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ABSTRACT

According to a theorem of Martio, Rickman and Viisila, all nonconstant G"“~2-smooth quasiregular maps
in R", n > 3, are local homeomorphisms. Bonk and Heinonen proved that the order of smoothness is sharp in R*. We
prove that the order of smoothness is sharp in R*. For each n > 5 we construct a C'*¢"-smooth quasiregular map in R”
with nonempty branch set.

1. Introduction

Recall that a continuous mapping f : D — R" in the Sobolev space
WD, RY) is called K-quasiregular, K > 1, if

loc

(1.1) SO <KJi(x), ae xeD.

Here n > 2, D C R" is a domain, |f'(x)| is the operator norm of the differen-
tial of f, and J,(x) = det/’(x) denotes the Jacobian determinant. In the plane,
l-quasiregular maps are precisely analytic functions of a single complex variable.

Quasiregular mappings were first introduced and studied by Yu. G. Reshet-
nyak [18] under the name “mappings of bounded distortion”. A deep theorem
of Reshetnyak states that nonconstant quasiregular maps are discrete and open.
Quasiregular maps were subsequently developed by Martio, Rickman, Viisald, and
their collaborators [15], [16]. See [19], [20] or [I3] for a comprehensive account
of the theory.

The branch set By of a continuous, discrete, and open mapping / : D — R”
is the closed set of points in D where / does not define a local homeomorphism.
By a theorem of Cernavskii [4], [5], the topological dimensions of the branch set
and its image are equal and at most n — 2. On the other hand, if B, is not
empty, then A" ?(f (Bf)) > 0 by a theorem of Martio, Rickman and Vaisala [16];
moreover, A" *(B;) > 0 when n =2 (this is trivial) and when n = 3 (a result of
Martio and Rickman [15]). Here A’ is the r-dimensional Hausdorfl' measure.

Branch sets of quasiregular mappings may exhibit complicated topological
structure and may contain, for example, many wild Cantor sets of classical geo-

metric topology [11], [21], [12], [1O].

* Supported by the National Science Foundation under grant DMS-0228807.
** Supported by the National Science Foundation under the grants DMS-0070312 and 0400810.

DOI 10.1007/510240-005-0031-4



210 ROBERT KAUFMAN, JEREMY T. TYSON, JANG-MEI WU

Quasiregular mappings of R* can be smooth without being locally homeo-
morphic. For example, f(z) = z* has branch set B, = {0}. When 7 > 3, sufficiently

smooth nonconstant quasiregular mappings are local homeomorphisms. In fact

1.2. Theorem (Martio—Rickman—Viiisild). — FEvery nonconstant C" "= _smooth quasi-
regular mapping must be locally homeomorphic when n > 3.

A mapping g: D — R" is Cf-smooth, £ =0, 1,2, ..., if all partial derivatives
of the coordinate functions of g up to order £ are continuous. If £ € (0, 00) is
not an integer, g is said to be Cf-smooth if g is C" and all partial derivatives of
the coordinate functions of g of order [£] are (k£— [£])-Holder continuous on each
compact subset of D.

Theorem 1.2 is essentially contained in [16]; an earlier version is due to
Church [6]. The proof of Theorem 1.2 in [20, p. 12] uses the Morse-Sard theorem
together with the discreteness and openness of quasiregular maps and a theorem
of Martio-Rickman—Viisidla in [16]. In his 1978 ICM address [30], Viisala asked
whether the branch set of every C'-smooth quasiregular map in R, n > 3, must
be empty.

Recently, Bonk and Heinonen [3] showed that the exponent n/(n—2) is sharp
when n = 3, and proved refined versions of Theorem 1.2 as well as a theorem of

Sarvas [22].

1.3. Theorem (Bonk—Henonen [3]). — For every € > 0 and every integer d > 2,
there exists a C3~-smooth quasiregular mapping F : R® — R® of degree d whose branch set
By s homeomorphic to R and has Hausdorff dimension 3 —5(€) with §(€) — 0 as € — 0.
The map ¥ has the Holder property

Clx =) < [F) —FO)| < Clx—)1>™, Vx,p € Bp Jx—)| < 1,

Jor some 0 <€ <€ and C > 1.

1.4. Theorem (Bonk—Hemnonen [3]). — Given n> 3 and K > 1, there exist constants
A=A(n,K)>0 and § = 5(n,K) > 0 so that (i) the branch set of every K-quasiregular
mapping f : D — R" has Hausdorff dimension at most n— A, and (it) every C"“=27°_smooth
K-quasiregular mapping f : D — R" s locally homeomorphic.

We prove that Theorem 1.2 is sharp in R*.

1.5. Theorem. — For every € > 0 and every integer d > 2, there exists a C*~-smooth
quasiregular mapping F : R* — R* of degree d whose branch set By is homeomorphic to R*
and has Hausdorff dimension 4 — 2€. Moreover, the map ¥ has the Holder property

CTlx =P < [F() = FO)| < Clx =P, Vx,p € By, lx—)| < 1,
Jor some C > 1.
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The first step in Bonk and Heinonen’s proof of Theorem 1.3 is the construc-
tion of a quasiconformal mapping g in R’ with uniformly expanding behavior on
a line L. Then g is approximated off L. by a C*-smooth quasiconformal mapping
G by a smoothing procedure of Kiikka [14]. The map G~' has the correct order
of smoothness on R?; postcomposition with a winding map produces the desired
quasiregular map F.

As explained in [3], it is not clear how to construct a quasiconformal map-
ping ¢ in R", n > 4, which is uniformly expanding on a codimension two linear
subspace. Moreover, the smoothing procedure of Kiikka works in dimensions two
and three only. Such approximation of general quasiconformal maps can fail to
exist in dimensions higher than five [24], and is an open problem in dimension
four [8].

The branch set for our map F in Theorem 1.5 is the product I' x I' of
an infinite snowflake curve with itsell. There is a canonical map / from R?
to I' x I', which can be written as the composition f = f,_; o --- o fy of
s-quasisymmetric maps with small 5. These are quasisymmetric maps which are
locally uniformly well-approximated by similarities. Following an extension pro-
cess developed by Tukia and Vaisala [27], [31] for s-quasisymmetric maps with
small s, we extend the maps f to quasiconformal maps g on R*'. Smoothing
off the products of snowflake curves via convolution with a variable kernel (see,
e.g, [9]) produces smooth quasiconformal maps G;. The composition of a wind-
ing map with the inverse of G,_;0G,_y0---0Gq yields the desired quasiregular
map F.

In general, convolution does not preserve injectivity or quasiconformality. To
obtain injectivity, quasiconformality, and the correct order of smoothness up to
and including I' X I', convolution must be applied in conjunction with the special
constructions of Tukia and Vaiisila.

Our method does not apply to R”", n> 3, unless there exists an appropriate
embedding

'x...xI'—= R
| ——
n—2

for some suitable snowflake curve I.

Recent results of Bishop [2] and David-Toro [7] provide snowflake-type em-
beddings R"? — ¥ C R via global quasiconformal mappings of R""!; by the
Tukia—Vaisala extension theorem [26] these quasiconformal maps of R can be
extended to quasiconformal maps of R". The resulting codimension two snowflake-
type surfaces ¥ C R”" can be realized as the branch sets of C!™*®-smooth branched
quasiregular maps in R”, n > 5. Thus we answer Viisidld’s question in the negative
in all dimensions.
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1.6. Theorem. — Guen ntegers n > 5 and d > 2, there exists € = €(n) > 0
(independent of d) and a C'*<-smooth quasiregular map F : R" — R" of degree d whose
branch set By is homeomorphic to R"™2. Moreover

Clx =)' < |F(x) = FO)| < Clx —yI'™,  Vx,p € By, [x—)| < 1,

Jor some C(n) > 1.

In Sect. 2 we recall some preliminary material. In Sect. 3 we introduce
a one-parameter family of snowflake surfaces in R* which are mutually related
by canonical quasisymmetric homeomorphisms. In Sect. 4 we extend these home-
omorphisms to quasiconformal maps of R*, and in Sect. 5 we construct smooth
approximations to the resulting maps via convolutions. Finally, Sect. 6 contains the
proof of Theorem 1.5 and Sect. 7 contains the proof of Theorem 1.6.

