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Homogeneous diffusions on the Sierpinski gasket
Matthias K. Heck

FB. 9 - Mathematik, Universitat des Saarlandes, Postfach 151150, Saarbrucken,
Germany

ABSTRACT: We prove that certain diffusions on the Sierpinski gasket may be charac-
terized, up to a multiplicative constant in the time scale, by a parameter a E ~0, 4~. The
diffusions considered have the Feller property and certain natural symmetry proper-
ties, but they are not necessarily scale invariant. The case a = 0 corresponds roughly
speaking to one-dimensional Brownian motion and the case a = i corresponds to
Brownian motion on the Sierpinski gasket. 

’

1 Introduction

In the last few years diffusions on fractals have emerged as an area of probability
theory in which an intensive research activity has taken place. Diffusions on the
Sierpinski gasket in particular have attracted great attention, perhaps because
of their remarkable accessibility.

The construction of Brownian motion on the Sierpinski gasket is due to
Goldstein [3], Kusuoka [8] and Barlow and Perkins [1] (in the following referred
to as B.-P.). These authors used different methods to obtain their respective
results.

Possibly one of the most remarkable properties of Brownian motion on the
Sierpinski gasket is the invariance under natural symmetries of the gasket, to
be precise under bijective isometries of open subsets of the gasket. Here the
distance between two points in an open subset is the length of a shortest path in
the set which connects the two points, or oo if there is no connecting path. This
property sets Brownian motion apart from all other diffusions on the Sierpinski
gasket. It also implies another important property of Brownian motion, the so
called scale invariance.

Kumagai [7] succeeded in constructing diffusions on the Sierpinski gasket
which fulfill less stringent symmetry requirements than Brownian motion, but
which are still scale invariant. Hattori, K., Hattori, T. and Watanabe [4] on
the other hand constructed interesting diffusions on the Sierpinski gasket which
lack both types of invariance.

Apart from the metric mentioned, there is another natural metric, namely
the one inherited from R2. This metric is fairly natural if one is interested in
forces, such as gravitational forces, which act through the space surrounding
the gasket rather than through the gasket itself.

U ~ V is a bijective isometry with respect to the second metric, then
for every path in U the image of the path under § is a path in V of the same
length. Hence § is also an isometry with respect to the first metric.
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Moreover, we shall see that the bijective isometries related to the second
metric form a proper subset of the bijective isometries related to the first metric.

In the present paper we shall construct a class of diffusions, which, though
generally not scale invariant, are invariant under isometries relative to the met-
ric on the gasket inherited from R2.

Our construction follows the pattern of the construction given by B.-P. That
construction is based on the convergence of certain random walks with scaled
time. In that case the choice of the time scaling factors is rather natural be-
cause of an underlying spatial scale invariance. In our construction without

spatial scale invariance, however, establishing the existence of time scaling fac-
tors presents a major problem. Our way to overcome this problem is to apply a
perturbation result on matrix powers (see [5]). This perturbation result seems
interesting in itself. We shall use it here to obtain convergence results for fairly
general multi-type branching processes with varying environment - convergence
results which play the key role in the construction of our diffusions.

To explain our main result, we need some notations and definitions:
1. We recall the definition of the Sierpinski gasket G as a subset of R~.
To this end, letFo := ~(o, 0), (1,0), (2, ~)}, := Fn U ~(2n, 0) + Fn~ U
~(2n-1, 2n-~~) + Fn~, G ~°~ := Fn. We denote by G ~°~ the union of
G ~°~ and G ~°y, reflected at the y-axis. The sequence G ~n~ := 2-nG ~°y, n E No
is increasing, and if we let G S°°~ := G ~n~, then the Sierpinski gasket is
G := The Sierpinski gasket is endowed with the metric and the
topology inherited from R~.

For the reader’s convenience, we include an illustration of a section of the
Sierpinski gasket (Figure 1).
2. By a symmetry of the Sierpinski gasket G we understand a bijective isometry,
say ’Ø : V, between two open subsets of G. We note that obviously ’Ø can
be extended uniquely to a bijective isometry (also called ~) between the closures
of U and V.

If we denote by , : :1~2 -~ R~ the reflection at the y-axis and let v : l~~ -~ R~
be the affine transformation of R2, with := (~, ~), v(-2, 0) := (1, 0)
and v(- 4, ~) := ( 2, 0), then the restrictions of v and v to sufficiently small
open neighborhoods of (0,0) are symmetries of the Sierpinski gasket (see figure
1).

In the same way one can easily obtain for all x, y E G ~°°> two affine trans-
formations of R2, say ~~,y and with = = y such that 

preserves the orientation and reverses the orientation and the restrictions
of and to sufficiently small open neighborhoods of x are symmetries.
It is not very hard to see that conversely every symmetry ~ : V of the

Sierpinski gasket is the restriction to U of such an affine transformation or

3. A diffusion on G is a family of probability measures (Px; x E G) on
C(~0, oo), G) which are connected by the strong Markov property and satisfy
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= x} =1.
4. For every set A C G and a continuous path w in G we denote by TA() the
first time w leaves A.

