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0. Introduction

0.1. Where we came from. — Let I := k((T)) be the field of Laurent power
series with coefficients in a perfect field %; if £ has positive characteristic, denote by
Gy the Galois group of a separable closure of F. As it is well known, every f£-adic
representation admits a natural break decomposition as a finite direct sum of Q ,[Gy]-
submodules. These decompositions are nicely compatible with the standard operations
defined on the category Q ,[Gr]-Mod of Q ,[Gg]-modules, such as tensor products
and Hom functors.

On the other hand, if £ has characteristic zero, one may consider the category
D.E.(F/k) of finite dimensional F-vector spaces endowed with a T-adically continu-
ous k-linear connection. Then the theory of Levelt-Turritin says that every object of
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D.E.(F/k) admits a natural decomposition, satisfying wholly analogous compatibilities
(see [33]).

The parallelisms revealed by the study of Q ,[Gy]-Mod and D.E.(F/k) are
aboundant and striking, to the point that one can write down a heuristic dictionary to
translate definitions and theorems back and forth between them (see [33, Appendix]).
More recently, Yves André has introduced notions of slope filtration and Hasse-Arf filtration
for a general tannakian category (see [1, Déf. 1.1.1 and Déf. 2.2.1]), which extract the
basic features that are common to these two categories (and indeed, to others as well).
He has shown that, quite generally, the existence of a Hasse-Arf filtration imposes very
binding restrictions on the structure of a tannakian category.

0.2. Where we were heading. — The aim of this work is to exhibit another spe-
cimen of the same sort as those considered by André. Namely, let (K, | - |) be an
algebraically closed valued field of mixed characteristic (0, p), complete for its rank
one valuation |- | : K — TI'x U {0} (we may view the value group I'x as a subgroup
of Rs¢). Let also A be a local ring which is a filtered union of finite rings on which p
is invertible. Our objects of study are the locally constant sheaves of free A-modules
of finite rank on the étale site of the punctured disc:

D)  ={xeK|0<|x| <r} (for any r € I'k).

These modules form a category A-Loc(r), which is tannakian if’ A is a field. However,
we are really interested in describing the local monodromy of these sheaves, ue. their be-
haviour in an arbitrarily small neighborhood of the missing center of the disc, hence

*

we do not distinguish two local systems .% and %" on the étale sites D(7)7, respec-

tively D(r')%,, if they become isomorphic after restriction to some smaller disc D(r”)*

(with 0 <7” < r,7"). Hence, we are really concerned with the 2-colimit category:

A-Loc(0%) := colirp A-Loc(r).
r—>0

0.3. What we hoped to find there. — It is instructive to consider first the case
where the monodromy is finite, z.e. the local system .# under consideration becomes
constant on some finite Galois étale covering X — D(r)*, say with Galois group G.
This case is already highly non-trivial: .% is the same as a A[G]-module of finite type,
and if we insisted on a complete description of the global monodromy of %, we would
have to classify all such representations, so essentially all possible finite coverings of
D(7)* — a task that is probably beyond the reach of current techniques. On the other
hand, the germs of finite coverings of D(r)* are completely classified by the so-called
p-adic Riemann existence theorem, proved by O. Gabber around 1982 (unpublished)
and by W. Liitkebohmert about ten years later ([40]). Explicitly, after restriction to
a smaller disc, every such finite covering becomes a disjoint union of cyclic coverings
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of Kummer type; therefore the local monodromy of our .# will be a representation of
a finite cyclic group.

Though no such description is known for general étale coverings of D(1)* (ze.
for those of infinite degree), this provides some evidence for the thesis that, by shifting
the focus to germs of coverings, one should expect to reach a new, but substantially
tamer mathematical territory — one in which some general geographical features are
discernible and can be used as worthwhile reference points.

0.4. Why we were not disappointed. — 'This expectation is largely borne out by
our main theorem 4.2.40, which can be stated as follows. Suppose that HI(D(r)’;, F)
is a A-module of finite type, in which case we say that .# has bounded ramification; this
condition is independent of the value » € I'x. Then there exists a connected open
subset U C D(r)* such that U N D(e)* # & for every ¢ > 0, and such that the
restriction of .% to U admits a break decomposition as a direct sum of locally constant

subsheaves:

041 TP o)
velo

indexed by the ordered group I'y, which is the product of ordered groups Q x R, en-
dowed with the lexicographic ordering (of course #(y) # 0 for only finitely many
y € I'y). This decomposition is compatible in the usual way with tensor products
and Hom functors; moreover, one may define Swan conductors for %, and there is
also an adequate analogue of the Hasse-Arf theorem. Since the Swan conductor de-
termines the Euler-Poincaré characteristic of RI'(D(r)%, %), it follows easily that, in
case A is a field, the subcategory A-Loc(0"),,,. of A-Loc(0%) consisting of A-mod-
ules with bounded ramification, is tannakian. Therefore, the break decomposition in
A-Loc(0%),,,. would be precisely what is needed to define a filtration of Hasse-Arf
type, in the sense of [1], if it were not for the following two short-comings. First, the
filtration 1s not indexed by the real numbers, but by the more complicated group I'y.
This 1s however a minor divergence, which can be cured, for instance, by generaliz-
ing a little the definition of slope filtration in a tannakian category. More seriously,
the break decomposition of an object of A-Loc(07),,. is defined (a priori) only in
a strictly larger tannakian category; this is because the open subset U may not con-
tain any punctured disc D(¢)* (though it intersects all of them).

I expect that actually every local system with bounded ramification admits
a break decomposition already over some small punctured disc, and I hope to ad-
dress this question in a future work. Once this result is available, it will be possible to
apply the tannakian machinery of [1] to study the structure of such local systems.

0.5. Planming for the journey. — The proof of Theorem 4.2.40 is divided into two
separate steps. The first step consists in describing the monodromy of .% around the bor-
der of a disc D(r)*. This is one of the points where the standard topological intuition
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may be misleading: a non-archimedean punctured disc is far from being “homotopi-
cally equivalent” to an annulus, for any reasonable notion of homotopy equivalence.
Indeed, it is easy to construct examples of (finite or infinite) connected Galois cover-
ings of D(r)* that are completely split at the border, that is over every annulus of the
form:

D(a,n:={reK|a<|x =<1}

with a € T’k sufficiently close to 7. (And conversely, an étale covering of D(7)* may
be completely split near the center, and connected on every annulus D(a, 7) with «
sufficiently close to 7.) But the crucial difference is that the monodromy around the
border 1s always finite. As a consequence, the study of this monodromy is an essentially
algebraic affair that can be carried out by a suitable extension of classical ramification
theory for henselian discrete valuation rings with perfect residue field.

This extension has been developed by R. Huber in [31]: the main tool is a cer-
tain rank two valuation 7(r), defined on the ring of analytic functions &(D(a, r)) on
D(a, r) (for any a <), and continuous for the p-adic topology. In a precise sense (best
expressed in the language of adic spaces), this valuation is localized at the border of
the disc. Moreover, the value group I';, of n(r) is naturally isomorphic to I'x x Z,
ordered lexicographically. Now, let /' : X — D(a, 7)¢ be a finite, connected, étale
and Galois covering of Galois group G, such that /*.% is a constant sheaf. Then n(r)
admits finitely many extensions x, ..., x, to &(X), and the action of G permutes tran-
sitively these extensions. Fix one of these valuations x := x;; the stabilizer St, C G can
be naturally identified with the Galois group of a finite separable extension

k()™ C re()™

of henselian valued fields, obtained by suitably henselizing the completions (for the
valuation topologies) k(n(r))", k(x)" of the fields of fractions of &(D(a,r)) and re-
spectively 0'(X). Let 7,(r) be the Galois group of a separable closure of k(n(r))"™; we
may regard .# as a A[G]-module, hence as a A[St,]-module, by restriction, and then
as a Alm(r)]-module, by inflation.

The group 7,(r) admits a natural (upper numbering) higher ramification filtra-
tion, wholly analogous to the standard one for discrete valued fields, except that it is
indexed by the ordered group I';,) ®z Q. Therefore, when A is a field, the tannakian
category A[m;(r)]-Mod is yet another example of a category with a slope filtration,
except that the filtration is indexed by I'),) ®z Q, rather than by R. Moreover, this
slope filtration is even of Hasse-Arf type, provided we redefine appropriately the Newton
polygon of a representation.

0.6. Duwiswon of labour — R. Huber’s ramification theory yields, for every radius
r € Tk, a A[m(r)]-equivariant break decomposition of the stalk .%,,). The second step
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of the proof of Theorem 4.2.40 consists in describing how this decomposition evolves
as r changes. This step presents in turn two aspects: on the one hand, we have to ex-
amine the continuity properties of the breaks, z.e. the way the decomposition varies in
a neighborhood of a given radius 7; on the other hand, we have to make an asymplotic
study, to determine the behaviour of the decomposition for r — 0%. The upshot is
that, for large values of r, the breaks of .#,,, vary in a continuous, but apparently
patternless manner; but, as we approach the missing center of the disc, eventually
a coherent order emerges: the decompositions fall into step, and they give rise to the
asymptotic decomposition (0.4.1).

0.7. Surveyor’s gear. — Both the continuity and the aymptotic study ultimately
rely on the remarkable properties of certain conductor functions attached to our local
system .#. To define these conductors we may assume, without loss of generality, that
'k = Rsj. Suppose that / : X — D(q, b) is a finite Galois étale covering, with
group G, such that /*.# is constant. For every r € [a, b], we have the | (r)-equivariant
break decomposition

yn(r) x Ml (yl (7)) DD Mn(yn(r))

where 7 depends also on 7, and the breaks y;(7) live in R5yx Q. For any y € R5(xQ,
let us denote by y” and " the projections of y on Rs( and respectively Q. Set also
m; := rtkaM,;(y;(r)) for every ¢ = 1, ..., n. Then we may consider the conductor func-
tions:

87 :[logl/b,logl/a]l - Rsy and sw'(Z,-) :[a, b] — Z

defined by letting:

§7(—logr) := — Zlog v’ -m; and SW(Z, ") = Z v:(N" - m.

=1 =1

We show that §7 is a piecewise linear, continuous and convex function, and more-
over the right derivative of §# is computed by sw*(.Z, -) (see Proposition 4.1.15). The
function sw*(.%, -) can be characterized in terms of the Swan conductor of the cov-
ering X. Namely, for every r € [a, b], choose a valuation x of O(X) extending the
valuation 7(r); then the higher ramification filtration of St, determines, in the usual
way, a Z-valued Swan character sw, of St, (see Section 3.3), which is the character of
an clement of K°(Z,[St,]). We induce to get a virtual character of G:

swi, (") == Ind§, sw’

which is independent of the choice of x. Let now p € Ko(A[G]) be the A[G]-module
corresponding to .#; since SWE}(W) lies in K°(Z,[G]), we may apply the natural
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pairing

(- )6 KUZ[G]) x Ko(A[G]) — Z
and we obtain the identity:

swi(.F, 1) = (swi, (), p)e-

On the other hand, for every » € [a, b] one can consider the preimage X(r) C X of
the annulus D(7, r) C D(a, b). The ring of analytic functions ﬁ§(,,) on X(r) whose sup-
norm is < 1 is a finite free module over the analogous ring ﬁ;(m) of bounded func-

tions on D(r, 7). Hence the discriminant 0;(7) of this ring extension is well-defined,
and it is an invertible function on D(r, r), since f is étale. Its sup-norm ID;(T)l is a real
number in 0, 1], and §,(—logr) := —log |D;(r)| € R.. Let now ¥ := f,Ax be the
direct image of the constant sheaf Ax on X; then ¢ corresponds to the regular rep-
resentation of G, and we have the identity:

Hence, the right (logarithmic) derivative of the discriminant is the Swan conductor of
the regular representation of G: this is our analogue of Hasse’s Fiihrerdiskriminanten-
produktformel.

0.8. Detour to visit a relatwe. — The proof of the convexity of 6 # i3 accomplished
by a rather technical argument, involving semi-stable reduction and a vanishing cycle
calculation. As a corollary, one derives a proof of the convexity of the discriminant
function 8. However, the convexity of §; can also be shown by a completely elemen-
tary argument that uses little more than some valuation theory, the first rudiments
of the theory of adic spaces, and some simple tools from p-adic analysis borrowed
from [6] and the first chapter of [24]. We present this argument in Section 2.3, since
it 1s of independent interest: indeed, as explained in Section 2.4, with its aid one may
quickly derive a proof of the p-adic Riemann existence theorem. This proof is not only
much more elementary than Liitkebomert’s; it is also significantly simpler than Gab-
ber’s original argument'. All in all, I believe it is a convincing demonstration of the
new possibilities opened up by the theory of adic spaces.

0.9. Duleis in fundo. — The ideas which enable to tackle successfully the asymp-
totic study of the breaks are developed in Section 4.2, and find their roots in harmonic
analysis techniques, such as Fourier transform and the allied method of stationary
phase; this should come as no surprise to any reader familiar with the works of Katz

! Of course, the reader will have to take my word for it, since Gabber never published his proof.
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(e.g [35]) or Laumon ([38]). Closer to home, these ideas represent an extension of my
previous work [42], where I introduced a Fourier transform for sheaves of A-modules
on the étale site of the analytification (Alli)ad of the affine line. For more details, we
refer the reader to Remark 4.2.16. This intrusion of concepts and viewpoints origi-
nating from such a seemingly far removed area of mathematics, is for me one of the
most appealing aspects of this project. It was already one of the main themes in [42],
and I believe that it runs deeper than a mere formal analogy: for instance, from this
perspective, formula (0.4.1) is none else than a spectral decomposition of the local
system .#. Whereas [42] dealt only with a suggestive, but ad hoc class of local systems,
we have now a good grasp of all those local systems .# whose ramification is bounded.
This boundedness condition can also be restated in terms of Swan conductors, hence
it is, on the one hand a purely local condition that serves to circumscribe #e good
class of local systems that should be stable under the usual Yoga of cohomological
operations. On the other hand, it is a finiteness condition on the cohomology of .#,
hence — from the harmonic viewpoint — it is essentially like confining our attention
to the class of “Integrable sheaves”; i.e. we are really doing harmonic analysis in the
space L;: a most natural restriction.

We cannot resist ending on a more speculative note. As it has been seen, in
many situations local monodromy is described via the higher ramification filtration
on a Galois group, defined by an appropriate valuation. This cannot be literally true
for the local monodromy theory of the punctured disc, since the trivializing cover-
ing X — D(r)* of a local system may have infinite degree, in which case the field
of fractions of (X) has infinite transcendence degree over the field of fractions of
O(D(r)*). Nevertheless, one may ask whether there exists a valuation “localized at
the origin”, which governs, in some mysterious way, the local monodromy theory of
D(7)*. It turns out that there exists one natural candidate, which is well-defined on the
ring A := K[T, T™'] (of regular functions on the “algebraic punctured disc”): namely;
the rank two specialization w of the degree valuation v : A — Z U {00} such that
o(I") :==n for every n € Z. The value group of w is the lexicographically ordered
group A :=1Z x I'y, and one has the rule: w(a-'T") := (n, |a|), for every n € Z and
every a € K. Notice that A ®z Q is isomorphic — as an ordered group — to the group
Iy that indexes our break decomposition. However, this valuation w is not p-adically
continuous, hence it does not lie in the adic spectrum SpaA, but only in the larger
valuation spectrum Spv A.
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1. Algebraic preliminaries

1.1. Power-multiplicative seminorms. — Real-valued valuations defined on fields
and topological algebras have been standard tools in p-adic analytic geometry since the
earliest infancy of the subject; by contrast, the role played by higher rank valuations
in several fundamental questions has been recognized only in recent times.

In non-archimedean analysis one encounters more generally certain ultrametric
real-valued norms (or seminorms) that are not multiplicative, but only power-multiplic-
ative. We shall see that higher rank power-multiplicative seminorms appear just as nat-
urally, and are just as useful.

1.1.1. — In this section we let (I', <) be a totally ordered abelian group, whose
neutral element 13 denoted by 1 and whose composition law we write multiplicatively.
As customary, we shall extend the ordering and the composition law of I" to the set
[' U {0}, in such a way that y > 0 for every y € I', and y - 0 = 0 - y = 0 for every
y € I' U {0}. Notice also that the ordering of I' extends uniquely to I'g :=T' ®z Q.
Finally we let Tt :={y e | y < 1}.

1.1.2. Definition. — Let A be a ring. A power-multiplicative I'-valued seminorm on
A s a map

|-]:A— T"U{0}

satispying the following conditions:

(a) 0] =0 and |1| = 1.
(b) |x — »| < max(|x|, | »|) for all x,y € A.

() |x -yl < |x|-|y| for all x,y € A.
(d) |x"| = |x|" for every x € A and every n € N.
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One says also that (A, | - |) i a I'-seminormed ring. If [x| # O whenever x # 0, one says
that | - | ws a I'-valued norm and correspondingly one talks of I'-normed rings. If in (c) we have
equality for every x,y € A, then we say that (A, | - |) s a I'-valued ring and that | - | s
a I'-valued valuation. 4 morplasm ¢ : (A, |- |) = (A, | -|) of U'-seminormed rings 1s a ring
homomorphism @ : A — A’ such that |¢(a)|" = |a| for every a € A. Notice that the subset
(1.1.3) AT :={aeA|la <1} CA
i a subring of A. The support of | - | is the ideal

supp(| - ) :={a € A | |a] = 0} C A,

If | - | s a valuation, supp(| - |) s a prime wdeal.

1.1.4. Lemma. — Let (A, |-|) be a seminormed ring and x, y € A any two elements such
that 13| # ||, Then |x + | = max(lxl, | 3]).

Progf: — Let us say that [x| < | y|. By (b) of Definition 1.1.2 we have:
|l = max(|x +yl, [x]) < max(|yl, |x[) = [].

Hence | y| = |x 4|, which 1s the claim. O

1.1.5. — Let (A,|-]) be a semi-normed ring. For every monic polynomial
p) =T+ T+ .-+ a, € A[T] we set

o(p) :i=max(la]"" | i=1,..,m) € ['q U{0}
and call o(p) the spectral value of p(T).
1.1.6. Lemma. — Let p, g € A['T] be monic polynomials. Then:
o(pg) = max(a(p), o(q)).
If | - | s a valuation, the above nequality s, in fact, an equality.
Progf. — Mutatis mutandis, this is the same as the proof of [6, §1.5.4, Prop. 1]. O

1.1.7. — Let A be a normal domain, K the field of fractions of A, and A — B
an injective integral ring homomorphism such that B is torsion-free as an A-module.
For any b € B ®4 K the set of polynomials P(T) € K[T] such that P(b)) = 0 1s an
ideal, whose monic generator p,(T) is the minimal polynomial of b.
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1.1.8. Lemma. — RKeep the assumptions of (1.1.7) and suppose that b € B. Then
wy(T) € A[T].

Proof. — By [41, Th. 10.4] we have A = (| A, where v ranges over all the
valuations of K whose valuation ring A, contains A. We can therefore suppose that

A is the valuation ring of one such v : A — I', U {0}. For any polynomial p(T) :=
Y, aT € K[T] let

Ipl, ;= max(v(q;) | =0, ...,n) € T',U{0}.

By assumption, there is a monic polynomial P(T) € A[T] such that P(4) = 0, hence
w; divides P in K[T]. The assertion is therefore a consequence of the following:

1.1.9. Clam. — |p - ql, = |pl, - 1¢l, for all p, ¢ € K[T].

Proof of the clavm. — We leave it as an exercise for the reader: one can easily
adapt the direct argument used in the classical proof of the Gauss lemma
(cp. [6, p. 44]). O

1.1.10. — In the situation of (1.1.7), let b € B and say that
(D =T +aT™ + 6T+ +a,

for some n € N and elements q, ..., a, € A, in view of Lemma 1.1.8. Suppose now
that | - | : A = " U {0} is a power multiplicative I'-valued seminorm on A. Then the
spectral seminorm of b is defined as

|6l := o(1,(T)) € I'g U {0}

The name of | - |, is justified by the following:

|sp

1.1.11. Proposition. — Under the assumptions of (1.1.10), the pair (B, | -|,) 15 a g -
seminormed ring.

Proof. — We consider the A-algebra A’ := A[I'g]. Hence A’ is generated as an
A-algebra by elements [y], for all y € T'q, subject to the relations

[y]-[8] =1[y-4é] for all y,8 € I'q.
Clearly, every element of A" admits a unique expression of the form:

Z a, - [v] where a, = 0 for all but finitely many y € I'q.
yelgq

Set also B : =B ®, A'.
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1.1.12. Clasm. — A’ is a normal domain, flat over A, and B’ is a torsion-free
A’-module.

Proof of the claim. — We can write 'q = |J, T, the filtered union of all the
finitely generated subgroups I'; C I'q. Then A’ = (., A[Il"}], and it suffices to show
the claim for the subalgebras A} := A[I';]. Since I' is torsion-free, we have (non-canon-
ical) isomorphisms I'; >~ ZN whence Al >~ A[T]‘Ll, ey T;l] ~ AQ®z Z[T?l, . Tiﬁl],
from which flatness is clear. Normality follows as well, in view of [20, Ch. IV,
Prop. 6.14.1]. Likewise, B’ is the filtered union of the Al-algebra B[T7', ..., Tx'], and
the latter are clearly torsion-free over Al. <&

We define a map |- | : A" — I'q by the rule:

> a4, [yl max(la,| -y | y € Tg).
yelgq

1.1.13. Claim. — (A',]-]) is a I'g-seminormed ring.

Proof of the claim. — All conditions of Definition 1.1.2 are clearly fulfilled, except
possibly for (d). However, for given x = Zy a, -[y], let § € I' be the mmimal element
such that |as| - § = [x|. Say that x" = Zy b, - [y]; we have

by [81= Y a4 -[nl-ea, -l
Vi Yn=0"
If now y;-...-y, = 6" and the y; are not all equal to 3, then necessarily y; < 6 for some
¢ < n. By the choice of § it follows that |a,,|-y; <|as| - 8, hence |a), - [yi]- ...~ a, - [V.]l
< |x|". In view of Lemma 1.1.4 we deduce that |bs| - §" = |x|", so (d) holds as well.

<&

From Claim 1.1.12 it follows that the induced map A" — B’ is injective, and by
Claim 1.1.13 we can replace A, B and I" by respectively A’, B’ and I'g, which allows
us to assume that
|A| = [Bly, = T'U {0} = T'q U {0} and there is a group homomorphism
[-]: T — A* which is a left inverse for |- | : A — ' U {0}.

Let Bt :={x e B | |x|, < 1}.

(1.1.14)

1.1.15. Claim. — A™ is normal and B* is the integral closure of A" in B.

Proof of the claim. — To show that A" is normal, it suffices to prove that A" is
integrally closed in A. Hence, suppose that x € A satisfies an equation of the form
A4 x4+ +a, = 0, where |g| < 1 for ¢ = 1,...,n It follows that |x|" <
max(|x|"™" | ¢ = 1, ..., n), which is possible only when |x| < 1, as required. Next,
let b € BT; by definition this means that u;,(T) € AT[T], so x is integral over A*.
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Conversely, we apply Lemma 1.1.8 with A* in place of A, to see that [b], < 1 for
every b € B which is integral over A*. &

Finally, we verify conditions (a)—(d) of Definition 1.1.2. (a) is obvious. Let x, y € B
and say that § := |x| < y :=||; thanks to (1.1.14) we have

-y N <Ix-y ' <1

and likewise | y-[y~']| < 1. By Claim 1.1.15 it follows that x- [y~'] and y- [y '] are
integral over A™, hence the same holds for their sum and again Claim 1.1.15 implies
that |(x + ) - [¥~'1] < 1. Consequently |x 4+ y| < [(x+ ) - [y~']| - ¥y < ||, which
is (b). For (c) one considers the product x - [§7'] - y - [y '] which is integral over A"
by an analogous argument; then |x-y| < |x-[§7']-y-[y~'1| - 8-y < |x| - | »|, which
is (c). Finally, suppose that [x"| = ¢ < §"; by (1.1.14) the value group I' is divisible,
hence we can consider the element 2z := x - [¢7'/"] and in fact |z"| < 1, hence z" is
integral over A, so the same holds for z, and again |z| < 1, therefore |x| < &'/ < §,
a contradiction that shows (d). ]

1.1.16. Remark. — (i) Proposition 1.1.11 generalizes [6, §3.2.2, Th. 2], which
deals with the special case of real-valued norms. The proof of loc.cit. does not extend
to the present case, since it is based on a smoothing technique that makes sense only
for real-valued seminorms.

(i) In the situations encountered in later sections, it is probably not too hard to
verify directly that the spectral norm is power-multiplicative (the same can already be
said for most applications of [6, §3.2.2, Th. 2]). However, it seems desirable to have
a general statement such as Proposition 1.1.11.

1.1.17. Lemma. — In the situation of (1.1.10):

() Let (A, |-]) = (A, |-1") be a flat morphism of T-seminormed normal domains, suppose
that B' :== A’ @a B s torsion-free over A’, and endow it with the spectral seminorm
| - |5, relative to the induced inyective ring homomorphism A" — B'. Then:

(a) The natural map (B, |-|g,) — (B, |-, p) is a morphism of I g -seminormed

7ings.
() If |-1:A— T'U{0} is a valuation, we have |ably, = |al - |bly, for every
a€ A and b € B.

(1) Suppose that B = By x - - - x B,, where each B; s an A-algebra fulfilling the conditions
of (L.1.7), and for it = 1, ..., 7, denote by | - |y,; the spectral norm of B;. Then, for
every b= (b, ..., b)) € B we have:

|b|Sp = maX(|bi|Sp,i | Z: 17 ey r)'

(ur) Suppose that (A, | -|) — (B, |- |p) s an extension of valuation rings, such that B s
integral over A. Then the spectral norm | - |, is a valuation equivalent o | - |g.



LOCAL MONODROMY IN NON-ARCHIMEDEAN ANALYTIC GEOMETRY 179

Proof. — (1.a): Yor given b € B, let C C B be a finite A-subalgebra with 4 € C;
then €' := A" ®, C C B'. Let K and K’ be the fields of fraction of A and respec-
tively A’; the element 4 induces a K-linear (resp. K'-linear) endomorphisms on the
finite dimensional K-vector space (resp. K'-vector space) C ®, K (resp. ¢’ ®, K'), and
the spectral seminorms of 4 in B and B’ are defined in terms of the minimal poly-
nomials of these endomorphisms. Hence the assertion boils down to the invariance of
the minimal polynomial under base field extensions.

(i.b): Say that u,(T) = T" 4+ ¢ T" ! + ayT"? + - - - + a,; then:

I‘Lab(T) — T +a- alTﬂfl +a2 . aQTﬂfQ 4+ ... +an - a,

from which the assertion follows easily.

(ii): We may write b =) ., b- ¢, where e, ..., ¢, € B are the standard idempo-
tents such that ¢; - ¢ = §;¢;, and ZZZI ¢; = 1. The minimal polynomial of ¢; is T? — T,
hence |¢ly, = 1. Clearly we have |bils,; = |0 el < bl - leily = |blgp- On the other
hand, 5|, < max(|b-¢ly, | 2= 1, ...,7), whence the assertion.

(iii): Let 4 € B such that |b|p = 1, and py(T) := T+ Y " | ¢/T"" the minimal
polynomial of 4 over Frac(A). Since b is integral over A, we have a¢; € A for every
i =1, ...,n, hence |b|g, < I; on the other hand, since:

L= 1[bly =1ty < max(ja] | i=1,....n)

=1

we have as well: 1 < 5|, so that |b]y, = 1. Finally, for a general element b € B\ {0},

we may find s € N\ {0} and a € A such that |¢'-a"'|y = 1, hence [b]}, - |a| ' =1 =
|b|§p - la|™", in view of (i.b). The assertion follows. O
1.2. Normed modules. — Throughout this section (A, | -|) denotes a I'-normed

ring (for some ordered abelian group I'). Following ([6, §2.1.1, Def. 1]), we shall say
that a faithfully I"-seminormed A-module 13 a pair

Vo[- 1v)
consisting of an A-module V and a map |- |y : V — I U {0} such that:
1) [x —ylv < max(|x|y, | »|v) for every x,p € V.
(1) |ax| = |a| - |x|]v for every a € A and x € V.
If moreover | - |y satisfies also the axiom:
() |x|y =0 1f and only if x =0

then we say that (V, |-|y) 13 a faithfully I'-normed A-module. In the following we will
suppose that all the I'-seminormed A-modules under consideration are faithfully semi-
normed, so we shall refer to them simply as “seminormed A-modules” (or “normed

A-modules” if (ii1) holds).
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1.2.1. — Let V:= (V, ]| |v) be a free seminormed A-module of finite rank.
Following [6, §2.4.1, Def. 1], we say that V is A-cartesian if there exists a basis {vy, ..., v,}
of V such that

= max |a| - |v;|v

1<i<n

n
E a;v;
=1

for all ay,...,a, € A. A basis with this property 1s called A-orthogonal (or just orth-
ogonal).

\%

1.2.2. — Suppose that (A, | -|) is a valuation ring. Recall that an wmmediate
extension of A is a flat morphism of valuation rings (A, | -|) — (A, |-]|) inducing an
isomorphism of value groups I' —> I" and residue fields A~ —> A"~. For instance,
the henselization (A", |- |*) of (A, |-[) is an immediate extension; also the completion
(A, ]-17) of (A, ] -]) relative to its valuation topology, is an immediate extension.

1.2.3. Lemma. — Let (A, | - |) be a valuation ring, (A', |- |") an tmmediate extension
of A, and B a flat and integral A-algebra; set B' := A’ @4 B. We endow B (resp. B') with the
spectral seminorm | - |, (resp. | - |,) relative to the valuation of A (resp. of A). Suppose furthermore
that both B and B' are reduced. Then:

@) If B, | - |y,) s A-cartesian, then (B', ] - |;p) s A'-cartesian. More precisely, a subset
{b1, ..., by} ts an orthogonal basis of B if and only if {1®by, ..., 1Qb,} s an orthogonal
basis of B'.

(1) Conversely, suppose that (B, | - |;p) s A'-cartesian, and assume that (A',| - |) C
(A7, |17, the completion of A for the valuation topology. Then (B, |-|y) is A-cartesian.

Progf. — Notice that B is free of finite rank over A if and only if B' is free of
finite rank over A’ ([25, Rem. 3.2.26(11)]), hence we may assume from start that B 1s
free of finite rank.