1.7. Acknowledgements

The authors would like to thank Mario Bonk, Juha Heinonen, and Seppo
Rickman for suggesting the problem of branch sets of smooth quasiregular maps
on various occasions, and to acknowledge the referee for a careful reading of
the paper and extensive comments which clarified both the exposition and the
mathematics.

2. Preliminaries

2.1. Notation

We write |[x — y| for the distance between points x, y In any metric space,
and we write B(x,7) for the open ball centered at x of radius ». We denote by
R" the n-dimensional Euclidean space and by ¢, ..., ¢, the standard basis of R”.
For x and y in R" we write [x,y] for the closed line segment with endpoints x
and y. For 0 < s <n we write A’ for the s-dimensional Hausdorfl measure. We
reserve the notation “dim” for the Hausdorff' dimension.

For a set ACR" and f: A — R we write || f|la :=sup{|f(x)] : x € A}.

A simplex in R" is the closed convex hull of a set of » + 1 points in gen-
breakeral position. We write A° for the set of vertices of a simplex A.

For x € R we write [x] for the greatest integer less than or equal to x.

We denote by C,¢, ... various positive constants whose values may change
from line to line.
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2.2. s-Quasisymmetric maps

An embedding f/ : X — Y of metric spaces is called s-quasisymmetric, s> 0, if
J 1s quasisymmetric and satisfies

|/ (@ =Sl =+ 9)f() = fW)]

whenever a, b, x € X with |a—x| < ¢|b—x| and ¢ < 1/s. Recall that an embedding
S X = Y 1s quasisymmetric (for short, QS) if there is a homeomorphism 7 :
[0, 00) — [0, 00) so that

|/ (@ =Sl = 0]/ () = f(x)]

whenever a, b, x € X with |a — x| < ¢]b—x|. We also say that f is n-0S.

Quasisymmetric maps on the real line were introduced by Beurling and
Ahlfors [1] as the boundary functions for quasiconformal homeomorphisms of the
upper half plane. A systematic study of quasisymmetric maps in metric spaces was
begun by Tukia and Viisiald in [25]. s-Quasisymmetric maps were introduced by
Tukia and Visald in [27] for the study of the extension problem for quasisym-
metric maps.

In Euclidean spaces, s-quasisymmetric maps may be characterized as quasi-
symmetric maps which are locally uniformly close to similarities. A map
h:RC— R" is affine if it is of the form /A(x) = AB(x) + b, where A > 0, b € R”,
and B is an 7 x p matrix. If £ is affine and B is orthogonal, we say that /% is
a simdanty; in this case we write L(k) = A.

In [27] and [31], Tukia and Viisala proved the following theorems.

2.3. Theorem (Viusala [31], Theorem 3.1). — Let 1 < p < n be integers, let A
be a compact set in R?, and let f: A — R" be an s-QS map. Then there is a similarity
h:RC— R" 5o that

12— flla < x(s, p)L(h) diam A,
where s+ x(s, p) s an ncreasing function with x(s, p) = 0 as s — 0.

2.4. Theorem (Vaisila [51], Theorem 3.9). — Let 1 < p < n be integers, let

0<x< 2%, and let X — R" be a map from a connected set X C R such that for

every bounded A C X, there is a similanty h: R’ — R" with
lh—flla < »xL(%) diam A.
Then [ is s-OS, where s = s(x) - 0 as x — 0.
2.5. Theorem (Tukia—Visild [27], Theorem 2.6). — Let f : R" — R" be an
embedding, n > 2. If [ s s-QS, then [ s K-quasiconformal, where K = K(s,n) = 1 as

s = 0. Conversely, if [ s K-quasiconformal, then [ is s-OS where s = s(K,n) — 0 as
K — 1. Moreover, f(R") =R".
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2.6. The quasisymmetric extension property

A set A CR”" has the quasisymmetric extension property (QSEP) if there is sy > 0
so that if 0 < 5 < g, then every s-QS f : A — R" has an s5-QS extension
g:R"— R", where 5y = 5(s5,n,A) = 0 as s = 0. See [31, p. 239].

2.7. Theorem (Tukia—Vaisila [27], Theorem 5.4). — Let 1 < p < n be nlegers.
Then R? has the quasisymmetric extension property in R". The parameter sy may be chosen
depending only on n.

Following Vaisald [31], we say that a set A C R’ is thick in R’ if there are
constants 7y > 0 and B> 0 so that if 0 <7 <7 and y € A, then there 1s a simplex
A in R? with A° C ANB(y,7) and A’(A) > Br.

The Cantor ternary set is thick in R', while the von Koch snowflake curve
is thick in R?* (see Proposition 3.5(a)). Thickness is not bi-Lipschitz invariant.

2.8. Theorem (Vasali [31], Theorem 6.2). — Suppose that A is closed and thick
in R, 1 < p <n are integers, and that either A or RY \ A is bounded. Then A has the
quasisymmetric extension property in R". Moreover, sy = so(A, n) depends only on n, diam(dA)
and the thickness parameters 1y and P.

2.9. Whitney triangulations

Let A be a closed, nonempty, proper subset of R”, and let .2 be a Whitney
decomposition of R"\ A into closed dyadic n-cubes (see, e.g., [23, p. 16]). Follow-
ing [31, p. 253], we define a triangulation # of % as follows. Let #° = %7
consist of all vertices of #. Suppose that a simplicial subdivision #7? of the
p-skeleton H? of £ is given. Let Q be a (p+ 1)-cube of ', and let vy be the
center of Q). Since 9Q) is the underlying space of a subcomplex Lg of #7, the
cone construction vgLg gives a simplicial subdivision of Q, and defines #7*!.

The complex # is called a Whitney triangulation of R"\ A.

2.10. Remark. — We assume, as we may, that

éf diam Q <1

dist(Q,A) ~ 4

for all Q € J#. Under this assumption, and by the construction, the simplices of
# belong to a finite number of similarity classes. Therefore there exists a constant
C, > 1 so that each n-simplex o in # contains a ball of radius C;'diamo.
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2.11. Regularized distance functions

Let A be a closed, nonempty, and proper subset of R", and let # be
a Whitney triangulation of R"\ A. Let 5 be a positive C*-smooth function on
R"\ A so that

L _ &® 1

2.12 ,
(2.12) 10C, ~ dist(x, A) — 10°C,
86,5
(2.13) ‘—(X) < Gy,
dx;
and
826, Co
2.14 <
(2.19) D, (X)‘ = 50

for all x ¢ A, where C; is the value from Remark 2.10 and C, is a constant
depending only on n. See, for example, [23, p. 170].

2.15. Remark. — Each n-simplex o € # contains a ball centered at some
point x, of radius 28, (x,).

2.16. Smoothing with a varable kernel

Fix a real valued function ¢ i C*(R") which is nonnegative, radial, sup-
ported in B(0, 1), and satisfies fR,l p(x)dx =1 and

g

8)61'

0%

17
(2.17) sup .

R”

<Cs

, sup
R”ﬂ.

for some Cs3 depending at most on n.

2.18. Lemma. — Let f(x) = Bx+0b be an affine map with B € R™" and b € R".
Then

JW = [ fOelx—)) .

R"

Progf — Since ¢ is radial,

By + bo(x—»)dy = | (=By+ Bx+ b)e(y) dy = Bx+ b.
Rﬂ R?l
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2.19. Proposition. — Let A be a closed, nonempty, proper subset of R", and let
8 = 8a be the regularized distance function on R"\ A from the previous paragraph. Let u be
a real-valued function on R", and denote by Osc(u, x, 1) the oscillation of u on B(x, ). Set

_ 5w e tO0e(GE) . xeRI\A,
Uk) =
u(x), «x€A.
Then
1) U s G on R"\ A;

() if u s continuous, then U s continuous;

() for x € R"\ A,

2.20 0 ol = S 0setu, x, 50)
(- ) 8xj X =50 sc(u, x, o(x
and
02U Cs
(2.21) e 9| = gy Ot 509,

where Cy and Cs are constants depending only on n.

Smoothing by convolution with a variable kernel has occurred in the litera-
ture, cf. Arakelyan’s approximation theorems [9].
The proof of Proposition 2.19 is by direct calculation and is omitted.