5. We call a diffusion x E G) homogeneous, if for every symmetry

’ljJ : U ~ V and every x E U the Pz-distribution of 03C8 o 03C9(. n TU(w)) equals the

P03C8(x)-distribution of 03C9(.^TV(03C9)) . A diffusion on G is thus, roughly speaking,
homogeneous, if it is invariant under the symmetries of G.

The purpose of the

present paper is the descrip-
tion of homogeneous diffu-

sions on G in terms of one

real parameter, which may be

interpreted as a certain exit
probability. We shall explain
briefly how this description is
achieved.

If we denote by N the
interior in G of the set of all points in G, which lie in one of the two closed trian-

gles and then the open set N contains

the point. (0,0), and its boundary in G consists of the two collinear bound-

ary points (-1,0), (1,0) and the two non-collinear boundary points (-~, ~),
(-~). A continuous path starting at (0,0) can leave N only through one of
these four points. Excluding the trivial case = ~ for all t ~ 0} = 1
for all x 6 G, we shall see, that for a homogeneous diffusion on G with Feller

property, the exit time from N, i.e. TN, is finite everywhere. In
this case the P(0,0)-exit-distribution coincides for the two non-collinear boundary
points of N as well as for the two collinear boundary points of N, as the reflection
v of R2 at the y-axis defines a symmetry N ~ N with 03BD((0,0)) = (0,0).
In particular, the P(0,0)-exit-distribution on the boundary of N is uniquely de-
termined by the probability Of = leaves N through (~ ~2014)}.

The following theorem states that this parameter a characterizes completely
the homogeneous diffusions with Feller property and that the parameter set is

the interval [0,~].

1.1 Theorem

a ) for every non trivial homogeneous diffusion on G, say ~ G) , with

Feller property the probability a = leaves N through (~, ~)}
is a numbers [0, ~].

b~) Conversely, for each a ~ [0,~] there exists a homogeneous
diffusion (Px; x ~ G) with Feller property such that

leaves N through (~ ~)} = a. This difusion is uniquely de-
termined up to a linear scaling of time.
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Remark a) For a = i the diffusion of Theorem I.I is Brownian motion as
constructed by B.-P. and for a = 0 it is a modification of the ordinary one-
dimensional Brownian motion. . With the exception of these two values of a, the
diffusions of Theorem I.I are not scale-invariant.

b) It should be noted that a diffusion on G is already homogeneous, if it is
invariant under symmetries of G of a certain local nature.

c) If x E G) is a non trivial diffusion on G with Feller property which not
only is homogeneous, but also is invariant under bijective isometries related
to the metric of the length of a shortest path, then Theorem 1.1 implies that

x E G) is Brownian motion, as constructed by B.-P.
Indeed, if we denote by r :1~2 - ~~ the reflection at the axis through {0, o)

and (4, 4) and define 03C6 : G ~ G by

03C6(x) := x 
: if the first coordinate of x is negative

r(x) : otherwise

then obviously 03C6 is not a symmetry, but it is an isometry with respect to the
metric of the length of a shortest path . Now the invariance under ~ and under
the reflection at the y-axis implies that the P(0,0)-exit-distribution for the open
set ?V coincides for all four boundary points and hence a = 4, i.e. (Px; x E G)
is Brownian motion. . The corresponding uniqueness result for Brownian motion
in B.-P. is obviously stronger since Barlow and Perkins do not assume that the
diffusion has the Feller property.

2 Multi-type branching processes with varying envi-
ronment

We start with limit results for a class of supercritical multi-type branching
processes with varying environment, which we will present as Theorem 2.1
below.

For d ~ N we consider a d-type branching process with varying environ-
ment which we shall denote by (Z~na; ~ E No). This process is completely
described by the distribution of the initial generation and the generat-
ing functions which determine the branching mechanism for each
generation Z ~"~, n E No.

We shall assume that

(A) the distribution of Z ~°> has finite second moments,
and that the generating functions Fn~, n E No fulfill the following conditions:

(B)Mi:= sup z2 (l, ...,1)  oo.8zj

ap(n)
(C) ( 1, ... ,1 ) > 0 for all 1  i, j  d and n E No.
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(D) exists for all 1  i, j  d and the matrix
A := (a~,~)~,~=1,...,d is invertible.

(E) There exists a real eigenvalue ÀA of A such that:

(a) ÀA > 1.

(,Q) | |  03BBA for all eigenvalues  of A, different from aA.

(y) ÀA has multiplicity one.

(8) The entries of every non zero eigenvector of A corresponding to ÀA
are either all strictly positive or all strictly negative.

If there exists n E N such that all entries of An are strictly positive, then
by the Perron-Frobenius Theorem assumption (E) reduces to:

(E’) There exists an eigenvalue v of A with ~v~ > 1.

The probabilistic meaning of a~ ~~ is the expected number of j-type descendants
of a i-type individual of the n’th generation and according to (D) this expected
number stabilizes if n tends to In the case of branching processes with
non varying environment, i.e. if all F ~"~ coincide, our assumption (E.a) just
describes the supercritical case. 