(1): Suppose that {4, ..., b;} i3 an orthogonal basis of B; for every 4}, ..., a, € A’
such that x := Z;jzl 4;® b; # 0, we have |x[, # 0, since by assumption B’ is reduced.
Since A’ is an immediate extension of A, we can find a4, ..., a; € A such that

(1.2.4) either ;=0 or la; — a| <|d] for every ¢ < d

and especially, |¢;| = |4}| for every ¢ < d. Set y := Z?:l a;b;; we deduce: [x— 1 ®y|;p <
max(|a;] - |bily) = [y =11 ®y|gp, by Lemma 1.1.17(1.a), whence:

xll, = Doly = max(ld] - 1@ b1, | i=1, ... d)

re. {1®by, ..., 1 ® by} is an orthogonal basis. Conversely, if {1 ® by, ..., 1| ® b,} is orth-
ogonal, obviously {4, ..., b;} 1s orthogonal in B.
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(ii): In view of (i), we can assume that B’ is A'-cartesian, and it remains to show
that B is A-cartesian. Choose an orthogonal basis ¢, ..., ¢, for B'. We shall use the
following analogue of (1.2.4):

1.2.5. Claim. — We can find ey, ..., ¢, € B such that |e — €|, < [¢], for i =
l,...,d.

) . d
Proof of the claim. — Write ¢ = ijl @ ® b for some ay,...,q; € A’ and
by,...,b; € B; choose approximations ay, ...,a; € A of these elements and set

¢ = Zle a;b;. By Lemma 1.1.17(i.b) we have:

le — ¢l < max(lg; — @] - |4y, | < d)
which can be made arbitrarily small. &

It follows that |y, = |e;|;p and (¢ | :=1,...,d) 15 a basis of B (by Nakayama’s
lemma); furthermore, for every a, ..., a; € A we have:

d d

d
1Y ae =Y aell, =1 ale—e)l,
=1

=1 =1

< max(ail - lei = gll, | i=1, ... d)
< max(|g;]| - |e;|gp |i=1,...,d)
d
v
= |Zaiel- o
i=1
Hence:
d d
1> ey = | Y aell, = max(lal - ], | 1 <i < d)
=1 =1
:maX(|dZ‘| : |€i|sp | 1 =< l =< d)
In other words, the basis (¢ | 2 =1, ..., d) is orthogonal. O

1.2.6. Remark. — 1 do not know whether Lemma 1.2.3(i1) holds for an arbi-
trary immediate extension (A, |- |) — (A’,|-|). If the rank of the valuation ring A
is greater than one, this seriously limits the usefulness of Lemma 1.2.3, since for in-

stance, for such valuations, the henselization A" of A is not necessarily contained
in A",
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1.2.7. — Let (K, | -|) be a valued field with value group I' and residue field
K™, LL a finite extension of K and

|-];: L— T'; U {0} i=1,...,k

the finitely many extensions of | - |. For every : < £, let L= be the residue field of the
valuation ring L;r of (I, |-[;), and set:

Si=I[L:K"] ¢ = (I'; : ).

Furthermore, for every pair of integers 7,j < k let I'; be the value group of the valu-
ation ring L;f =L Lf; the embedding L; C L; induces a natural surjective order-
preserving group homomorphisms I' — I';, whose kernel we denote Aj;. Then we
have natural isomorphisms of ordered groups I';/A; >~ T';/A;, for every such pair
(1,)). For every ¢ < k set also A; 1= () ; A

1.2.8. Proposition. — In the situation of (1.2.7), endow L with its spectral norm | - |,
(relative to the norm | - | on K), and suppose that the extension K C L s defectless, i.e.

S e f =[L:K]. Then:

@) (L, | - |p) 15 a cartesian (K, | - |)-module.
(1) Suppose moreover; that the following additional conditions hold:

(@ U+ A; =T, forevery 1 =1, ..., k.

(b) For every v < k, the quotient A;/(I' N A;) consists of equivalence classes

Oy oees Oy, Of elements of A;:
o =1>ap > >a

such that oy >y for every i < k, every j < ¢;, and every y € I'" \ {1}.

Then (L*, | - ) is a cartesian (K*, | - |)-module.

Progf. — (1): We may assume that each valuation |- |; takes value in I'q. By [44,
Th. 5] there exists, for every : = 1, ...,k and every y € I';, an element x;,, € L such
that:

%y li =¥ and |x;]; <y for everyj #1i.

By [44, Lemme 9] there exists, for every : = 1, ..., £ and every » € L\ {0}, an element
x;, € L such that:

|x:. ;i =1 and lx;,[; <1 for everyj #1

and such that, moreover, the image of x;, in L. equals r. For every 1 < £, let W; C I;
be a set of representatives of the quotient I';/I', and let R; be a basis of the K™-vector
space L. Denote by I the family of all x;,, := x;, - x;,, where 7 runs from 1 to £,
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y runs in W; and » runs in R;. Assertion (i) follows straightforwardly from the more
precise:

1.2.9. Clazm. — The family F is orthogonal relative to the spectral norm | - [,.

Proof of the claim. — Let a € L be an element which can be written in the form:

k
1.2100  a=)" D gy,

=1 (y,neW;xR;

with ¢, ,,, € K. We set:

,Y,T

M:= max(|ai,y,r| : |Xi,y,r|sp li=1,..k Yy eEW, re R))

and we have to show that |a|, = M. To this aim, let (K", | - 1" be the henselization
of (K, |-]), and set L' := L. ® K". In view of Lemma 1.1.17(i.a), it suffices to verify

that F is an orthogonal system of elements of (L*, | - |*), where | - |* is the spectral

sp
norm of 1" relative to |- |". However, L' = L x - - - x L, where (L!, | -|*) denotes the

henselization of (L;, | - |;), for every ¢ < £, hence Lemma 1.1.17(11) yields the identity:

| h
sp

(1.2.11) laly, = max(lal; | 1 =1, ..., k).
Especially, we have:
1% o lp = ¥ for every ¢t = 1, ..., k and every (y,r) € W; x R,.

Now, say that M = |q, ,, ,, |0 for some (29, ¥y, 79) as above; it easily seen that |a]; < M
for every ¢ < £, hence we are reduced to showing that:

lal;,, = M.
Indeed, consider any i # 7, and notice that:
|ai,y,r| : |Xi,y,r|io < |ai,y,r| Yy =< M for every (V, 7) e W; x Ri

which means that we can neglect all the indices (z, y, 7) with ¢ # 1, so it suffices to
show that:

Z aio,y,,xio,y’, = M

(y,neWi, xRy, i

Furthermore, for any » € R;, and any y € W;, with y # y;,, we have:

= |ai0,y,r| Y <M

| aio,y,rxz'o,y, r | 10
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since the elements M and y represent different classes in I';/T"; hence we may neglect
as well all the terms (7, y, 7) with ¥ # ¥, and we are reduced to showing that:

2 : Lo, yo,r%io,y0,r| = M.

TGR,O i
Denote by R] C R;, the subset consisting of all 7 such that |a;, ,,,| = |, ,.,|; since
|%g.y0.rlis = Yo for every r € R;;, we may also neglect all the » ¢ R}, and we may
assume that |a;,,,,| = 1 for every r € R} . After these reductions, it suffices to show
that:

Z aio,yo,rxio,r =1

reR’

x;,., does not vanish

or — which is the same — that the residue class of ) ./ @i s

in L', which is clear, since R;; is a basis of the latter K™-vector space. <&
(i)): Under the additional assumptions, we may choose:

Wi = Aoy, ..., o} for every 1 =1, ..., k.

Now, let a be as in (1.2.10); with our choice of W, it is easily seen that |¢| < 1 if and

only if |a;,,,| <1 for every ¢ < k and every (y,7) € W; x R;, whence the claim. O

1.2.12. — Suppose that V := (V,| - |y) # 0 and W := (W, | - |w) are two
normed A-modules; let ¥ : V. — W be an A-linear homomorphism. We say that ¥ is
bounded if there exists y € I' such that

[V @)lw/lxlv =y for every x € VA {0}.

We denote by Z(V,W) the A-module of all bounded A-linear homomorphisms
V — W.If I' C R, then one can define the norm of ¥ as the supremum of
| (x)|w/|xlv for x ranging over all x € V\{0} ([6, §2.1.6]). For more general groups I,
this quantity is not necessarily defined. Hence, for ¥ € Z(V, W) we shall set

1Y (0w
Wly = sup 0
weno  lxlv
whenever this s well defined as an element of I' U {0}. Lemma 1.2.13 shows that, if V and
W are A-cartesian, the norm || is well defined for every A-linear map .
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1.2.13. Lemma. — Let V := (V, | - |v) and W := (W, | - |w) be two free A-cartesian
normed A-modules of finite rank. Then:

1) LV, W) = Homy(V, W) and the pair (L (V, W), |-|.¢) is an A-cartesian normed
A-module.

W If (v; | 1=1,...,n) and (w; | j =1, ..., m) are orthogonal bases of V, resp. W, then
the basis (v Quw; [ 1=1,..,m7=1,...,m) of LV, W) s orthogonal.

Proof. — (1) will follow from the more precise assertion (ii). The basis in (ii) is
characterized by the identities

v ® w;(v) = 8 - wj forevery :=1,...,nandj =1, ..., m

1.2.14. Claim. — |vf @ w;l ¢ = |wjlw/|vlv.

Proof of the clavm. — By definition we have

;] - |wj|W
|0} @ wjl ¢ = sup .
pean\(0y Max |by] - [oely
1<k=<n

For given b := (b, ..., b,), in order for the expression on the right-hand side to be
non-zero, it is necessary that b; 7 0; in that case the denominator of the right-hand
side cannot be made lower than |b;| - |y;|v, so the claim follows. &

Taking into account Claim 1.2.14, the lemma boils down to the following
1.2.15. Claim. — Yor every n x m matrix (e;) with coefficients in A we have:

max ;b - w;|w
1§j5m| Zl il - 1zl |20j]w
sup = max |a;] - .
peanfoy  max |b| - oy i oy
1<k=<n

Proof of the clavm. — The mequality > can be shown by choosing, for every r < n,
the vector b, := (by,, ..., b,) such that b, = 0 for : # r and b, = 1. For the inequality
< one remarks that

max ob:| - lwilw max |ab;| - |w:|w
A 2egblghe maxlaghl ok g

<
max | b - [o;]v max by - [oelv g [bil - vilv
1<k<n 1<k<n

from which the claim follows easily. O
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1.2.16. — Let V and W be as in Lemma 1.2.13. By Lemma 1.2.13(i) there is

a natural A-linear isomorphism
ZNV s W, A) ~ 2V, ZW,A))

whence a natural A-cartesian normed A-module structure on Z(V ®, W, A). After
dualizing (and applying again Lemma 1.2.13) we deduce that V ®, W carries a nat-
ural structure of A-cartesian normed A-module. Furthermore, let (z; | ¢ = 1, ..., n)
and (w; | j = 1,...,m) be orthogonal bases for V and respectively W; using repeat-
edly Lemma 1.2.13(ii) one sees easily that (s @ w; | ¢+ = 1,...,n;7) = 1,...,m) is an
orthogonal basis for V ®, W and moreover

lo; ® wjl = lv;lv - lwilw forevery i=1,....,nand j=1,...,m.

1.2.17. Remark. — At least when I' = R, and A 1s a field, it should be pos-
sible to use the characterization of [6, §2.1.7, Cor. 3] to see that the above normed

A-module structure on V @, W agrees with the one defined on the complete tensor
product V®,W as in [6, §2.1.7].

1.2.18. — As a special case of (1.2.16), we deduce a natural norm on every
tensor power V® of V. All these A-modules are A-cartesian. For every £ € N we
have a natural imbedding of A-modules: AAXV <> V® induced by the antisymmetrizer
operator ([8, Ch. III, §7.4, Remarque])

AVALIENG VoL Z)1®"'®Uk|_>ZUG(I)®"'®UG(/€)'

o‘ESk
Hence the norm of V®F restricts to a natural norm on Af\V. Let {v, ..., »,} be an
orthogonal basis for V. For every subset I C {l,...,n} of cardinality |I] = £ we set
o i=u0v; N+ Av,, where ;; < --- <y are the elements of I. One checks easily that

ol = loy v - oo - oyl
and the basis (v1 | I C {1, ..., n}, |I| = k) 1s orthogonal.
1.2.19. — In the situation of (1.2.18), consider a free AT-submodule V* C V
such that the natural map A @5+ V¥ — V is an isomorphism. The highest exterior

power A\, V* is a rank one free AT-submodule of the A-cartesian module A}, V. Pick
any generator ¢ of A, V*; one sees easily that the value

IVF] = el

is independent of the choice of e. Especially, if A is an integral domain and I C A7 is
any principal ideal, then |I] is well defined.



LOCAL MONODROMY IN NON-ARCHIMEDEAN ANALYTIC GEOMETRY 187

1.2.20. Lemma. — Suppose that A is an integral domain and let Vi C V3 C 'V be two
AT —submodules of the free cartesian A-module V' of finite rank, fulfilling the conditions of (1.2.19).

Then we have:
[V = [Fo(V/ V)] - V3.

Proof. — Here I, denotes the Fitting ideal (see [36, Ch. XIX] for generalities on
Fitting ideals). Let n be the rank of V; more or less by definition we have Fy(Vy /V7)
=F O(AZHV; / A["UVT), from which the assertion follows easily. O

1.3. Henselian algebras and complete algebras. — Let (K, |-]) be a complete valued
field of rank one, m the maximal ideal of the valuation ring K* of K, K™ := K*/m
the residue field and 'k the value group. Let also m € m be a fixed non-zero element.

1.3.1. — Tor any KT-algebra R, let us denote by R-Alg; . x (resp. R-Alg; . )
the category of R-algebras B that are finitely presented (resp. finitely generated) as
R-modules and such that B := B ®x+ K is étale over R := R ®x+ K. Furthermore,
for any object B of R-Algy,. i, let B” be the integral closure in By of the image of B.

1.3.2. Proposition. — With the notation of (1.3.1), suppose that R is K flat and hensel-
wan along its wdeal TR, and denote by R" the w-adic completion of R. Then:

(1) The base change functor B +— B" := R" Qg B wnduces equivalences:
R-Alg;. x — R" -Alg . x R-Alg . x — RA_Algfgét/K'

(1) Anngn (1) = Anng () for every object B of R—Algfg K-
(i11) Suppose furthermore that R and Ry are normal domains. Then the natural map:

B’ ®g R* — (B®r R")"
is an isomorplusm for every object B of R-Algy .

Proof: — (1): The assertion for R-Alg,, . follows from [23, Ch. III, 83, Th. 5
and §4, Rem. 2, p. 587]. Next, let B" be any object of R"-Alg; . y; we may find
a filtered system (B} | A € A) of finitely presented R"-algebras, with surjective tran-
sition maps ¢;, : B] — B, whose colimit is B. Since B" is integral over R", we may
also arrange that B} is integral over R" for every A € A, and then every B} is of finite
presentation as R”"-module. Furthermore, since By is a finitely presented Ry-algebra,
we may assume that

(1.3.3) B} ®x+ K~ By for every A € A.

Therefore every Bj' is an object of R"-Algg, . In this case, under the foregoing
equivalence, this family comes from a filtered system (B, | A € A) of objects of
R-Alg . k. Let B be the colimit of the latter family; then B ®r R* 2 B". Moreover:
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1.3.4. Claim.

(1) B 1s a finitely generated R-module.
(i) The induced map: B, ®x+ K — Bk is bijective for every A € A.

Proof of the clavm. — Yor (i), it suffices to show that the transition maps ¢,, :
B, — B, are still surjective. Indeed, let C;, := Coker¢;,,; then C;, @z R" = 0,
hence C,,/7C;, =0, and therefore C,, = 0, by Nakayama’s lemma.

(11): Let Cy := B/B,; we have to show that #"C; = 0 for large enough n € N.
However, G, /n"C; ~ C; ®g (R/m"R) ~ C; ®r (R"/7"R") =~ C; ®g R" for every
sufficiently large » € N, by (1.3.3). It follows that C,/7"C; = C,/n"C, for every
m > n, r.e. 7"C, = 7"C,, whence 7"C; = 0 by (i) and Nakayama’s lemma. <

Claim 1.3.4 implies that B is an object of R-Alg . hence the base change
functor is essentially surjective on the subcategory R"-Alg; . Next, let G be any
other object of R-Alg , and «” : B® — C” a ring homomorphism. Choose a fil-
tered system (C,, | u € A’) of objects of R-Algy, x whose colimit is C; for every
A€ A, let ¢ 1 B — B”" be the natural map; we may find u € A’ such that the
composition &” o ¢, factors though a morphism oy, : B) — C. Let oy : By — Gy
be the corresponding morphism in R-Alg. « and o, : B, — C its composition with
the natural map C, — C. One checks easily that «; does not depend on the choice
of a,;, and moreover, the collection (; | A € A) is compatible with the transition
morphisms ¢, : B, — B,/ of the filtered system (B, | A € A), therefore it gives rise
to a map « : B — C, and by construction it is clear that & ®g 1z~ = a”. This shows
that the base change is a full functor R-Alg, . — R"-Alg; . A similar argument,
by reduction to finitely presented algebras, yields also the falthfulness of the functor,
thus concluding the proof of assertion (1).

(i): One verifies easily that the natural sequence

E:0->R—->R"®@Rxk >Ry =0

is short exact. We wish to show that E @g B is again short exact, for every object B
of R—Algfg k- Lo this aim, it suffices to verify that Tor]f(RA, B) = 0, which follows
easily by mnspecting the base change spectral sequence:

E2 : TorRK (Rfi, Tor Rk, B)) = Tort (RIA{, B)

i+

since Bk 1s a flat Rg-module. The scalar multiplication by 7 induces a map of com-
plexes E ®g B — E ®g B, whence an exact sequence:

0 — Anng () — Annggp, (1) = Anng (1) — Anng, (7) = 0

by the snake lemma. The assertion follows.
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(i1): Under the standing assumptions, B" is the colimit of the filtered family
By | A € A) consisting of all the objects of R—Algrgél/K such that B, ®x+ K = Bx
and such that Anng, (7) = 0. In view of (i1), the family (B} | A € A) consists of all
the objects of R"-Algy . such that B} ®k+ K = B and such that 7 is regular in B,
hence its colimit is (B")". O

1.3.5. — Let A a K'-algebra of finite presentation, and A" (resp. A") the
henselization of A along its ideal wA (resp. the m-adic completion of A). Recall that
the m-adic completion of A" is naturally isomorphic to A”. (indeed, A*/7"A" is the
henselization of A/m"A along its ideal wA/m"A, for every n € N [43, Ch. XI, §2,
Prop. 2]; therefore the natural map A/m"A — A"/x"A" is an isomorphism for every
n € N, which implies the claim).

1.3.6. Lemma. — In the situation of (1.3.5), suppose that A is flat over Kt. Then A®
is_faithfully flat over A",

Proof — To begin with, we claim that A" is flat over K*. Indeed, suppose that
mx = 0 for some x € A"; choose a sequence (x; | £ € N) of elements of A converging
to x in the m-adic topology of A". Then the sequence (7wx; | £ € N) converges to 0,
and since A has no m-torsion, it follows easily that the sequence (x; | £ € N) also
converges to 0, so x = 0.

1.3.7. Claim. — In order to show the lemma, it suffices to prove that A" is flat
over A.

Proof of the claim. — First, if A™ is flat over A, then A" is flat over A" as well. To
conclude, by standard reductions, it suffices to show that a finitely generated
A’-module M vanishes if and only if M" := A" ®, M vanishes. But if M" = 0, it
follows that M/mM = 0, and then we invoke Nakayama’s lemma to see that M = 0.

<&

Hence, let us that show A" is flat over A; to this aim, since A/TA >~ A"/wA",
[25, Lemma 5.2.1] says that it suffices to show that Ag = A" ®k+ K is flat over
Ak := A Qk+ K. Say that A = K*[T4, ..., T,]/I for some finitely generated ideal I.

1.3.8. Claim. — 7"1 =1N 7"K*[T}y, ..., T,] for every n € N.
Proof of the claim. — By assumption Tor (A, K*/7"K*) = 0; hence
/7'l = Ker(K*[T}, ..., T,]/7"K*[T}, ..., T,] > A/n"A).

The claim follows easily. <&
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By [41, Th. 8.4] we have A" >~ K*(T, ..., T,)/I", where I" is the completion
of I for the subspace topology as a submodule of K*[T}, ..., T,]; by Claim 1.3.8 the
subspace topology is nothing else than the m-adic topology. It then follows from [25,
Prop. 7.1.1](1v) that:

" = IK™(T,, ..., T,)

therefore:
A" ~ KTy, ..., T,) Qk+r,...ty A and
Ap ~K(Ty, ..., T,) ®xr,...1,] Ak
hence we are reduced to the case where A = K*[T, ..., T,]. Let n C A be any max-

imal ideal, and set q := nNAg; it suffices to show that Ag  is flat over Ak 4. However,
it is well known that E := A /n is a finite extension of K, hence the same holds for
Ak/q C E. Choose any maximal ideal ny C A} := E ®x Ay ~ E(T},...,'T,) lying
over n and let qi be the preimage of ng in Ag := E[T}, ..., T,]. Since the extension
AR w = AL, is faithfully flat, we are reduced to showing that Ag ~is flat over Ag .
Hence we can replace K by E and assume from start that A/n >~ K, in which case
n= (T, —a,..,T,—a,) for some a, ..., a, € K. Clearly the n-adic completions of
Ak and Ag are both isomorphic to K[[T| —ay, ..., T, —¢a,]], and by [41, Th. 8.8] this
latter ring is faithfully flat over both Ag 4 and Ag . The claim follows easily. |

2. Study of the discriminant
2.1. Discriminant. — Let R — S be a ring homomorphism such that S is a free

R-module of finite rank. Every element a € S defines an R-linear endomorphism
Ue:S— S b+> ab

whose trace and determinant we denote respectively by:
trsr (@) and Nmg/r (a).

There follows a well-defined R-bilinear trace form
Trsr : S®r S — R a® b trgr(ab).

It 1s well known (see eg [25, Th. 4.1.14]) that Trg,r 1s a perfect pairing if and only if
S is étale over R. Pick a basis ¢, ..., ¢; of S; one defines the discriminant of S over R as
the element

DS/R = det(Trs/R(el- ® 6]) | I < Z,] < d) e R.

One verifies easily that 0g/r is well defined (i.e. independent of the choice of the basis)
up to the square of an invertible element of R.
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2.1.1. — Let R be a (not necessarily commutative) unitary ring; for any inte-
ger m > 0 we let M,,(R) be the unitary ring of all m X m matrices with entries in R.
For every a € R and every pair of integers 7,7 < m we denote by E;(a) € M,,(R) the
elementary matrix whose (z,7)-entry equals @, and whose other entries vanish; more-
over, sometimes we may denote by 1,, the unit of M,,(R). If » > 0 is any other integer,
we let

o, : M,(M,,(R)) —> M,,(R)
be the unique ring isomorphism such that

E;‘;’(Ekz(ﬂ)) = Ei(m—1)+k,j(m—1)+z(d)

foralla € R, 1 < 4,5 <n, 1 <k, [ < m Suppose now that ¢ := () € M,(M,,(R))
is a matrix whose entries #; commute pairwise; let T C M,,(R) be the commutative
ring generated by all the #; we can then view ¢ as an element of M, (T) so that its
determinant is well-defined as an element of T. To avoid ambiguities, we shall write
det,(4; | 1 < 1,7 < n) for this determinant.

2.1.2. Lemma. — With the notation of (2.1.1), suppose that the ring R s commutative
and let t == (4; | 1 < 4,7 < n) € M,(M,,(R)) be an element such that all the matrices
ti € M, (R) commute pairwise. We have the identity:

(2.1.3) det(det, (4 | 1 <1,5 < n)) = det(a, ().

Proof. — We proceed by induction on 7, the case n = 1 being trivial. Hence,
assume 7 > 1; suppose first that ¢, € M,,(R) is an invertible matrix. It follows that the
matrix

S = Ell(tll) + ZEkk(lrn)
k=2

1s invertible in M, (M,,(R)), and obviously its entries commute pairwise and with the
entries of ¢ furthermore the sought identity is easily verified for 5. Since both sides of
(2.1.3) are multiplicative in ¢, we are therefore reduced to verifying the identity for
51 ¢, hence we can assume that ¢, = 1,,. Next, let

e:=(1,),— ZElk(flk)-

k=2

Clearly e is invertible in M,,(M,,(R)), and again its entries commute both pairwise and
with the entries of ¢ thus it suffices to show the sought identity for ¢ and for ¢! - ¢.
The identity is obvious for ¢, therefore we can replace ¢ by ¢!+ and assume that 4; =
8yj- 1, for every j < n. In this case, det,(4; | 1 < 1,7 < n) equals the determinant of the
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(n—1) X (n— 1)-minor ¢’ obtained by omitting the first row and the first column of ¢,
and det(a,(¢)) = det(cr,—;(¢')). By inductive assumption, the sought identity is already
know for such a minor, so the proof is complete in case ¢, is invertible. For a general ¢,
we notice that det(s; + Al,,) 1s a non-zero-divisor in the free polynomial R-algebra
R[A] and consider the localization S := R[A, det(#; +A1,)~']. The assumptions of the
lemma are verified by the matrix ¢ := ¢+ E;;(A1,) € M,(M,,(S)) and moreover ¢/, is
invertible in M,,(S), so (2.1.3) holds for ¢”, and actually yield an identity in the subring
R[A] of S. After specializing the latter identity in A = 0, we deduce that (2.1.3) holds
for ¢ as well. O

2.1.4. Proposition. — Let A — B — C be maps of commutative rings and suppose that
B (resp. C) is a _free A-module (resp. B-module) of finite rank. Let r := rkgC. Then we have:

0c/a = (0g/a)" - Nmpa(0¢/).

Proof. — Let d := rksB; pick bases ¢y, ..., ¢, € B of the A-module B and £, ..., /,
€ C of the B-module C; clearly the system (¢ /i | ¢ < d,j < 1) is a basis for the free
A-module C of rank dr. We let T € M,(M,(A)) be the element whose (J,)-entry is
the matrix T}, such that

(Tjj/)ii’ = tr(;/A(eiﬁeiij) for every 1 < i, 7 < d.

In the notation of (2.1.1), we have 0¢/y = det(c,(T)). Moreover, let M € M,(B)
(resp. N € M;(A)) be the matrix such that M;; := tr¢/p(f fy) (resp. such that N :=
trg/a(eer)); by the transitivity of the trace, we can write

(2.1.5) (Tjj)ir = trgjaleer - M),
Let p : B = M,(A) be the unique ring homomorphism such that

d
be =) u(b)e  forall be B
k=1
Especially: ¢;M;; = ZZZI w(M;;) e and consequenly:

d d
(2.1.6) trB/A(giei’ij/) = Z /'L(ij’)/a" - try/alee) = ZNz’k : M(l\/[jj/)ki/-
k=1 k=1

Finally, let A(N), u(M) € M,(M,(A)) be the matrices such that

AN);; :=N-§;; M) = (M) forall 1 <j,j/ <r.
Taking into account (2.1.5) and (2.1.6) we see that

T=AN) - nM)

whence, an application of Lemma 2.1.2 delivers the sought identity. |
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2.1.7. — In the situation of (2.1) we let
TS/R - S — S*:= HOI’HR(S, R)

be the map such that 7s/r(6)(8') = Trsr (b®0') for every b, b’ € S. Notice that S* is an
S-module with the natural scalar multiplication defined by the rule: (b-¢) (") := ¢(bb')
for every 5,0 € S and ¢ € S*. With respect to this S-module structure, T is S-linear;
thus, we can define the different ideal

Dsr := Anng(Coker 7g,r) C S.

In this generality, not much can be said about the ideal %s/x. However, suppose fur-

thermore that there is an isomorphism of S-modules @ : S* — S; it follows easily that
D5k 1s the principal ideal generated by 6 := w o 7(1). Denote by Nmg g (Zsr) C R
the principal ideal generated by Nmg g ().

2.1.8. Lemma. — Under the assumptions of (2.1.7) we have:
Nmgr (Zs/r) = Os/r-

Proof. — Indeed, let r := rkgS; directly from the definition we deduce:
Os/r = Anng (Coker A;{‘CS/R) = Anng (Coker Ag(wo TS/R))-

which implies straightforwardly the assertion. |

2.1.9. Example. — Suppose that (R, |- |r) 1s a henselian valuation ring and S is
the integral closure of R in a finite extension of the field of fractions of R; moreover
suppose that S is a finitely generated R-module. Then actually S is a free R-module
of finite rank. Notice that S is a valuation ring and an S-module is S-torsion-free if
and only if it is R-torsion-free; in particular we see that S* is a finitely presented
S-torsion-free S-module, hence it is free over S (see e.g [25, Lemma 6.1.14]) and clearly
rksS* =1, so Lemma 2.1.8 applies to the extension R C S. Moreover:

2.1.10. Lemma. — In the situation of Example 2.1.9, let d := rkgrS, and denote by T'x
the value group of | - |r. Then:

(i) If o is the largest element of Ty \ {1}, we have:
sl = vy 1dl

where ¢ 1s the ramification index of S over R.
(1) In case Ty \ {1} does not admit a largest element, we have:

[0s/r| > |d|d-
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Proof. — Obviously trs/r(d™") = 1 in either case. Suppose first that 7 € R is
a uniformizer, that is |[7|x = yo; then we can write trsr(w~' - d7') = 77!, hence
nt-d™' ¢ gy and consequently Zg C s - 7w - d7'S (inclusion of fractional
ideals, where mg is a uniformizer for S). The bound of (i) then follows easily from

Lemma 2.1.8. In case ¥, does not exist, the same argument yields the weaker estimate:

s_/%{ C x-d7'S, for every x with |x|g < I, whence the inequality of (i), again by

Lemma 2.1.8. a

2.1.11. Lemma. — Let R be a valuation ring and So C S| two R-algebras that are both
Jree of the same finite rank as R-modules. Then we have:

s,k = Fo(S1/S2)” - 0g, .

Proof. — (Here I denotes the Fitting ideal of the torsion R-module S,/S,.) This
is a special case of [25, Lemma 7.5.4]. O

The following example will play a key role in later sections.