3. Quasisymmetrically equivalent snowflake surfaces in R*

In this section, we consider snowflake surfaces I'* x I'* in R*, 1 < «a < 2,
where I'* is the periodic extension of a standard von Koch snowflake segment y“
in R?. For each «a € [1,2), '*xI™ is canonically homeomorphic with I'' xI'' = R?.
We show that this homeomorphism is quasisymmetric, and factors as a composition
of s-quasisymmetric maps. Moreover, ['* x I'* is thick in R* for each «a > 1, with
parameters iy =1 and B = (o) (0 as a — 1.

3.1. won Koch snowflake curves in R?

Fix 1 <o <2, and define y* to be the von Koch-type snowflake curve,
homeomorphic with y' = [0, 1], consisting of four self-similar pieces scaled by
factor

r=1,=4"""¢c[1/4,1/2).
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Precisely, let

6 = 6, = 2arccos(2” ') € [0, 7/2),

(note that r+rcosf = %), and define contractive similarities ¢* : R> = R? by

i (x) =, @5 (x) = Ry(rx) + rey,

3.2 |
(3.2) @5 (x) = R_g(mx) + 2 +rsinfey, @5(x) =+ (1 — e,

where Ry : R? — R? is given by
Ro(x1, x0) = (%1 cos O — xo 8in O, x; sin 6 + xy cos ).

The von Koch snowflake curve y* is the invariant set for the iterated func-
tion system #* = {¢¥, %, %, ¢4}, ie., the unique compact subset of R? verifying

4
v =Jer o).
=1

Since .#* satisfies the open set condition [17],

o log 4
dim y* = =
log 1/r
Denote by
= U (y“ + nel)
nel

the equivariant extension of y® with respect to the action of Z on R? by trans-
lation in the first coordinate.

We write S = {1, 2, 3,4}, and we denote by ¥ = SN, respectively S*, the
space of all infinite, respectively finite, words with letters drawn from S. When X
is endowed with the product topology arising from the discrete topology on S, the
map 7% : X — y* given by

7%w) = lim ¢ o---0¢? (0), w= (wy, ..., Wy...),
m—00 ! "
becomes a continuous map of compact sets. Thus the maps
S =" o (%)

are well-defined homeomorphisms from y* to yY, 1 <a,o <2. We call fo‘”, the
canonical homeomorphism from y* to y¥. Observe that fx‘"/ extends to a homeomor-
phism of I'* onto I'* which is equivariant with respect to the action of Z:

S0 x) = (al, 0) + /(= [l x).
For w= (wy, ..., w,) € 5" we let ¢y :=¢; o---o¢; . We call the sets
*(y*) +n-e, weS nel,

the 4-adic similanty pieces of T'“; if the word w has length m we say that such a set
1s of generation m.



218 ROBERT KAUFMAN, JEREMY T. TYSON, JANG-MEI WU
3.3. Snowflake surfaces in R*
Consider the product sets y* x y* and I' x ' in R*. Define
o __ pd o . o o o
F, =/ xS :I'"xTI'*" - T% xT
and note that the image of y* x y® under Iy is y* x y%.

3.4. Remark. — Observe that T'* x T and F¥ are equivariant with respect
to the action of Z x Z on R* by translation in the first and third coordinates.
That is,

“xTI'" 40,70 =I"xTI"
and
Fz/(xl + iv X9, X3 +]v X4.) = (Zv Oa jv O) + F‘;,(xla X925 X3, X4.)

for all (i, j)) € Z x Z and all (x|, x9, x3, x;) € R*. For the remainder of the paper,
we use the term “equivariant” to refer to this specific group action.

Our goal in this section is to prove the following proposition.

3.5. Proposition.

(a) For each o € (1,2), T*xT% is thick in R* with parameters 1y = 1 and B(a) — 0
as o —> 1.
(b) For each o, o € [1,2), there exists C = C(a, ') < 00 so that

(3.6) C7lx — 1" < [ (x) — F¥ (9)| < Clx — |

Jor all x,y e T* x T, |x—y| < 1.

(c) Gwen s > 0 and «a € [1,2), there exists §(s,o) > 0 so that for each of €
(¢ —8(s, ), 00 + (s, ) N [1,2), the canonical homeomorphism Fg s s-quast-
symmetric. Furthermore, 8(s, ) can be chosen to be continuous n o.

In the proof of Proposition 3.5(c) we use the following lemmas. For any
n>1, we denote by id the identity map on R".

3.7. Lemma. — ||id —fo"‘/Hpa and || id _Fg/”I‘aXI‘a are continuous m o« and o, and
approach zero as o' — «.

This lemma is obvious; we omit the proof (but see Sect. 5 of [28]).
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3.8. Lemma. — Let a, o € [1,2), and assume that J] C T'“ is ether a 4-adic
similanity prece of T'* or the umon of two adjacent 4-adic similarity pieces of generation m.
Then there is a similarity Iy : R* — R* with

(3.9) L(}l]) — 47(1/0/71/0()771
so that
(3.10) |1 =ty ||J < x(a, o )L(k) diam ],

where x(ot, ') can be chosen fo be continuous n o and o, with x(a,o’) — 0 as o' — «.

Progf — The proof is essentially contained in [28]; we include a sketch for
completeness. We consider two cases:

Case 1. — J = ¢%(y') + ne, for some w € S* and n € Z;

Case 2. — ] = (QDZL()/l) + nre) U ((p;‘,R()/l) + nre;) for some wy, wr € S* and
n,ng € L, ny, < ng < n, + 1.

By equivariance, we may assume that n =0 (case 1) or that n, =0 (case 2).
First, we consider case 1. Let

o a)~!
by = ¢, o ()
and observe that L(%;) is given by the formula in (3.9). Since
o o o a\~!
J =l o) o (¢h)
for all words w € S*, we have by Lemma 3.7 that
|5 = nl, = )" 5" —id

for some c¢(a, ') continuous in @ and o with ¢(a, ') - 0 as & — «a. (Recall
that r, = 4~"% and observe that diam] is comparable with (r,)" = 47"/*)

Next we consider case 2. Let J;, = gOZ,L()/I) + npe; and Jr = gog,R(yl) + nrey.
The estimates

< o(a, )4~ Ve =1eom giam J

ya

L1 ot o (), = a2 diam
and

| = i o (‘PiR)_I ||JR < e(at, /)4~ V= 1Om diam |

hold as in case 1. Let

(3.11) b= g% o(¢t).

We distinguish two subcases: (1) ng = 0, and (i) ng = 1.
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To relate wr to wy, on Jg, we have in case 2(1),

(3.12) e, o (¢2) ™ = 0% 0 (0%) I, = ¢(@, @)t~ =10 digm]

for some (o, «’) continuous in @ and o with ¢(0,a') — 0 as o — «. The
inequality in (3.12) is a special case of an estimate which appears in a general
theorem on s-quasisymmetry of the canonical homeomorphism between invariant
sets of iterated function systems. See Sect. 5 of [28].

In the final case 2(i1), we have

le% o (@)™ = (o +¢%) o (e + %)

< C/(Ol, O[/)4_7(1/0/71/()()771 dlamj

by equivariance. We obtain (3.10) with x»(a, o') = max{c(e, &), ¢' (v, @')}. This com-
pletes the proof of Lemma 3.8.

Proof of Proposition 3.5. — For part (a), see Vaisala [31, Example 6.13]. To
prove (b), it suffices to show that

(3.13) W) =S )] 2 fx =

for fixed o, o' € [1,2) and all x,y € I'*, |[x—y| < 1. The notation A >~ B means that
there exists a constant C, depending at most on « and &/, so that C™'B < A < CB.

We write £ =f% and let x,y € T%, |x—y| <1, x # . There is a set J which
is either a 4-adic similarity piece of generation m on I'* or the union of two such
adjacent pieces, so that x,y € ] and diam] =~ |x — »|. Then J' = f(]J) is either a
4-adic similarity piece of generation m on T or the union of two adjacent pieces,

S@.f() €J, and diam]' = |f(x) —f(»)|. Hence

|f () —f ()] = diam]' = ()" = ()™
~ (diam ))¥¥ ~ |x — y|¥.

This completes the proof of (3.13).