,

In order to formulate Theorem 2.1 we introduce the following notations: For
a matrix A satisfying (E) we denote by cA the eigenvector of A corresponding
to ÀA which has strictly positive entries and Euclidean norm 1. If in addition

there exists n E N such that all entries of An are strictly positive, then At, the
transpose of A, also satisfies (E’) and hence (E) and we let cA := 
Here the row vector ctA is the transpose of the column vector cA. .

2.1 Theorem Let (Z ~n~; n E No) be a d-type branching process with varying
environment which satisfies conditions (A) to (E). .
Then there exists a sequence (an)nENo of strictly positive numbers converging
to 0 such that:

a) W ~~ := lim an n~ exists a.e. and in L2.

b) 0   oo.

c) For a.a. w: = 0 iff Zn~(03C9) = (0, ... , O)t for all 
ciently large n.

d) If there exists n E N such that all entries of An are strictly positive, then
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Remark The sequence (an)nENo in the preceding Theorem 2.1 is obviously
determined up to asymptotic equivalence by a) and b) in Theorem 2.1. .

Moreover, any sequence (an)nENo of Theorem 2.1 satisfies

lim an 1 n = 1 03BBA .

For the proof of Theorem 2.1 we need two Lemmas.
These two Lemmas are results on convergent sequences of matrices, which apply
in particular to the sequence introduced in (C) above.

We let R+ := {x E R; x > 0} and denote by [[ [[ the Euclidean norm on
Rd.

2.2 Lemma Let A, A ~n}, n E No be invertible d X d-matrices, such that

A = limn~~ A n~ and there exists an eigenvalue v of A with multiplicity I

such that | |  |03BD| for all eigenvalues  of A differen t from v.
Then there exists a sequence (Cn)nENo of vectors in Rd, satisfying:

a) c(n) = for all n E No.

b) All limit points of )n~N0 are contained in the eigenspace of A cor-
responding to v.

The sequence is unique up to a multiplicative constant.

Lemma 2.2 is an immediate consequence of Theorem 1.1 in [5]. D

2.3 Lemma Let A {n~ := n E No be matrices with strictly posi-
tive entries, satisfying (D) and (E). . Then there exists a sequence of
vectors in 1~+ satisfying:

c(n) = A~n} ~ for all n E No. (2.1a)

lim c ~c~ = cA, where cA is the eigenvector of the limit matrix A
introduced previously.

(2.1b)
The sequence is unique up to a strictly positive multiplicative con-

stan t.

Remark It is easy to see that under the assumptions of Lemma 2.3 we obtain

lim I) ~ n = 1 03BBA (2.1c)

from (2.1a) and (2.Ib). Moreover, Theorem 1.I in (5J implies that any sequence
of vectors in I~+ satisfying (2.1a) and (2.Ic) also satisfies (2.Ib).
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Proof of Lemma 2.3 : By (D) there exists no ~ No, such that A ~ is invertible for
Using (D) and (E), Lemma 2.2 implies that there exists > no

which satisfy the equation in (2.la) for all n ~ no and for which cA and 20140,4

are the only possible limit points of Lemma 2.2 also implies that
this sequence is unique up to a multiplicative constant. It follows that c~ is a

limit point of (c~c~)n~n0 or of (-c ~-c~n~n0. Without loss of generality we
may assume that the former is true.

If all entries of c~ are strictly positive for a ~ ~ no then all entries of 
are strictly positive for by (2. la) and the fact that all entries of
A~ are strictly positive. Since c~ is a limit point of and c~ has

strictly positive entries, we conclude that all entries of c~ are strictly positive
for infinitely many n ~ no and hence for all n ~ no. This implies (2.1b), since
c~ and -c A are the only possible limit points of For n  no we

define by (2.1a). , D

Proof of Theorem 2.1: Let be a sequence of vectors in R~. which sat-
isfies (2.1a) and (2.1b) and let p ~ (~, 1). Furthermore, let := 

for n ~ No. 
Obviously (2.1a) implies for (E N

rr 
. °

This together with (D) and (2.1b) implies

and for sufficiently large n ~ N: ~c~ ~c~ ~ pl for 

Observing that inf B > 0 by (2.1b), we conclude that there existsc !! ’

M2 > 0, such that 
- -

c~"~ 1
sup  ~ M2pl for all l e (2.3)

cj

Obviously (tV~~; ~ ~ No) is a positive martingale. A simple but lengthy
computation using (B), (C), (2.1a) and (2.3) shows L~ boundedness of this
martingale, to be more precise that

Hence the martingale convergence theorem implies:

tV~ := lim W~ exists a.e. and in Z~. (2.4a)
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E(W ~°°~) = E(W ~°~). (2.4b)

EUW ~~~)2~ ~ d2 (~1 + 1) M2 ~~ c~°~ (~ 
p 2 

+ E[{W ~°~)2]. (2.4c)~ 

1-p
Letting an := we obtain by (2.1b) - W ~n~)  for

~’ > 0 and n sufficiently large. Thus part a) and b) of Theorem 2.1 are easy
consequences of (2.4a) to (2.4c).

For the proof of part c) of Theorem 2.1 let n E No),
1  j  d, i, r E N be independent branching processes with generating func-
tions such that X equals 1 for m = j and 0 otherwise.