2.1.12. Example. — Let K, K* and 7 be as in (1.3). As usual, one lets
K*(Ty, ..., T,) be the mw-adic completion of K*[T, ..., T,]. We consider the (continu-

ous) ring homomorphism
¥ KY(E) - KNS, T)/(ST—7%) : £+ S+ T.

Notice that K™(S, T)/(ST — 7?) is generated over KT(§) by the class of S, which
satisfies the integral equation

S? —S&+ 7% =0.

The matrix of the trace form for the morphism ¥, relative to the basis (1, S) is:

2 §
g g —om)
Finally, the discriminant of ¥ is 0, := & — 4x?.

2.2. Fite ramified coverings of annuli. — We keep the notation and assumptions
of (1.3), and we suppose additionally that K is algebraically closed.

2.2.1. — We shall use rather freely the language of adic spaces of [29]
and [30]. For a quick review of the main definitions, we refer also to [25, §7.2.15-27].
Recall that such an adic space is a datum of the form:

(X. 4. %)
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where (X, Ox) is a locally ringed space and OF C Ox is a subsheaf of rings satis-
fying certain natural conditions (see loc.cit.); moreover such an adic space is obtained
by gluing affinoid open subspaces that are adic spectra Spa A attached to certain pairs
A= (A", A") consisting of a ring and an integrally closed subring AT C A”.

For every x € X we shall denote:

— k(x) the residue field of Ox ,, which is a valued field whose valuation we de-
note | - |.

— (k)" []2) (resp. (k(x)", |-|£)) the completion for the valuation topology (resp.
the henselization) of (k(x), | - [,)-

— (k()™M, | - |2") the henselization of (k(x)", | - |7).

In agreement with (1.1.3), we shall write x(x)* for the valuation ring of the valuation
| - |, and likewise we define x(x)"* and so on. For future reference we point out:

2.2.2. Lemma. — Let X be an analytic adic space, x € X any pont and y € X a spe-
cialization of x. Then the induced map k(p)" — k(x)" is an isomorphism of complete topological
Selds.

Proof. — 1t follows directly from [30, Lemma 1.1.10(i1)]. |

2.2.3. Remark. — Let / : X — Y be a finite map of analytic adic spaces, x € X
any point and y := f(x). Notice that the extension of valued fields (k(),| - |,) C
(k(x), | - 1) 1s usually not algebraic, whereas the induced map on completions:

(kO 1) = (™ 1+ 17)

1s always a finite algebraic extension ([30, Lemma 1.5.2]), but the latter does not nec-
essarily induce a finite map between the corresponding valuation rings (see (2.2.16)).
That 1s why it is useful to take henselizations: the induced ring homomorphism
k()M — k(x)MT is integral.

2.2.4. — Tollowing R. Huber ([29], [30]), we call a K-affinoid algebra a pair
A := (A", AT), where A is a K-algebra of topologically finite type and A" is a subring
of the ring A° of all power-bounded elements of A”. We shall consider exclusively
affinoid rings A of topologically finite type over K; for such A one has always AT = A°. The
subring A° is characterized by a topological — rather than metric — condition. Hence
in principle the notation of this section may conflict with (1.1.3). However, when A~

is reduced, one knows that the supremum seminorm |- |, on A” is a power-multiplicative
norm ([6, §6.2.4, Th. 1]), and furthermore in this case

A® = {d €A | |a|sup = 1}

([6, §6.2.3, Prop. 1]). For any such A we shall also write A™ := A°/mA°.
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2.2.5. — Another possible source of confusion is the following situation. Let A
be a normal domain of topologically finite type over K, and endow A with its supre-
mum norm | - |gp; let also A — B be an injective finite ring homomorphism. Accord-
ing to Proposition 1.1.11, B is endowed with its spectral seminorm |- [,; on the other
hand, B can also be endowed with its supremum seminorm and the problem arises
whether these two seminorms coincide. According to [6, §3.8.1, Prop. 7], this turns
out to be the case, provided that B is torsion-free as an A-module.

2.2.6. Lemma. — Let A be a reduced affinoid K-algebra of topologically finite type. Let
U C X := SpaA be an affinord subdomain. Then Ox(U) s reduced.

Proof. — 1t suffices to show that, for every maximal ideal q C B := Ox(U), the
localization By is reduced. However, by a theorem of Kiehl, By is excellent (see [11,
Th. 1.1.3] for a proof), hence it suffices to show that the g-adic completion By of By
is reduced. Let p := qNA; since U is a subdomain in X, the natural map A — B in-
duces an isomorphism of complete local rings Ay > B, so we are reduced to showing
that Ay is reduced, which holds because A is reduced and excellent (again by Kiehl’s
theorem). O

2.2.7. — TYor every a,b € I'x with a < b, we denote by D(a) the disc of
radius @, and by D(q, b) the annulus of radii ¢ and b. Say that ¢ = || and b = ||
for a, B € K*; then

D(a, b) :== SpaA(a, b)) and D(a) := SpaA(a)

where A(a, b) (resp. A(a)) is the affinoid K-algebra of topologically finite type such
that

Ala, b)” .= K(a/§,&/B) (resp. A(a)” := K(§/a)).
Hence A(a, b)* = A(a, b)° = K+ (a/& £/8) and A())* = A(a)° = K+ (§/a).

2.2.8. — Let X be any adic space locally of finite type over SpaK and with
dimX = 1. The points of X fall into three distinct classes, according to whether:
(I) they admit neither a proper generalization nor a proper specialization, or (II) they
admit a proper specialization, or else (III) they have a proper generalization. For every
point x € X of class (III), we shall denote by x” the unique generization of x in X,

so x” is a point of class (IT). The value group T, of |-|, admits a natural decomposition

(see [31, §1.1 and Cor. 5.4])
L, =T (n)

where '™ is the maximal divisible subgroup contained in T, and (y,) >~ Z is the
subgroup generated by the element y, uniquely characterized as the largest element
of the subset '\ {1} (notation of (1.1.1)).
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2.2.9. — For instance, take X := (A11<)"‘d, the analytification of the affine line.
The topological space underlying (A})* consists of the equivalence classes of contin-
uous valuations v : K[§] — I', extending the valuation of K. These valuations are
described in [31, §5]: to the class (I) belong e.g the height one valuations of the form

J@ = /(] forall f(§) € K[§]

where x € K = AL(K) is any element (these are the K-rational points of (Af)™).
The valuations of classes (II) and (III) are all of height respectively one and two. The
elements of these classes admit a uniform description, that we wish to explain. To this
aim we consider an imbedding of ordered fields

R, <) = R(e), <)

where R(¢) is a purely transcendental extension of R, generated by an element ¢ such
that 0 < ¢ < r for every real number » > 0. One can view R(g) as a subfield of the
ordered field of hyperreal numbers *R (see [27]). For every x € K, every real number
7> 0 and every w € {1,1 — ¢, 1/(1 —¢)} C R(¢) consider the valuation

n

| o : KIE]— R(e) : Zai(é —x)" > max (|lg] -7 o' | 1=0, ..., n).

=0

If w =1, this is the usual Gauss (sup) norm attached to the disc of radius r centered
at the point x; this is a valuation of height one. For @ # 1 we get a valuation which
should be thought of as the sup norm on a disc of radius 7 - w, again centered at x;
this new kind of valuation is a specialization of |- |,, and indeed all the specializations
of the latter occur in this manner. If r ¢ I'k, then | - |, belongs to the class (I); in this
case the valuations |- |,, are all equivalent, regardless of w, and therefore they induce
the same point of (Ay)*!. If r € I’ then ||, is in the class (II); in this case the |-, for
o # 1 are two inequivalent valuations of height two, hence of class (III), and indeed
all valuations of class (IlI) arise in this way:.

2.2.10. — Leta, b e I'x with a < b. Yor r € [a, b] N Tk, the valuation | - |, _
extends to A(a, b) by continuity; if moreover r > a, then the point of (Ag)* corres-
ponding to this valuation lies in the open subdomain D(a, b). This point shall be de-
noted henceforth by 7(r), and to lighten notation we shall write «(r) (resp. «(r")) for
the residue field of 7(r) (resp. of n(r)"). Notice that «(r) is also the same as the stalk
O a1 10)-

Likewise, if r € [a, b) N Ik, the valuation | - |,/_ determines a point n'(r)
of (Alli)"ld that lies in the open subdomain D(a, b); the residue field of n'(r) shall be
denoted «'(r). Notice that n(r)> = n'(r)".
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2.2.11. — Letf : X — D(a, b) be a finite and flat morphism of affinoid adic
spaces of degree d, and suppose that X is reduced (z.e. X = SpaB where B is a reduced
flat affinoid algebra of rank d as an A(a, b)-module). For every r € (a, b)] N T'k, we set:

B(r) = (ﬂﬁx)r;(o

which is a reduced finite k(r)-algebra, in view of Lemma 2.2.6. We endow Z(r) with
the spectral norm | - |, ,(y relative to the valuation | - |,y; it follows that

B = f*ﬁ;)w).

2.2.12. Lemma. — In the situation of (2.2.11), let y € D(a, b) be any pont. Then
S7H() s the set of all the valuations on (f,Ox), that extend the valuation | - |, corresponding

lo y.

Proof. — Let X = Spa(B”, B°); the topology of B” is the A(a, b)-module topology,
2. the unique one such that the family of A(a, b)°-submodules (wB° | # € m \ {0})
is a fundamental system of neighborhoods of 0. Let B, := B” Qa.ir 0, = (/0x));
similarly B, has a well-defined ¢,-module topology and the fibre /' () consists of the

continuous valuations | - | on B, extending the valuation | - |,, and such that
(2.2.13) Is|" <1 for all s € B°.
Let | - | be any valuation on B, extending | - |,, and let p C B, be the support of | - [’;

the quotient topology on E := B,/p is the «(y)-module topology, where «(y) is the
residue field of y. However, let I', and I'g be the value groups of |- |, and respectively
| - |g; since [[g : T',] is finite, it is easy to see that |-|" is continuous. Hence, continuity
holds for all |-|" extending |- |,, and since anyway B° is the integral closure of A(a, b)°

in B”, the same goes for condition (2.2.13). O

2.2.14. — In the situation of (2.2.11), let x € X be a point of class (III). The
valuation | - |, is an extension of the valuation | - | : «(f(x)) — R(¢), hence its
value group can be realized inside the multiplicative group of the field R((1 — &)%),
which is an algebraic extension of R(¢) of degree !, admitting a unique ordering
extending the ordering of R(¢) (again, one can think of all this as taking place inside
the hyperreal numbers; of course, there is no real need to introduce this auxiliary field:
it 13 nothing more than a suggestive notational device). In terms of the decomposition
of (2.2.8), we have '™ C R, and (y,) C{(1—¢)' | i € ;!Z}. We shall consider the
two projections:

1
’ and r,— ‘Z:yr—>y”

Fx—>Fii":yr—>y g
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where % is characterized by the identity
(1 - S)yt Y=y for every y € I,.

Sometimes it is more natural to use an additive (rather than multiplicative) notation;

in order to switch from one to the other, of course one takes logarithms. Hence we
define:

(2.2.15) logy :=logy’ —y*-e e R+¢R for every y € T',.
The composition

B— I'™U{0} : s> s

is a continuous rank one valuation of B and determines the unique generization x”

of x in X. If we view R((1 — &)%) as a subfield of the hyperreal numbers, then the
projection [s|” corresponds to the shadow of the bounded hyperreal |s].,.

2.2.16. — The ring A(r) is a product of finite field extensions F; x --- x F;
of Oy, and the factors F; are in natural bijective correspondence with the elements
of the fibre f~!(1(r)") (see also [30, Prop. 1.5.4]). Moreover, Z(r)* decomposes as the
product F{ x -+ x F}, where Ff is the integral closure of k()" in F;. The valuation
ring k(r)* is not henselian, hence it may occur that Ff is not a valuation ring, but
only a normed «(r)*-algebra; that happens precisely when there are distinct points
x,9 € f'(n(r)) such that x” =y’ (see Example 2.3.13).

2.2.17. Lemma. — In the situation of (2.2.11), suppose furthermore that the morphism
S s generically étale. Then, for every r € (a, b] N 'k we have:

i) The normed ring (B()", | - o) s a free carlesian k(r)"-module of rank d.
'S p,1(7)

(i) || sponey = max(lsl, | x € /7 () for all s € B(7).
(i12) Let us view FB(r)* as a submodule of the normed cartesian module (HB(r), | - lsp.nn)s
so that the value | B(r)" |sp.yer) 5 defined (notation of (1.2.19)). Then:

21BN L%, ) = deg(f) — £/ (n()
where 8 £~ ((r)) denotes the cardinality of the fibre f~' (n(7)).
Proof. — (i): Let us set:
B = BT @iy k() B = B Buiy k(1)

Since H(r) is an étale k(r)-algebra, A(r)" is an étale k(r)"-algebra, especially it is re-
duced; by flatness, Z(r)"" is a subalgebra of #(r)", hence it is reduced as well. Hence
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Lemma 1.2.3(ii) applies, and reduces to showing that (Z(1)"", |- |3) is a free carte-
) )

sian k(7)"*-module of rank d. Furthermore, Proposition 1.3.2(iii) implies that ZA(r

is normal, hence it is the direct product

(2.2.18) B =LEx - x L

of finitely many normal domains, and each L] is the integral closure of x(r)"" in
a finite algebraic extension L; of x(r)". Notice as well, that k(+”)"" is henselian, since

it is complete and of rank one; hence L ®,+ k(r*)"t is a valuation ring whose
valuation extends | - |I:7(,). On the other hand, by Lemma 2.2.12 the points of x €
£7'(n(r)) correspond to the valuations | - |, on Z(r) that extend | - l»; these are also
the valuations on Z(r)" that extend |-]},). Hence, the decomposition (2.2.18) induces

a partition
Sy =S U U s,

where, for each 7 < £, %; is the set of valuations of L; that extend | - |$(,).
By Lemma 1.1.17(i1), we are reduced to showing:

2.2.19. Claim. — For every ¢ < k, let | - |,; be the spectral norm of the «(r)"-
algebra L;; then (L;”, i) 18 a k(r)" " -cartesian module.

Proof of the claim. — To begin with, [31, Lemma 5.3(11)] says that the finite field
extension k()" C L; is defectless; hence it suffices to show that conditions (a) and (b)
of Proposition 1.2.8(i1) are also satisfied.

However, say that X; = {x|, ..., 5/}, and let I'}, ..., I'; be the value groups of the
residue fields k(x;). By inspecting the construction, one sees easily that xtb = x; for
every ¢,j < [, which means that the subgroup A; C I'; defined as in (1.2.7), is the

unique convex subgroup corresponding to x?, so (a) 1s clear. Finally, (b) follows easily
from [31, Cor. 5.4 and Prop. 1.2(iii)]. <&

(i1): In view of Lemma 1.1.17(i.a), it suffices to show the analogous identity for
(‘%(7)Ah’ | : |£;)}fr](r)) = (‘%(7)7 | : |sp,r](r)) ®K(r) K(r)A’l-

By the proof of (i) we know that Z(r)" = ]_[xef,l(w)) k(x)™, so the assertion follows
from Lemma 1.1.17(i1),(ii1).

(m): In light of Lemma 1.2.3(1) it suffices to show the same identity for
L@(r)””rl%’m; however, from [31, Prop. 1.2(iii) and Cor. 5.4] we deduce that

ORI ORIED!
2

for every x € £~ '(n(r)); then the assertion follows easily. O

|K_(x)/\h+ |A/lﬂ —
X
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2.2.20. Lemma. — In the situation of (2.2.11), let r € (a,b)] N I'x, U C D(a, b)
an open neighborhood of n(r), s € I'(U, f,Ox) and sel k = |5|E Z. Then there exists
r" € (a,r) such that:

@) n(t) € U for every t € (r', r] N T'k.

(1) |slsp.ny = I5lspner) - (/)" whenever t € (o', r] N Tk.

1
p, (1) = d!

Progf: — (1) 1s obvious. In order to prove (ii), consider an integral equation
Sﬂ_'_glsnfl ++gﬂ:()

where g € T'(U, Op(,;) for i = 1, ...,n It is easily seen that the assertion for s will
follow once the same assertion is known for the sections g, ..., g,. Thus, we may as-
sume X = D(q, b). In such case, pick ¢ € K and a coordinate & € A(a, b) such that
]y = lal - |$|f7(,), and let U C D(a, b) be the subset consisting of all x € D(a, b) such
that |s|, = |a| - |§|§. Then U’ is an open neighborhood of 7(r), and condition (ii) holds
for every ¢ € (a, r) such that n(/) € U NU. O

2.3. Convexity and priecewise linearity of the discriminant function. — The assump-
tions and notations are as in (2.2). The statements proven so far make use of only
a few relatively simple local properties of the sheaf f, 0% ; nevertheless, they would al-
ready suffice to prove most of the forthcoming Proposition 2.3.17. However, in order
to show Theorem 2.3.25, it will be necessary to cast a closer look at the ring of global
sections of f,0%. The following Lemmata 2.3.1, 2.3.2 and Proposition 2.3.5 will pro-
vide us with everything we need.

2.3.1. Lemma. — Let A — B be a fimite morphism of K-algebras of topologically finite
type. Then A° is of topologically finite presentation over K and B® is a finitely presented A°-module.

Progf. — By [6, §6.4.1, Cor. 5] we know that B° is a finite A°-module; moreover,
applying loc.cit. to an epimorphism K(T4,...,T,) — A we deduce that A° is finite
over K™ (T}, ..., T,). By [25, Prop. 7.1.1(i)] we deduce that A° is finitely presented as
a K™(Ty, ..., T,)-module, and also that B° is finitely presented over A°. O

2.3.2. Lemma. — Let B be a flat, reduced Kt -algebra of topologically finite type, and set
A =B ®x+ K. Then B =A° if and only f B/mB s reduced.

Proof. — We begin with the following:
2.3.3. Claim. — B/aB is a free K*/aK*-module for every a € m.

Proof of the claim. — By [25, Prop. 7.1.1(1)] we have B ~ K*™(Ty,...,T,)/I
for some r > 0 and a finitely generated ideal I. It follows that B/aB =~
K*/aK*[T}, ..., T,1/], where J is the image of I. We can write K*/aK* = (J,_, R;,
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the filtered union of its noetherian local subalgebras R;. By [21, Ch. IV, Prop. 8.5.5]
we can find A € A and a finitely presented flat R;-algebra B, such that B/aB =~
B; ®g, K*/aK™. It suffices to show that B; is a free R;-module; however, since R is
artinian, this follows from [41, Th. 7.9]. <

2.3.4. Claim. — A° is the integral closure of B in A.

Proof of the claim. — Choose a continuous surjection ¢ : C := K*(T, ..., T,) > B.
It suffices then to notice that C = (C ®+ K)° and apply [6, §6.3.4, Prop. 1]. <&

By Claim 2.3.3, every x € B\ {0} can be written in the form x = ay for some
a € K* and an element y € B whose image in B/mB does not vanish. It follows
that every x € A\ {0} can be written in the form x = @y for some ¢ € K and some
y € B\ mB.

Suppose now that B/mB is reduced, and let x € A° be an element such that
x = ay for some y € B\ mB and « € K with |¢| > 1; by Claim 2.3.4, the element x is
integral over B, so we can write

b 5, =0
for some by, ..., b, € B. Hence
' 4 ba Yy o+ b = 0.

In other words, " € mB, whence y € mB, since B/mB is reduced; the contradiction
shows that B = A°. Conversely, suppose that B = A° and let x € B whose image in
B/mB is nilpotent; then x" € mB for n € N large enough, say x" = ay for some a € m
and y € B. We can write a = 0"¢ for b,¢c € m, so (x/b)" = ¢y € B, so x/b € B, since
the latter 1s integrally closed in A. Finally, x € mB, as claimed. O

2.3.5. Proposition. — Let (¥, |- |r) be a complete algebraically closed valued field extension
of K, such that | - |p s a valuation of rank one. Let A be a normal domain of topologically finite
bype over K, such that A~ s a princpal wdeal domain, B a finite, reduced and flat A-algebra, and
g € A such that |glwp = 1. Set Ay := ARkF. Then:

(1) B° is a_free A°-module of finite rank.
(it) B{g™")* = B° @a- Alg™")°.
(11) (B ®a Ap)° = B° Qa0 Aj.

Proof. — To start out, let us endow A and B with their supremum norms; then
by (2.2.4) and [6, §3.8.1, Prop. 7], we have A° = A" and B> = B*. By Lemma 2.3.1
we deduce that AT is of topologically finite type over Kt and B is finitely presented
over A*.
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2.3.6. Claszm. — B™ 1s free of finite rank over A™.

Proof of the claim. — By the foregoing we know already that B™ is finite over A™,
hence it suffices to show that B™ is torsion-free as an A~-module. However, under the
current assumptions the norm ||, on A is a valuation ([6, §6.2.3, Prop. 5]). It follows
that

(2.3.7) |bl, = max v(b) for all b€ B

where v ranges over the finitely many extensions of the supremum valuation of A to
B ([6, §3.3.1, Prop. 1]). For each such o, let supp(v) := »~'(0), which is a prime ideal
of B, and denote by B, C Frac(B/supp(v)) the valuation ring of the valuation induced
by v on B/supp(v). Since I'k is divisible, it is easy to see that mB, is the maximal
ideal of B,. From (2.3.7) it is clear that B~ C [],B,/mB,. Finally, for every v the field
B,/mB, 1s a finite extension of Frac(A™), especially it is torsion-free over A™, and the
same holds then for B™. <&

From Claim 2.3.6 and [21, Ch. IV, Prop. 8.5.5] it follows that there exists 7 € m
such that BY/7BT is flat over AT /A", In view of [25, Lemma 5.2.1] we conclude
that B* is flat, hence projective over A*. Finally, a standard application of Nakayama’s
lemma shows that any lifting of a basis of B™ is a basis of the A*-module B*, which
proves (1).

2.3.8. Claim. — The ring C := B° ®,. A(g~")° is reduced.

Proof of the clavm. — From (1) we deduce that the natural map
B° ®a A(g™)? = B(g™') = B° ®@x Alg™)

is injective. Hence it suffices to show that B(g™!) is reduced, which holds by Lem-
ma 2.2.6. <&

In view of Claim 2.3.8 and Lemma 2.3.2, assertion (ii) will follow once we know
that C/m,C is reduced. However, the latter is isomorphic to B~ ®,~ A™[g'], where
g € A7 is the image of g ([6, §7.2.6, Prop. 3]). Again Lemma 2.3.2 ensures that B™ is
reduced.

(111): According to [11, Lemma 3.3.1.(1)], By := B®a Ar = B° ®4- Ay 1s reduced.
From (i) we deduce that D := B° ®x- A} i1s a subalgebra of By, so it is reduced as
well. Hence in order to prove (i) it suffices, by Lemma 2.3.2, to show that D/mpD 1is
reduced (where my is the maximal ideal of F*). However, D/myD >~ B~ ®~ F~ and
the extension K~ — I is separable, so everything is clear. O

2.3.9. — Leta, b e I'xk witha <bandf : X — D(q,b) a finite, flat and
generically étale morphism, say of degree d. For every r € [a, b)] N T'x we define:

20 = (£.0%) -
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It follows easily from Proposition 2.3.5(ii) that

(2.3.10) B = B1)" @i+ k()T for every r € (a, b] N Tk
(notation of (2.2.10) and (2.2.11)).

2.3.11. — The apparent asymmetry between the values a and b can be easily
resolved. Indeed, let us consider the isomorphism

g:D(1/b1/a) = D(a, b) : &> &

and let g :== ¢~ 'of. For every r € (1/b, 1/al, the image ¢(n(r)) is the point n'(1/r) (no-
tation of (2.2.10)). Hence, g* : Op(i/s.1/0) = gOx endows (f*ﬁ;g)n/(a) with a structure
of k(1/a)*-algebra, and since 7'(a)’ = n(a)’, we deduce that an identity analogous to
(2.3.10) holds also for r = a, provided we replace n(a) by n'(a). Especially, since —
according to Lemma 2.2.17(1) — the stalk Z(r)" is a free k(r)"-module of rank d, we
see that ZB(r)" is a free k(r")T-module of rank d for every r € [a, b] N k.

2.3.12. — Now, as f is generically étale, the trace forms Trggy .+ and
Tro )+ e+ induce the same perfect pairing after tensoring with k(7). We set

Df(r) = 020+ /k(n*+ € k(r)*t for every r € (a, b)] N I'k.
(respectively:
D;(r) = 030 /k()+ € k()T for every r € [a, b] N Tk.

Notation of (2.1).) Since Ojb-(r) is well defined up to the square of an invertible element
of k(r")*, the real-valued function:

8 : [log 1/b,log 1/a] Nlog T'x — Ry —logr > —log[0,(N0y

is well defined independently of all choices. Unless we have to deal with more than
one morphism, we shall usually drop the subscript, and write §, 0° instead of dr, D;.
We call § the discriminant function of the morphism f.

2.3.13. Example. — Let f : X — D(a,a”') be a finite, flat and generically
étale morphism, where @ := || for some mw € m. Using the Mittag-Lefller decompos-
ition [24, Prop. 2.8] one verifies easily that

Aa, a")° = K* (/€ &/m) ~ KT(S, T)/(ST — %)
(alternatively, one sees this via Lemma 2.3.2). We set:

h:=Spa(¥g)of: X — D(l) where vYx:=9¢ Qx+K
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with ¥ defined as in Example 2.1.12. A direct computation shows that

KD D) =/ D e/n)U [T (DG /a,ah))

for every r € (a, 1] N I'k.

Consequently:

D;(r) = 0;-(7/61) . D;(a/r) whenever r € (a, 1] NT'g
and therefore
(2.3.14) 8y(=p) = 67(p —loga) + §,(loga — p) for p € (loga, 0] NlogI'k.
Incidentally, let n'(¢) € D(1) be defined as in (2.2.10); it is easy to check that the
preimage of 1'(a) under Spa Y, is the set {n(1), n'(1)} C D(a, a™).

2.3.15. — Letf : [r,s] = R be a piecewise linear function; for every p € [r, 5)
we denote by df /di(p™) the right slope of [ at the point 7, i.e. the unique real number
a such that f(p + x) = f(p) + ax for every sufficiently small x > 0. Similarly we can
define the lefi slope df /dt(p™) for every p € (7, s]. More generally, the definition makes
sense whenever f is defined on a dense subset of [7, s].

2.3.16. Example. — Let f and g be as in (2.3.11). Then

8r(p) = 8,(—p) d daf( 0 d(Sg( )

= — n = — —
SP) = O mh . a a P
for every p € (log1/b,log1l/a]l NlogTk.

2.3.17. Proposition. — With the notation of (2.3.12), the function & is piecewise linear;
moreover:

ds
, (logr) = ML, — 2180 JSor every v € (a, b] N k.

sp,n(r)

(Notation of (1.2.19).)

Progf. — Up to rescaling the coordinates, we may assume that » = 1; this
amounts to replacing the function §(p) by a function of the form §(p 4 ¢) for some
constant ¢, and this transformation leaves the slopes unaffected.

Let xi, ..., x, be the points of X lying over n(l). Let T be the global analytic
function of X which is the pull back of the coordinate function & of D(a, b). Let U
be an open neighborhood of n(1), and let:

Yi={¢gli=1,.,m j=0,.,d—1}
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be a system of sections of the structure sheaf of X over the preimage V of U, chosen
as in the proof of Proposition 1.2.8(1i), z.e. such that:

& . & .
|C?f|xi = |T|{cl and |Cl]|x;f < |T|{q

for every 1 = 1, ..., n, every k£ # ¢, and every j = 0, ..., d; — 1 (where d; is the ramifi-
cation index of k(x;) over k(1l)). Arguing as in loc.cit. we see that ¥ is an orthogonal
basis of (B(1)*, |- [p.n)-

For every 1 = 1, ...,n let C; be the subset consisting of all points x of V such
that |c?7|§' = |T|£ for every y =0, ...,d; — 1, and |c,g-|f’f < |T|£ for every £ # ¢ and every
J=0,...,d — 1. Then Ci, ..., C, are pairwise disjoint constructible subsets of V, and
x; € C; for every 1 < n.

Let ¢ € I'x be such that n(¢) € f(C,) for every : = 1, ..., n. Let »; be an elem-
ent of C; lying over n(¢). Since |¢; |;dll = |T|,, (provided d; > 2), the ramification index
of k(y;) over k(t) is greater than or equal to d;. However, > " d; = d, hence {yy, ..., »,}
= f"'(n(1), and d; is the ramification index of k(y;) over k(t), for every i < n.

Let u € K be any element with |u| = ¢, and set y; :=j/d;, for every ¢ < n and
every j = 0, ..., d;— 1. Arguing again as in the proof of Proposition 1.2.8(i1), we see that

3, = {

Yoli=1,m =0 dz—l}
=L ..n J=Y, ..., 4

u

is an orthogonal basis of (B()", | - lsp.n(). Obviously, we have:

(2.3.18) vi=lejlpun  i=loamj=0,...d—1
Let D be the subset of all points x of D(q, b) such that |§], < 1. Then n(1) is a max-
imal point of D, and so x, ..., x, are maximal points of the preimage H of D. Hence

C; N H is a neighborhood of x; in H, for every : < n Since f is open, we ob-
tain that /(C; N H) 1s a neighborhood of n(1) in D. Consequently, the intersection
J(C) N---Nf(C,) contains a neighborhood of n(1) in D, especially, it contains all
the points of the form n(¢), for ¢ € T'{ sufficiently close to 1. We have:
D+(t) = det(Tr@(t)+/K(t)+(o ® O'/) | g, o' € Et)
=1
22 XY
=a i=1j=0 . ‘O“r(l)n(t)

whenever s := |a| is sufficiently close to 1 (here 9% (1), denotes the image of 9% (1) in
k(¢)*; this is well-defined whenever ¢ is sufficiently close to 1). However, one deduces
easily from (2.3.10) that |0+(t)|l;(,) = [0°(8)|,y for every ¢ € (a, b] N k. In view of
(2.3.18), we have as well:

n  di—1

1B =20 Vi

i=1 j=0

so the contention follows from Lemma 2.2.20(11). ]
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2.3.19. — Proposition 2.3.17 expresses the slope of the discriminant function
at a given radius 7 as a local invariant depending only on the behaviour of the mor-
phism / over the point n(r). We wish now to consider a special situation, where the
slope can also be obtained as a global invariant of the ring I'(X, €%). Namely, sup-
pose that ¢ : X — D(I) is a finite, flat and generically étale morphism; proceeding
as in the foregoing we attach to g a discrimmant function §,, which clearly shall be
defined over the set [0, +00) NlogT'x = —logI'. However, our present aim is to
compute the right slope of §,(p) in a small neighborhood of p = 0. To this purpose,
let B° := ['(X, 0¥) and B := B° ®x+ K; according to Proposition 2.3.5(i), B° is a free
module, necessarily of rank ¢ := deg(g), over the ring A(1)° = I'(D(1), ﬁg(l)). Clearly
B ®aa k(1) = A(1), hence the natural map

(2.3.20) B, :=B° Qaqy k(DT = BT
1s injective. Let 07 1= pe/ayes combining Lemmata 2.1.11 and 1.2.20 we deduce:

u —
n(l)

b
sp,n(1)”

o

n

(2.3.21) D, =2 1B 0, = [

spa(l) T Mg

2-B

Notice that the left-hand side of this identity calculates the right slope of §, at the
point p = 0, hence the right-hand side is the sought global formula for this slope.