To verify part (c), we will show that the hypotheses of Theorem 2.4 hold
for f = FZ and X =T*xT*, with » - 0 as & — «. Thus consider the canonical
homeomorphism F¥ : T'* x I'* — ' x I'*. Suppose that A is a bounded set in
['* x I'“. If diam A > 1 then the hypotheses of Theorem 2.4 hold with 4 =1id, if
o' 1s sufficiently close to . See Lemma 3.7. Otherwise, choose J; xJo D A subject

to the following constraints:

(1) each factor J;,, 1 = 1,2, is either a 4-adic similarity piece of I'* or the
union of two such 4-adic similarity pieces, and all of the similarity pieces
comprising J; and J, are of the same generation;

(i) diam], x J, < 8+/2 secf, diam A.
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By Lemma 3.8 there exist similarities /,, 4, : R?> — R? with L(#;,) = L(k;,) =: L

and
(3.14) |2 =ty < x(e «)Ldiam];

for some x(o, ') continuous in @ and o' with »(a,a’) — 0 as & — «a. The
product & = hj, x hj, is a similarity mapping of R* with L(%) =L, and

|76 — Al = V2 max {|£7 =y | - |2 = ]}
< 16 sec Opx(a, o )L(h) diam A

by (3.14) and constraint (i) above. By Theorem 2.4, F¥ is s-QS for & sufficiently
close to a, with s — 0 as o — «. The existence of 8(s,a) > 0 as in the
statement is obvious. Continuity of §(s, ) in « follows from continuity of x(«, &)
and continuity of the function s(x) in Theorem 2.4.

4. Quasiconformal extension of equivariant s-quasisymmetric maps

For o € [1,2) we consider the snowflake surface I'* x I'* from the previous
section. Set

I=1[0,1] x[-2,2] x [0, 1] x [-2, 2],

J=Rx (=1, 1) xRx(—1,1),
and
A=T*xT""N[—4,4] x R x [—-4,4] x R.

Observe that T® x ' C R x [0, /2/2] x R x [0, 4/2/2] and that A* C B(0, 6).

Fix a Whitney triangulation #* of R*\ T x I'* and a Whitney triangu-
lation #® of R*\ A* constructed by the procedures in Sect. 2. We require in
addition the following:

— The interior of any n-simplex in #“ or #« does not meet ol;

— (Common triangulations for R*\ ' x I'* and R\ A% near the origin) For
each a € [1,2) and each n-simplex o C I, we have o € #* if and only
if o ewe.

(Equivariant simplices) For each a € [1,2), if 0 € #* is an n-simplex
with o C I, then o + (3,0, 7,0) € #* for all ¢,j € Z, and if 0 € #~
is an n-simplex with o C I, then o + (2,0, ,0) € 7;‘" for all integers
—2<4,5=<1;
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— (Congruent simplices away from the snowflake surface) The triangulations
WY 1 < a <2, al contain a common subcollection #™* of n-simplices
satisfying

Jlo:o ey =R"\]J.

4.1. Extension

By Theorem 2.7, T' x I'" = R* has the QSEP in R*. When 1 < o < 2,
' x ' is thick in R*. Since neither ' x I'* nor its complement is bounded,
Theorem 2.8 does not apply directly. However, the equivariance of the snowflake
surfaces T x ' and the corresponding canonical homeomorphisms F¢ substitutes
for the assumption of boundedness. It suffices to establish the following proposition.

4.2. Proposiion. — For each a € [1,2) there exists sy = so(o) > 0 so that every
equivariant s-QS map f : T* x T* — R* with 0 < s < 5y has an equivariant s,-QS
extension g : R* — R, where 51 = 51(s,a) = 0 as s = 0. In fact, g is K-QC, with
K=K@,a) > 1 as s — 0.

Recall that the term “equivariant” refers to the specific group action in Re-
mark 3.4.

In addition to the conclusion of Proposition 4.2, the process of constructing
g and specific estimates which arise therein, play an essential role in our proof of
Theorem 1.5. We emphasize that aside from the use of equivariance, the ideas
in the following construction, and in particular, in the proof of Lemma 4.3, are
due to Tukia and Viisala. We follow closely the steps and notation from [27]
and [31], and choose sets and constants that are, while not always the same, at
least comparable to those from these references.

Fix a €[1,2). Following [27] and [31], we introduce an auxiliary parameter
g > 0. To prove the extension property in Proposition 4.2, it suffices to find
qgo(e) € (0,1) and, for each ¢ € (0, ¢ ()] a number s = s(¢,a) > 0 so that
every equivariant s-QS map f : ' x ' — R* has an equivariant s;-QS extension
2:R"— R with 5; = 51(¢, @) >0 and s(¢, @) < s51(¢, ) = 0 as ¢ — 0.

We will prove the following lemma on extension of the s(g, o)-quasisymmetric
map f : '* x ' — R*. Here and henceforth we abbreviate

d*(x) = dist(x, I'* x I'").

4.3. Lemma. — Let 0<¢<1/10, let b=¢q""® if a>1 and b =20 if a =1,
and assume that s = s(q, ) is sufficiently small. Then to each x € R* \ T% x T“ there
corresponds a similarity 1 : R* — R* 50 that the estimates

(4.4) 1 = ooy = Mi@)g?*d (L)
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and
(4.5) L(A)d“(») < M(a)bL(A)d" (x)

hold for all x,y € R*\ T x T% satisping |y — x| < bd*(x). Moreover, there exists an
extension g of f to R* so that g is affine on each n-simplex in W, and that for each
x € R*\ T x I and each n-simplex o in W containing x,

(4.6) | g = 5| o sy < M@ ?bd* (0L ()
and
(4.7) lg— 1|, < M(@)g r(o)L(A%),

where 1(0) 1s the radius of the largest ball contained in o. Here M(ot) > 1 denotes a constant
depending only on «.

Compare [27, pp. 165-169] and [31, pp. 264-268].

Proof — First, consider the case 1 <a <2. Let 0<¢<1/10 and b= ¢ '/
We require s sufficiently small so that x(s,4) < ¢*/12 in Theorem 2.3. After
replacing / by A7'of for a suitable similarity 4, we get

id —f1lae < ¢*.

Assign, to each x € R*\T*x T a set Q (x) := B(x, bd*(x))NT* x '™ and a similar-
ity % :R* —> R* so that /* =1id if d*(x) > ¢ and

1= g = #L(K) diam Q (x)

if d*(x) < ¢. We require in addition that
(4.8) hY is equivariant in x,

Le., h* = h% whenever ¥ —x = (,0, 7, 0) for some integers ¢ and j. The existence
of h¢ follows from Theorem 2.3, the equivariance of the map f and the simplices
in 7%, and the small value of ¢. We write x(s) in place of »x(s, 4).

Define an extension g of f as follows. At each vertex » of an n-simplex
oW, set

g() = K (v),

extend g to R*\ ' x [ so that g is affine on each n-simplex in #*, and let
glrexre =f. Observe that g =1id on {d* > 2¢} D R*\ ], and that g is equivariant.
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The arguments of Viisilda for Theorem 2.8 cannot be applied directly to
establish the quasiconformality of g since I'* x I'* is unbounded. However, the
equivariance of the construction permits us to restrict our attention to the bounded
set A* C I' x I'*, where the results of Theorem 2.8 can be applied.

Let / = fla«. Extend f from A* to R* by the same procedure. To each
x € RY\ A% assign a set Q(x) = B(x, bd®(x)) NA* and a similarity 4% : R* — R*
so that 71‘;‘ =id if dist(x, A*) > ¢ and

r—f| e = x(s)L(%) diam Q (x)

if’ dist(x, A%) < ¢. The common triangulations for R*\ I'* x ' and R*\ A* in I
permit us to require in addition that

(4.9) W=
for all x with max{|x|;, |x|3s} < 2. N

As in the previous paragraph, define g(») = A%(v) at each vertex v of an
n-simplex o € #*, and extend g affinely to all of o. Conditions (4.8) and (4.9)
ensure that

(4.10) g(xy + 1, x9, x3 + 7, x4) = g(x1, X9, x3, x4) + (2, 0, 7, 0)
whenever 0 <xj,x; <1 and ¢, j € {—2,—1,0, 1}, and that

(4’11) g(Xl,XQ,Xg,X4) :g(xlax% X3, X4.)

whenever max{|x|, |x3|} < 2.