Letting r) := r), we conclude from equations
(2.4a) to (2.4c) that := hm exists a.e. and that

r)) =1 and r)2] ~ d3(M1 + + 1-’ P By
Holder’s inequality we conclude that 

1 = ~°°~ (2! ~, r)J)2  (i! j, ~°°~ (i! j, r) > 0}
 r) > 0~

and that hence r) = 0}  1 - 1 for 1  j  d, i, r E N.
Since (Z; n E No) is a branching process, we have

j=1 i=1 P

Since 1{W~~=0} is measurable with respect to n E No), the well known
martingale convergence theorem implies

Hence  (1- p) 
lim sup dj=1 Z(r)j 

a.e.

Thus, for a.a. W: W~~(03C9) = 0 implies lim sup 03A3dj=1 Zn~j(03C9) = 0.~" ~

The converse implication is obvious. Since ~d=1 E No, we conclude part
c). 

~ 

The proof of part d) of Theorem 2.1 is similar to that of Lemma 8.2 in ~10~.
For the reader’s convenience we shall sketch the proof.

Let 03BB :_ 03BBA, C := CA and c := cA. If we define B := A - 03BBct, then
Ak _ 03BBkct + Bk for k E N. Moreover, it can be shown that for some q E (0, a)
andM3>0

I  for (2.5)
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For details - under somewhat weaker assumptions - we refer to Karlin [6],
Appendix 2.

Let 1  j  d. For ~ > 0 let 1 E N such that M3 (q 03BB)l  c. Considering
II W (°°>c for n > t, we obtain for its j’th entry the estimate

Substituting Al = 03BBlct + Bl we have

II 

C~ ~ (A’j~) + . 

(2.7)

The first summand on the right sight of (2.7) tends to a.e. by part
a) of Theorem 2.1 and (2.2). For the second summand on the right sight of

(2.7) we obtain the asymptotic estimate

lim sup II 

by (2.2), (2.5) and part a) of Theorem 2.1. We therefore obtain from (2.7) for
the first summand on the right sight of (2.6) the estimate

~ ~ C’ a

Thus it remains to prove that the second summand of the right sight of (2.6)
tends to zero. Indeed, using (D) and part a) of Theorem 2.1 we see that

lim sup II II z~ ~ In-~oo ’ ~ J " ~

~ lim sup (I II Z~ ~ _ (n ~~ ... A (n ’y)~ IB " ~ ’

d

k=1 
= lim sup II ~ (n) il - (Z (n-I) ... A cn-1~)~ I a.e.

noo B ’’ ~ ’

We obtain for n > l
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r=0 
k m J/ ~ 

’

Here we used the convention (~~ ...~1~) =: Id for z > j.
Keeping in mind that (Z~; ~ C No) is a branching process for which the

matrices ~~ are the matrices of the first moments, a lengthy but standard
computation using (B) and (2.3) shows that the last term is majorized by

/(!+ sup .

Since the supremum in the last majorant is finite by (D) it follows that the
last majorant is summable. The fact that the second summand on the right
sight of (2.6) tends to 0 a.e. now follows by Chebyshev’s inequality and the
Borel-Cantelli Lemma. 0

With an and as in the preceding proof, we conclude from (2.1b) that
 for E > 0 and n sufficiently large. Hence,

Theorem 2.1 implies the following corollary.

2.4 Corollary Under the assumptions of Theorem 2.~ a) to c) in Theorem
2.~ hold with replaced where is any sequence
in Rd+ satisfying (2.1a) and (2.1b).

3 Consistent random walks

For every k ~ N0 and :c ~ Gk~ there are exactly four points in Gk~ which
have distance 2-~ from z. We call the two points, whose connecting line con-
tains :c collinear k-neighbors of .c and the remaining two points non-collinear
k-neighbors of z.
For k ~ N0 let

~~ := {~ : No - G~; with  2-~ for all z ~ No}.
Given 03B1 E [0, 1 2], a Markov process e Gk~) on 03A9k~ is an (a, k)-random
walk if

~ 
~ ; if y is an non-collinear k-neighbor of .r

= 2/} = ~ ~ - a ; ; if y is a collinear k-neighbor of .c .~ 0 ; otherwise
In the following let .k, / e No such that k ~ 1.
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For w let (w) be the first time w hits G t‘~ and let T ~‘~ky (W) be the
first time w hits G ~‘~,~wo}. Starting with the stopping time (w) we define

inductively for i E No the stopping times ~ (w)

T c‘~k~ (W) .-_ T~‘’k~((,J z’= ~‘~k~ ~’ .) ~-~’2~‘’k~(W) )  00 
,~+1 ~ " ~ oo 

’ 

; otherwise 
°

For w and i E No we by

03C8(l,k)(03C9)i:=03C9Ti(l,k) ; if . (W) )  o0

Here we use the convention 03C8l,k~(03C9)-1 := 0 := (0,0).
Obviously Ii~ ~‘~k} (W)~ - ~ ~‘’k~ (W)i-~ II  2-1 for i E N, so 
into Q ~‘~. .
For w E C(~0, oo), G) we obtain in an analogous way stopping times T 