2.3.22. — The contribution |B(:]|Sp,7](l) can be further analyzed. Indeed, let us
set

B := B° @aqye k(1)

The ring B;’l is henselian along the ideal pnB;ha where p, is the maximal ideal of

k(1)*. Let qi, ...,qx C B; be the finitely many prime ideals lying over p,; the ring
B;’l decomposes as a direct product of henselian local rings:

oh __ poh oh
B77 _BCll X oo Xqu'
For every : =1, ..., k set
§(q) = {x € g '(n(1)) | k(x)* dominates B;i}.

After completion, henselization and localization at ¢;, the map (2.3.20) yields injective
ring homomorphisms (see the proof of Lemma 2.2.17(3)):

(2.3.23) B — A1)} ~ ]_[ Ke(x0) M
XG%(%)
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More precisely, let x(q;) (resp. k(x)) be the residue field of B;:l (resp. of k(x)"T); the

maps (2.3.23) induce isomorphisms k(q;) — k(x) for every x € §(q;), hence the
image of (2.3.23) lands in the seminormalization of B°}‘, ve. the subring

hv . V/ /
By 1= k(0)™ Xy« X k()M

(the fibre product over k(q;) of the rings «(x;)"", where {x, ..., x,} = F(q;)). Let us set:

Ahf

O‘(qi) ’FO(B}W Bo}l)}n(l)

for every 1 =1, ..., k.
2.3.24. Lemma. — With the notation of (2.3.22), we have:

k
= deg(9) + )_(20(q) + £3(a) — 2).

=1

2B°

N lsp,n(1)

Proof. — (Here #5(q;) denotes the cardinality of the finite set §(qg,).) First of all,
we remark that x(q;) >~ «(n(1)) = K(1)+/$K(1)+, where & € A(1) is an element such

that |&|,q) = 1 — &, hence |Fy(x(q; ))ln(l) = 1; it follows easily that

- hi .
}FO(,@(I)QH/B;)’;U =15(q) — 1 for every 1 =1, ..., k.
Hence
o g _ . oh Nhig
2-|B; spon(l) 2-|B; spuri(1)
3 I o hiy
(l‘%)(l)wﬂgji(l) + }FO(%(UAH/B/)}:G))
_ h Y [Nl ok | M
—9. Z(yFO (), /B 07 -+ (1 (BL /B )ym))
+ 2 |<%7(1)+|

sp,n(1)

k
=2 1B, 0 +2- Y (65@) — 1+ )
=1

k
=deg(g) —fig” (1) +2- > _(#F(@) — 1 + a(qy)
=1

where the last equality holds by Lemma 2.2.17(iii). Since clearly

k
> ¥ @) =g (n(1))
=1

the assertion follows. |
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2.3.25. Theorem. — With the notation of (2.3.12):

(1) 8¢ extends to a continuous, piecewise linear function
6 : [logl/b,logl/al = Ry

with integer slopes.
() If moreover [ is étale, then § is convex.

Proof: — Let (F,| - |r) be an algebraically closed valued field extension of K
with |F|r = Ry, and denote by fr : X Xg,x SpalF — D(a, b) Xg,.x SpakF the mor-
phism deduced by base change of f; using Proposition 2.3.5(iii) one sees that §; agrees
with & wherever the latter is defined. Hence we can and do assume from start that
IK| = Rs. Now, for the proof of (i) it suffices to show that §, is piecewise lmear
in the neighborhood of every real number p := log1/r € [log1/b,log1/a]. Using
a morphism g as in Example 2.3.16, one reduces to consider the case where r > q,
and study the function §; in a small interval [p, p + x]. In such situation, the more
precise Proposition 2.3.17 shows that the assertion holds.

Suppose next that f is étale. In order to show (ii), we need to study the function
d in any small neighborhood of the form [log1/r —x,log 1 /r+x] C [log 1/b,log1/a].
Assertion (1) then means that the function

p > 6(ogl/r— p)+d8(ogl/r+ p)

has positive derivative in a neighborhood of 0. We can assume that r = | and x =
—log|m| for some 7 € m, so we reduce to consider an étale morphism f/ : X —
D(a,a") (for a := |7|). In view of (2.3.14) we can further reduce to studying the
morphism /£ := Spa(yg) of : X — D(1), defined as in Example 2.3.13, and then we
have to show that the left slope of §, is negative in a small neighborhood (x, 0]. Say
that X = Spa B; in the notation of (2.3.21) we have

(2.3.26) ), = @]}, = 24 = deg(h)

by Example 2.1.12 and Proposition 2.1.4. Finally, in the light of (2.3.21), (2.3.26),
Proposition 2.3.17 and Lemma 2.3.24, the sought assertion 1s implied by the following:

2.3.27. Clasm. — Resume the notation of (2.3.22). Then 5§(q;) > 2 for every
i=1,..k

Proof of the clim. — Recall that q, ..., q; are by definition the prime ideals of B}
lying over the maximal ideal of «(1)"*, or what is the same, the prime ideals of B°
lying over the maximal ideal p := mA(1)° + §A(1)° of A(1)°. Now, we have already

observed (Example 2.3.13) that
A(a, a™")° =~ K¥(S, T) /(ST — %)
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and V¥ is the map K*(§) — K*™(S,T)/(ST — #?) such that & — S + T. Hence
Ala, a")°/pA(a, a')° ~ K7[S, T1/(ST, S + T) >~ K~[S]/(S?). Thus, there is exactly
one prime ideal P C A(a, a ') lying over p and necessarily q; N A(a, a™')° = P
for every i = 1, ..., k. On the other hand, the fibre ¥~'(n(1)) C D(a, @™ ') consists
of the two valuations 7'(a), n(1/a), and clearly both of them dominate the local ring
A(a, ail)%}. It is now a standard fact that, for each prime ideal ¢;, there are valuations
N1, Mo on B which extend respectively n’(a) and 1(1/a), and which dominate the local
ring By . By Lemma 2.2.12 we have 7, 7, € Spa B, whence the claim. ]

2.3.28. Remark. — The continuity and piecewise linearity of the function §, are
also proved in the preprint [45] of T. Schmechta. He also obtains some interesting
results in the case where the base field has positive characteristic. His methods are
refinements of those of Liitkebohmert [40]. (However, as far as I understand, he does
not prove the convexity of the function é;.)

2.4. The p-adic Riemann existence theorem. — In this section we show how to
use Theorem 2.3.25 to solve the so-called p-adic Riemann existence problem in case
K is a field of characteristic zero. We choose an argument that maximizes the use
of valuation theory; see Remark 2.4.8 for some indications of an alternative, slightly
different proof.

2.4.1. — Recall that a finite étale covering / : X — D(q, b) is said to be of
Kummer type, if there exists an integer # > 0 and an isomorphism g : D(a!/", /") — X
such that f o g = Spa¢, where ¢ : A(a, b)) — A(a'/", b'/") is the map of K-affinoid
algebras given by the rule & — &” (notation of (2.2.7)).

2.4.2. Lemma. — Let f : X — D(a, b) and g : Y — X be two finite étale coverings.
Then | and g are of Kummer type, if and only if the same holds for f o g.

Proof. — Left to the reader. O

2.4.3. Theorem. — Suppose that K is algebraically closed of characteristic zero, and let
[ X — D(a, b) be a fimite étale morphism of degree d. There is a constant ¢ := ¢(d) € (0, 1]
such that the restriction

FHD( " a, cb)) — D(c 'a, cb)
splits as the disjoint union of finitely many finite coverings of Kummer type.

Proof. — First of all, let /" : Y — D(a, b) be the smallest Galois étale covering
that dominates / (i.e. such that f” factors through f); it is well-known that the degree
of /" is bounded by d!. Suppose now that the theorem is known for f’; then we may
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find ¢ € (0, 1] such that the restriction of / to the preimage of D(¢'a, ¢b) is of Kum-
mer type. Using Lemma 2.4.2 we deduce that the same holds for the restriction of f
to /' (D(c'a, cb)). Hence, we may replace f/ by f’ and assume from start that / is
a Galois covering, say of finite group G.

Next, we consider the function é : [log1/b,logl/a] NlogT'x — R, corres-
ponding to the covering /. To start out, Lemma 2.1.10 implies that § admits an upper
bound that depends only on d; since 8 is convex, piecewise linear and non-negative
and since its slopes are integers (Theorem 2.3.25), it follows easily that we may find
a constant ¢ € (0, 1], depending only on the degre d, such that ¢ is linear (indeed con-
stant) on the interval [log 1/(b¢), log¢/alNlog I'x. We may therefore assume from start
that § is linear. Also, we may assume that ¢ < 1 and b = ', in which case we let
g = Spayx : D(a,a”') — D(1), where ¢ is defined as in Example 2.3.13, and
h:=gof : X — D(l). Let p := mA(1)° + §A(1)° C A(1)° in the proof of
Claim 2.3.27 we have established that there exists a unique prime ideal 8 C A(a, a™')°
lying over p, and both rings k(1'(a))* and «x(b)* dominate the localization A(a, b)?p;
denote also qi, ..., q; C B° the finitely many prime ideals lying over p.

The natural map A(1)° — A(1)°* >~ K*[[£]] from A(1)° to its &-adic comple-
tion, factors through the henselization A(l);}‘ of A(1)° along its ideal p; hence B°" :=
B° ®@aq1)e A(1)°" decomposes as a direct product of algebras: B >~ C; x --- x C,.
Moreover, for every ¢ € m\ {0}, the map A(1)° — A(]¢])° induced by the open imbed-
ding D(|¢]) = D(1) factors through A(1)°", and induces an isomorphism

A /p — A /p,  where:  p, = mA()° + (§/DA(U)°.
It follows that the prime ideals of
B ®aqye A1) = (Cy @aqyer AED7) X -+ X (G @ayen AlE)°)

lying over p, are in natural bijection with the prime ideals ¢, ..., q;, and therefore
every factor G;(?) := C;®x)-A(]t])° contains exactly one of these prime ideals. Notice
that g~'(D(|¢])) = D(a/|{|, |t|/a), whence natural isomorphisms:

LN DCa/ ), 1t/ a)) ~ Spa(Ci(t) @+ K) LI - - - LI Spa(Cy(t) Qk+ K)

so that the restriction of § to [loga/|¢|,log|¢|/a] Nlog 'k decomposes as a sum § =
81+ - -+ 4+ 8;, where §; is the discriminant function of the restriction

Ji + Spa(CGi() @+ K) — D(a/|4], |t]/a)

for every 7 < k. Since every such §; is still convex, and their sum is linear, it follows that
d; 1s linear for every : < k. We remark as well, that each f is still a Galois covering,
whose Galois group is the subgroup of G that stabilizes ¢;, for the natural action of
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G on the set {q,, ..., q;}. Clearly it suffices to prove the theorem separately for every
étale covering f;, hence we may replace from start / by f;, and assume additionally that
k=1, in which case we shall write q instead of q,. Define a(q), §(q) as in (2.3.22).
By inspection of the proof of Theorem 2.3.25 we deduce that § is linear precisely
when:

(2.4.4) (@ =0 and #3(q) =2.

Especially, the preimages /' (17'(a)) and f~'(n(b)) both consist of precisely one point;
let x € X be the only point lying over 1n(b). We deduce a Galois extension of valued
fields:

k(b)) = Kk(x)

whose Galois group is isomorphic to G. Since the residue field of K is algebraically
closed, the residue field extension k(n(b)) — k(x) is trivial, and therefore G is a solv-
able group. Thus, we may factor / as a composition of finitely many étale coverings:

X, =X X, 550 Xy = D(a, b)

such that the degree of g; is a prime number for every : < n. Using Lemma 2.4.2 and
an easy induction, we may then further reduce to the case where G is a cyclic group
of prime order 4.

Such coverings are classified by the étale cohomology group

H:=H'(D(a, b)e, Z/dZ)
(where D(a, b)s denotes the étale site of D(a, ), as defined in [30]). The latter can

be computed by the Kummer exact sequence (on the étale site of D(q, b)):
X (_)d X
0—>us,—> 0 — 0 —0
(recall that K has characteristic zero) and since the Picard group of D(q, b) is trivial
([24, Th. 2.2.9(3)]), one obtains a natural isomorphism:

H — A(a, b)) /(A(a, b)*)?

where A(a, b)* denotes the invertible elements of A(a, b). Under this isomorphism,
the Kummer coverings of degree d correspond to the equivalence classes of the sec-
tions &/, for j = 0, ...,d — 1 (notation of (2.2.7)). Thus, we come down to verifying
the following:

2.4.5. Clazm. — There exists a constant ¢ := ¢(d) € (0, 1] such that, for every
u € A(a, b)*, the restriction «' := up(,y. ) can be written in the form: u' = v? - & for
some v € A(a/c¢,¢b)” and 0 <) <d — 1.
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Proof of the clavm. — Let a, B € K* such that |a| = a, |B| = b; it 1s well known
that every invertible element u of A(a, b) can be written in the form u =y -&"-(1+4)
where y € K*, n € Z and % € A(a, b)° of the form

(2.4.6) hE = Y hE e KT (E/a, B/E)

keZ)\ {0}

with |A]g, < 1. Hence we are reduced to showing that 1 + /4 admits a d-th root, after
restriction to a smaller annulus D(a/¢, b/¢). This 1s clear in case d # p, in which case
we may even choose ¢ = 1. Finally, suppose that d = p; it is well known that 1 + £
admits a p-th root as soon as

(2.4.7) |hlgwp < 19170,

Using the explicit description (2.4.6) we may easily determine ¢ € (0, 1] such that the
estimate (2.4.7) holds for the restriction /p (/.- |

2.4.8. Remark. — Keep the notation of the proof of Theorem 2.4.3. Alterna-
tively, one may deduce from (2.4.4) that q is an ordinary double point of the analytic
reduction of X, in which case [7, Prop. 2.3] shows that the corresponding formal fibre
is an open annulus, and then Theorem 2.4.3 follows without too much trouble.

3. Study of the conductors

A classical formula of Hasse describes the discriminant of a Galois extension
of local fields in terms of the conductors of the irreducible characters of the Galois
group. This formula generalizes to the case of the rank two valuations considered in
the previous chapter, and yields an identity expressing the discriminant function §, of
a finite Galois covering f : X — D(r, R), as sum — with appropriate multiplicities — of
certain conductor functions 8,, attached to the characters x of the Galois group. Then, it
is natural to try to extend to these conductor functions the continuity and convexity
properties of d,. This goal is achieved in the present chapter. In the following chap-
ter, these remarkable properties of the conductor functions will be used to derive the
slope decomposition for arbitray A-local systems of bounded ramification on the punctured
disc (see Section 4.1). Whereas Chap. 2 only used some local algebra, the proofs in
this chapter rely on more advanced algebraic geometry, such as semi-stable reduction,
and more sophistificated tools, such as vanishing cycles. We have not tried to keep the
exposition as elementary as possible: indeed, several results are proved in larger gen-
erality than what is really needed for our immediate goals: (e.g we really use Theo-
rem 3.1.3 only with V a complete valuation ring of rank one, in which case the result
is (more or less) known; also, we really need Proposition 3.1.19 only for rings V of this
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kind, in which case the assertion is an equivariant version of the classical semi-stable
reduction theorem. We believe that these results are interesting in their own right, and
anyhow the extra generality fits well with current trends in non-archimedean analytic
geometry that, for the past ten years or so, have been pushing outwards the traditional
boundaries of the subject.

3.1. Algebraization. — Let V be a henselian local ring, s the closed point of
SpecV and «(s) its residue field. For every affine V-scheme X we let:

X = X Xgpecv Speck(s).

More generally, let X := SpecR be any affine scheme, and Z C X a closed subscheme,
say Z = V(I) for an ideal I C R; we denote by Rf the henselization of R along the
ideal I and by R} the I-adic completion of R. The henselization of X along Z is the
affine scheme X/}z := SpecRY.

3.1.1. Lemma. — Let A be a noetherian ning, 1, ] C A two ideals.

(1) The natural commutative diagram

Ay -A)
Y \
A N
A =AY,

i carlesian.
(1) Moreover, for every n € N, set A, := A/J". Then there 1s a natural isomorphism of
A-algebras:

A/\

~ o a
4] — lﬂg} AL

Proof. — (1): Using [19, Ch. 0, Lemme 19.3.10.2] we see that the natural com-

mutative diagram

A/ N - A/T"
\ \
AT SA/A]Y

is cartesian for every n > 0. Set:

A =1limA/T"+]") A" :=TlmA/T"NJ".
neN neN
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We deduce easily a cartesian commutative diagram:

AT A}
Y Y
A /

A=A

and it remains only to show that the natural maps A" — Ap; and Apy; — A" are
isomorphisms. For the former, it suffices to remark that

(3.1.2) A+ ' cr'+J cd+)”

for every n > 0. For the latter, one uses the Artin-Rees lemma [41, Th. 8.5] to show
that for every n € N there exists m € N such that

Im mJﬂ C I?jﬂ C (I mJ)ﬂ

from which (i) follows easily. (i1) is an easy consequence of (3.1.2); we leave the details
to the reader. |

3.1.3. Theorem. — In the situation of (3.1), suppose that k(s) s a perfect field. Let X
be an affine finitely presented V-scheme of pure relative dimension one, ¥ C X a finile subset such
that X \ X 15 smooth over Speck(s). Then there exists a projective V-scheme Y of pure relative
dimension one and an open affine subset U C 'Y with an 1somorphism of V-schemes

(3.1.9) X ~ Ul
Moreover, Uy s dense in Y, and Y 1s smooth over Spec'V at all the points of Y, \ U,.
Proof: — We begin with the following:

3.1.5. Claim. — There exists a projective purely one-dimensional k(s)-scheme
Y, and a dense open imbedding of k(s)-schemes

(3.1.6) X, C Y,

such that Y, is smooth over Speck(s) at all the points of Y \ X..

Proof of the clavm. — This 1s standard: one picks a projective k(s)-scheme X; con-
taining X, as a dense open subscheme, and let X/ be the normalization of X; \ X.
By [9, Ch. V, §3.2, Th. 2] we know that X' is of finite type over «(s), and since X/ has
dimension one, we know as well that all its local rings are regular, hence they are for-
mally smooth over «(s), in view of [41, §28, Lemma 1] and [22, Ch. IV, Prop. 17.5.3].
One can then glue X; and X/ along their common open subscheme X, \ X; the re-
sulting scheme Y will do. <&
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We can write V as the colimit of a filtered family (V; | A € A) of noetherian
local subrings of V, essentially of finite type over an excellent discrete valuation ring,
such that the inclusion maps j; : V, — V are local ring homomorphisms. Then j,
extends to a map V! — V from the henselization of V;, and V is still the colimit
of the filtered family (V’i | A € A). For some A € A we can find an affine finitely
presented V#-scheme X, and an isomorphism of V-schemes:

For every A € A, let & be the residue field of V/; we can even choose A in such
a way that the scheme Y provided by Claim 3.1.5 descends to a projective ;-scheme
Yo,1, so that Y > Speck(s) Xspecr, Yo Let X, C Yo, be the image of ¥; we can
furthermore assume that Y, ; is smooth over Speck; outside X;, and that there exists
an open imbedding of £;-schemes

(3.1.7) SpCC /f)L XS]’)CCVK )()L C YO,A

inducing (3.1.6), after base change to Speck(s) (see [22, Ch. IV, Prop. 17.7.8]). At
the cost of trading the residue field «(s) with a non-perfect field, we can then replace
the given ring V by one such V% the scheme X by X, and ¥ by X;; hence we can
assume that V is the henselization of a ring of essentially finite type over an excellent
discrete valuation ring, and additionally, that there exists a projective k(s)-scheme Y
as in Claim 3.1.5.

Let n C V be the maximal ideal; denote by V-Alg the category of V-algebras,
by Set the category of sets. We define a functor .% : V-Alg — Set as follows. For a V-
algebra A, .#(A) is the set of equivalence classes of data of the form (Za, Ya, fa, ga, #a)
where:

— Zx and Y, are finitely presented A-schemes, and Y, is projective over Spec A.

—Ja 1 Zy — X, i=Spec A Xgpeev X and gy : Zy —> Y, are étale morphisms of
A-schemes.

— ha i Ya, :=Spec A/nA Xgpeca Ya —> Spec A/MA Xgpeci(s) Yo 18 an isomorphism.

— The restriction

f\,s . ZA,.; = SpCCA/nA XSpecA ZA —> XA,.Y = SpCCA/nA XSpecV X

is an isomorphism.
— The restriction ga, : Zs; = Ya, 1s an open imbedding and the morphism

SpeCA/l‘lA XSpecK(.&) (3.1.6> . XA,.Y d YA,.Y

agrees with /5 0 gy ;0 Jf{}
— Y, 1s smooth over SpecA at all the points of Y, \ ga(Za).
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Two data (Za, Ya, fa, ga, ha) and (Z), Y\, /1, gh, ) are said to be equivalent if there
are isomorphisms of A-schemes Z, — 7\, Ya — Y, such that the obvious dia-

grams commute. A map A — A’ of V-algebras induces an obvious base change map
F(A) - FA).

3.1.8. Clam. — # (V) # @ if and only if there exists a pair (U, Y) as in the

theorem, with an isomorphism of V-schemes Y| > Y.

Proof of the claim. — Indeed, suppose we have found (Z,Y,f, g, h) € F(V).
Then we can set U := g(Z) C Y; the morphisms / and g induce isomorphisms

Sz, — Xl and ¢ 2 Zh, — Ul and therefore the pair (U,Y) fulfills

the conditions of the theorem; furthermore % yields an isomorphism Y| —>Y,. Con-
versely, suppose that a pair (U, Y) has been found that fulfills the conditions of the
theorem; especially, (3.1.4) induces a morphism of V-schemes g : X?X.‘ — U. By [43,
Ch. XI, §2, Th. 2] X/}XS is the projective limit of a cofiltered family of morphisms
of V-schemes (f, : X, = X | o € I) such that every X, is affine and finitely pre-
sented over SpecV, the induced morphisms X, , — X are isomorphisms, and for
every x € X, the induced map Ox ) — Ox,.. is local ind-étale. By [21, Ch. 1V,
Th. 11.1.1] we deduce that there is an open (quasi-compact) subset Z, of X, con-
taining X, ; such that the restriction of f, to Z, is flat; then, up to shrinking Z,, we
can achieve that the morphism 7, — X is an étale neighborhood of X, and X is
still the projective limit of the V-schemes Z,. We can then find « € I such that g fac-
tors through a morphism g, : Z, — U; after further shrinking Z,, the morphism g,
becomes étale. Hence, the datum (Z,, Y, f, g&) represents an element of #(V). <

Next, in view of [21, Ch. IV, Th. 8.10.5] and [22, Ch. IV, Prop. 17.7.8(i1)] one
sees easily that .# is a functor of finite presentation. Let V* be the n-adic comple-
tion of V; by Artin’s approximation theorem [2, Th. 1.12], every element of .# (V")
can be approximated arbitrarily closely in the n-adic topology by elements of % (V),
especially:

(3.1.9) FN) #£0 & FNV) £ 0.

So finally, in view of (3.1.9) and Claim 3.1.8, we can replace V by V" and suppose
from start that V is a complete noetherian local ring. Let V, := V/n"*! and X, :=
SpecV, Xgpeev X for every n € N. We endow V with its n-adic topology; the family
(X, | n € N) defines a unique affine formal Spf V-scheme X.

3.1.10. Claim. — There exists a proper Spf V-scheme 2) with an open imbed-
ding X C 2), such that the reduced fibre of Q) is Vy-isomorphic to Yy, and such that
) is formally smooth over Spf'V at all points of Y \ X.
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Proof of the claim. — In view of [18, Ch. I, §3.4.1] and [16, Ch. I,
Prop. 10.13.1], it suffices to lift the V(-scheme Y, to a compatible family (Y, | n € N)
of schemes such that

(1) for every n € N there are isomorphisms of V,-schemes:

Yﬂ — SPCC Vn XSpeCV Yn+l;

n+1

(i) moreover, (3.1.6) lifts to a system of open imbeddings of V,-schemes
X, C Y, compatible with the isomorphisms (ii);
(111) Y, 1s smooth over SpecV, at all points of Y, \ X,.

To this aim, we may assume that ¥ 7# &, in which case Y| := Y, \ ¥ is smooth
and affine over SpecVj. One can then lift Y|, to a compatible system of schemes
(Y | n € N) satisfying a condition as the foregoing (i), and such that furthermore,
Y/ is smooth over SpecV, for every n € N. Again some basic deformation theory
shows that the imbedding X, \ £ C Y| lifts to a compatible system of open imbed-
dings X, \ £ C Y/, for every n € N. Therefore one can glue X, and Y] along their
common open subscheme X, \ Z; the resulting schemes Y, will do. &

Next we are going to construct an invertible Oy-module on 9). To this aim we
proceed as follows. Let {yi, ..., 7,} := Yo \ Xo. By construction ) is formally smooth
over Spf'V at the point y;, for every ¢ = 1, ..., n. For every ¢ < n, the maximal ideal
of Oy,,, is principal, say generated by the regular element ; € Oy, ,,. The natural
ring homomorphism Oy, — Oy,,, is surjective, hence we can lift # to an element
t; € ﬁﬁ),},-

3.1.11. Claim. — t; is a regular element in Oy, for every i =1, ..., n.

Proof of the claim. — By [19, Ch. 0, Th. 19.7.1] the ring Oy ,, is flat over V; then
the claim follows from [19, Ch. 0, Prop. 15.1.16]. <&

In view of Claim 3.1.11 we can find an open affine subscheme ; C ) such that
i € Y; and 4 extends to a regular element of I'(l;, Oy). Finally, set U, := D \ {1}
and 20; := i N Y;; we define the invertible Oy-module £ by gluing the sheaves
Oy, (defined on ;) and Oy, (defined on *U,); the gluing map is the isomorphism

Ogym, — Owys, >4 f.

So, the global sections of £ are identified naturally with the pairs (f, g) where / €
'Y, Oy), g € T'(Y;, Oy) and figy, = #; - gy, Clearly, £/ /n.Z" is the invertible sheaf
Oy,(»;) on Yy; set " = L) Rpy =+ oy Z. notice that, since X is affine, every
irreducible component of Yy meets {y, ..., »,}; it then follows from [39, §7.5, Prop. 5]
that £ /m.Z" is ample on Yy, and then [18, Ch. III, Th. 5.4.5] shows that ) is
algebraizable to a projective scheme Y over SpecV, and .£" is the formal completion
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of an ample invertible Oy-module that we shall denote by .Z. Especially, .Z/n.Z is
the ample sheaf Oy, (9, +--- +,) on Y.

By inspecting the construction, we see that £ >~ Oy (D), where D is an ample
divisor on Y whose support Supp(D) C Y intersects Y, in precisely the closed subset
Y(\Xj. Therefore the open subset U := Y \Supp(D) is affine and clearly UNY, = X.
Let 4 C ) be the formal completion of U along its closed subscheme Xj; it follows
that the imbedding X C %) induces an isomorphism of affine formal Spf V-schemes:

(3.1.12) U= X.

Let Y™ C Y be the set of all points x € Y such that Y is smooth over SpecV at x;
according to [20, Ch. IV, Cor. 6.8.7] and [22, Ch. IV, Cor. 17.5.2], Y*" is an open
subset of Y.

3.1.13. Clavm. — Y, \ Xy C Y™

Proof of the claim. — Indeed, for every y € Y, the completions of the local

rings Oy, and Oy, are isomorphic topological V-algebras, therefore the claim follows
from [19, Ch. IV, Prop. 19.3.6] and [22, Ch. IV, Prop. 17.5.3]. <

3.1.14. Claim. — The (reduced) closed subscheme Y*" := Y \ Y*™ is finite over
SpecV, and moreover Y C U.

Proof of the claim. — First of all, since the morphism Y — SpecV is proper (es-
pecially, universally closed), the closure of any point of Y meets the closed fibre Y. It
follows easily that the dimension of Y*"¢ is the maximum of the dimension of the local
rings Oysns ,, where y ranges over all the points of Y"$NY,. However, Y"$NY|, is pre-
cisely the set of points y € Y, with the property that Y, is not smooth over Spec V,
at y; in other words, Y™ N'Y, C X, which consists of finitely many closed points,
whence:

dim Oysns , ®v Vo =0 for every y € Y N Y,.
On the other hand, quite generally we have the inequality:
dim Oyse , < dim'V 4 dim Oysine , @y V

for every y € Y™ NY, (see [41, Th. 15.1]), therefore we conclude that the rela-
tive dimension of Y*"8 over SpecV equals zero, hence Y®" is finite over SpecV, as
claimed. Since U contains Y*"¢ N'Y, by construction, and since every point of Y*"8
admits a specialization to a point of Yy, it is clear that Y*" is contained in U. <&

For any V-algebra A denote by A} the n-adic completion of A.

3.1.15. Clazm. — For any V-algebra R of finite type, the natural morphism
Spec R} — SpecR is regular.
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Proof of the claim. — According to [20, Ch. IV, Prop. 7.4.6], it suffices to show
that all the formal fibres of R are geometrically regular. However, this follows from
[20, Ch. IV, Th. 7.4.4(u)]. <&

Say that X = SpecR and U = SpecS, for some V-algebras R and S of finite
type; (3.1.12) induces an isomorphism of V-schemes

¢" : U" := SpecS) —> X" := SpecRY.