Because A% is thick and bounded, it follows from the proof of Theorem 2.8
in [31] (see, in particular, the proofs of equations (6.3), (6.7), (6.8) and (6.9) therein)
that functions M(«) and s = s(¢, ) can be chosen so that the estimates (4.4)-(4.7)
hold for x,» € R*\ A%, with %%, /¢, g and dist(x, A%) in place of A%, /¢, g and
d*(x). Then we obtain (4.4)—(4.7) as stated for o € (1, 2) and sufficiently small s by
(4.11). The function M(«) may be taken to be continuous and decreasing in the
thickness constant B(«), thus in «, while s(¢, ) may be taken to be continuous
in o, and increasing in ¢ for fixed o.

Now assume o = 1. We follow the notation and constructions from Sect. 5
of [27]. Assign, to each dyadic square Q C R? a similarity ug : R* — R so that

lug —fllg = »#(s)L(ug) diam Q) ;

the existence of x(s) follows from Theorem 2.3. When {uq} are chosen following
certain additional rules, they can be extended to similarities {4} from R! to R*
so that

I, = hey

70 < €(s)L(ug) diam Q
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for all dyadic squares Q and Q' satistying Q N Q' # @ and
1/2 <diamQ /diam Q' < 2,

where Zg is the cube in R* concentric with Q of diameter sdiamQ and edges
parallel to the coordinate axes. (To avoid lengthy definition, the set Zq described
in the previous sentence is not the same as that in [27, p. 168], however, they
both contain () in their center half and have comparable diameters.) The function
€(s) 1s derived from »x(s) and satisfies lim,,(€(s) = 0. Proper choice of the planar
similarities {uq} and their extensions to similarities {4y} on R* requires consider-
able work. See [27, pp. 159-163]. Finally, to each x € R*\ R?  assign a dyadic
square Q (x) C R? following certain rules (as in pp. 164-169 of [27]). In particular,

we require

| < diam Q) (x) -
— dist(x, R?)

for all such x. Set &l = hq .

As before, define g(v) = /23(7)) at each vertex » on an n-simplex o € #',
extend g to be affine on each such o, and let g =/ on R% Now it follows from
the proof of Theorem 2.7 in [27] (see in particular equations (5.9) and (5.10)) that
s =s(¢q, 1) and hence also x(s) and €(s) can be chosen small enough so that (4.4),
(4.6) and (4.7) hold with o = 1. The proof of the first inequality in [31, (6.7)]
can be reproduced to give (4.5). This completes the proof of Lemma 4.3.

4.12. Constants

Let us pause to discuss the dependence of the various constants that have
arisen. Recall that the constants C;, 1 < ¢ <5, from Remark 2.10, (2.13), (2.14),
(2.17), (2.20) and (2.21) depend only on the dimension n = 4, and hence are
absolute constants.

When | <o <2, M(a) depends on n =4, on the diameter of A%, and on
the numbers 7, =1 and B(«) describing the thickness of I'* x I'“. It is important
to observe that M(«) depends only on o, and is continuous and decreasing on
the interval (1,2). In fact M(a) - o0 as o — 1.

The constant M(1) is derived from a different argument (Theorem 2.7) where
thickness i1s not used. In fact, M(1) depends on the dimension n = 4 only, and
hence is an absolute constant.

We choose

(4.13) go(er) = min {(10"°C,C,CsM(@) ™", (Ko(®)'/0 — 1)7(10°C, CsM(@)) )
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continuous and increasing in ¢, and assume from now on that 0 < ¢ < ¢o(«), thus
(4.14) 10'°C,C4CsM () g'? < ¢!/

and

(4.15) (14 10°C,CM(@)g'?)’ < Ko(4).

Here Ky(n) is the constant in Theorem 5.3.

We reiterate that the functions s(¢, o) and s5,(¢, ) are chosen to be continu-
ous with respect to @ and increasing with respect to ¢, with s(¢, @) < s1(¢, @) = 0
as ¢ — 0. For fixed o, the inverse ¢ = ¢(s,) of s = s(¢,x) is an increasing
function of s, with ¢(s,a) = 0 as s — 0. We define

(4.16) so(er) = s(qo(ex), o)

and observe that sp(a) is continuous on the interval (1,2) by the preceding re-
marks.

4.17. Lemma. — The map g defined in Lemma 4.3 is a sense preserving quasicon-
Sformal map of R*, whose linear dilatation H(g) satisfies

(4.18) H(g) < (1 4+ 2M(a)¢”?)’

a.e. in R*.

For the definition of the linear dilatation, see [29, Definition 22.2].

Lemma 4.17 for g (when o = 1) and for g (when 1 <o <2) can be proved
by following the proofs of Theorems 2.7 and 2.8, together with Theorem 2.5.
Lemma 4.17 then holds for g (when 1 <« <2) by the equivariance, and the fact
that g and g coincide on {x: |x| <2 and |x;] < 2}.

Let us sketch the proof of Lemma 4.17. As in the proofs of Theorems 2.7
and 2.8, the continuity of g is straightforward, and the sense preservation, in-
jectivity and surjectivity can be deduced from the estimates in Lemma 4.3 and
topological considerations.

On each n-simplex o € #*, g is affine. It follows from (4.7) and Lemma 4.19
below that the linear dilatation H(g)(x) is bounded by (1 + 2M(a)¢*?)* on the
union of the interiors of the n-simplices in % Observing that the set
U{do : 0 € #*} has o-finite 3-dimensional measure, it follows from a removabil-
ity theorem (Theorem 35.1 and Remark 34.2 of [29]) that g is quasiconformal in
R*\I' xT'®. Hence g is quasiconformal in R* when « =1, since R? is removable.
The verification of the boundedness of H(g) when 1 <« <2 requires some work;
see the proof of a similar theorem in Viisala [31, p. 260]. In all cases we deduce
that g is quasiconformal on all of R*. This completes the proof of Lemma 4.17.

Proposition 4.2 follows from Lemma 4.17 and Theorem 2.5.
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In the proof of Lemma 4.17 the following result was used.

4.19. Lemma. — Let h be a similarity and let g be an affine map. If
lg — 2llge,n < ArL(A),
Jor some O <A < 1/100, then
|¢ — K| = AL(h)
and
H(g) < (1+24)°,
moreover, g 15 sense-preserving if and only if h is sense-preserving.

Here we denote by [A| := sup,,_, |Av| the operator norm of a matrix A.
In what follows, we will also make use of the quantity

¢(A) := inf |Adl.

vilo|=1

Progf — Note that |g(x+y) —h(x+y)| < ArL(h) when [y <r. Replacing y by
—y and subtracting, we obtain by linearity the estimate 2|g'(y) — #'(»)| < 2ArL(h)
when |y| <r. Thus |g — /| < AL(%). The remaining statements can be found in
[27, 3.5] and [31, 2.7].

4.20. Estimates

We now derive from Lemma 4.3 a few estimates for the extension g; some
of these have been implicitly used in [27] and [31].

4.21. Lemma. — For almost every x and y in R*\ T x T, the following estimates
hold:

(i) (k) — ()] < 2M(e)¢* (k) and
I —2M(a)¢*”® < L(A) /LK) < 1+ 2M(a)g™?

I 1y —al <d*(0)/2;
(@) 1§ (x) — (h2)'] < M(a)¢*°L(k) and

Ug®) _ 14|
L(k) ~ L{k)

(i) | g (x) — g (D] = SM() ¢ L) if |y — « < d*(0)/2;

I —M(@)g¢”’ < < 14+ M)
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(w)
¥ —IL(k2)
I ly—=xl <d*(x)/2, and
|g(x) — g < (Ix — 3| + 2M(a)¢**bd” (x))L(k)

o |y — x| < bd*(x);
(2)

<1+ 4M(a)g*?