~‘y and

T~~‘~ and functions ~ ~‘~.
Let be a sequence of real numbers in [0, 2~ and for each n e No let

E G ~n~ ) be an (a ~n~, n)-random walk.
We call the sequence (P~n~; x E G consistent, if

= o ~y for all x E G ~‘~, 1~, d E No with k > 1, (3.8)

where o ~ t‘’k~ 1 denotes the image of Px(k) 
We shall remark, that this condition is very natural in the following sense:

Remark We shall see later, that for a non trivial homogeneous
diffusion (Px; x E G) with Feller property, we obtain random walks

o ~tn~-1; ; x E G~n~) for all n E No . Since

~ ~I’k> o ~ ~k> _ ~ ~Iy (3~9)

the sequence (Px o ~~n~ 1; a- E consistent.

In the following we shall use the indicator functions X1 and x2 on G 
~°°~ x G ~°°?

1 ; if i = 1 and y is a non-collinear k-neighbor of x for some k

y) := or if i = 2 and y is a collinear k-neighbor of x for some k.~ 0 ; otherwise
For m E ~ l, 2 }, i E No and w E let R z ~‘’k~ ( m, w ~ := ~T ~ ‘ ~I,ky 1 ~~l 
denote the number of ’steps to non-collinear neighbors’ (m = 1), respectively
the number of ’steps to collinear neighbors’ (m = 2), up to the time (~).
For kEN, x E i E ~ l, 2},a E ~0, 2~ and a, b > 0 we denote by

 o0
where denotes the expectation relative to for the (a, k)-random walk

(P ~k~; x E G ~k~ ) .
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3. 1 Lemma For all a, b e [0, 1 ) we have

gk~,x03B1,1(a,b)=g03B1,1(a, b) := 2b03B1a(1-203B1)[(1-203B1)b+1] 2(1-203B1a)(1+03B1a)-b(1-203B1)[203B1a+(1-203B1)b]’

gk~,x03B1,2(a, b) = g03B1,2(a, ) := b(-203B1) [(1-203B1)b+403B1203B12] 2(1-203B103B1)(1+03B1a)-b(1-203B1)[203B1a+(1- 203B1)b]
.

In the case a # ) , the equations are valid for all a, b e [0, 1] .
The proof is similar to the proof of Lemma 2.2 in B.-P. 13
Since Rk-1,k~i - ,k~, I e N have the same distribution by I>emma 3, 1 and the
strong Markov property, Lemma 3. I implies for a  ) , k, I e N and z e 
that the random variables

and hence Tk-1,k~i are Pk~x-square integrable. (3.10)

Let f (o) := 9 . By the strong Markov property and Lemma 3. I we obtain:
3.2 Lemma For k ~ N let (Pk~x ; z e Gk~) be an (a, k)-random walk and let
I  k.

a) For a / § : (Pk~x o w l,k~-1 ; z e G ll) ) is a ( j o ... o f(a) ,l)-random walk.
-’ 

k-I times
b) For a = ): W l~~~) (w) m wo for all z e G l~).

a

3.3 Proposition For kENo let E [0, )] and let (Pl~>; z E be an
(G k~, k) -random s’alk. The sequence (Pk~x; z e is consistent, iffi
o ’°> e [0, (] and .

O. k+1~ = 6(a k~ for all k ~ N0 (3.ll)
With I(G) i= (I - G + (I - a) - 2a )-1. In this case

CY ~’~ * 
; if a l°) = 0 or ( .

  with-6(a,1°))  1 ; ifa°> e (0, ().
Remark We remark that for E [0, (] equation (3. l l ) defines a sequence
of real numbers in [0, j-] .
Proof: Let z e bE: consistent. By Lemma 3.2 b) alk) # 1 2for all kEN. By Lemma 3.2 a) consistency is then equivalent to
f(£Y ~~~"~) * for kENo, I.e. e The set on the right sight
consists of the (possibly complex) points 1 2 (I - + Ji - cy k» 2 - 203B1k~)
and 1 2 (I - - @I - a lk))2 - 2fl) .
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We shall prove that consistency is equivalent to

= ~1 - o~ - ~~)~ - 2o~>) No.

Since has to be real, consistency is equivalent to ~ /~{o~} and
~ [0,2 - B/3] for all A- ~ No. 

__________

But for ~ [0,2-~/3], ~ (1 - a~ + ~(1-~0)~-2~~) > 2-~/3. Hence
consistency is equivalent to 

___

Using strict monotony of ~[0,2-~) and ~(0) = ~(~) = 1 the remaining
part of the Proposition follows now easily. 

~

4 Consistent velocities

For the following we fix a consistent sequence ~ of (03B1k~,k)-
random walks on Gk~, where is a sequence of real numbers in [0, 1 4]
which satisfies equation (3.11).