3.1.16. Claim. — Let x € U” be any point whose image y € U lies outside Y*"8,
Let " := ¢"(x) and denote by »’ the image of x" in X. Then X is smooth over SpecV
at the point y'.

Proof of the clavm. — It suffices to show that the induced morphism
Spec Ox v — SpecV

is regular ([22, Ch. IV, Cor. 17.5.2]). However, by assumption Spec Oy, — SpecV is
regular, hence so is the morphism Spec Oy~, — SpecV, in view of Claim 3.1.15.

Consequently the morphism Spec Ox~, — SpecV is regular, and since the map
Oxy — Ox~ v is faithfully flat, the claim follows from [41, Th. 32.1]. <

Next, let J C S be an ideal with V(]J) = Y*"¢, In view of Claim 3.1.14, the quo-
tient S/J" is finite over V for every n € N; especially, it is complete for the
n-adic topology. We deduce from Lemma 3.1.1(ii) that the natural map Sj' — Sjg; is
an isomorphism (notation of (3.1)), and then Lemma 3.1.1(1) implies that the natural
map Sg; — Sy is an isomorphism as well, whence, by composing ¢” with the natural

A

map X" — X, a morphism of V-schemes ¥ : Spec Sf; — X. The latter can be seen
as a section

O'A . SpCCS% — U Xspecvx

A

of the U-scheme U Xgp..y X (namely, 0 is the unique section such that 7 o 0" =,

where 7 : U Xg,..v X — X is the natural projection). It follows from Claim 3.1.16
that the section o” fulfills the assumptions of [23, Ch. II, Th. 2 bis], so that there

exists a section
o . SpCC Sﬁ\] —- U XSpecV X.

such that o and 0" agree on the closed subscheme Spec S/nJ. Let S be the henseliza-
tion of S along the ideal nS; finally we define a morphism of V-schemes

B : Spec Sﬁ N SpecSﬁJ AN § X $pec v X X

where o 1s the natural morphism. The theorem is now a straightforward consequence
of the following:
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3.1.17. Claim. — B induces an isomorphism Spec S|, — X/ .

Proof of the claim. — By construction, B and ¢" agree on the closed subscheme
SpecS/nS. Let " : U" — X" be the morphism induced by B and denote by griR
and gr;S the graded rings associated to the n-preadic filtrations of R and respec-
tively S; we deduce that the morphisms B and ¢”" induce the same homomorphism
griR — gr?S of graded rings. Since ¢ is an isomorphism, it then follows that "
is an isomorphism as well ([9, Ch. III, §2, n. 8, Cor. 3]). Next, according to [43,
Ch. XI, §2, Th. 2], the ring S! is the filtered colimit of a family of étale S-algebras
(S, | A € A) such that S; /nS; is S-isomorphic to S/nS for every A € A. Especially, the
n-adic completion S}, is S-isomorphic to S7, and we can find A € A such that 8 de-
scends to a morphism B, : Spec S, — X. Consequently, the map R — S}
étale for the n-adic topology, therefore the same holds for the map R — S, induced
by B,. Finally, let p € SpecS,/nS;, and set q :=pNR € Xy; a fortiori we see that S; 4
is formally étale over Ry for the g-preadic and p-preadic topologies; by [22, Ch. IV,
Prop. 17.5.3] we deduce that S; is étale over R at all the points of Spec S, /nS,. Since

1s formally

Sﬁ ~ S’i’n, the claim follows. O
3.1.18. — Suppose that V is a valuation ring whose field of fractions K is

algebraically closed, and let S := Spec V. We conclude this section with a result stating
the existence of semi-stable models for curves over the generic point of S. The proof
consists in reducing to the case where V is noetherian and excellent, to which one
can apply de Jong’s method of alterations [12]. Recall that a semi-stable S-curve is a flat
and proper morphism g : Y — S such that all the geometric fibres of g are connected
curves having at most ordinary double points as singularities. Denote by n the generic
point of S. We consider a projective finitely presented morphism f : X — S such that
£~ (n) is irreducible of dimension one. We also assume that X is an integral scheme,
and G is a given finite group of S-automorphisms of X.

3.1.19. Proposition. — In the situation of (3.1.18), there exists a projective and birational
morphism ¢ : X' — X of S-schemes such that:

(a) The structure morphism [’ = X' — S is a semi-stable S-curve whose generic fibre [~ (1)
i wrreductble and smooth over Spec K.
() G acts on X' as a group of S-automorphisms, such that ¢ is G-equivariant.

Progof. — Let us write V as the colimit of the filtered family (V; | z € I) of its
excellent noetherian subrings. By [21, Ch. IV, Th. 8.8.2(),(i1)], we may find ¢ € I such
that both f and the action of G descend to, respectively, a finitely presented mor-
phism f : X; — S; := SpecV, and a finite group of S;-automorphisms of X;. By [21],
Ch. IV, Th. 8.10.5] we may even suppose that f is projective, and — up to replacing
I by a cofinal subset — we may suppose that the latter property holds for all ¢ € I. For
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every ¢ € I, let n; be the generic point of S;; we apply [21, Ch. IV, Prop. 8.7.2 and
Cor. 8.7.3] to the projective system of schemes (£~ '(n,) | i € I) to deduce that there
exists 7 € I such that ﬁfl(m) is geometrically irreducible over Speck(n;). Let Z; C X,
be the Zariski closure (with reduced structure) of ]fl (n,); then Z; xs.S 1is a closed sub-
scheme of X containing /~'(n), so it coincides with X, since the latter is an integral
scheme. Moreover, since f is a closed morphism and n; € f(Z;), we have f(Z;) = S,.
Furthermore, the G-action on X restricts to a finite group of S;-automorphisms of Z,.
The restriction Z; — S; of /. fulfills the conditions of [12, Th. 2.4], hence we may find

a commutative diagram:

Z; > Zi
VA Ji
v \

such that Z; and S/ are integral and excellent, ¢, and v; are projective, dominant and
generically finite, £’ is a semi-stable projective S'-curve and moreover a finite group
G’ acts by Si-automorphisms on Z’; also there is a surjecion G' — G so that ¢; is
equivariant for the induced G’-action (condition (v) of [12, Th. 2.4]). Furthermore,
if 1! denotes the generic point of S}, the induced morphism

(3.1.20) ST = £ 00 Xspecwn Speck ()

is birational (condition of [12, Th. 2.4(vii)(b) and Rem. 2.3(v)]). After taking the base

change S — S; we arrive at the commutative diagram:

ois

7' =7 x5, S T>X
Ss S

v vis Y
S':=8SIxg, S =S

where again ;s is generically finite and projective. Since k(1) is algebraically closed,
it follows that the induced map «(n) — k(') is bijective for every n' € 1#2}1 (n); by
the valuative criterion for properness ([17, Ch. II, Th. 7.3.8(b)]) we deduce that ¥, s
admits a section 0 @ S — S We set X' := Z' Xy S (the base change along the
morphism o) and denote by ¢ : X' — X the restriction of ¢;s. By construction,
f X' — S is a semi-stable S-curve. From (3.1.20) we deduce easily that the induced
morphism f"~'(n) — f~'(n) is birational, and then, since f” is flat, it follows that X’
is integral and ¢ is birational. Moreover, the action of G’ is completely determined
by its restriction to the generic fibre /"~'(n), and since ¢ is equivariant, it follows that
this action factors through G. |
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3.2. Vanishing cycles. — We resume that notation of (2.2); we let S := Spec K™,
and denote by s the closed point of S. According to [30, §4.2], to every S-scheme X
and every abelian sheaf I' on X, one attaches a complex of abelian sheaves

RWys(F) € D(X; &, Z)

where X; := X xg Spec K™ and D(X, ¢, Z) denotes the derived category of the cate-
gory of abelian sheaves on X, . Its stalk at a point x € X; can be computed as fol-
lows. Denote by Xf{x} the spectrum of the henselization of the local ring O ,; then
there is a natural isomorphism in the derived category of complexes of abelian
groups:

(3.2.1) RWy5(F), >~ RI'((X]

T XS Spec K)él, F)

We let also Xk := X x5 Spec K. There is a natural map
RI'Xk, F) — RI'(X;, R¥y/s(F))

which is an isomorphism when X is proper over S. On the other hand, one has a nat-
ural morphism in D(X| ¢, Z)

(3.2.2) F|x5 [0] — RWX/S(F)
and the cone of (3.2.2) is a complex on X; called the complex of vanishing cycles of the

sheaf I, and denoted by R®y s(F).
Any S-morphism ¢ : X — Y induces a natural map of complexes

(3.2.3) ¢*RDys(F) — Ry 5(¢"F)
for every abelian sheaf I on Y.

3.2.4. — Let m € m be any non-zero element, and set:
A :=KT"[S, T1/(ST — 7?).
The m-adic completion of A is the subring A° of the affinoid ring A := A(a, a™"),
where @ := |7| (cp. Example 2.1.12). Let A" be the henselization of A along its ideal
7A; by Proposition 1.3.2(1), the base change functor:
A-Alg. . — A%-Alg. . 1 B> A°®u B

is an equivalence.
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3.2.5. — Letf: X :=SpaB — D(q,a") be a finite étale morphism, so that
B is a finite étale A-algebra, and suppose moreover that a finite group G acts freely
on X in such a way that / becomes a G-equivariant morphism, provided we endow
D(a, a~') with the trivial G-action. This situation includes the basic case where f is
a Galois (étale) morphism with Galois group G, but we also allow the case where G
is the trivial group. Under these assumptions, B is normal, therefore the same holds
for B°. Moreover, by Lemma 2.3.1, B° is a finitely presented A°-module; we denote by
B the unique (up to unique isomorphism) A’-algebra corresponding to B° under the
equivalence of (3.2.4). By Proposition 1.3.2(ii1), B is normal, and clearly the G-action
on B translates into a G-action on B, fixing A". Since A"/mA" >~ A°/mA°, we can
view the prime ideal ‘B C A° defined in the proof of Claim 2.3.27, as an element of
Spec A"/mA". Similarly, the finitely many prime ideals ¢y, ..., q, C B°® lying over 8 can
be viewed as elements of Spec B/mB. We also obtain a natural action of G on the set
{dq1, ..., q,}. For every : =1, ..., n, we let:

— St(q,) C G be the stabilizer of q;,

- Afi3 (resp. B!) the henselization of the local ring Ay (resp. of By),
— Apk = Ay ®x+ K, By =B} ®+ K,

— Tk := Spec A%,K, X! := SpecB!'¢

— A a finite local ring such that £"A = 0, for a prime number £ # char K™ and

some integer n > 0.

With this notation we define:

AKX, g, F) :==RT((Xlg),.F) and AX,F):= @ AKX, g, F)
i=1

for every sheaf of A-modules F on the étale site of X!.. Moreover, if C* is a bounded

complex of A-modules and H*C* is a finite A-module, we shall denote by x(C*®) the

Euler-Poincaré characteristic of C®, which is defined by the rule:

Diez(— 1y - length , (H'C?)

(G = length , (A)

In case C* is a complex of free A-modules (especially, C* is perfect), we have also the
identity:

X(C*) = (=1) -tk (CH.
1€Z

As usual ([32, Exp. X, §1]) one can view the constant sheaf Ax: on (XZK)ét as a sheaf
of G-modules with trivial G-action, and then by functoriality, A(X, q;, A) is a complex
of A[St(qg;)]-modules in a natural way. Furthermore, A(X, A) is a complex of A[G]-
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modules, whose structure can be analyzed as follows. Let O, U---UO;, = {q, ..., q,}
be the decomposition into orbits under the G-action, and for every ¢ < £ let us pick
a representative ¢; € O;; then:

k
(3.2.6) A A) = Y IndS AKX, 4, A)  in D(A[G]-Mod).
=1

The proof is left to the reader.

3.2.7. Lemma. — With the notation of (3.2.3), the following holds:

(1) The complex of A-modules A(X, q;, F) s perfect of amplitude 10, 1], for every con-
structible sheaf ¥ of fiee A-modules on (X1 )e.
(1) For every n € N, there is a natural 1somorphism:

L ~
Z/0Z ®zp0m1z AX, 4, Z/0T'Z) — AX, q,, Z/C'Z)

in the derived category D" (Z/¢"Z-Mod).
(i1i) For every locally constant sheaf ¥ of A-modules on (Tt )¢, we have:

X(AMD(a,a "), P, F)) <0.

Proof. — To start out, notice that the scheme Spec Bg’K is a cofiltered limit of
one-dimensional affine K-schemes of finite type; then (ii) is an easy consequence of [13,
Th. finitude, Cor. 1.11]. We also deduce that the cohomological dimension of
Spec Bf,K is < 1; furthermore, it follows from (3.2.1) and [30, Prop. 4.2.5] that
H"A(X, q;, F) has finite length for every » € N and every constructible sheaf I of
A-modules, hence assertion (i) follows from:

3.2.8. Claim. — Let R be a (not necessarily commutative) right noetherian ring
with center Ry C R, ¢ : Z — Y a morphism of schemes, and C* a complex in
D™ (Z, R). Suppose that the functor

R, : D™ (Zu, Rg) — D (Yer, R)

has finite cohomological dimension (thus, R¢, extends to the whole category
D(Zs, Ry)). Then:

(1) CG* is pseudo-coherent if and only if H"C® is coherent for every n € Z.
(i) C* 1s perfect if and only if it is pseudo-coherent and has locally finite Tor-
dimension.
(it1) If the Tor-dimension of C* is < d (for some d € Z), then the Tor-dimension
of Rg,C* € Ob(D™ (Y, R)) 1s < d.
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Proof of the claim. — (1) (vesp. (i1), resp. (ii1)) is a special case of [5, Exp. I, Cor. 3.5]
(resp. [5, Exp. I, Cor. 5.8.1], resp. [4, Exp. XVII, Th. 5.2.11]). <

(i1): It follows from (i) that the Euler-Poincaré characteristic of the complex
AD(a,a "), B, F) is well defined when A is a finite field of characteristic £. For the
general case, let my, C A be the maximal ideal; we consider the descending filtra-
tion F D myF D miF D --- D m F = 0, whose graded subquotients are sheaves
of modules over the residue field k(A) of Aj; since the expression that we have to
evaluate 1s obviously additive in F, we are then reduced to the case where F is an ir-
reducible locally constant sheaf of k(A)-modules. In such case, if I is not constant the
assertion 1s clear, so we can further suppose that I' is the constant sheaf with stalks
isomorphic to «(A). However, Affn is a normal domain, therefore T is connected,
so H'A(D(a, a™"), P, k(A)) = k(A). Finally, from [14, Exp. XV, §2.2.5] we derive
H'AD(a, "), B, k(A)) = k(A). (loc.cit. considers the vanishing cycle functor relative
to a family defined over a strictly henselian discrete valuation ring, but by inspecting
the proofs it is easy to see that the same argument works verbatim in our setting as
well.) ]

3.2.9. — Let R be a (not necessarily commutative) ring. We denote by K’(R)
(resp. by K¢(R)) the Grothendieck group of finitely generated projective (resp. finitely
presented) left R-modules. Any perfect complex C* of R-modules determines
a class [C*] € K°(R). Namely, one chooses a quasi-isomorphism P* — C* from
a bounded complex of finitely generated projective left R-modules, and sets [C*] :=
Ziel(_l)i -[P]; a standard verification shows that the definition does not depend on
the chosen projective resolution.

3.2.10. Proposition. — In the situation of (3.2.5) we have:

1) A(X, q;, A) is a perfect complex of A[St(q;)]-modules of amplitude [0, 1].
() [AX, q;, F)[11] € K(F,[St(q:)]) equals the class of a projective Fy[St(q;)]-mod-
ule.
(i) [AX, Fo)[1]] € KO(¥,[G]) equals the class of a projective Fo[G]-module.

Progf. — (1): This is well known: let fg : X! — T be the natural morphism;
one shows as in the proof of [32, Exp. X, Prop. 2.2] that fx,A 1s a flat sheaf of
A[St(q;)]-modules, and then Claim 3.2.8(ii1) implies that the complex of A[St(q,)]-
modules A(X, q;, A) >~ A(D(a, a '), B, fx. A) is of finite Tor-dimension. It then fol-
lows from Claim 3.2.8(1),(i1) and Lemma 3.2.7(i) that A(X, ¢;, A) is a perfect complex
of A[St(q;)]-modules of amplitude [0, 1].

(ii): Let us choose a complex A® := (A" — A') of finitely generated projec-

tive F;[St(q;)]-modules with a quasi-isomorphism A*® — AKX, q;, Fo); if M 1s any
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F,[St(q;)]-module of finite length, we deduce a quasi-isomorphism (cp. the proof of
Lemma 3.2.7(i1))

M ®r, sty A* —> RI(Th, M ®pygsiqn) feFe)-
Whence x(M ®g,sigy A®) < 0, in view of Lemma 3.2.7(iii). In other words:

kg, M ®F,(si(q)] A < rke,M ®g,siq)) A'  for every M of finite length.
On the other hand, Ky(F;[St(q,)]) is endowed with an involution ([32, Exp. X, §3.7])

Ko (Fe[St(q:)]) — Ko(F[St(g)]) :
[M] — [M]* := [M*] := [Homg, (M, Fy)].

We have a natural isomorphism
Hompg,s:(q)1 (N, M) = (N ®g,s1q91 M)

for every F,[St(q,;)]-modules of finite length M and N ([32, Exp. X, Prop. 3.8]). Since
clearly rkg, M = rkg, M* for every such M, we conclude that

(3.2.11) I‘kFZHOI’nF[[S[(qZ)](AO, M) < I‘kFZHOI’nF[[Sl(qZ)](Al, M)

for every M of finite length. By [47, §14.3, Cor. 1, 2] the projective modules A"
and A' are direct sums of projective envelopes of simple F,[St(q,)]-modules; however,
(3.2.11) implies that the multiplicity in A" of the projective envelope Py of any simple
module N is < the multiplicity of Py in A!, whence the assertion.

(111) 13 an easy consequence of (i) and (3.2.6). O

3.2.12. — Keep the assumptions of Proposition 3.2.10. For every n € N we
set A, = Z/0"Z; in view of Lemma 3.2.7(ii) we derive natural isomorphisms in
D*(A,[St(q) - Mod):

L - L
(3.2.13) AL [St(A)] ®a, s A Qi A1) —> A, Qa,, AKX, 44, Ayyr)
— AKX, q;, A).

Then, according to [32, Exp. XIV, §3, n. 3, Lemme 1] we may find:

— An inverse system (A’(X, q;) | n € N), such that A*(X, q;) i3 a complex of
projective A,[St(q;)]-modules of finite rank, concentrated in degrees 0 and 1,
and the transition maps are isomorphisms of complexes of A,[St(q;)]-modules:

(3.2.14) A, ®p,., AL (X, q) — AX,q;)  for every n € N.
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— A system of isomorphisms: A%(X, q;) — AX,q;, A,) in the category
D*(A,[St(q:)]-Mod), compatible with the isomorphisms (3.2.13) and
(3.2.14).

(Actually, loc.cit. includes the assumption that the coefficient rings are commutative.
This assumption is not verified by our system of rings A,[St(q,)]; however, by inspect-
ing the proof, one sees easily that the commutativity is not needed.)

We let A2 (X, ;) be the inverse limit of the system (A*(X, q) | n € N); this is
a complex of projective Z,;[St(q;)]-modules of finite rank, concentrated in degrees 0
and 1, and we have isomorphisms of complexes of A,[St(g;)]-modules:

AL [St(9)] ®z, st As (X, 4) = A, Qz, AL (X, q,) = AY(X, q;)

for every n € N. Likewise, we set
ArX) =P ArX, q)
i=1

and the analogue of (3.2.6) holds for A%(X), especially the latter is a complex of
finitely generated projective A,[G]-modules and the inverse limit:

A% (X) = 1im A (X)
neN
1s a complex of finitely generated projective Z,[G]-modules.

3.2.15. Lemma. — In the situation of (3.2.12):

(i) The element [A% (X, q.)[1]] € K"(Z,[St(q;)]-Mod) is the class of a finitely gener-
ated projective Zy[St(q;)]-module.

(it) The element [A% (X)[11] € KX (Z,[G]-Mod) is the class of a finitely generated pro-
Jective Zy[G]-module.

Progf. — (i) follows from Proposition 3.2.10(ii) and [47, §14.4, Cor. 3], and (i)
follows from (i). O

3.2.16. — In view of Lemma 3.2.15, the element [A% (X, q;) ®z Q] €
K°(Q ([St(q,)]) is the class of a finite-dimensional £-adic representation of St(q,). For
such representations p, it makes sense to ask whether the associated character takes
only rational values, ze. whether the class [p] lies in the subgroup Rgq (St(q;)) C
K°(Q,[St(q,)]) (notation of [47, §12.1]), and a complete charaterization of
Q ®z R (St(q,)) is provided by the criterion of [47, §13.1]. The availability of that
criterion 1s the main reason why we are interested in £-adic representations (rather
than just £-torsion ones).
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3.2.17. Theorem. — With the notation of (3.2.16):

(t) The class [A% (X, q;) ®z Q] les in Rg (St(q;)).
(1) The class [A(X) ®z Q] lies in Rg (G).

Proof. — Of course it suffices to show (i). We begin with the following:

3.2.18. Clazm. — There exist:

—a projective birational morphism ¢ : Y — X of integral projective S-schemes,
where Y — S is a semistable S-curve with smooth connected generic fibre
Yk — SpecK;

— group homomorphisms St(q;) — AutsY and St(q;,) — AutsX such that ¢ is
St(q,)-equivariant;

—a point x € X, fixed by St(q,), with an St(q;)-equivariant isomorphism:
Oy — Bls

—an open neighborhood U C X of x, which is a connected normal scheme.

Proof of the claim. — To start out, B" is the colimit of a filtered family

Bulmel)

of étale B-algebras, and since B! is a normal domain, we may assume that the same
holds for every B,. We may find p € J such that the action of St(q;) on Bf descends
to an action by K*-automorphisms on B, ([21, Ch. IV, Th. 8.8.2()]). If x € U :=
SpecB,, denotes the contraction of the ideal ¢, C B, we have an St(q;)-equivariant
isomorphism & | — B!. Let V C B, be a finitely generated K*-submodule, say of
rank n + 1, that generates Oy; V determines a morphism ¥ : U — P§, and by choos-
ing V large enough, we may achieve that ¥ is a locally closed immersion; moreover
we may suppose that V is stable under the natural St(q;)-action, in which case ¥ is
St(q;)-equivariant. Denote by X the Zariski closure of ¥(U) (with reduced structure).
Then the action of St(q;) extends to X and f : X — S is a projective finitely pre-
sented morphism; moreover, since U is a normal scheme, the generic fibre f~!(n) is
irreducible. To conclude, it suffices to invoke Proposition 3.1.19. <&

Hence, let ¢ : Y — X and x € U C X, be as in Claim 3.2.18, and ¢, : Y, — X
(resp. ¢, : Yk — Xg) the restriction of ¢; applying the proper base change theorem
([4, Exp. XII, Th. 5.1]), we derive a natural St(q,)-equivariant isomorphism:

(3.2.19) R, RWy sA —> RWy,sRep, A

in D(X ¢, A), for every ring A as in (3.2.5). Set Z := qﬁ;l(x); taking the stalk over x
of the map (3.2.19) yields an St(q;)-equivariant isomorphism:

(3.2.20) RI(Z, RWysA) —> (RWysRe,,A),.
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Moreover, U is smooth over Spec K, hence ¢, restricts to an isomorphism on ¢~'Ug,
hence:

(3.2.21) (RWy,sR, A) = (RWysA), >~ A(X, q;, A)

where again these isomorphisms are St(q;)-equivariant. On the other hand,
[14, Exp. XV, §2.2] yields natural isomorphisms:

(3.2.22) RWysA > Ay, R'WygA > A(=1) i RWysA =0 forj>1

where i : Y8 — Y, is the closed immersion of the singular locus of Y, (which consists
of finitely many Spec K™-rational points) and (—1) denotes the Tate twist. (Actually,
loc.cit. considers the case where S is a henselian discrete valuation ring, but by inspect-
ing the proof one sees easily that the same argument works in our situation as well.)
Since Z is proper over Spec K™, one may apply [4, Exp. XVII, Th. 5.4.3] to deduce
that (3.2.20) and (3.2.21) still hold after we replace A by Q, and A(X, q;, A) by
AL (X, q:) ®z Q. Hence, [AZ (X, q;) ®z Q] is the difference of the classes:

R :=[RT(Z, Q)]  Ry:=[I(Z"%Q(—1)]

where the St(q;)-actions on R, and Ry are deduced by functoriality from the actions
of St(q;) on the sheaves Q, and Q ,(—1), and the latter are defined via (3.2.22). So
the theorem follows from the following:

3.2.23. Claim. — R, Ry € Rg (St(q))).

Proof of the clavm. — Concerning R;: first of all, notice that the action of St(q;)
on Ay, (resp. on Q,y,) induced by the isomorphism (3.2.22), is the trivial one (this
isomorphism is the map (3.2.2)). Let p : Z' — Z be the normalization morphism, and
say that Wy, ..., W, are the irreducible components of Z’; a standard dévissage shows
that

R = [RE(Z. Q)] - M 27, Q)] +[r(27 )]

where the St(q;)-actions on the terms appearing on the right-hand side are deduced,
by functoriality, from the trivial St(g,)-actions on the constant £-adic sheaves Q, on
the scheme Z'. Let g € St(q;) be any element, ¢’ : Z' — 7’ the unique K™ -automorph-
ism that lifts the action of g on Z, and ¢” : ¢*Q , —> Q, the isomorphism that defines
the trivial St(q;)-action on Q. We have a natural decomposition: RI',(Z', Q ;) =~
@le RI,(W,, Q,), and RT.(Z', g") restricts to isomorphisms:

w; : R[.(JW), Q) — R[L(W,,Q,) foreveryi=1,..,k
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It follows that the trace of RI'.(Z', g") is the sum of the traces of the maps w; such
that g(W;) = W,. Each W; is either a point or a smooth projective K™-curve. In
case W; is a point, w; is the identity map; to determine the trace of w; in case W;
is a smooth curve, we may apply the Lefschetz fixed point formula [13, Rapport,
Th. 5.3], and it follows easily that [RI'.(Z, Q,)] € Rg(St(q;)). Next, consider the
term [I(Z*"¢, Q ,)]; a similar argument shows that, in order to compute the trace of
the automorphism induced by g on ['(Z5", Q ,), we may neglect all the points of Z*"
that are not fixed by the action of g; if z € Z*" is fixed by g, then clearly the trace
of T({z}, ) equals I, so we get as well [['(Z"8, Q)] € Rg (St(q,)). Finally, we con-
sider [[(p™'Z"8, Q o)]: let (Z"8)¢ be the set of points of Z™ that are fixed by g; an
argument as in the foregoing shows that the trace of I'(p~'Z", ¢”) is the same as the
trace of I'(p~1(Z1¢)¢, g"). For every z € (Z*"8)¢, the fibre p~'(z) consists of two points
2, and Z,, and clearly g either exchanges them, in which case the corresponding con-
tribution to the trace is 0, or else g fixes them, in which case the contribution is 2.
Hence [[(p'Z"8,Q ()] € Rg (5t(q,)), so the claim holds for R;.

Concerning Ry: let again g € St(q;) be any element; the action of g on Ry is
induced by an action of g on (R'W,Q /) ysue, .e. by an isomorphism g : g*Q ,(—1) ysine
— Q ,(—1)ysne. Arguing as in the foregoing case, we see that the trace of I'(Z"8, g')
is the same as the trace of ['((Z*")¢, ¢'). Hence, for our purposes, it suffices to deter-
mine the automorphism g, of the stalk over any z € Z*"¢ which is fixed by g. By [14,
Exp. XV, §2.2], Poincaré duality yields a perfect pairing:

(R‘\IJWQZ)Z x Hi, (Y, R¥,Q,.(1)) > Q..

Hence it suffices to show that [H{lz}(Y_g, RY,Q,(1))] lies in Rq (St(q;)). However, ac-
cording to [14, Exp. XV, Lemme 2.2.7], we have a natural short exact sequence:

0 — H({z}, Q1) = H’(p™'{z}, Q) (1)
— Hy, (Y, R¥,Q,(1)) = 0

which is St(q;)-equivariant, provided we endow the £-adic sheaves Q y.; and Q 4,1y
with their trivial actions. It follows that the trace of g. equals 1 if g fixes the points of
p 'z}, and equals —1 if g exchanges these two points. |

3.2.24. — Keep the notation of (3.2.5) and let H C G be any subgroup;
since A is a Japanese ring ([6, §6.1.2, Prop. 4]) we see easily that the subring BH
of elements fixed by H is an affinoid algebra; we can then consider the morphism
fu @ X/H := SpaB" — D(a,a™"); clearly f; is again étale (indeed, this can be
checked after an étale base change, especially, after base change to X, in which case
the assertion is obvious). Moreover, obviously (B")° = (B°)H; under the equivalence
of (3.2.4), the finitely presented A°-algebra (B™)° corresponds to a unique (up to
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unique isomorphism) finitely presented A’-algebra C such that C ®g+ K is étale over
Al = A" ®g+ K. By Lemma 1.3.6 the natural map A" — A° is faithfully flat; by
considering the left exact sequence of A*-modules

@Brer(1—h)
0 >B" >B " >@,uB
one deduces easily that
(3.2.25) c =B

3.2.26. — Suppose next, that the subgroup H C G is contained in St(q;). We
denote by g the image of g; in Spec (B")°. In view of (3.2.25) the induced map

. yh h . h
g: Xix =~ Y;k = Spec qu*,K
is a Galois étale covering with Galois group H.

3.2.27. Lemma. — In the situation of (3.2.26), we have a natural isomorphism n
D(Z,-Mod):

AL (X/H, qf) — AL (X, g™

Proof. — (Notice that, since in general H is not a normal subgroup of St(q;),
the only group surely acting on A(X/H, g¥, A,) is the trivial one, so A2 (X/H, q}')
is to be meant as a complex of free Z,-modules.) To start with, let A be any ring as
in (3.2.5); the functor I — I'(F) := F! on sheaves of A[H]-modules on (Yf’K)é[
induces a derived functor

RIM 2 D*((Yh),.. ALHI) — D*((Yig),,. A).