1_ o3\ _ dist(g(x), /(I x I')) 2/3
Q 3M(@)g >s FOLE = (@i

Proof. — Recall that b= ¢~/ when a > 1 and b= 20 when a = 1. Assume
that x and y are not on the boundary of any n-simplex in #*. Thus (i) follows
from (4.4) and Lemma 4.19, (i) follows from (4.7) and Lemma 4.19, and (i)

follows from (i), (ii) and the triangle inequality.
If |y— x| <d“(x)/2, then

| 600 — () — () (x =)
< max (1) — () |+ () = (1) )l 1.

which together with (i) and (i) gives the first part of (iv). The second part of (iv)
follows from the triangle inequality, and (4.6).
Let z be a point in I' x I'* with |x — 2| = d%(x). Then

|(x) —f (D] = |g(x) = g(2)] < (1 4+ 2M(@)bg**)d* (x)L(KY)

by (iv); this proves the right hand inequality in (v). On the other hand, for any
w with |w — x| = d*(x)/2,

1
lg(x) = g(w)| = (5 — 3M(a)g” *) d” (x)L(1%)

by (i) and (iii); this proves the left hand inequality in (v).

5. Smoothing

For ¢ € [1,2), let A =T" xTI" and choose and fix a regularized distance
function 6 =8, to A which satisfies properties (2.12)—(2.14). Define

8%(x)~* fmg(y)(ﬂ (523)) dy, on R\ T'® x I'*,
g(x), on I'* x I'*,

Gx) = {

where g is the extension in the previous section.



SMOOTH QUASIREGULAR MAPS WITH BRANCHING IN R” 229

5.1. Lemma. — For almost every x and y i R*\ T x T'%, the following estimates
hold:

(i) 1G/(¥) — g (9] < 12 10°C,CM(@)g S L(k);
(i) IG() — g9 < 3+ 10°C1CM(a)g*d(DLU);

(i12)
L 10 My < SHEWSEE X TT)
2 d*(x)L (k)
<14 10°C,CM(a)q'”
and
1= 10°CiCM(@)g"” < Zﬁh(x))) = lf(/(j;' < 1+ 10°C,C;M(@)g"*;
(i)
IG'(x) — G'(»)| < 10°CICsM(a)|x — y[L(A) /d (x)
and

G’ =G (7' < 4-10°CICM(@) [x — I/ (L(A2)d* (v)

I lx =0l =d*(0)/2;
(v)

_ G(x) — G

1 —3-10°C,C,M(a)g'? < 6@ = GO <143-10°C,CiM(a)¢"”
| — y|L(A%)

if 1x =l < d*()/2.

Proof. — Since o 1s fixed, we write d, §, h, for d% 6% and A%. Suppose that
x is in the interior of some n-simplex o in #*. Then g :=g|, is an affine map,
and we write g°(z) = Bz+ 4. By Lemma 2.18,

G(x) —g(x) =G(x) —Bx— b

_ 4 _
_ 5 u{/(yy> By M¢(5(i)@

Write G = (G, Gy, G3,Gy) and g = (g1, &, g5, 8). Then

—Osc(g B — b, x,8(x))

d
a—x/(Gi —g) )| =< 5(x)
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by Proposition 2.19. Note that g(x) = g%(x) = Bx+ 5, so

1(g(») =By —b) — (g(x) = Bx = b)| = g(») — W

< lg

for y € B(x, 6(x)). We get |g(») — A ()] < M(a)ql/gd(x)L(/z;") from Lemma 4.3,
and

- 2|

— ¢

-] = &)
<K =g @] 1y —xl + [h(x) — g
< M(e)¢**8(x)L(k,) + M(a)g"/*d(x)L(h,)
< 2M(e)q"*d(x)L(h,)

by Lemma 4.3 and Lemma 4.21(ii). Since d(x) < 10*C,8(x),

0
‘a_(Gi —g) ()| <3-10'C,CyM(e)q'°L(h,).
X

This proves (i).

Again assume x € o for some n-simplex o € #“. By Remark 2.15, o contains
a ball B(x,, 26(x)). Since g is affine on o, G(x,) = g(x,) (Lemma 2.18), and
|x — x,| < dlamo < d(x)/4, (1) implies that

IG(x) =g = [G(¥) — g(x) = (G(xr) — g(x5))]
< 3-10"C,CyM(a) ¢ P L(h)d ().
This proves (i1).

The first part of (1) follows from (i) and Lemma 4.21(v). The second part
follows from (i) and Lemma 4.21(ii):

IG'(x) = K| < 1G'(x) =g (0] 414 (0) = K| < 10°C1CsM(a)g'°L(K).

To prove (iv), we use the second derivative estimates for the convolution in
Proposition 2.19 together with the second part of Lemma 4.21(iv) and (4.14). We

get

Osc(g, x, 3d(x)/4)|x — )

d
T Gy(x) — G (y)‘ < s

0
(5.2)

< %9 ( d() + 2M(a>bq2/3d(x)> L(k)|x )l
<2 10°C3Cs | —HIL(h,) /d (),

which gives the first inequality in (iv).
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The second inequality follows from the first together with the second part
of (i) and Lemma 4.21(i):
G0~ =GO =16 (G0 -GG )™
_ IGO0 -GWI
— UG (W) - UG ()
<4-10°CICsM(w)

lx —
L(h)d(x)

Finally, (v) follows from (i) and Lemma 4.21(iv).

To verify the quasiconformality of G, we use some results from the gen-
eral theory of quasiregular maps. Theorem 5.3 is due to Gol'dshtein and Martio—
Rickman—Viisild, and Theorem 5.4 is due to Zorich. See [20, Theorem VI.8.14
and Corollary III.3.8].

5.3. Theorem (Martio—Rickman—Viaisild, Goldshtein). — For each n > 3, there exists
a constant Ko(n) > 1 so that every nonconstant Ko(n)-quasiregular map f : U — R,
U a domain in R, s a local homeomorphism.

5.4. Theorem (Zorich). — Each locally homeomorphic quasiregular map f : R* — R,
n> 3, is a homeomorphism, hence quasiconformal.

5.5. Proposition. — G is a quasiconformal homeomorphism on R*, and G and G™'
are C®° on R*\T* x I'* and R*\ f(T'* x T%), respectively.

Proof. — Continuity on R* and C*-smoothness on R*\T® x I'* for G follow
from Proposition 2.19.

Lemma 5.1(v) provides a bound for the linear dilatation of G on the com-
plement of I'* x I'*:

H(G) < (14 10°C,C,M(a)g'?)".
At each point x € R*\ T x I'*, G is differentiable and

G/ det G (v)
det G'(x)" €(G'(x))*

(5.6) max { } < H(G)’ < (14 10°C,CM(a)g"*)".

Suppose now that y € I'* x I'* and x ¢ I'* x I'*; then

IG() = GW[ = [g(») = GH)|
> [g(0) =g+ 1g(2) — g = [g(x) = G()]
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where z is a point on 9dB(x, d(x)/2) with g(z) on the line segment [g(x), g(»)]. By
Lemma 5.1(1) and Lemma 4.21(iv),

lg(x) — G(x)| < 3- 104ClC4M(a)q1/3d(x)L(hf)

<
< 10°C,CyM()¢"?) g(2) — g(¥)|;

whence
IG() — G| = (1 — 10°C;CsM(@)g"?) 1 g(») — g
On the other hand,

IGO) — G| < 1g(») — g+ |g(2) — g + [g(x) — G|

(5.7) < (1+10°C,CM(@)q"*) | g(») — gl

By Lemma 5.1(i1) and Lemma 4.21(ii), the ratios

tGw) o 1GW
g ()] £(g' (%))

are uniformly bounded away from zero and infinity on the union of the interiors of
the n-simplices in #*. Hence all directional derivatives of G and g are uniformly
comparable on this set. Furthermore, g i1s ACL (absolutely continuous on lines)
on R* (See [29, §26] for the definition of absolute continuity on lines.) It follows
that

5.8) G i1s ACL on the complement of I'* x I'*.

From (5.7), (5.8) and the fact that G =g on I'* x I'%, we obtain that G is ACL
on R*. Finally, since I'* x I'* has 4-measure zero and g is ACL',

(5.9) G is ACL' on R*.

(See [29, §26] for the definition of ACL".)
From (5.6) and (5.9), we conclude that G is K-quasiregular with

K := (14 10°C,C,M(a)¢"?)",
see [20, Definition 1.2.1]. Thus
(5.10) K < K¢(4)

by (4.15), where Ky(n) is the constant in Theorem 5.3. Finally, it follows from
Theorem 5.3 that G i1s a local homeomorphism, and then from Theorem 5.4 that
G 15 a homeomorphism. Thus G is quasiconformal.
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The C*®-smoothness of G™!' on R*\ f(I'* x T'®) follows from the injectivity
of G.