In order to embed the sample spaces of the random walks into

C([0 oo),G) we fix velocities ~ R~ and define for w ~ ~~ the func-
tion y~(~) E C([0,oo),G) by for t = +

E. No, and by linear interpolation for all other times t.

For k ~ N0, x C Gk~ let the measure on C([0,oo),G) be the image
measure of P~ on H~ under the embedding 

In turns of this measures (P~; ~ ~ the previously discussed

consistency of the random walks ~ translates into

E .} = E ’}

for k ~ N and x C where Xt(w) = 03C9t.
The sequence of velocities underlying the measures 6

is called consistent if

where denotes integration with respect to 

4.1 Proposition for every consistent sequence of random walks (f~~~ ~ ~
there exists a consistent sequence of velocities . For two

consistent sequences of velocities and the resulting mea-

sures and are related in a simple way: There exists c > 0 such that

~ *} = ~ *} for k ~ N0, x ~ 

For the proof of the Proposition we shall use Lemma 4.2 below. This Lemma

will again be used later on and is therefore formulated slightly more general
than would be necessary in the present context. To formulate this Lemma we

introduce the variables := ~B i 6 N and ~ ~ L
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4.2 Lemma For x E k, i E N

where for w E Q ~k~. Furthermore,

~’ ~k} ay ~k i,ky(1) o ~ 

for a b E [0,1], where g°’ 1’1 w 1 . .
As the proof of Lemma 4.2 is similar to the proof of Lemma 2.5 in B.-P. we
omit the proof. Notation: Go(a, b) := .

Proof of Proposition 4.1: : We observe, that = 

for w E S~ ~ky with w° E G 

Hence, if a t°> = 0, i.e. a ~~> = 0, Lemma 4.2 implies that consistency of the
sequence of velocities is equivalent to

which in turn is equivalent to c2k~ = (1 4)kc20~, for all k (E No. This implies in
particular for two consistent sequences of velocities and 

that there exists c > 0 such that c = c2k~’ for all k E N°.
Moreover, since the assumption = 0 implies that = 0 

we conclude that

which implies the statement in the Proposition regarding the measures and
.

In the case a ~°> E (0, 4~ Lemma 4.2 implies that consistency of the sequence
of velocities is equivalent to

- (1,1) , . (4.13)

Since the conditions (D) and (E) hold for an~i,j := ~G03B1(n+1),i ~xj 1 1 > 0, Lemma
2.3 implies the existence of a sequence which satisfies (2.la) and
(2.1b) and hence (4.13). 

For the remaining part of Proposition 4.1 it suffices to prove, that the se-
quence is uniquely determined by (4.13) up to a multiplicative con-
stant c > 0. In the case that a ~°> = 4 this is easily seen by Corollary 1.1 in [5]
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and in the case that ~ (0, ~) it follows from Lemma 2.3 and Lemma 4.3
below, D

4.3 Lemma For ~ ~ (0, ~) define by ~.H~) and let ~ No
be vectors in R~ satisfying (4.13~ for No. Then the sequence 
satisfies ~.1~ with .4~ := (~~~’’ (1, l)).j=i,2.
Proof: (~- (1,1)). ~ is invertible for a ~ (0, ~) and

/~ B"~ / 2-3a+4~ 
_ (7-6c.-4~)(i-t-2~+4c~) B

/~U~ (~ .B ~ 2(l+a)(l-2c-2~) 8(l+~)(l-2~-2~)(l-a) )
B ~ 

’ 

7. _ t c.(l-c.)(l+2a+4~) (l+4a)(l-2a+4~) j ’B /~J-1,2 ~ 2(l+a)(l-2a-2~)(l-2a) 4(l+a)(l-2c~-2~)(l-2~) /
Let(~),~:=(~(l,l))" . .’ 

B ’ 
~J=l,2

Since 03B1k~ ~ 0 by Proposition 3.3, there exists k0 ~ N such that for all k > k0

~’~s’~~- ’~~’~~’4 (~)

Another way of saying that the sequence satisfies (4.13) is to say
that it satisfies (2. la) .

We assume now, that the sequence did not satisfy (2.1b). We know by
Proposition 2.3 in [5] that -~ (1,0)~ or equivalently :== ~y -~ 0.
Obviously c~~ ~ R~ implies ~~~ > 0.

~o and 7~~  ~ then by (4.14)

Inductively we obtain for l ~ N and some k0

As by (4.14) and Proposition 3.3  -03B10~ 20 2-k for k ~ k0 we conclude from
(4.14)and (4.16) that bk1+l|1~21+bk1+l+1~2203B3k1+l~  0 for l sufficiently large. Using
this inequatity in combination with (4.14) and (4.15) we obtain that ~i+~  0

for l sufficiently large. This contradicts cn~ C R2+ for all ~ No. D

5 Proof of Theorem 1.1

In this section we shall conclude the proof of Theorem 1.1, of which part b) is
by far more delicate than part a). The essential tools for the proof of part b)



101

have already been developed in sections 2, 3 and 4 and for the conclusion of
the proof of part b) we may follow arguments used in B.-P. Thus we shall only
sketch this part of the proof.