ét’
Likewise, we have a derived functor:
RI'™ : DT (A[H]-Mod) — D" (A-Mod).

Especially, consider the inverse system (A%(X,q;) | » € N) of (3.2.12); since each
A% (X, q;) 1s a complex of projective A,[St(q;)]-modules, the natural map:

A (X, q) — RIMA (X, q))

1s an isomorphism in D(A,-Mod), for every n € N. Similarly, since g,A 1s a sheaf

Xk
of projective A,[H]-modules, we have natural isomorphisms of sheaves on (Y} )

(3.2.28) A,y —> RTYgA 0
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Now, by applying to (3.2.28) the triangulated functor

RI" : D((Y!x)... A,) = D(A,-Mod)

o
and using the obvious isomorphism of triangulated functors

RI o RIM >~ RIM o RT : D*((Yly),. AHI) = D¥(A,-Mod)
we deduce natural isomorphisms:

AL(X/H, q!') — RI((Yig),. M) — THANX, q)) for every n € N.

The assertion then follows after taking inverse limits. O

3.2.29. — In the situation of (3.2.35), let § : [loga, —loga] NlogT'x — Ry
be the discriminant function of the morphism f. We saw in the course of the proof
of Theorem 2.3.25 how one can calculate the variation of the slope of § at the point
p = 0 — that 1s, the slope around p = 0 of the function p — §(—p) 4+ 5(p). The
expression i1s a sum of contributions indexed by the prime ideals qy, ..., q,. Proposi-
tion 3.2.30 explains how these localized contributions can be read off from the com-
plexes A(X, q;, F;) (where F; is the finite field with £ elements).

3.2.30. Proposition. — Resume the notation of (2.3.22) and (3.2.5). Then:
(3.2.31) 20(q,) + §(q) — 2 = x(AX, q;, Fo)[1]). Jor every 1 =1, ..., n.
Proof — We shall give a global argument: first, according to [22, Ch. IV,

Prop. 17.7.8] and [43, Ch. XI, §2, Th. 2], we can find:

— an étale map A — A’ of KT -algebras of finite presentation such that the in-
duced map A ®g+ K™ — A" ®k+ K™ is an isomorphism;

— a finitely presented A’-algebra B with an isomorphism A" ®,y B' —> B. Espe-
cially, the induced morphism A’ ®x+ K — B’ ®k+ K is still étale.

Set T := SpecA” and X := SpecB'’. Using (3.2.1) one deduces natural isomorphisms
in the derived category of complexes of F,-vector spaces:

(3.2.32) A(X, q:, Fg) ~ R\IJX/S(FZ,X)qi

for every 1 = 1, ...,n. The special fibre X; := SpecB’/mB’ of the S-scheme X is of
pure dimension one, since it is finite over Spec A/mA, and it is reduced, in view of
Lemma 2.3.2. Hence X, is generically smooth over SpecK™; denote by X' and X!
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respectively the seminormalization and normalization of X; (cp. [39, §7.5, Def. 13]).
There are natural finite morphisms

Xo s X! X,
and the quotient Oy -modules
Q) :=(mo0 ﬂl)*ﬁxg/ﬂz*ﬁxy and Q,:= n?*ﬁXf/ﬁX5

are torsion sheaves concentrated on the singular locus X" C X,. By inspecting the
definition, one verifies easily that

(3.2.33) a(q;) = dimg~ Qo for every 1 =1, ..., n.

Similarly, using [41, Th. 10.1] and Lemma 2.2.12 one finds a natural bijection be-
tween the points of §(q;) and the points of X! lying over the point q; € X, (cp. the
proof of [31, Th. 6.3]). This leads to the identity:

(3.2.34) 15(q;) = 1 + dimg~ Q g, for every 1 =1, ..., n.

Now, let us fix one point q := ¢; and choose an affine open neighborhood V C X of ¢
such that X\V contains X8\ {q}; by further restricting V we can even achieve that the
special fibre V; is connected. One can then apply Theorem 3.1.3 to produce a pro-
jective S-scheme Y of pure relative dimension one containing an open subscheme U
such that Y, is connected, Y is smooth over S at the points of Y, \ U, and furthermore
U?UA i~ V?vs- By construction, the generic fibre Yk is a smooth projective curve over
SpecK, and Y{"¢ C {q}. It is also clear that the morphism Y — S is flat, whence an
equality of Euler-Poincaré characteristics:

X(YK7 ﬁY}() = X(Y.r’ ﬁYS)-

On the other hand, let ¢ be the number of irreducible components of Y; [39, §7.5,
Cor. 33] yields the identity

dimFt I‘Il (Y.r,étv Fg) = dimFZ H1 (Yn F[) + dimK~ (ﬂ*ﬁyvg/ﬁyl&)) —c+1

5,6t?

=dimp, H'(Y? . F) +3(q) — ¢

where Y! = Y? is the natural morphism from the normalization to the seminormal-
ization of Y,. Since dimg, H*(Y", , F;) = ¢, we deduce

5,61°

Xe (Y, Fo) = Xét(Y?, Fe) —5(q) + 1.

Furthermore, in light of (3.2.33) and (3.2.34) we can write

x(Ys, Ov) = x (Y5, Oy,) — a(q) — 85(q) + 1.
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By Riemann-Roch we have

Xél(Y?, Fe) = QX(Y?v ﬁY,‘) and Xél(YK, Fe) — QX(YK, ﬁYA)-

Putting everything together we end up with the identity:

Xee (Y, Fo) = xe(Ys, Fo) — 85(q) + 1 — 2a(q).

Now, the complex R®y,5(F;) is concentrated at Yii“g C {q}; it follows that
R®y/s(Fy) >~ pRPy5(F,), where j : Uy — Y, is the open imbedding. Since further-
more the henselizations of U and V are isomorphic, we have a natural identification
R®y/5(Fo)qg = RPy5(Fp)q = Ry /s(Fy)q. Consequently

(3.2.35) XRDPy/s(Fe)q) = xee(Yr, Fo) — xe(Y, Fo) =1 — 15(q) — 2a(q).
Clearly x(RWx;s(F¢)gq) = 1 + x(R®x/s(F;)q), whence the contention. O
3.3. Conductors. — We consider now a finite Galois étale covering f : X —

D(a, b) of Galois group G. For given r € (a, b] N Tk, pick any x € f~'(n(r)); G acts
transitively on the set f~'(n(r)) and the stabilizer subgroup St, C G of x is naturally
isomorphic to the Galois group of the extension of henselian valued fields «x(r)™ C
k()™ (see [31, §5.5]). By [31, Prop. 1.2(iii) and Cor. 5.4], k(x)"" is a free «(r)"*-
module of rank equal to the order o(St,) of St,; hence the different @;n(r) of the ring
extension k(1) C k(x)™* is well-defined and, by arguing as in (2.1.7) one sees that
it is principal. Moreover, it is shown in [31, Lemma 2.1(ii1)] that for every o € St,
there is a value ¢(0) € I'F U {0} such that

|t =o' = i(0)

for all ¢ € k(x)™ such that || ?h is the largest element of I'" \ {0}. The same argument
as in the case of discrete valuations shows the identity

Y= T .

oeSt\{1}

(3.3.1) 2

One defines the higher ramification subgroups of St, by setting:
P, :={o € St, | i(0) <y} for every y € I'f
and one says that y € I'" is a jump in the family (P, | y € ') if P, # P, for every

Y’ <y. When y < 1, the subgroup P, is contained in the unique p-Sylow subgroup
St of St,.
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Furthermore, one has Artin and Swan characters; to explain this, let us intro-
duce the fotal Artin conductor:

i (o)) ifo #1
a,.:St,—>T, al):= ]‘[ i(t) ifo=1.
eSt\{1}

It is convenient to decompose this total conductor into two (normalized) factors:

a’(0) := o(St,) - a,(0)* and a’(o) := —o(St,) - loga,(0)’
for all o € St,.

and as usual the Swan character is sw? := ai — Usy,, where ug,, :=regg, — g, is the
augmentation character, z.e. the regular character regs, minus the constant function
ls, (0) := 1 for every o € St,. Huber shows that a’ (resp. sw?) is the character of
an element of K¢(Q ,[St,]) (resp. of Ko(Z,[St,]): see [31, Th. 4.1]); these are respec-
tively the Artin and Swan representations. In general, these elements are however only
virtual representations (whereas it is well known that in the case of discrete valuation
rings one obtains actual representations).

3.3.2. — The identities obtained in [47, §19.1] also generalize as follows. Let
Yo:=1€Tl,and y; >y > --- >y, be the jumps in the family (P, | ¥ € I'}) which
are < 1. Then directly from the definitions we deduce the identities:

! V4 .

a = ZO(P%)-log ;;bl -Indy up,
3.3.3) =t '
swi=Y o(P,) - () —v.,) - Indyup,

i=1
where Up, 1s the augmentation character of the group P,,. Especially, notice that there
exist two R-valued and, respectively, Q-valued class functions al;t(‘,,> and Swit(.”) of the
p-Sylow subgroup St such that:

b Sty b b Sty b
a, = Indsti.” asé.” and swW, = Indstﬁ " Swstﬂ »

(the induced class functions from the subgroup St to St,; here we view & as an
R-valued class function). Next, we define

a;(rM) :=1Ind§ @  ay("):=1Indj &  swi() := Ind§ swl.

Notice that aé(fr) and Swé(fr) do not depend on the choice of the point
x € f~'(n(r)). Moreover, for any element x € Ko(C[G]) we let:

ac () =(ac0M). x),  sweO ) = (swi0H), x)
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where (-, )¢ is the natural scalar product of R ®z Ko(C[G]) ([47, §7.2]). For future
reference we point out:

3.3.4. Lemma. — (1) alé,(x, ™) € R for every x € Ko(C[G]).
(1) Moreover, a"G( X, 1) > 0 whenever Resg’[(p) X 15 a positie element of Ko(C[Stff’)]),

Progf: — Both assertions follow easily from (3.3.3). O

3.3.5. — Now, suppose that /" : X' — D(qa, b) is another finite Galois étale
covering which dominates X, z.e. such that /” factors through / and an étale morphism
g X' = X. Then g(X’) is a union of connected components of X. Let G’ be the
Galois group of f’; we assume as well that g is equivariant for the G’-action on X'
and the G-action on X, ce. there is a group homomorphism

¢ : G = Aut(X'/D(a, b)) — G = Aut(X/D(a, b))

such that ¢(0) o g = go o for every 0 € G'. Pick x" € X' lying over x; there follows
a commutative diagram of group homomorphisms:

St > St,
\% \%
¢ ’=G

whose vertical arrows are injections and whose top horizontal arrow is a surjection.

One shows as in [46, Ch. VI, §2, Prop. 3] that:
az = Indgtz/ az’ ai = Indgt:/ )u(’

whence the identities:

(3.3.6) a, (") =IndSal, (") al() =IndSal ().
3.3.7. — Later we shall also need to know that the conductors are invariant

under changes of base field. Namely, let (K, |-|) — (F,|-|r) be a map of algebraically
closed valued fields of rank one, and denote by I'y the value group of | - |; say that
X = SpaB, and set:

Xy :=SpaB&kF  D(a, b)p := SpaA(a, H)®kF.

The natural map of adic spaces Xy — X is surjective and G-equivariant, hence we
may choose " € Xy lying over x. Let /' : Xy — D(q, b)r be the morphism deduced
by base change from f. Then we may define Artin and Swan conductors for the ex-
tension k(7 (x)" C k(x')".
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3.3.8. Lemma. — In the situation of (3.3.7), the following holds:

(1) The natural inclusion k(x) C k(x") induces isomorphisms on value groups and Galots
groups:

(3.3.9) I,k — Iy/Ty Sty —> St,.
(1) The natural inclusion T, C Ty induces identifications:
1.(0) = 1. (0) Jor every o € St,.

Proof. — Set n(r)r = f'(x') and x(r)r := k(n(r)r); one checks easily that the

natural commutative diagram:
k(r) > B(r) = (/O

% \
Kk(r)p > B()r = (f,Ox) iy

is cocartesian. By Lemma 2.2.12, the set ' (5(r)) (resp. /="' (n(r))) is in natural bijec-
tion with the set of valuations on Z(r) (resp. A(r)r) that extend |- |, (resp. |- [yu))- It
then follows by standard valuation theory (see [9, Ch. VI, §2, Exerc. 2]) that the map
£ Ym(r)r) — 1 (n(r)) is a surjection; let N (resp. N') be the cardinality of /= (n(r))
(resp. £~ (n(r)r)). Moreover, ZB(r)r is reduced, by [11, Lemma 3.3.1.(1)]; let d be its
rank over k(7)r, which is also the rank of #A(r) over k(7). Since x(n(r)) and k(n(r)r)
are defectless in every finite separable extension ([31, Lemma 5.3(ii1)]), we deduce that:

d=N-(T,: 1—‘71(7)) =N (T,: Fn(f)F)'

We know already that N” > N, and since I',,)/I'x = ') /IF, it is also clear that
Ty : Tyoye) = () Ty), whence (i). Next, in light of (i), for every o € St we may
compute ¢, (0) as |o(t) —t|, where ¢ € k(x) 1s any element such that |¢|, is the largest
element in '\ {1}. Assertion (i) is then an immediate consequence. |

3.3.10. Lemma. — For every subgroup H C G, denote by fr5 : X/H — D(a, b) the
morphism deduced from f. The following identities hold:

8 (—logr) = ag(CIG/H], ") for ewery 7 € (a, 5] N T

and

)
a’iﬂ (—logrt) = SWE(C[G/H], ) Jor every r € (a, b] N T'k.
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Proof. — (Here G[G/H] = IndﬁlH, where 1y is the trivial character of H.) First
of all, one applies (3.3.1) to derive, as in [46, Ch. VI, §3, Cor. 1] that

o (1)

~10g [0, = (8. Ind§ ),

i(r) = (ai}(ﬁ), IndﬁlH>G and

(notation of (2.3.12)), which already implies the first of the sought identities. Moreover
we deduce:

(sw§; (), Ind§i 1), = [0, ()]} | — (Ind s,,, Ind 1)

= [0}, 0[},, + EH\G/St) — (G : H)

which is equivalent to the second stated identity, in view of Lemma 2.2.17(iii) and
Proposition 2.3.17. o

3.3.11. — Of course, one can also repeat the same discussion with the point
n'(r) instead of n(7) (notation of (2.2.10)); then one obtains characters aé(r‘), aé(r‘),
swﬁ;(r‘) and — in view of example (2.3.16) — the identity:

dé
(3.3.12) — dsz (—logr) = (SWE}(T_), regG>G for every r € [a, b)) N T'k.
Moreover we have:
3.3.13. Lemma. — ay,(r) = ay,(r").

Proof. — In view of (3.3.3) and its analogue for aé(r_), we see that both sides
of the sought identity are elements of R ®z Rq (G) (notation of [47, §12.1]). By [47,
§13.1, Th. 30], it then suffices to check that aE(C[G/H], ) = aE(C[G/H], rt) for
every (cyclic) subgroup H C G. The latter 1s clear, in light of Lemma 3.3.10. ]

3.3.14. Proposition. — For every x € Ko(C[G]) the function
8, : (log1/b,log1/alNlogTx — R : —logr > ag(x, )

extends lo continuous precewise linear function on (log1/b,1ogl/al, and the following identity
holds:

dé
f»x(

a logr™) = SWE(X, ) Jor every v € (a, b] N T'k.
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Progf. — Due to Artin’s theorem [47, §9.2, Cor.] we may assume that x is in-
duced from a character p : H — C* of a cyclic subgroup H C G. Denote by a’I)H
(resp. SWFH) the restriction to H of alé (resp. of SWE); by Frobenius reciprocity, we are
reduced to showing that the map:

—logr > (a}; ("), p),

extends to a piecewise linear and continuous function, with right slope equal to
(SWFH(7+)’ o)u. Let k£ be the order of p, ie the smallest integer such that pf = Iy;
we shall argue by induction on k. For £ = 1, p is the trivial character, and then the
assertion follows from Lemma 3.3.10. Hence, suppose that £ > 1 and that the asser-
tion 1s known for all the characters of H whose order is strictly smaller than 4. There
exists a unique subgroup L. C H with (H : L) = £, and C[H/L] C C[H] is the direct
sum of all characters of H whose orders divide 4. By Lemma 3.3.10 the sought as-
sertion 13 known for this direct sum of characters, and then our inductive assumption
implies that the assertion is also known for the sum p’ := p; @ --- @ p, of all charac-
ters of H whose order equals £. The latter are permuted under the natural action of
(Z/kZ)* on Ky(C[H]) (cp. [47, §9.1, Exerc. 3]). Moreover, for any j € (Z/kZ)* let
Y : Ko(CG[H]) — K((C[H]) be the corresponding operator.

3.3.15. Claim. — a)y; = ¥;(a}y) for every j € (Z/kZ).

Proof of the clavm. — From [31, Lemma 2.6] it follows that a,(o0) = a,(tr) when-
ever 0 and T generate the same subgroup of St,. The claim is a direct consequence.

<&
Using Claim 3.3.15 we compute:
(@) o) = (4(a(™). %)) = (). (o)
for every r € (a, b)] N I'x and every j € (Z/kZ)*. Thus:

b ’ o+
b N\ a|]_](p,7 )
2= 2z

A similar argument yields a corresponding identity for swg,(x, 7+), and concludes the
proof of the proposition. O

The following is the main result of this chapter.

3.3.16. Theorem. — Suppose that b = a™", so that we can define the complex of Z,[G]-
modules A% (X) as in (3.2.12). Then we have the identity:

[Q ®z AL (X)[1]] = swi, (1) + swi, (17).
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Proof. — We begin with the following:

3.3.17. Clazm. — FYor every abelian subgroup H C G we have a natural identi-
fication:

AL XM = A (X/H).

Proof of the claim. — Indeed, let py,...,p; be the prime ideals of (B°)" lying over
B (notation of (3.2.5)); for every j := 1, ...,k let S; be the set of the prime ideals of
B° lying over p;. Clearly Ujl;l S; = {q1, ..., q,}, and for every j < k the subgroup H
stabilizes the direct sum

ALK, S) = @ A% (X, Q).

qes;

Let I C H be the stabilizer of any (hence each) element of S;; by Lemma 3.2.27 we
have a natural identification:

AL (X, S)Y = @ AL (X/L, q%) = @ AL (X/H, p)).

qes; qes;

However, the quotient H/L; permutes transitively the summands in the above expres-
sion for A% (X, Sj)lf/, whence the claim. &

3.3.18. Clazm. — For every cyclic subgroup H C G we have:
3.3.19)  ([Q®z ALCO[], C[G/HI), = (swg,(17) + swg;(17), CIG/HI),.

Proof of the clavm. — We use the morphism 4 := Spay o f defined in Ex-
ample 2.3.13. For H C G any cyclic subgroup, set Ay := Spa ¥ o fi1. In view of Propo-
sition 3.2.30 and Claim 3.3.17, and arguing as in the proof of Theorem 2.3.25, we see
that the left-hand side of (3.3.19) computes (—1) times the left slope at the point 0
of the discriminant function of £y. But combining Lemma 3.3.10, (3.3.12) and Ex-
ample 2.3.16 we conclude that also the right-hand side admits the same interpretation.

<&

Since SW%(l*)—i—SWﬁG(l*) is a rational valued function on G, the theorem follows
from Claim 3.3.18, Theorem 3.2.17(ii) and [47, §13.1, Th. 30]. O

3.3.20. Corollary. — Keep the notation of Proposition 3.3.14. For every complex represen-
tation p of G, the function 3y, 15 the restrichion of a non-negatwe, piecewise hnear, continuous, and
convex real-valued function defined on (log1/b,log 1/al, with integer slopes.
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Proof. — Continuity and piecewise linearity are already known from Proposi-
tion 3.3.14, and §;, takes values in R, by Lemma 3.3.4(1),(1i). In view of [31,Th. 4.1],
Proposition 3.3.14 also implies that the slopes of J;, are integer. Finally, let r €
(a, b)] N 'k be a radius such that the left and right slope of §;, are different at the
value —logr; up to restricting the covering f, and rescaling the coordinate, we may
assume that 7 = 1 and & = ¢!, in which case Theorem 3.3.16, Lemma 3.3.13 and
(3.3.12) yield the identity:

dé dé
f.p (O+) _ fip

dt dt 0.

3.3.21)  ([Q®z AL p), =

However, Lemma 3.2.15 implies that the left-hand side of (3.3.21) is a non-negative
integer for any representation p, whence the contention. O

3.3.22. — Next we consider modular representations of G. Namely, let A be
a complete discrete valuation ring with residue field A of positive characteristic £ # p,
and field of fractions Ag := A[1/£] of characteristic zero. We assume that we are also
given a fixed imbedding of Ag into the field of complex numbers:

(3.3.23) Ag < C.

As usual (cp. (3.2.9)), for any group H we denote by Ko(A[H]) (resp. by K°(A[H]))
the Grothendieck group of the category of A[HJ]-modules of finite rank over A
(resp. of projective A[H]-modules of finite rank). We shall also consider Ko(Ag[H]) =
K’(Aq[H]). The tensor product (over A) induces a ring structure on these groups,
and according to [47, §15.5, Prop. 43] there is a commutative diagram of ring homo-
morphisms:

CH

K"(A[H]) ’ > Ko(A[H])

Ko (Aq[H])
such that diy and ey are adjoint maps for the natural bilinear pairing
(-, Ju : K*(A[H]) x Ko(A[H]) — Z
ie. we have the identity ([47, §15.4]):
(3.3.24) (0, du(0)u = (eu(p), X)u

for every x € Ko(Ag[H]) and p € K(A[H]).
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3.3.25. — Tor instance, for every r € (a, b)) N I'k there exists a unique element
swi,(rt) € K'(A[G]) such that sw(,(r") = e (swi;(1)). Likewise, by inspecting (3.3.3)
we see that there exist elements

a,(") eR®K'(A[G) ), (") e R@z K'(A[St])
such that:

a';lip) () = egon (a;&m (M) aLeh) = e(an ™)
and:

aG (") = Indgyay , ().
Now, let x € Ko(A[G]) be any element; we define the function:

8, : (log1/b,log1/al NlogTx — C —logr > (ag ("), x),-

3.3.26. Proposition. — If x s the class of a A-linear representation (i.e. a positive element
of Ko(A[G])), then &, 15 the restriction of a non-negative, piecewise linear, convex and continuous
real-valued function defined on (log 1/b,log 1/al, and moreover:

s
(3.3.27) o (logrt) = (swi (), ).
Progf. — According to [47, §16.1, Th. 33], we may find x € Ki(Ag[G]) C
Ky(G[G]) such that d;(x) = x. For every r € (a, ] N 'k, we compute:

8., (—logr) = (a; (M), ds(0), = (@G, x),

and then piecewise linearity, continuity, as well as (3.3.27) follow from Propos-
ition 3.3.14. Since Resgt(x,,)(x) = ds_t(,lf” o Res;i,» (x) is a positive element of Ko(C[St'”]),
Lemma 3.3.4(i),(ii) implies that 8, ,(—log7) € [0, +00).

As for the convexity, notice that we cannot apply directly Corollary 3.3.20, since
the element x € Ky (G[G]) may fail to be positive. Nevertheless, the argument pro-
ceeds along the same lines: let € (a, 8] N 'k be a radius such that the left and right
slopes of 8, are different at the value —log r; we may assume that b = ' and r = 1,
in which case the class [A2 (X)[1]] € K(Z;[G]) is well defined and positive. Clearly
we have:

[Q ®z AL (X[ = e ([A*(X, M[1]])
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(notation of (3.2.5)). Then we compute using Theorem 3.3.16, Lemma 3.3.13 and
(3.3.12):

@y oy _ Drx oy — .
(3.3.28) 00 = 07 = (1Q ®2 AL, 1),
= ([A*(X, M) x)6

where again the last identity follows from (3.3.24). To conclude we apply Proposi-
tion 3.2.10(i11) to deduce the sought positivity of the right-hand side of (3.3.28). O

Next, we wish to investigate the continuity properties of the higher ramification
filtration. These are gathered in the following:

3.3.29. Theorem. — In the situation of (3.3), there exists a connected constructible subset
7. C X and a real number v' € (a, r) such that:

(i) For every s € (r', 1] N\ Tk, the intersection f~'(n(s)) N Z contains a single point x(s).
(it) The stabilizer Styyy C G of x(s) under the natural G-action on f~'(n(s)), equals
Stz :={o € G | 0(Z) = Z}. Especially, Sty 15 a subgroup independent of s.
(11) The length of the higher ramification filtration of Sty):

%)
Py C - TP C Sty

is wndependent of s € (r', r] N I'k.
(1) Set y,f =y (N® for every k < n. Then:

vi(s) = (/D% - () for every s € (', 1] N Tl

Proof. — Up to rescaling the coordinates, we may assume that » = 1. By inspect-
ing the proof of Proposition 2.3.17, we conclude that there exist a family of pairwise
disjoint constructible subsets Cy, ..., C, C X, sections ¢, ...,¢, € Ox(C; U ---UC,),
and 7y € (a, 1) such that, for every s € (7, 1] N I'k the following holds:

— n(s) € f(C)N---Nf(C,), and for every i = 1, ..., n, the set f~'(n(s)) N C;
consists of a single point x;(s). Especially, the order ¢ of the stabilizer subgroup
Sty s 1s independent of s.

—~ Ifue K and |u| = s, then ¢ -« V/* is a uniformizer for k(x;(s)), i.e. lcil s 18 the
largest element of F;?(j) \ {1}.

(These sections ¢; correspond to the sections ¢; in loc.cit.) Now, for every ¢ = 1,...,n
and every o € St,), pick a;, € K and n;, € Z such that:

o

|CZ' — G*Cilii(l) == |ai,0'| : |T|x,(1)
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where T is the global analytic function on X which is the pull back of the coordinate
function & of D(a, b). For every : =1, ..., n, let B; be the set of all x € C; such that:

le; — 0% ¢l) = lao| - |T]0 for every o € St,().

Let also D := {x € D(a,b) | |§], < 1}, and denote by H the preimage of D in X;
then B; N H 1s a neighborhood of x;(1) in H, and so we can choose an open neigh-
borhood H; of x; in H contained in B;NH. Let U be a connected open neighborhood
of n(1) in D such that /~'(U) c H; U---UH,. Then f~'(U) is the disjoint union of
its open subsets A; ;== f~'(U)NH; (i = 1, ..., n). Since f is both open and closed, and
£ (n(1)) N A; consists of only one point, it is easily seen that A; is connected. More-
over, the group G permutes the subsets Ay, ..., A,, and the stabilizer of A; is St, ().
Fix any z € {1, ..., n}, and pick 7’ € (7, 1) such that n(s) € U for every s € (v, 1];
then conditions (1)—(iv) hold for Z := A,. m|

3.3.30. — Clearly, the analogue of Theorem 3.3.29 holds also for the fibres
over the points 1'(s) (see (3.3.11)). Namely, suppose that r € [a, b); then there exists
¥ € (r,a”") and for every s € [r, ') N Tk a point '(s) € f~'((5)) such that:

— The stabilizer subgroup St C G of x’(s) under the natural G-action on
S (1 (s)), is independent of s.
— The length of the higher ramification filtration:

»
Pg, C -+ C Ppiyy TSty

of Sty = Gal(xk(¥'(5))™/k'(5)™) is independent of s € [r, 7') N k.
— Set ,B,E := Bi()* for every k£ < m. Then:

Bi(s) = (5/7)7‘8; - Br(r) for every s € [r,7) N k.

In other words, at the left (resp. at the right), of every r € (a,b) N I'k, the higher
ramification filtrations of the points lying over n(s) (resp. 1'(s)) for s sufficiently close
to 7, change in a continuous — indeed linear — fashion. To get the complete picture,
we must also analyze what happens when we switch from the left to the right of
a given radius 7, .. we need to understand how the filtrations (P, | 1 = 1,...,n)
and (Pg,y | ¢ = 1, ..., m) are related. The key is to compare both ramification filtra-
tions to a third one, attached to the finite Galois extension k(r°) C k(x(r)") = k(x'(r)")
(see [30, Prop. 1.5.4]). To this aim, we make the following:

3.3.31. Definition. — Let f : X — D(a, b) be a Galois finite étale covering, with Galois
group G, x € X a point of type (III) and x° its unique proper generization (notation of (2.2.8)).
Let St C G be the stabilizer subgroup of the point x°, under the natural action of G on f~'f(x").
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Then Stl; is naturally identified with the Galois group Gal(k(x")"/k(f(x")"). For any given
¢ € KT\ {0} we set:

P’ = Ker(St, - Aut(xk(x")"" ®k+ K*/cK")) where y = |c|.

Clearly P;’/ is a normal subgroup of SC for every y € T'f. and the sequence (P;’/ |y € T%) is
called the higher ramification filtration of St.

3.3.32. Proposition. — Let x € X be as in (3.3), and let
(P, lyel!)  (rep (P, |yeTlyg))

be the higher ramification filtration of St, (resp. of St’). Then St, C St and moreover:

P'; = UPyg_y Sor every y € T\ {1}.

neZ

(Here yy is the largest element of T'F\ {1}.)

Proof. — The first assertion is obvious. Next, let {xy, ..., x;} be the orbit of x = x
under the action of Stz; in light of Lemma 2.2.2, we see that «(x;)" = k(x*)" for every
i < k, and the rings «(x)"" are the valuation rings of the field «(x”)" that dominate
k(f(x))"*. Let C be the integral closure of k( f(x))"" in x(x*)"; C is a semilocal ring,

whose localizations at the maximal ideals are the valuation rings k(x;)""; applying [41,

Th. 1.4] we may then find ¢ € C such that:
(3.3.33) =1 and [/ <1 for every 1 =2, ..., k.

Suppose now that o € Stl; \ St,; (3.3.33) implies easily that |o(£) — 1|/, = (|o(1) — X
=1, hence o ¢ P'; whenever y < 1, in other words:

(3.3.34) Pl; C St, for every y < 1.

Thus, suppose o € Pl; for some y < 1, and choose ¢ € x(x)" such that |{], = yo; due
to (3.3.34), we have: i,(0)" = |o(t) — tli < y, whence P]b/ C P;/ = U,z Pyny.