Finally, surjectivity of G follows from the quasiconformality.

6. Proof of Theorem 1.5

Let ¢o(a) and so(a) be the functions defined in (4.13) and (4.16) respectively,
and recall that sy(a) is continuous on the interval (1, 2).
Given € >0, fix a =2 — €. Let

o =1+ 55(50(1), D,

where 6(s, ) 1s the function from Proposition 3.5(c). Let
sc=min{sy(?) 1a; <t <2—¢€}

and observe that s> 0 since sy(a) is continuous on (1,2). Next, let
S:=min{s(s, 1) :a; <t <2—¢€}

and observe that § > 0 since §(s, o) 1s continuous in «. Finally, choose
l=gy<o <:---<a,=«

so that |oyy —ay| < 8 for each £ = 1,...,m — 1. From Proposition 3.5(c) and
the choice of §, the canonical map f = Fj**' (in the notation of Sect. 3) from
[ x ' to '™ x '+ i3 s-quasisymmetric for £ =1,2,...,m — 1, and is sy(1)-
quasisymmetric for £ = 0. From the choice of s, each f; admits a quasiconformal
extension g, to R* following the construction in Proposition 4.2. Applying the
smoothing procedure of Sect. 5 to each g, we obtain a function G; smooth on
RY\ ' x I'* and satisfying G; = f; on I'* x ['*, Finally, the choice of g¢y(c)
and sy(a) and Proposition 5.5 guarantee that G; is quasiconformal on R*. Let
H; = G;' and set

H:H()O"'OHM_QOHm_l.

Observe that the functions G, and H;, 0 < £ < m — 1, are quasiconformal with
a uniform bound on the dilatation depending only on e.

Let U=Rx(—2,2)xRx(—2,2). From the extension construction in Sect. 4
and the smoothing process in Sect. 5, it follows that G, =id on R*\ U for all £,
whence also H;,, H=1id on R\ U.
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6.1. Proposition. — Assume X,Y € U. There exists M(o) > 1 so that

6-2) M) = dist(Xl,Ii‘/"f}i)lF“)“—l =M,

6.3) Ma)™ < 'H(é)__ﬁg)' <Ma) forall XeT* x T |X -Y| <1,
and

(6.4) H'(X) — H(Y)| < /@)X~ Y[* for all [X-Y] <1,

The map H is C%smooth (recall & = 2 — €), quasiconformal on R*, and maps T* x T*
onto R,

We postpone the proof of this proposition until we have completed the proof
of Theorem 1.5.
Let d > 2 be an integer, and let w: R* — R* be the winding map

w(xy, Xo, X3, x4) = (x1, 7c0s dO, x3, rsin db),

where (7,0) denote polar coordinates in the xyx4-plane. We observe the following
properties of w:

— w is quasiregular with branch set IT := {(x;,0,x3,0) : x, x5 € R} [20,
p- 13].

— w is Lipschitz on R*,

— w = (w, wy, w3, wy) is C®-smooth on R*\ IT and

200

< fi e R*\ II.
D, (x)‘ S Gisnm rrER

max
ki, j

In what follows, we use the notation A < B, respectively A >~ B, to mean
that there exists a constant C depending only on € so that A < CB, respectively
C'B<A <CB.

The composition F:=woH is a quasiregular map on R* of degree d whose
branch set I'* x I'* has Hausdorfl dimension 4 — 2¢. Its derivative is

'HX))H'(X), if X ¢TI'*xTI*,
pog < [FHEDIEO, i X g T x
0, if Xel*xTI*
which shows that F is C' except possibly on I'* x I'. Since w is Lipschitz,
IFX)| < [HX)] = d*(X)*™

for all X ¢ ' x I'*, see (6.2). Thus F is C!.
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It remains to show that
(6.5) F(X) = F(Y)] < X — YJ*!

for all X, Y.
fYel*xTI'* and X €T x I'%, then F(Y) =0 and

FOOI = HX)| = X)* < X =Y
Finally, if X,Y ¢ T x T write

IF'X) —FMI = o' (HX)) — «' HY)H X)]
+ [ (HY)H'(X) — H' (V).

If ¢°(X) 4+ d“(Y) < 6/X — Y| then
FX) —F)| < [HX)| + [H ()] < *X)*" +d“(Y)*!
< X=Y[*"!

by (6.2).
Suppose instead that

(6.6) &*(X) + d*(Y) > 6]X — Y|

and assume that 4*(X) > d“(Y). Then 4*(X) > 3|IX = Y| so d*(Z) = d*(X)/2
and |H'(Z)| < d*(Z)*"" for all Z € [X,Y]. The curve C = H([X,Y]) has length
< X = Y[d*(X)*"! and satisfies dist(C, IT) > ¢*(X)*. Using the estimate for the
second derivative of w, we find

| (H(X)) — &' (HY)[[H'(X)] < d*(X) ™ length(C)|H'(X)|
<X =Y (X) T < X =Y

On the other hand, 4%(X),d*(Y) < 3 for all X,Y € U. Thus | X —=Y| <1 for
X, Y satsfying (6.6) and so

|/ (HOY)|H'(X) - H'(Y)| < [HX) -HY)| = X -Y[*!

by (6.4). This completes the proof of (6.5) and hence completes the proof of Theo-
rem 1.5.

6.7. Remark. — The snowflake property (6.3) of H in Proposition 6.1 is
essential in establishing the C*~¢-smoothness of F, since w is only Lipschitz con-
tinuous.
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It remains to prove Proposition 6.1. We first give some estimates for Gy
and H; and their derivatives, and introduce the abbreviated notations d; = d* for
the distance function to I'** x I'** and A, = A* for the similarities used in the
construction of g. Recall that U =R x (=2,2) x R x (=2, 2).

6.8. Lemma. — Consider ponts x,y,X,Y € U.
(1) |Gr(x) — Gp(p)| = |x — |/ 1 provided x € T% x T% and |x —y| <1, and
[HA(X) = H(Y)] 2 [X = Y[t

provided X € T+ x T+ and [ X = Y| < 1;
(1) diy1 (Gr(x)) 2 dp(x)*/ 1 provided x ¢ T x T*, and

di(Hy(X)) 22 dyyy ()07

provided X & T+ x [+,
(iti) G}, exists on the complement of T x T and

|G (0| = L) = di1 (Gr(x)) / di (%)
if x € T x T, while H, exists on all of R*, HY(X) =0 f X € T+ x T+,
and

H,X)| = di(Hi(X))/djs1 (X)

yf X & T+ x [k
i) [H,(X) — HL(Y)| < |X = Y|@/0-1 fr all X —Y| <1 and
k k

IH,(X) — HL(Y)| < [X = Y[djy (X)@1/202
Jor all Y € B(X, diy1(X)/2).

Proof. — To prove (1), we recall from Proposition 3.5 and the fact that G, =
g = fi on T% x ' that |Gu(x) — Ge(»)] = |x — y|*/*+1 for all x,y € % x [,
[x =9 < 1. If x € T x I'* and p ¢ I'* x I'*, choose z € I'* x I'* with
|x — z| = |x — y|; since the linear dilatations H(G;) are uniformly bounded on R,
we have

G(x) = G = 1G(0) = G| = |x — 2|/ = | — |/,

The estimates on H; follow by taking the inverse.
To prove (i), let X = Gy(x), choose Y € I'*! x I'**! so that | X — Y| =
di+1(X), and let y = Gk_l(Y). Since x € U, we have X € U and |X—Y| < 1. Then

di(x) < |x —y| = |X —Y|ak“/ak = dk+1(X)<¥k+1/<¥k
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by (i). For the inverse, choose z € I'* x I'* satisfying |x — 2| = di(x), and let
Z. = Gi(2); then |x— 2z <1 and

G (X) = [X = Z] = [x = 20 = ()™,

This proves the first part of (i). The second half of (ii) now follows by taking the
inverse.

Part (ii1) follows from Lemma 5.1(1i).

To prove (iv), we assume Lemma 6.9 below and let x = Hy(X) and y =
H;(Y). We consider three cases; any remaining cases are covered by interchanging
X and Y.