We remind the reader that we shall refer to isometries of open subsets of

G, relative to the Euclidean metric, simply as symmetries. We introduce first
a special class of symmetries. For kENo and x E G (k) consider the two
closed equilateral triangles, which have as vertices x, one collinear and one
non-collinear k-neighbor of x. We denote by N ~k~ (x) the interior (relative to
the topology of G) of the set of all points in G, which lie in one of those two
triangles. It is not hard to see that {N ~k~ (x); x E G ~k~, kENo} is a base for the
topology of G. For x, y E there exist exactly two isometries of 1~2, which
map x onto y and onto N ~k~ (y). One of these isometries, say 
preserves the orientation the other isometry, say reverses the orientation.

The restrictions of and to N ~k~(x) are symmetries of the gasket and
shall be denoted by and 

For A C G let TA be the first exit time from A. It is not hard to see, that for
w E C(~0, oo), G) with cvc E we have ~’1~~~(W) = T = 

In the following two lemmas (Qx ; x E G) will denote a non trivial, homoge-
neous diffusion on G with Feller property.

5.1 Lemma There exists ko E No, such that

a) supx~Gk0~ supy~Nk0~(x)Qy{TNk0~(x) > 1}  l,

b) Qx-square integrable for all x E G~k~, k > ko.
Proof: Homogeneity of the diffusion (Q x ; x E G) implies for all x E Gk~, k E
No and y E 

~ E *} = ~ E *}~ (5.17)

The invariance identity (5.17) and the fact that the diffusion is non trivial
imply that Qo is non trivial, i.e. = (~ for all t > 0}  1. Indeed, if
Qo were trivial the invariance identity (5.17) would imply that is trivial for
all x E G ~°°>, and since G1G ~°°} is totally disconnected this would imply that
the diffusion (Q~ ; x E G) is trivial.

The invariance identity (5.17) also implies that for all y E 1V ~k~ (x), x E
G ~k) ~ k E No:

} Q~ {k~ (y) {T N {k~~~l E ~}’ (5.18)

As Qo is non trivial and {N ~k~ (C~);1~ E No} is a base for the neighborhood
system of 0, the strong Markov property implies, that there exists k1 E No with

> 1 }  1. (5.19)

Let : G -~ [0,1] be a continuous function which vanishes on the closed set
and is strictly positive on its complement. By the Feller property
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the function H : G ~ [0,1] defined by 
’

H (*) _ J dQ*

is continuous. Moreover, H(O) > 0 by (5.19).
If assertion a) did not hold, (5.18) would imply, that for all kEN there

exists yk E such that lim > 1} = l. Hence we would
k-~ o0 ~ 

have lim H(Yk) = 0. ,

On the other hand yk E implies  2-k and by the continuity

As for assertion b) we observe first that decreases in k. By a
standard argument involving the strong Markov property we conclude from
assertion a) that

sup > k}  ( sup sup > 1})k.

This implies immediately assertion b). . Q

5.2 Lemma

a) For each k E No (Qx o ~ ~k)-1; x E G ~k)) is a (~i ~k~, k)-random walk on
G~k), where ~~k~ := =1}. 

’

Moreover, G is a consistent sequence of random
walks.

b) For all kENo we have that

T/k) is Qx-square integrable for all x E and i E N. (5.20)

Proof: Fix ko E No according to Lemma 5.1. Then the invariance identity (5.17),
Lemma 5.1 part b) and the strong Markov property imply that 
G (k») is a (p ~k), k)-random walk on G ~k), for indices k > ko. For indices k  ko’
this follows from (3.9), Lemma 3.2 and the fact that = f (~i ~k~+1 > ) E ~U, 2 ) .

In order to conclude part a) we observe that consistency of the sequence of
random walks is an easy consequence of (3.9).

As for part b) we observe that for indices k ~ ko assertion (5.20) follows by
(5.17), Lemma 5.1 and the strong Markov property.

It remains to verify (5.20) for indices k  ko. To this end we shall prove
that if (5.20) holds for some k E N, it also holds for k - 1.

Arguments similar to those in the proof of B.-P. Lemma 8.2 a) show that
for i E N and x E 

’
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and that for j E {1,2}

T~ E * ~(~(~-i~(~) = 1}
= E * I y‘ (ky(’)1) = il.

(5.22)
Moreover, for w E C([0, oo), G) with vo E 

~k~~w))
~i~k 1~(W) _ ~ (5.23)

j=i

Now Qx-square integrability of i E No implies Qx-square integrability of
E No by (3.10), (5.21) and (5.22). 0

Remark Lemma 5.2 part a) and Proposition 3.3 imply ,3 ~ky E [0, 4J. . More-

over, as ~3 ~°y = Qn {W leaves N through ( 1. ~) } we have proved part a) of
Th eorem 1. I . .

For the proof of part b) of Theorem 1.1 fix a E [0, ~] and define the sequence
by (3.11) with = a. Let E be the sequence

of (a k)-random walks. By Proposition 3.3 this sequence is consistent. By
Bochner’s version of Kolomogorov’s Extension Theorem (Theorem 5.1.1. in [2])
it is possible to show that there exist a probability space (S~, ~’, P) and random
functions (k, x). 03A9~03A9k~, k~N0, x E such that for all k, I E No, 1 > k

a) = 

b) x) _ ~ ~k~~~ o x).

c) The u-algebras ~’y := E No with y E G ~k~ }, y E are

independent.