Conversely, suppose o € P, for some y € I'T such that y” < 1; by definition, this
means that |o(¢) — ¢], < y for every ¢ € k(x)" ([31, Lemma 2.1(ii)]). Let s € «(x")"*;
then ¢ - s € k(x)"* for every ¢ € m, hence:

le[ - lo(s) = sl =lo(c-5) —¢- sl <y

therefore |o(c-s)—c¢-s|, < y-|c|™" for every ¢ € m\ {0} and consequently |o(s)—s|° <y,
Le. 0 € P;)/,, which shows that P;/ - P;’/ for every y € T \ {1}, as stated. |

3.3.35. Remark. — If we apply Proposition 3.3.32 to a pair of points x, x" € X

lying over n(r) and respectively 7/(r), and such that x* = x”, we see that both ram-
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ification filtrations “to the left” and “to the right” of the radius r can be compared
to the same “central” ramification filtration for St’ = Stz,. This expresses the sought
continuity property for the jumps of the ramification filtrations.

4. Local systems on the punctured disc

In this chapter we fix a complete and algebraically closed valued field (K, |- |)
of rank one and of zero characteristic. We shall use the standard notation of (2.2),
and we suppose that the characteristic of the residue field K™ is p > 0.

4.1. Break decomposition. — Let A be an artinian local Z[1/p]-algebra whose
residue field A has positive characteristic £ # p; we assume that the group A™ of

invertible elements of A contains a subgroup isomorphic to e = (o iy (Where
ty denotes the group of p"-th roots of one contained in K*), and we fix such an
imbedding:

(4.1.1) Mo C A%

Moreover, we shall also suppose that A is the filtered union of its finite subrings. This
latter condition is motivated by the following:

4.1.2. Lemma. — Let X be a quasi-compact and quasi-separated analytic adic space over
K, F a locally constant constructible A-module on the étale site X, of X. Then there exists a finite
subring A" C A and a locally constant constructible A'-module ¥' on X, such that F >~ F @5 A'.

Proof. — 'This lemma — stated in the language of Berkovich’s non-archimedean
analytic varieties — appears in [42, Lemma 4.1.8]. We sketch here the argument in
the case of adic spaces. First, using [30, Lemma 1.4.7, Cor. 1.7.4] we find finitely
many affinoid open subsets U, ..., U, C X covering X, and for each ¢ < n a finite
étale morphism f; : V; — U; such that f*I|y, is a constant A-module, whose stalk
(at some chosen geometric point of V;) we denote M,;. Then V; is an affinoid adic
space for every ¢ < n ([30, §1.4.4]), hence the same holds for W, := V; xy, V,, espe-
cially the set w(y(W,) of connected components of W; is finite. Then the descent da-
tum for F)y, relative to the morphism f; amounts to a finite set of A-automorphisms
(¢ | j € moy(W;)) of M;, fulfilling a certain cocycle condition. Since M; is of finite
type and A is noetherian, we may find a finite subring A; C A, a finite A;-module
M, and a set of automorphisms (@/j | 7 € mo(W,)) such that M; >~ M! ®,, A and
¢; = ¢; @, 14 for every ¢ < n and j € 7mo(W;). Furthermore, after replacing A; by
some larger finite subring, we can achieve that the cocycle conditions are still fulfilled
by the system (qﬁ; | j € mo(W;)); hence the latter furnishes a descent datum for M,
relative to f, whence a A;-module F. on U, such that F; ®,, A =~ Fy,. Next, let
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U; :=U,NU; for every ¢,j < n, so that I is defined by a cocycle system of isomor-
phisms (F;®4, A)y; — (F]/ ®a,; A)ju;- Again, these isomorphisms are already defined
over some larger subring A; D A; + A;, and the claim follows easily. O

4.1.3. Remark. — (1) Keep the situation of Lemma 4.1.2; an easy corollary is
the following fact. There exists a finite étale covering / : Y — X such that /*F is
a constant A-module on Y.

(i) This 1s in general false, if A is not a filtered union of finite subrings: for
a counterexample, consider an elliptic curve E over K, with bad reduction over K¥; it
is well known that the associated analytic space E* can be uniformized by the analytic
torus G;'y, and the corresponding étale covering Gi'x — E™ is Galois with group
G >~ Z. If we take A := F,(T), we may define an action x : G — End,(L) on
a one-dimensional A-vector space L, by letting a generator o € G act as multiplication
by T. The character x defines a locally constant constructible A-module on Ef that
trivializes on G, but does not trivialize on any finite covering of E*.

4.1.4. — Let X be an (analytic) adic space, x € X any point. Following [30,
§1.10], one has the pseudo-adic space (X, {x}), to which one may attach its étale site
(X, {x})¢, defined in [30, Def. 2.3.1]. Denote:

px X > X (X {r) > X

respectively the natural morphism of sites, and the natural morphism of pseudo-adic
spaces (which is induced by the identity morphism of X). For future reference, we
point out the following general result.

4.1.5. Lemma. — In the situation of (4.1.4), suppose that x s a maximal pont of X.
Then we have:

(1) The natural map (ux.F), — T((X, {x}e, 0 F) @5 a byection for every sheaf ¥ on
K-

(it) The natwral map (R'px.F), = H (X, {x})es ©'F) 15 a byection for every 1 € N and
every abelian sheaf ¥ on X.

Proof. — Let (U; | 2 € I) be the family of all affinoid open neighborhoods of
1 Ui = {x}; then, according to [30,
Prop. 2.4.4], the étale topos of (X, {x}) is equivalent to the projective limit of the in-

x in X. Since x is maximal in X, we have )
verse system of topoi Uj.. Hence:
[((X, (D, iF) = colim (U, F)
3S]

which is equivalent to (i). The proof of (i1) is similar. |
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4.1.6. — As a first application of Lemma 4.1.5, we consider the following situ-
ation. Let K C L be an extension of algebraically closed complete valued fields of
rank one; denote by I'f, the value group of L, and suppose that there exists a value
r € I'T \ T',. We have a natural base change morphism:

D(I)I = D(l) XSpa(K,K*) Spa(L, L+) —> D(l)*

Denote by 1(r); € D(1),, the point of type (II) corresponding to the Gauss valuation
on L[T] with |T|W)bL = 7, and let n(r)” € D(1) be the image of n(r)bL € D(1);. We
notice that n(r) is a point of type (I), since r ¢ 'k (see (2.2.8)). Choose separable
closures K(?{ ) and k(") for the residue fields K(?’E ) and k(r") of, respectively, n(r)'i
and n(7)’, and fix inclusions of fields:

k(") C Kk(ry)

extending the imbedding «(r*) C K(rﬁ ). There follows a natural group homomorph-
ism:

(4.1.7) G, := Gal(k (1) /k (1)) = G = Gal(k (") /x ("))
4.1.8. Proposition. — The homomorphism (4.1.7) is surjective.

Proof — Let & be a coordinate on D(1), so that D(1) = SpaK(&). For every
n € N such that (p,n) = 1, we let G, C G (resp. G/ C Gy) be the open subgroup that
fixes £!/", and set

P:= (]G, (resp.Pr:= [ G).

(np)=1 (np)=1

The morphism (4.1.7) induces an isomorphism Gi/P;, — G/P, hence it suffices to
show that the restriction Py, — P is surjective. However, the valued field «(»”) is strictly
henselian (its residue field is K™), hence P is a pro-p-group (see [25, Prop. 6.2.12]).
Therefore it suffices to show that the induced map:

H'(P,Z/pZ) — H' (P, Z/pZ)

is injective (see [48, Ch. I, §4.2, Prop. 23]). However, the latter is the colimit of the
filtered system of homomorphisms:

H'(G, Z/pZ) - H' G, Z/pZ)  (n.p) =

hence we are reduced to showing that these maps are injective. Denote by ¢, : D(1) —
D(1) the morphism such that ¢*(§) = &”, and let ¢,;, : D(1);, = D(1);, the base
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change of @,. Clearly ¢,(n('/")") = 7’ and ¢,.(n("/")}) = n(r);, where (/")
and n(r'/"); are defined as in (4.1.6).

Moreover, G, is the subgroup that fixes k(n(r'/")> C K (r"), and likewise for
k(n(r"/ ”)bL). So, finally we may replace r by 7'/”, and reduce to showing that injectivity
holds for the above map, with n = 1.

Quite generally, it is shown in [30, Prop. 2.3.10], that for every adic space X
and every x € X, there is a natural equivalence of étale topoi:

(X, {x})5 ~ (Speck(x)7.

In view of Lemma 4.1.5(i1), it follows that our map of Galois cohomology groups can
be naturally identified to the map of étale cohomology groups:

(4.1.9) H := colim H' (U, Z/pZ) — colim H' (V¢ Z/pZ)

n(n’eu 0y ev

where U (resp. V) ranges over all the open subsets of D(1) (resp. of D(1);) contain-
ing n(r)" (resp. n(r)bL). Since r ¢ 'k, the point 7(r)” admits a fundamental system of
open neighborhoods of the form D(a, b), where a < r < b and a, b € I'x. Any class
¢ € H'(D(a, b), Z/pZ) represents an étale Z/pZ-torsor Y — D(a, b). Suppose that the
image of ¢ under (4.1.9) vanishes; we wish to show that ¢ = 0 in H. The assump-
tion translates the following geometric condition: there exists an open neighborhood
V of n(r)i contained in D(a, b);, such that the induced torsor Y;, — D(a, b);, ad-
mits a section over V. However, the étale sheaf represented by Y, is locally constant,
especially overconvergent, hence its sections over V extend to some partially proper
open subset V' O V ([31, Prop. 8.2.6(i.a)]). Any such V' contains an open subset of
the form C := D(d, ). \ UL, E;, where a < @ < r < ¥ < b, with d,V € Tk,
and each E; 1s a closed disc that does not contain n(r)bL. Set A := D(d, )1, and
B:=P] \U_, E; clearly AUB =P} and ANB = C. We may then define a finite
étale covering of P} by patching the trivial Z/pZ-torsor T — B with the given Z/pZ-
torsor Y' :=Y Xp(» A — A, along their restrictions over C. Since PlL is simply con-
nected, we deduce that the torsor Y’ — A already admits a section. However, the base
change map H°((Y Xp .y D(c, 0'))ei, Z) — H(Y,,, Z) is bijective ([31, Cor. 4.3.2]), so
finally the original torsor Y admits a section over D(d’, §'), and the image of ¢ vanishes
in H. |

4.1.10. — Let F a constructible, locally constant and locally free sheaf of
A-modules on the étale site of the punctured disc of radius one, i.e. the analytic adic
space

D(1)* :=D(1) \ {0}

where 0 € D(1) is the closed point corresponding to the valuation given by the rule:
S& — | /()] for every / € A(]l) (notation of (2.2.7)). Following [31, §8], for every
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r € T}, we choose a geometric point (see [30, §2.5.2]):
u, :n(r) = D()*

with support 1n(r). Then the stalk of F at n(r) is the A-module:
F, :=Tn(), 'F).

This stalk carries a natural representation of the Galois group of the algebraic closure
of the henselian field « ()"

(4.1.11) . (r) == Gal((k(N"™)* /i (r)™).

The Swan conductor of this representation is a (possibly negative) integer which we
shall denote by:

swi(F, r1).

(Huber denotes this quantity by «,(F) in loc.cit., with x := n(r).) In this chapter we
wish to investigate the properties of the function

(4.1.12) —loglf — Z : —logr > swi(F, r").
To start out, the identity ([31, Lemma 8.1(i11)]):
sw'(F, ") = length, A - sw(F®, A, r")

reduces the study of sw*(F, 7") to that of sw*(F ®, A, 7).

4.1.13. — Now, for a given s € [’y let us fix a finite Galois étale covering
f:X—=>D(s,1)

such that X is connected and f*Fip, ) 13 a constant sheaf (since D(s, 1) 1s a quasi-
compact open subspace of D(1)*, the existence of / is ensured by Remark 4.1.3(1)).

Every element g : X — X of the Galois group G of the covering f determines
an isomorphism:

Xe &S Fipy — [Fip

such that x, o /*(x,) = Xsi for every g,h € G, whence a representation x of G on
I'X, f*F) = F,. Let r € (s, 1] N I', and choose any geometric point x — X whose
support lies in ' (1(r)); in this situation, there is a unique morphism of adic spaces
v :x — n(r) such that the diagram:

X >X

v s

Y . v
nr) =D, 1)
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commutes. This morphism v allows to identify naturally the stalks I, and F,. Moreover,
for every g € St,, the isomorphism x, determines an automorphism y,, of F,, hence
of F,. The resulting St,-action on F, in turns yields by inflation the 7, (7)-representation
of (4.1.10), via the natural surjection m;(r) — St,. In light of this explicit description,
we deduce easily the identity:

swi(F, r") = length, A - (swé(r*), X)G for every r € (s, 1] N I'k
where x = x ®, A. This leads us to set:

dp(—logr) :=length, A - 6, (—logr) for every r € (5, 1] NIk
(notation of (3.3.23)).

4.1.14. — Suppose now that /" : X' — D(s, 1) is another Galois covering that
dominates f (i.e. such that f” factors through /). Let G’ be the Galois group of f’, and
set x' = Res x; it follows easily from (3.3.6) that §;, = 8. Since any two Ga-
lois étale coverings are dominated by a common one, we deduce that the function &y
thus defined is independent of the choice of /. Especially, let s < s be another posi-
tive real number in I'k, choose a connected Galois étale covering /7 : X' — D(s/, 1)
trivializing F (say, with Galois group G’) let x" be the A[G']-module corresponding to
(F ®x A)p(y,1) and define the function 8}, := length, A - 8+ : (0,log1/s'] Nlog 'k
— R; it follows easily that 8}, agrees with 8 wherever the latter is defined. Hence, by
patching these locally defined function, we obtain a well defined mapping:

8y : —log'y — R.

4.1.15. Proposition. — In the situation of (4.1.10), the mapping Sy is the restriction of

a non-negative, piecewise linear, continuous and convex real-valued function. Moreover:
ddy
dt

Progf: — All the hard work has already been done, and it remains only to invoke
Proposition 3.3.26. ]

(—logr™) = swi(F, r") Sfor every r € Ty

4.1.16. Corollary. — In the situation of (4.1.10), the function:
—logly > Z —logr > sw'(F, 1)
us monotonically non-decreasing, and moreover:

sw/(F, 0") := lim sw’(F, ") € N U {4o00}.
r—>0

Proof. — The monotonicity follows from the convexity of dp. The limit value
sw’(F, 07) cannot be negative, since 8y is non-negative. O
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4.1.17. — 'To advance further, we use the break decomposition of [31, §3]. We
choose the elegant presentation of N. Katz in [34, Ch. 1], which makes it transparent
that this is really a general representation-theoretic device. Indeed, suppose that H is
a finite group with a unique (hence normal) p-Sylow subgroup P, and assume that P
admits a finite descending filtration:

Pn::{l}CPﬂfl CP] CP()::P

consisting of subgroups P; normal in H for every ¢« < n. Let R be any Z[1/p]-algebra,
and for every ¢ < n let us define the element:

1
¢ = o(P) gGXP;g € R[H].

Since P; is normal in H, every ¢ is a central idempotent element in R[H]. One verifies
easily that the central idempotents:

e, ea-(I—e) o -d—e), -, - (1—e1)=1—¢_

are orthogonal and sum to 1, hence define a natural decomposition of R[H] in n+ 1
direct factors. Correspondingly, every R[H]-module M admits a break decomposition:

M=M&---&M,

into R[H]-submodules such that:

M, = M" Mlerl =0 for every : > 0, and
Mf’ =M, whenever; > 1.

Furthermore, for every ¢ < n the rule M +— M; defines an exact functor R[H]-Mod —
R[H]-Mod, and for every pair of R[H]-modules M, N we have:

Homgm(M;, N;) =0 whenever 7 # J.
One deduces easily that:

M; ®& N; € (M ®r N)max(i,j) if ¢ #£)
M, ®r N, C sti(M ®r N); for every i =0, ..., n
Homg (M;, N;) C Homg (M, N)paxi,y  1f 2 #J

Homgr (M;, N;) C sti Homp (M, N); for every : =0, ..., n.

(4.1.18)

See [34, Lemma 1.3] for details. Moreover, the break decomposition is invariant under
arbitrary base-change R — R/, i.e. we have:

(4.1.19) M®rR); =M, @ R’ for every i =0, ..., n.
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4.1.20. — The generalities of (4.1.17) shall be applied to the group H := St,
of (4.1.13) and its higher ramification filtration, and with R := A. However, for
book-keeping purposes, it is convenient to replace the lower-numbering indexing of
this filtration, by a upper-numbering one. With our current notation, this is defined as
follows. First, one considers the order-preserving bijection:

$:Q®z, > Q@2 yr []max(y ilg)/m)

g€St,

where ¥y € I'T is defined as in (2.2.14). Notice that ¢ maps (Q ®z I',)" bijectively
onto itself. Next we let:

P" := Py, for every y € I'F.

If yy > -+ >y, >, are the jumps in the family (P, | y € I'") that are less than 1,
we obtain therefore a finite filtration of St,:

{1} C P¢(Vn) C P¢(anl) Cc---C P¢(Vl) C P

where P is the p-Sylow subgroup of St,. If now M is any A-module, we derive a break
decomposition as in (4.1.17):

M = M(1) & M(¢(y1)) & - - - & M(¢(y,)
such that M(1) = M? and:

M(p(y )™ =0 for every i < n

(4.1.21) M((P(%))Pq)w = M($(1)) whenever j > 1.

The values ¢(y;) such that M(¢(y;)) # 0 are called the breaks of M.

4.1.22. — Especially, in the situation of (4.1.13) the upper numbering filtra-
tion of St, yields a 7, (7)-equivariant break decomposition:

(4.1.23) F, =F.(Bo() @ F,(B1(1) © --- ® F(B,()
with 1 = By(r) > Bi(r) > -+ > B,().

4.1.24. Lemma. — With the notation of (4.1.22), we have:

Sp(—logr) = — Z log Bi(r)" - length,, (F,(B:(r)).

=1
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Proof. — First, (4.1.19) allows to reduce to the case where A = A. Then the
sought identity is derived from (3.3.3) by a standard calculation (cp. the proof of [31,
Prop. 8.2 and Cor. 8.4]). |

4.1.25. Lemma. — In the situation of (4.1.13), we may find v' € (s,7) and for every
te (', r1NTk, a pont x(t) €~ (n(t)) such that:
(1) The subgroup Sty C G s independent of 1.
(1) Both the Sty -representation on the stalk ¥,, and the length of the break decomposition
of F:
F,=F.(Bo() @ F,(B1(1) & --- & Fi(B.(1))

are also independent of 1.
(uz) There are natural equivariant isomorphisms:

F(B(0) ~F, (1) for ewery k=0, .coon.
() Moreover, Bi(t) = (t/r)ﬂ’f(’)J - Be(r) for every 1 =0, ..., n.

Progof. — By Theorem 3.3.29(1),(11), there exists a connected constructible subset
Z C X and 7' € (s,7), such that Z N f~1(n(#)) consists of a single point x(¢) for every
t € (r',7] N I'k; moreover, for such values ¢ the subgroup St equals the stabilizer
Stz of Z, and the length of the ramification filtration of St, is independent of ¢. It
follows already that (i) holds. Moreover, any geometric point x(/) — X with support
x(?) factors through a morphism of pseudo-adic spaces:

x(t) — (X, 7)

(see [30, §1.10] for generalities on pseudo-adic spaces). There result natural isomor-
phisms:

F(Z) = F((X, Z)éU F|(X,Z)) ;> Ft for every t e (7/, 7'] N FK

which identify the Stz-action on F(Z) with the St,)-action on F,. Especially, the latter
representation is independent of ¢, and in view of Theorem 3.3.29(iii), assertions (ii)
and (ii1) follow.

Finally, the remaining assertion (iv) i3 an exercise in translating from lower to
upper numbering. Indeed, let

»
P, C -+ CPyu CSty,

be the lower numbering ramification filtration of St,,. Let also y;, be the largest elem-
ent in Fj(,) \ {1}. Then, for every £ < n we may compute:

Bi(s) = (i) = @ Tn - T i9/n

8ESL(») \Py(9)

= yk(g)"(PVk(-&?) . l_[ VY, (S)U(Pw(s))—"(Pnﬂ(s))

1<i<k

so the sought identities follow from Theorem 3.3.29(iv). m|
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4.1.26. — The generalities of (4.1.17) can also be applied to the group St’,
and the higher ramification filtration of Definition 3.3.31. Again, we wish to change to
a upper-numbering indexing; namely, there exists a unique (necessarily order-preserv-
ing) bijection ¢ : I'x — 'k which fits into a commutative diagram:

Q,®ZFX ¢>Q,®ZFX

\ ¢b \
FK > FK

whose vertical arrows are both the natural surjection.
In the situation of (4.1.13), let y; > --- > y,, be the jumps in the higher ram-
ification filtration (Pl; | v € Ty) for the stabilizer Stz of the point x°. Recall that

St, C St.. We set PV := prj,l(y) for every y € T,
We fix a geometric point n(r)” — D(s, 1) with support 7(r)’. Arguing as in
(4.1.13), we see that the stalk F,y is naturally a representation of St’, and the con-

structions of (4.1.17) yield a canonical break decomposition:

Frop = Fyep (1) @ Fyey (¢D(V1)) DD Fn(;-)>(¢b(7/m))-

The break decompositions of F, and of F,,» are related by means of Propos-
ition 3.3.32. Namely, for given a € T, let us set:

(4.1.27) Fa) = @ F.B)
Bi(N°=a

where 1 = By(r) > --- > B,(r) are the breaks of F,. Then we have:
4.1.28. Lemma. — There are natural St,-equivariant isomorphisms:
Fyp (a) — F'j(a) Jfor every o € T,

Proof. — Let x € X be as in (4.1.26), and denote by Z the set consisting of x°
and all its specializations contained in f~'(n(r)); this is a connected pro-constructible
subset of X, hence we may consider the corresponding pseudo-adic space (X, Z)
(see [30, §1.10]). Notice that St© = {g € G | g(Z) = Z}. Since both x and x” lie

in Z, we deduce natural isomorphisms:
F, «— F(Z) :=T((X, Z)a Flzx) — Fyoy

which identify the St,-actions on the two stalks, with the St,-action on F(Z). It remains
therefore only to show that this latter isomorphism respects the break decompositions,
in the stated manner.
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To this aim, let yy be the largest element of I', \ {1}; Proposition 3.3.32 implies
that:

(4.1.29) P = P9 for every @ € I \ {1}.

neZ

Recall that for every B € {Bi(7), ..., B.(7)}, the direct summand F,(B) is of the form
eg - F,, where ¢g is a certain central idempotent in A[P], where P is the p-Sylow sub-
group of St,. Likewise, for every a < 1, the direct summand F, () is of the form
¢ - Fyup, for some idempotent ¢, € A[P’], where P" is the Sylow subgroup of St.
However, (4.1.29) implies that P* C P, and moreover:

e(Z:Zeﬂ for every a € 'y \ {1}.
Br=a

This already shows the claim for @ < 1. Furthermore, we also deduce that:

e?ZI—ZeZZI—ZeﬁZZeﬂ

a<l <1 =1

which implies the sought isomorphism for the remaining case o = 1. |

4.1.30. — Finally, it should be clear that, after fixing a geometric point 1'(r)
with support 1'(r), the whole of (4.1.20)(4.1.28) can be repeated, mutatis mutandi, for
the modules I, and their break decompositions.

4.2. Local systems with bounded ramification. — We keep the notation of (4.1).
Corollary 4.1.16 suggests the following:

4.2.1. Definition. — Let ¥ be a locally constant and locally free A-module of finite rank
on the dlale site of D(1)*. We say that ¥ has bounded ramification if sw*(F, 07) € N.

The class of sheaves with bounded ramification includes that of meromorphic-
ally ramified A-modules from [42]. The first result concerning these sheaves is:

4.2.2. Theorem. — (1) If ¥ and ¥ are two A-modules with bounded ramification
on D(1), then ¥ @p ¥ and Fomp (¥, ¥') have also bounded ramification.

(1) Especially, of A s a field, the full subcategory of the category of A-modules on D(1)%,
consisting of all A-modules with bounded ramafication, s tannakian.

Progf. — Clearly (ii) follows from (i). To show assertion (i) for F ®, I, since we
know a priori that dpg,p 1s piecewise linear, continuous and convex (Proposition 4.1.15),
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it suffices to provide a rough estimate on the rate of growth of the latter mapping, in
terms of éy and dp. However, for given r € Iy let

Fr:Fr(l)@Fr(yl)GB@Fr(Vn) and
F=F0or(y)e- - &Fy,)

be the break decompositions of the stalks of I and I over the point n(r). We set:
A; :=length, F,(y;) x; := —log yib for every ¢t <n

and
)»} = lengthAF/r(yj/) ;= —log yj/b for every j < m.

Clearly (F®4 ),y = @,;F, (1)) ®a F;(yj/), and using (4.1.18) and Lemma 4.1.24 we
arrive at the inequality:

Sre,r(—logr) < Zy x; y; - max (A, )»})
< (ko F) - (tkpF") - max(ép(—logr), p (—logr))

as required. A similar argument takes care of #om, (F, F') and concludes the proof of
the theorem. o

4.2.3. Example. — Choose a coordinate T on Ag, (so that Ay = SpecK[T]),
and for every m € N, denote by £, : A, — Ak the morphism such that £*(T) = T™
The restriction of f, to G, x := SpecK[T, T™'] is a torsor in the étale topology of
G, x for the group p,, C K*, hence the analytification f*! is a u,-torsor in the étale
topology of G2i. For every character x : m, — A*, we let £ (x) be the locally
free rank one A-module on D(1)} which is induced, via x, by the restriction of the
torsor /2. Let n < m be the order of x (i.e. the smallest £ € N such that x* is the trivial
character), and denote by @ a chosen generator of w,. It follows from [31, Ex. 8.8]
that:

sW(H (x), ) =0 for every r € T'f.

Especially, 2 (x) is a A-module with bounded ramification. Moreover, if x is not triv-
ial, the (unique) break of # (x) equals |1 — u| for every r € I'y.

4.2.4. Example. — Keep the notation of Example 4.2.3, and let:

D(17) = U D(r).

relfA(1)
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The morphism:

log: D(17) — (AL)™ such that log"(T) =Y

n=1

—1 n—1
=D
n

is a torsor in the étale topology of (Ag)™ for the constant group e~ (see [31, Lem-
ma 9.4] or [42, Lemma 6.1.1]). We denote by .Z the locally free A-module on (A})
which is induced by this torsor via the inclusion (4.1.1). The sheaf .Z has been studied
at length in [42]. For instance, one can show that for any two morphisms ¢, ¢ :
(AII<)aol — (Alz)ad, there exists a natural isomorphism:

(4.2.5) (" L) @n W'L) = (@ +¥)' L

where ¢ + ¢ 1s the addition of ¢ and v, regarded as sections of the structure sheaf
of (Ap)™.

Let g : G,k — Ag be the morphism such that g*(T) = T~', and for every
g € Q-p, let (m,n) € N? be the unique pair of relatively prime integers such that
q = n/m; we set:

g(q) ::.ﬁﬂ* © rz* Og*g

where f, and f, are defined as in Example 4.2.3. The following Lemma 4.2.6 shows
that the sheaves -Z(¢) pa)+ have bounded ramification.

4.2.6. Lemma. — Let g € Q 5, and write ¢ = n/m, with n,m € N and (n, m) = 1;
moreover, write n = p°N, m = p’M, with a, b > 0 and (N, p) = (M, p) = 1 (of course, either
a=0o0b=0). Set

A= |p|M/ D and [ :=length, A.

The following holds (notice that 8 ¢, (p) is defined for every p € log I'g):

(1) 8 2(g) 15 the restriction of the umique continuous precewrse hnear function R — R such
that:
(@) 82y (p) =0 whenever p < ¢~ ' log A.
(b) The right slope of 8.4, equals:
—IN on the interval [¢~" log X, ¢~"log |1/p]) Nlog I'k;
—Ip/N on the interval [ jg~ " log |1/p], (G + 1)g " log|1/p]) Nlog Tk, for
every j =1,...,a—1.
—In on the half-line [ag~" log|1/p|, +00) Nlog k.
(it) sW*(ZL(¢), 07) = In.
(i) For every q € Q -, the sheaf L (q)py+ s indecomposable in the category of locally
Jree A-modules on D(1)7,.
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(iv) More precisely, for every r € T, let 71,(r)? be the unique p-Sylow subgroup of 7w, (r).
Set:

PO i b £ 0
7 = .
AV i =0,

Then, for every r < 1y, the stalk £(q), is an indecomposable N[\ (r)P1-module (no-
tation of (4.1.22)); especially, £ (q), has a unique break B(q, ).
(v) Suppose that a = b = 0. Then:

(1 —g) - for r< A

1 otherwse.

lg(qv 7) = =

Proof: — Without loss of generality, we may assume that A 1s a field, hence [ = 1.
Notice that .Z is trivial on the disc D(A7) := [, D(r), hence:

S20)(p) =0 whenever p < logA.