Case 1. — Y € I'*+! x "1 By Lemma 5.1(ii1) and parts (i) and (ii1) of this
proposition,

() = H (V)] = [H{O] 2 di ()07 < X = Y|,

Case 2. — Y € B(X, aydi+1(X)), where a, 1s as in Lemma 6.9(11). By Lem-
ma 5.1(1v),(v) and part (i) of this proposition,

- X-Y
Xy gt < 2
dk(x) dk(x)
~ |X _ Yldk+1 (X)(Olk+1/0[k)-2 < |X _ Yl(ak“/ak)_l.

IH,X) — Hy(V)| = L(f) ™"

Case 3. — Y ¢ B(X, aydi 1 (X)) U T+ x '+ Choose 7Z € '+ x I'*+! g0
that | X — Z| = d;41(X). Then X —-Z| < X =Y, [Y —Z] < X —-Y]|, and the
first part of (iv) follows by applying Case 1 to X,Z and to Y,Z, and using the
triangle inequality.

The second part of (iv) is essentially contained in the proof of Case 2 of
the first part. This completes the proof of Lemma 6.8.

6.9. Lemma. — (i) There exists Ay, > 1 so that whenever | X — Y| < 1 and
O0<k<l<m—1, then

|Hio---oH)(X) —Hyo--- o Hy(Y)| = A

(i) There exists 0 < a, < 1/2 so0 that whenever 0 < k <[ <m—1, X —=Y]
< audi 1 (X) and 0 <k <m—1, then

1
[Hio o Hi(X) = Hyo o Hi(Y)| < gdi(Hy o... o Hi(X)).
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Part (i) of this lemma is clear. Part (i) follows from the fact that m depends
only on «, and the maps G; are K-quasiconformal for a common value of K
depending only on «.

Proof of Proposition 6.1. — Note that (6.2) and (6.3) follow from Lemmas 6.8
and 6.9, and the chain rule.

To prove (6.4), we consider three cases as in Lemma 6.8(iv); any remaining
cases are covered by interchanging X and Y. Assume that [ X —Y| < 1, and recall
that «,, = a and d, = d*.

Case 1. — Y € ' x I'*. Then H'(Y) =0 and (6.4) follows from (6.2).

Case 2. — Y € B(X, a,d,(X)). We shall prove that
(6'10) |(Hk ©---0 Hmfl)/(X) - (H/c ©---0 Hmfl)/(Y)l = |X - Y|dm(X)<¥m/6¥k—2

for k=m—1,m—2,...,1,0 in succession. Then the Hoélder continuity (6.4) follows
from (6.10) by choosing £ = 0.
Note from Lemma 6.8(i1),(i11) and Lemma 6.9 that
(6.11) di(Hy0 -+ 0o H,_ (X)) = d,(X)*/*
and
|Hyo---oH,1(X) —Hpypy0---oH,— 1 (Y)]
6.1 e
( 2) <X —Y] drp1(Hpyy 0 oH, (X))
d(X)

By Lemma 6.8(iv), the estimate (6.10) holds for £ = m — 1. Assume that (6.10)
holds for £+ 1; we will show that it holds for £. By the chain rule, Lemmas 6.8
and 6.9, (6.11) and (6.12), and (6.10) for £+ 1, we get
|((Hyo---oH, 1))(X) — (Hyo--oH, )(Y)]
< H,Hpi0--0H,1(X))]
X |(Hpgyo---0H, 1)'(X) = (Hppy 0+ o H, ) (V)]
+ H,(Hyp1 0 o H,1 (X)) — Hi(Hyp1 0 - o H,_1(Y))]
X |(Hgpy 0 -+ 0 Hy ) (V)]
ay(Hyo---oH, (X))
" di(Hppy 0+ -- 0 H, 1 (X))
+ |Hppro---oH,1(X) —Hpyy 0+ o H, (V)]

X = Y|d, ()"~

_ dk+1(Hk+1 o---oH, (X))
d H .-.oH, (X 1 /o —2
X dipr(Hpqy 0 ° 1(X)) 4 X)

< X = Y1, ()2,
Thus (6.10) holds for all f=m—1,m—2,...,1,0.
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Case 3. — Y ¢ B(X, 4,d,(X)) UT'* x ', Choose Z € I' x I' with
X —Z| =d,(X). Then (6.4) follows by applying Case 1 to X,Z and to Y,Z, and
using the triangle inequality.

This completes the proof of Proposition 6.1.

7. Proof of Theorem 1.6

The proof of Theorem 1.6 relies on the construction by David and Toro
of codimension one snowflake surfaces. See [7], specifically Theorem 2.10 with
Z =R"? and f(r) = max{l, 7 <1%9} and the discussion following (13.33).

7.1. Theorem (David—Toro). — For each n > 3 there exists €y(n) > 0 and C =
C(n) > 1 so that for each € € (0, €y(n)) there exists a K-quasiconformal map @ : R"™' —
R with

(7.2) Cl =079 < D) — D()] < Cla— |V
Jor all x,y € R, |x—y| < 1. Furthermore, K — 1 as € — 0.

David and Toro prove significantly stronger results; the domain R"? may
be replaced by a metric space (Z, d) satisfying a Reifenberg flatness condition and
the snowflake property in (7.2) may be replaced by Orlicz-type conditions

C™Hx =1/ (Ix =) < [@() — @()| < Clx =)l (Ix =)

for a variety of gauge functions f(r).

By the celebrated quasiconformal extension theorem of Tukia—Vaisala [26],
the map ® of R™' in Theorem 7.1 may be further extended to a quasiconfor-
mal map of R". We continue to denote this extension by &. Observe that the
extension procedure in [26] is ostensibly different from that in [27] and [31] used
in Sect. 4. It 1s therefore not obvious whether the smoothing procedure developed
in Sect. 5 can be applied directly to the extended map ®. We bypass the issue
by an alternative argument. Choose € sufficiently small so that the David-Toro
map ® in Theorem 7.1 is K-quasiconformal with K very close to one, hence
s-quasisymmetric with s very close to zero (see Theorem 2.5). Then ¢ = ®|g
may be re-extended to a quasiconformal map g: R" — R” by the Tukia—Viisila
extension procedure from [27] and [31] (see Theorem 2.7). The smoothing pro-
cedure from Sect. 5 applies to g, yielding a quasiconformal map G on R" whose
inverse has the snowflake property in Proposition 6.1. The desired quasiregular
map in Theorem 1.5 is obtained as the composition of a winding map with G™'.
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Proof of Theorem 1.6. — Let n>5 and d > 2 be given. According to Theo-
rem 2.7, R"? has the quasisymmetric extension property in R”; choose 55 >0 so
that every s-quasisymmetric embedding ¢ : R"? — R” with s < 55 admits a qua-
sisymmetric extension. Next, choose K > 1 so that every K-quasiconformal map
of R" is s-quasisymmetric for some s € (0, s5) (Theorem 2.5), and choose € > 0
so that the map ® from Theorem 7.1 is K-quasiconformal. Let ¢ = ®|gw2. Ap-
plying Theorem 2.7 (with p = n— 2) and following the procedure summarized in
Sect. 4 (in the case a = 1), extend ¢ to an s-quasisymmetric homeomorphism
g R" — R" When s is sufficiently small, the smoothing procedure in Sect. 5
applied to g yields a quasiconformal map G :R" — R", C®-smooth on R"\R"?,
with G =¢ on R"? and as in Proposition 6.1, the snowflake property

(7.3) CIX =YY" <|GT'X) -G (Y)| < CIX =Y

holds for all X € ¥ = o(R"?) and all Y € R* with | X —Y| < 1. Here C denotes
a suitable constant depending only on the dimension n.
Let w:R" — R" be the winding map of degree d

w(Xy, ..y X9, 7COSH, rsin0) = (xq, ..., X,_o, ¥ cOS dO, rsin dO),

where (r,60) are polar coordinates in the x,_ix,-plane. The mapping w is quasireg-
ular with branch set R""?. Using (7.3) together with properties of w, it follows that
F=woG™ is a C'"“-smooth quasiregular map on R" of degree d with branch
set Bp = X. The proof of Theorem 1.6 is complete.
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