = Blxse')

i L+ e
, 26 26
J(B(x.e) - 1) (' - €) |x] -1+ (e
< A(x,e XZ€+ . 1 o+ Alxe) £ Glulzdl ]+6[E+ ?]
(2+€) €
< clul®S(e - )% 1670 since &' > e.

om

This completes the proof that (3.26) is less than cle - €'| for some a > 0.

We turn to
(3.33)  E(I_(x,T) - I (TN,
which, assuming T' > T is of the same form as (3.4) except that B is replaced by

B = {(s,t)|0<s<t,T<t iT'}m .

T,T'

It clearly suffices to show that an integral of the form (3.7) is bounded by
c Vo](A)6 for some & > O.
To this end, we first integrate all isolated variables, as before, then use the
bound
1
A A 5 NN S LA
(3.34) J[J F(p,r)dsdt]dp < Vol(A) J{J F(p,r) dsdt] dp .
A A

It is clear from our considerations so far, that for § >0 sufficiently small this
integral converges.
This completes the proof of Theorem 2.

It is a pleasure to thank Professors E. Dynkin and M. Yor for their helpful

comments.
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