The consistency of our (a ~k~, k)-random walks is just the consistency condition
in Bochner’s Version of Kolmogorov’s Theorem.

Starting from the functions X (n, x) we construct inductively for each k E No
random functions X (k + d, x) : S~ -~ ~ ~k+‘~, l E No and x E G ~k~:
For x E G ~°~ let X ( I, x) := .X (l, x) for all l E No.
If X (k, x), X(k + 1, x), ... are defined for all x E G ~k~, we define for i E No,
x E and t > k + 1

We remark that the strong Markov property implies that X (k, x) is 

distributed.
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Let be a consistent sequence of velocities for the consistent se-
quence. of random walks under consideration, whose existence is assured by
Proposition 4.1, and define Y(k, x) := (X (k, x)). Furthermore, we denote
by the space of measurable functions on
Q endowed with the topology of convergence in probability.

5.3 Proposition

a) for all x E 

b) The function Y : : ~ L0(C([0,~),G)) is uniformly continuous on
bounded subsets of and hence there exists a unique continuous
extension of Y to all of G (also called Y ) .

c) (P o x E G) is a diffusion with Feller property and
P o leaves N through (2, ~)} = = a.

Proposition 5.3 corresponds to Theorem 2.8, Proposition 2.13 and Theorem
2.15 in B.-P. and the proofs can easily be adapted, with one exception.

For the proof of part a) we have to show that x) ) exists
and that this limit is strictly increasing as a function of i P-a.e. for I E No
and :r E G~. .

In B.-P. the corresponding result is derived from the classical limit the-
orem for single-type branching processes with constant environment. In the

present case we may apply our limit result on multi-type branching processes
with varying environment. Indeed, using Lemma 4.2 it is not hard to see, that

+ k, x)) ; k E N°} is a two-type branching process with vary-
ing environment with generating functions = Ga and that this

process does not die out a.s. Since Ti~‘~ (Y (l + k, x) ) - (Y (t + k, x) ) =
+ k, x) ) and + k, x) ) = 0 P-a.e. we may conclude

that (Y (k, x) ) exists and is strictly increasing as a function of i. a.e.,
by Corollary 2.4.

Next we will. show that the diffusion of Proposition 5.3 part c) is homoge-
neous. In the following we shall use the notation Px = P o Y(x)-1.

We remark first that the operator 8 A mapping the path w into the stopped
path OA(W) := is continuous in Px-a.a. paths cv E for

A C G open with 8A C finite. This follows from an argument which is
essentially the same as that for Lemma 2.16 in B.-P. and shall be omitted here.

Applying this result to the sets A = we conclude by Proposition
5.3, part a) and the corresponding properties of (P ~‘~; x E G ~‘~) that for d > k

E ’~ - ~N ~ky(x~ (W ) - E ~}
(5.24)

for x, y E If 77: : U -~ V is a symmetry with domain

~.25
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for some k~N0, n E N and xs E G then equals 03C6k~xi,~(xi) or 
and thus by the strong Markov property and (5.24) we obtain 

’ ’~ ’

= E ’~ (5.26)

for x e ..., 

Now for U of the form (5.25) we have U = Uy~G l~~UN l~(y) and G l~ n U is
finite for k. Therefore (5.26) holds for all x E G ~t~ n U, I > k and hence
all x E G ~°°~ n U. By the continuity of Ov Proposition 5.3 b) implies (5.26) for
allxEU.

Finally let 7y : : !7 -~ V be a symmetry with an arbitrary open set U C G
as domain. There exists a sequence Un C G, increasing to U, such that each
Un is of the form (5.25). Since (5.26) holds for : Un -~ 1](Un) and x E Un
it follows by a continuity argument that (5.26) also holds for 7/ : : !7 -~ V and
x E U. This proves that the diffusion x E G) is homogeneous.

In order to verify uniqueness of the diffusion we assume that (Qx; x E G)
is another homogeneous diffusion with Feller property, for which

a --- leaves N through (-, 3 2)}.

Lemma 5.2 a) and Proposition 3.3 imply ,

Qx ~k~ 1= for all x E G k E lVo. (5.27)

If we denote by EQx integration with respect to Qx, we obtain by Lemma 5.2
b) that EQn  oc for Therefore

di(k) := 2 = 1,2,

are finite. In the case a = 0 we have = 1} = 0 and we let

dik) = 1. , 
We now conclude from (5.21), (5.22) and (5.23) that for x E G~k-1}, l~ E N

2

= I Bj1(Ie-l) (.)1)
t=1

= EQx ( T j (k’ - 1’ j (k 1 ! ’It (k-1) (’) 1 )
j=i

= ck-ly (,~1~.
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In view of (5.27) this implies that is a consistent sequence of velocities
for the consistent sequence of walks E G ~k~). By
Proposition 4.1, Proposition 5.3, a) and (5.27) there exists c > 0 such that

Moreover,

The proof of (5.29) uses Lemma 5.1 and 5.2 and is similar to the proof of
Theorem 8.1 in B.-P. Details shall be omitted.

Now, (5.28) and (5.29) imply that Qx = Px for all x E Hence

Qx = Px o for all x E G by the Feller property. o.
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