In view of Proposition 4.1.15, § #(1) is then completely determined, once we know its
right derivative sw?(.Z(1), -). However, [31, Lemma 9.4] shows that:

sw'(Z(1),r") =1 whenever r < A™!

which gives (1), for ¢ = 1. Suppose now that n = p*N > 1 is an integer, and set P := p%
according to [31, Ex. 8.8(1)], we have:

sw' (L), r") = sw’ (ﬁ*f(n), rk+) for every r € I'k and every £ € N
which translates as the identity:

PL0 ey = Dot

4.2.7
( ) dt dt

for every p € logI'x and every £ € N. We shall apply (4.2.7) with £ = n, so we need
to calculate the conductor of £,,.Z(n). The projection formula yields:

Juwl () = ZL(1) @ frs A
4.2.8. Clazm. — There is a natural isomorphism:

ﬁ*A :fl\*A ®AfP*A-
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Proof of the claim. — The morphism f, induces an inclusion of fundamental groups
¢:H:=m(G,x,x) = G :=m(G,k,/ ,(x)) (for any choice of a geometric point x)
whose image is a normal subgroup with cokernel isomorphic to Z/nZ. The constant
sheaf A on G, x corresponds to the trivial representation of H, and f,. A is the induc-
tion of this representation along the inclusion ¢. Likewise we may describe fx. A and
JreA. However:

A ®am AIG] =~ A[G/H] = A[Z/nZ]

s0 fu A 1s also the induction of the trivial representation of the trivial group {0}, along
the inclusion {0} C Z/nZ, and likewise for fy.A and fp,A. So finally, the sought
isomorphism boils down to the A-algebra isomorphism: A[Z/nZ] >~ A[Z/PZ] Q4
A[Z/NZ]. &

Since o C A, we have:

b= P A

Xilp—> o0

where the sum runs over the P different characters of up C K* (notation of Ex-
ample 4.2.3). Thus, f,..Z(n) decomposes as the direct sum of P terms of the form

M (x) = ZL(1) @ H(X) Ba N\

Let p/ > 1 be the order of the character x; according to [31, Ex. 8.8(ii)], the unique
break of J# (x), is independent of 7, and equals [p}’-A. On the other hand, the unique
break B(r) of £ (1), can be computed from 84, using Proposition 4.1.15: we get
B(r) =1 for r> A" and B(r) = rA - (1 —¢) for r < A~'. From (4.1.18) we deduce
that the unique break of ((Z(1) ®x # (X)), equals 1 for » > |p|/ and A - (1 — ¢) for
r < |pl. Next, since (N, p) = 1, the only possible break of the stalk ( fxxA), equals 1,
hence the stalks of £ (1) @ # (x) and .# (x) have the same breaks. Consequently:

4.2.9) 8 4p(p™) _ |0 for p <Jlog 1/l

dt N otherwise.
Since 8, 20y = >, S.u(y, assertion (i) for ¢ = n follows from (4.2.7) (with £ := )
and (4.2.9). Finally, let ¢ := n/m, with n, m two relatively prime integers; in order
to determine the right slope of 8¢, it suffices to apply (4.2.7) with £ := m. This
completes the proof of (1).

Assertion (i1) 1s an immediate consequence of (1); also (i) follows directly from
(iv), and (v) follows from (1) and (iv). Hence it remains only to show (iv) when A is
a field, which we may assume to be algebraically closed. The assertion is obvious if
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¢ is an integer, since in that case -Z(¢), has rank one. For the general case ¢ = n/m,
notice that the action of m,(s) (resp. m;(s™)) on L (n), (resp. -£(¢)) factors through
a finite quotient H; (resp. G,), and:

L ~ Indgjg (n), for every s € I'k.

The morphism f, is a torsor for the group m,, and we have a natural identification
G,/H,; = m,,. We shall apply Mackey’s irreducibility criterion (this is shown in [47,
§7.4, Cor] in case the base field has characteristic zero, but the result holds whenever
the characteristic of the algebraically closed field A does not divide the order of G;
this latter condition is clearly fulfilled here). To this aim, we have to show that, for
every i € f,, \ {1}, the conjugate representation .Z’(n)"* is not isomorphic to Z(n),.
However, we have a natural identification:

Ly = WL (),

where i : G,k := SpecK[T, T~!'] - G,k is the morphism such that u*(T) = u - T.
According to (4.2.5), we have a natural isomorphism:

WL @y L) =g F

where g : G,k = G, x is the morphism such that g*(T) = (1 — u™)T™". Since .Z, is
not trivial whenever » > A, it follows that (g*.Z), is not trivial whenever |1 —p™| 57"

> L. However, if u is a primitive p/-root of unity for some j = 1, ..., b, we have:

1= gl =2

so in this case, (g*.£), is not trivial for s < |[p|V~1/". If the order of u is not a power
of p, then |1 — | = 1, and then (g*.%), is not trivial for s < A7/ Letting 7 := s", we
obtain the contention, in either case. As an immediate consequence, we see that -Z(q),
admits a single break B(¢, r) for » < 7y; this break can be determined by evaluating
8.2(»(—logr), since the latter must equal —mlog B(g, r)’ (Lemma 4.1.24); we leave to
the reader the elementary calculation. O

4.2.10. — Let I be a locally free A-module on D(1)* with bounded ramifica-
tion. We wish to define the breaks of ¥ around the origin. Ideally, one would like to define
a stalk I, that captures the behaviour of I in arbitrarily small punctured open discs
D(¢)* centered at the origin; then the sought breaks should be numerical invariants
associated to this stalk. To make sense of this, one would like to complete somehow
the sequence of points (7(r) | r € T'y) with a limit point 1(0); however, such a limit
point seems to elude the grasp of the formalism of adic spaces, hence we have to pro-
ceed in a rather more indirect fashion. But the ideal picture should be kept in mind,
as it motivates much of what we are trying to do in the remainder of this work.
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Say that rkaF = d and —logr = p; we consider the unique sequence of real
numbers:

(4.2.11) 0=</i(p) =f(p) = = Ju(p)

in which, for every B € T}, the value —log B appears with multiplicity equal to
ko F?(B) (notation of (4.1.27)).

4.2.12. Lemma. — The functions fi, ..., f; extend lo piecewise linear continuous maps

Proof. — Using Lemma 4.1.25, we deduce already that f, ..., f; extend to con-
tinuous, linear functions on every small segment of the form [—logr, —log7’). It re-
mains to show that for every p > 0 there is some small segment (o', p] on which the
functions f; are continuous. To this aim, we remark that — after choosing geometric
points n'(r) with support n'(r) — all the considerations of (4.2.10) and (4.1.20) can
be repeated for the family of stalks Iy, (instead of F, := F,.). We obtain in this
way a break decomposition F,(8y) @ --- @ Fy»(§,) for Fy (), and we may define
the submodules F;,(T) (o) for every a € T}, just as in (4.1.27). Using the ranks of the

modules F;/(T) (), we may finally construct a non-decreasing sequence 0 < f/(p) <
Jo(p) < --- < f/(p) analogous to (4.2.11). Making use of (3.3.30) (rather than Theo-
rem 3.3.29), one can then show the analogue of Lemma 4.1.25 which expresses the
continuity of the breaks §;; from the latter, we see that the functions f are continuous
on segments of the form (o', p]. To conclude it suffices to show that f; = f” for every
¢ < d. This boils down to the following:

4.2.13. Claim. — F), (@) = F*(a) for every a < 1.

Proof of the claim. — We do not merely assert the existence of an isomorphism
in the category A-Mod, but more precisely, that the two modules are equivariantly
isomorphic, in the following sense. Say that r € (a, b) for some a, b € T}, and pick
a Galois étale covering f : X — D(q, b) that trivializes Fp(,;; choose also points
x, ' lying over repectively n(r) and 1'(r), such that x> = x”. According to Proposi-
tion 3.3.32, the p-Sylow subgroup St of St’ is naturally a subgroup of both St
and Stff), and the claim amounts to a Stz(p)—equivariant identification of F;,(r) () and
F ().

The assertion is then an immediate consequence of Lemma 4.1.28, and of the
corresponding statement which identifies F Z,(,,) () to Fyyppe (). |

4.2.14. — We shall denote by A(F) C R5y X R the union of the graphs of
the functions f, ..., f; defined in (4.2.11). Let now (K’, [-]") be an algebraically closed
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valued field extension of (K, | - |) whose value group is R.y. The given A-module F
pulls back to a locally constant A-module I’ on the adic space D(1)* Xgp,x SpaK'. In
view of Lemma 3.3.8, we see that for every r € '} the breaks of F/ are the same as
that of I,, therefore the subset A(I”) is none else than the topological closure of A(F).
Hence for the considerations that follow we may replace K by K’ and F by IV, and
assume that I'x = R.. Simple operations on I can be translated into corresponding
changes for the subset A(F). For instance, for any s € K\ {0}, let i, : D(1)* — D(1)*
be the “shrinking” morphism such u(§) = s-&. We have (u'F), >~ F, ) for every
x € D(1)* so that

A(ulF) = (log|s|, 0) + A(F) := R, N {(x +loglsl,») | (x,») € AF)}.
We are now ready to make the following:

4.2.15. Definition. — Assume that I'x = Ry and let ¥ be a locally constant and locally
Sree N-module on D(1)7, of finite rank. Then the break function of ¥ is the mapping:

B, ) 1 Q=p — Ry U {oo}

defined by the rule:

B, ¢) := -sup {sw'(F®a u*ZL(g), 0%) | s € K\ {0}}

1
rkAg(q)
Jor every q € Q.

4.2.16. Remark. — Suppose that F is the restriction of a sheaf I' of A-modules
on (A})? and consider the case ¢ = 1: the cohomology complex RT,(F' ®, u*.Z(1))
is none else than the stalk over the point s™! € K = Ay (K) of the Fourier transform
F(F) of F, as defined in [42]. In view of the (analogue of the) Grothendieck-Ogg-
Shafarevich formula (see [31, Th. 10.2]), we see that the function B(F, 1) essentially
calculates the Euler-Poincaré characteristic of .#(F) in a neighborhood of the point
oo € (PL)™. This is the sort of quantities that appear in the method of stationary
phase (see the introduction, §0.9), and indeed this sort of sheaf-theoretic harmonic

analysis has motivated the definition of the function B.

For any rational number ¢, we define the denominator of ¢ as the smallest positive
integer n such that ng € Z.

4.2.17. Theorem. — Let ¥ be as in Definition 4.2.15, and suppose moreover that ¥ has
bounded ramification. Then:

(1) For every q € Q o, B, q) s a positiwe rational number, whose denominator divides
the denominator of q.
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(w) B, ¢) > q - tky¥ for every ¢ € Q~, and the inequality s an equality for every
sufficiently large q (so B(Y, -) is eventually linear).

(uz) The break function B(F, -) s the restriction of a_function Rsq — Rsq which ts convex,
continuous, non-decreasing and piecewise linear whose slopes are integers.

Progf: — Without loss of generality, we may assume that A is a field. We begin
by introducing some notation: we let 8 C Q be the subset of the numbers of the form
n/m where n, m are relatively prime positive integers, such that (p,n) = (p, m) = 1.
Also, for every s € K* and ¢ € R, set

o(g,8) == (p— D)~ log|pl + qlog s!.

By Lemma 4.2.6(v), for any ¢ € 8, and every s € K*, the subset A(u*-Z(¢)) is the
graph of the function:

p = b(q, p,s) == max{0, ¢go — ¢c(q, 5)} for every p € Ry,.

In the study of the “stalk over n(0)”, we are allowed to disregard the behaviour of
our sheaf I outside any given punctured disc D(¢)*, i.e. we may disregard the part of
A(F) that lies in a vertical band of the form [0, ¢] x R; hence, let us define X(¢g) as
the subset of all ¢(g, s) € R such that

A Z (@) 0 AE) N (g " elg. 5), +00) x R)

is a set whose cardinality is at most countable. Notice that R\ 2(¢) has at most count-
able cardinality; especially, 2(¢) is dense in R, for every ¢ € S.

Let s € KT\ {0}, ¢ € 8, set &' 1= u*Z(¢), and suppose that ¢(g, s) € (¢); this
means that for every p > max(g'c(g, s), 0):

~ cither (p, b(g, . 5)) & AP,
— or else the right and left slope of 4(g, -, s) at the point p are different from the
slopes of each of the functions f; as in (4.2.11), such that f(p) = b(q, p, 5).

However, say that p = —logr, let y be the unique break of .£”, and

131, ) IBk

the finitely many breaks of I,; then by definition, A(F)N({r} xR) consists of the values
—log ,3; (for j =1, ..., k), and —logy” = b(q, p, 5). Furthermore, by Theorem 3.3.29
and (3.3.30), the (right and left) slopes of the functions f; at the point p are none
else than the values ,3; (and likewise for the slope of b(g, -, s)). We conclude that y ¢
{B1, ...Bi}, and then (4.1.18) implies that the breaks of (F ®, -£"), are the values

(4.2.18) ,3; := min(y, B;) forj=1,.... k
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Moreover, let

M@B)®---dMB)  M@B)®---dM(B)

be the break decompositions of F, and respectively (F ®, -Z”),; then:
(4.2.19) rkAM/(,BJ{) = ko Z(¢q) - tkaM(B;) for every j < k.

Set d := 1k, F; combining Lemma 4.2.6(iii), (4.2.18) and (4.2.19) we arrive at the
identity:

d
Sranz () = 1tkpL(g) - Y max(fi(p). blg. p. 5)).

=1

Notice that, since f; > 0 for every ¢ < d, the foregoing identity persists also for
p < ¢ 'e(q, s). Recall also that these functions f; are continuous and piecewise linear
(Lemma 4.2.12). This motivates the following:

4.2.20. Clazm. — For every ¢ € R5( and ¢ € R, consider the function

d
fieiReo—>Rag  p> > max(fi(p), gp — o).
=1

Then:

(1) f.c 18 continuous, convex and piecewise linear.

(ii) The (right and left) slopes of f, , are of the form ga+b, where a € {0, 1, ..., d},
bel.

(1) Moreover, f,. is eventually linear (ze. of the form p +— px + y for every
sufficiently large p).

(iv) More precisely, if ¢ € Q -, then for every sufficiently large p € R the left
and right slope of f, . coincide, and their common value is a rational number
whose denominator divides the denominator of g.

(v) For every p € R, the function R-y — Ry : ¢ f, (p) 1s non-decreasing,
convex, continuous and piecewise linear.

Proof of the claim. — By construction, the function rky.Z(¢) - f,, is the mapping
Sre,e, Whenever ¢ € 8, & = pu*Z(¢) and ¢ = ¢(¢q, s) € £(¢). Hence, for ¢ € 2(g),
convexity and continuity (and piecewise linearity) of f, . follow from Proposition 4.1.15.
Now, if ¢ and ¢ are any two positive real numbers, it is clear that:

50) = oI < g-le =] for every p € Rey.
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Since X(g) is dense in R, it follows easily that f, . is convex and continuous for every
¢ € R. Similarly, for ¢, ¢ € R.y, we may bound the difference |f,, — f | in terms of
lg—¢'|, on every bounded subset of R; since S is dense in R, we deduce continuity
and convexity of f, . for every ¢ € R, and ¢ € R. Next, for given pj := —logr > 0,
let By, ..., Br be the breaks of I, , so that we have the break decomposition F, =
F, (B) ®--- @ F, (Br). Set m; := 1k F, (B)) for every j < k. We may find a segment
[00, p1], and for every : < d, an integer j; < k£ such that:

JP) =fipo) + (0 —po) - B for every p € [py, p1].

It follows easily that there exists py € (py, p1] such that:

(4.2.21) Jo(p) =(qa+0b)-p+¢ for every p € [pg, pol
where a :=max{: <d | —logp; < (g00 — ¢) + ¢&} (notation of (2.2.15)), and:

k

k
b= mp =t ) om(B — pb)
= =
This shows the piecewise linearity of f, .. We deduce as well that b € Z, since each
term mjﬁf is the Swan conductor of the Galois module F, (B;) (denoted a(F, (B;))
in [31, §8]).

This shows that (i) and (i1) hold. Moreover, (4.2.21) also easily implies (v). As-
sertion (iii) 1s already known for every pair (¢,¢) with ¢ € S and ¢ € ¥(¢) (Theo-
rem 4.2.2()). Next, if ¢ € R is arbitrary, since the distance between f,, and f, . is
bounded, and f, . is convex and piecewise linear, it is easy to deduce that f, .+ 1s also
eventually linear. Finally, if ¢ < ¢ is any positive real number, it is clear that f, , <
Jo.os since f, .+ 1s eventually linear and f, . is convex, it follows that right derivative
p — dfy . /di(p") is non-decreasing and bounded; but from (i) we see that the set of
possible slopes for f, . does not admit accumulation points, hence the right derivative
of fy» must be eventually constant. This concludes the proof of (ii).

Assertion (iv) is clear from (ii). <&

Claim 4.2.20(ii1) says that, for every ¢ € R5y and ¢ € R, the limit:

4.2.22) (@)= lim f.(p)/p

exists and 1s a rational number independent of ¢, whose denominator divides the de-
nominator of ¢. Now, suppose ¢ € S, ¢ € X(¢) and ¢ > ¢ is some real number; one
sees easily that

swi(F ®4 1 ZL(g), 1) = swi(F @, n5-L(), 1)
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for every r € (0, 1] and every s, s € K* with log|s| = ¢ and log|s'| = ¢. It follows
that

B(F, q) = sup {sw'(F ®, u*Z(¢),0%) | s € K and log|s| € Z(¢)}
= s(q)

for every ¢ € S.

4.2.23. Clazm. — The function

Qo> R g B 9

1s non-decreasing.

Proof of the claim. — Tt suffices to show that, if ¢ < ¢ < ¢ with ¢, ¢’ € S and
g € Q, then B(F,¢) < B(F,q) < B(F,q"). However, choose s € K \ {0} such
that ¢(¢, s') € 2(¢'); from Lemma 4.2.6 we see that there exists py € R such that
A(Z(9) N ([po, +00) X Rsp) is the graph of a linear map. We may then find s € K*
such that |s| < |s| and such that A(u*-Z(¢))N([po, +00) X R50) NA(F) is a countable
subset. Since A(u*Z(¢)) lies above A(u*.Z(¢)) in the region [py, +00) x R.y, an
argument as in the foregoing shows that g, 2y (0) > Srgur 2 (P) for p = py. But
since ¢’ € S, we have seen that the slope of dyg,* #(,) equals j,B(F, ¢), hence B(F, q) >
B(F, ¢), as required. The proof of the other inéquality 1s similar, and shall be left to
the reader. <&

From Claim 4.2.20(v) we deduce that s is a non-decreasing function. Since s and
B(F, -) agree on the dense subset S, they must coincide for all ¢ € Q.. Combining
with Claim 4.2.20(iv), this proves assertion (i).

(i): From the definition of f ., it is obvious that f,o(0) > ¢p - tkpF for every
o € Rsg, hence s(¢) > ¢ - rkyF. Furthermore, since Zleﬁ(p) = dp(p) is a convex
function which is eventually linear of slope ¢, := sw*(F, 07), one sees easily that there
exists ¢ € R such that:

Ji(p) < qop+¢ for every p € R, and every ¢ < d.

Hence f,0(p) = qp - 1k, F for every g > ¢y, provided p is large enough. Consequently
s(q) = q -1k, F for every ¢ > ¢, so (ii) holds.

(i1): Claim 4.2.20(v) implies that the function ¢ +— s(¢) is convex and non-
decreasing. Next, if ¢,¢ are any two positive real numbers, it is clear that
Is(q) — s(¢)| < d-|g— ¢'|, so the mapping s is also continuous. Moreover, the con-
vexity of s implies that the right derivative ds/di(p™) exists for every p € R. and is
non-decreasing, and s i3 a primitive of its right derivative.
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4.2.24. Claim. — ds/di(p™) € Z for every p € Q.

Proof of the clavm. — Write p = a/b with relatively prime positive integers a, b. By
definition, we have:

d 1

However, if we let n run over the positive integers, the right-hand side of (4.2.23) is
the limit of a sequence of integers, since the denominators of both (p 4 1/(bn)) and

s(p) divide bn. &

We deduce from Claim 4.2.24 that the right derivative of s is a non-decreasing
step function (constant on segments of the form [a, b)). Hence s is piecewise linear
with integral slopes, which concludes the proof of (i) and of the theorem. ]

4.2.26. — Let I be as in Theorem 4.2.17. The idea is that the graph of B(F, -)
should be the Newton polygon associated to the sought break decomposition of the
stalk Iy of I over the missing point 17(0) (see (4.2.10)). According to this picture, the
breaks of Fyy are the values ¢; € Rsq such that ds/dt(¢7) # ds/di(¢") (where s is defined
as in (4.2.22)); naturally we call these the break ponts of B(F, -). The first observation
is that there are only finitely many break points, and all of them are rational; indeed,
this 1s a straightforward consequence of Theorem 4.2.17. Let 0 < ¢; < g9 < --- < g, be
these break points, and set ¢y := 0. Since B(F, -) is piecewise linear and non-negative,
we may find unique wo, i1, ..., 4, > 0 such that:

(4.2.27) B, ¢ = Z[Lj - max(g;, q) for every ¢ € Q.
=0

Indeed, by deriving both sides of (4.2.27), we find:

for every j < n.

i dB(F,
(4.2.28) > w= ’g(d ?
j=0 7

=4

And since B(F, ) has integer slopes (Theorem 4.2.17(ii1)), we deduce that u; € N for
every j < n. For every j < n, the integer u; should be nothing else than the rank of
the direct factor of Iy which is pure of break ¢;. This is borne out by the identity:

ko F =" p
j=0
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which holds, since B(F, -) is eventually linear of slope rkF (by Theorem 4.2.17(11)). For
this reason, we shall say that p; is the multiplicity of the break ¢;, for every : =0, ..., n.
Now, let:

O<t=m=--=7

be the unique sequence of rational numbers in which the value ¢; appears with multi-
plicity w;, for every : =0, ..., n. We have:

4.2.29. Theorem. — Reep the notation of (4.2.26), and let d := rkp¥. Then there exist
po = 0, and real numbers ¢y, co, ..., ¢q such that:
fip)=1-p+c¢ Jor every p > poy and every 1 =1, ..., d
where fi, fo, ..., J1 : Rag = Rsg are defined as n (4.2.11).

Progf. — Recall (Claim 4.2.20) that f,((p) = Z?:l max( f;(p), gp) for every
p € R.. For every p,y € Ry, let us set:

L,={ieN|l<i<d and fi(p) <)} N,, =1,

(where, as usual, for any set I, we denote by I the cardinality of I). Let ¢ > ¢ be any
two real numbers; we may compute:

Jy0(P) = fy0(P) = 4PN,y — 4PN, 0y = D fip)  for every p = 0
€]

where:

Ji={ieN|1<i<d and gp <f(p) <qp}.
It follows easily that:

(4.2.30) &g, 4, p) :=ﬁ7/’0(p) /o) € [Ny, 4ps Ny gl for every p > 0.

¢ —9p
Now, let ¢ > 0 be any real number which is not a break point for B(F,-); let £ €
{0, 1, ..., n} be the largest integer such that ¢, < ¢. If £ = n, set ¢,41 := ¢+ 1, so that
in any case ¢ € (¢, gr+1). We notice that the function s defined as in (4.2.22) is linear
on the interval [g;, ¢;4+1], since the proof of Theorem 4.2.17 shows that s agrees with

BT, ) on Q. Especially:

dp(l, q)

lim , ,0) = lim , 4, 0) =
/ng(q Qit15 P) p%oog(qk q, ) dy



LOCAL MONODROMY IN NON-ARCHIMEDEAN ANALYTIC GEOMETRY 271

But recall that the slopes of B(F, ) are integers; therefore, combining with (4.2.30)
we deduce:

dB(¥, q)

4.2.31
4.2.31 0

€ [Np,rzmv Np,rzp] N [Np,rmv Np,fmlp] = {Np,rzp}

7=q;

for all large p. The meaning of (4.2.31) is that, if ¢ is not a break, then the points
(p, fi(p)) tend to “move away” from the line {(x, ) | gx = »}; indeed, (4.2.31) shows
that if ¢ € (g, ¢) is any other real number, then I,,, = I, ,, provided p is large
enough. Fix any ¢ > 0 such that:

2e <min{q;41 — ¢ | k=0, ...,n—1}
and set:

Ji(0) =1, v \ Lpgi—erp for every £ < n and every p > 0.

Notice that, since the functions f; are continuous (Lemma 4.2.12), each set J;(p) will
be eventually independent of p (i.e. for large values of p), and we shall therefore denote
it simply by J;. Summing up, so far we have exhibited a natural partition:

{1,2,...,dy=JoaJyu---aj,

such that, for every £ < d, the values T\ (p) := {(p,fi(p)) | ¢ € Ji} “cluster” around
a straight line of slope ¢;. Explicitly, for every & > 0 and for every large p, the points
of T/(p) lie in the cone

Ce(h) = {(np) € RE | 1y/x— gl <e}.

Next we show that, for every large p, the set T (p) actually lies in a band of slope ¢
and fixed bounded width. To this aim, for every £ =0, 1, ...,z and every ¢ € R, set:

h(p) =Y fi(p)

iejk
hy (p) = Zmax(ﬁ(p), grp —¢) for every p € Ry
iejk
4.2.32. Clazm. — (1) For every k < n the following holds:

(1) the functions f; and /, are eventually linear.
(i) 8k = 1.
(i) lim h(p)/p = gty = lim & (0)/p.
p—>—+00 p—>—+00
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Proof of the clavm. — Suppose ¢ € (i, ¢r+1). We can then write:

Jo0(p) = qp - Z g], + Z h,(p) for every sufficiently large p.

1<k 1=k+1

Since the function f,((p) is eventually linear, we deduce that, for every £ < n, the
sum ) ., 41 1s eventually linear, so the same holds for each term #. Let G, :=
hT hi(p)/p. In view of (4.2.22) we deduce:

p—>—+00

s(p)=¢q- Z 8] + Z C, for every ¢ € (¢, ¢r+1) and every £ < n.

1<k (=k+1
Now suppose that ¢ € (¢, ¢;+1). Taking into account (4.2.28), we find:
(=) Y th=s) — s = — - Y
1<k <k

from which (i) follows easily, arguing by induction on £. Finally, on the one hand we
know that /%; is eventually linear; on the other hand, for every ¢ > 0, each of its sum-
mands /; (for ¢ € J;) is eventually contained in the cone C,(k), so assertion (ii1) for 7
follows easily from (ii). Next, we look at the identity:

Jod @) = (o — ) - D i+ Y hilp) + 7 (p)

<k (=k+1
which holds for every £ < n and every large enough p, in view of (ii). Since f;, o and
Iy, --os by, are eventually linear functions, we see that the same holds for %, for every
k < n. This shows (i), and also the remaining assertion (iii) for /; follows easily. <&

We now fix £ € {0, 1, ..., n}, and write just ¢, i, J, & and £’ instead of ¢, w4, J,
by, B

4.2.33. Clazm. — Yor every i € J, the function
p = 1fip) — qpl
is bounded.

Proof of the clavm. — It follows easily from Claim 4.2.32 that both functions:
> {max(fi(p), gp) —gp} and Y _{max(f(p), gp) —fi(p)}
€] €]
are eventually constant. Since these summands are always non-negative, we deduce
that, for every ¢ € J, the terms:

max(fi(p), ¢gp) —qp and  max(/i(p), gp) —/i(p)

are bounded, which is the claim. &
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4.2.34. Clazm. — For every ¢ € ] there exists ¢; € R such that:
lim fi(p) — qp = a;.
p—>—+00

Proof of the claim. — Say that J = {io, ..., 1o+ — 1}. We prove, by induction on ¢,
that a; 4, with the desired property exists for every ¢ < u. For ¢ < 0, there is nothing
to prove. Next, suppose that £ > 0 and that the assertion is already known for every
integer < /; we set:

fo+pn—1 fo+pu—1
gp)= Y filp) g = > max(f(p), gp—0)
1=ig+t =10+t

for every p € R5( and ¢ € R. Using the inductive assumption, and Claim 4.2.32, we
see that there exists C € R with:

(4.2.35) pgrpoog(p) - pg(n —t) = C.
Set:

a:= lggligofﬁw(p) —gp  b:=limsupf.(p) — gp.

p—>—+00

Notice that:
(4.2.36) a > Giyyoeey Qigi—

since f; < fiy) for every t =1, ..., d — 1. Suppose a < b, pick x € (a, b) and set ¢ := —x;
in view of (4.2.36), we have:

E(p) = tgp —¢) + g (p) for every large enough p.

Then Claim 4.2.32 implies that g" is eventually linear of slope ¢(u — £). Combining
with (4.2.35), we deduce that there exists C' € R such that:

4.2.37)  lim ¢'(p) —g(p) = C.

However, due to our choice of x, for every p > 0 and every ¢ > 0 we may find
o', p” > p such that:

Z@)=g() and g —g(p)>x—a+e

which contradicts (4.2.37). Hence ¢ = b, and the common value is a real number,
due to Claim 4.2.33. This concludes the inductive step. <
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To conclude the proof of the theorem, we shall show that the function f 4, is
eventually linear, whenever ¢ + ¢ € J = {i, ..., 70 + n© — 1}. We shall proceed by
induction on ¢ If ¢ < 0, there is nothing to prove. Hence, suppose that the assertion is
known for every integer < ¢. Set a := @;,1,, where 4, ..., @;+,—1 are the real numbers
whose existence 1s ensured by Claim 4.2.34. Let J(a) := {i € J | ¢, = a}; we shall show
simultaneously that all the functions f; with ¢ € J(a) are eventually linear, hence we
may suppose that 7547 i1s the smallest element of J(a). In this case, using the inductive
assumption and Claim 4.2.32, we see that both functions g and g*, introduced in the
proof of Claim 4.2.34 are eventually linear. Moreover, it is also clear that:

lim ¢, (p) —g(p) = 0.
p—>—+00
It follows that g(p) = g* ,(p) for every large enough p, hence

(4.2.38) Ji(p) = qp+a for every ¢ € J(a) and every large p.

On the other hand, let ¢; be the largest element of J(a); if 7; < 7 + u — 1, choose
b € (a, a;+1); otherwise, set b := a; + 1. In either case, we may write:

() =i(gp+b)+ > filp)  for every large enough p.

>1)

Hence ) ., f is eventually linear, and therefore the same holds for

§=2h=2 )

>0 i€ (@)
Clearly:
li (p) —gp—a) =0.
Jim > (fip) —gp—a) =0
i€)(a)

Combining with (4.2.38), we deduce the contention. O

4.2.39. — Let (I'y, <) be the abelian group Q x I'k, endowed with the or-
dering such that:

(g,0) < (¢, ¢) if and only if either ¢’ < g or else ¢ = ¢ and ¢ < ¢

(This 1s the lexicographic ordering, except that the ordering on Q is the reverse of the
usual one.) For given 7 € I'f, let ', be the value group of the valuation | - |,). The

mapping:
o> Q®zT, : (¢0) > c-r"- (1 —¢)
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is an isomorphism of groups which does not respect the orderings (indeed, the order-
ing on I'y induced by this isomorphism is also lexicographic, but the two factors Q
and 'k are swapped). Nevertheless, we may interpret Theorem 4.2.29, by saying that
the “missing stalk Fy” admits a break decomposition which is naturally indexed by
elements of I'j. More precisely, we have the following final result, in which we do not
assume that I'x = Ry,.

4.2.40. Theorem. — Let ¥ be a A-module on D(1)* with bounded ramification. Then
there exist 1y € T, a connected open subset U C D(1)* and a decomposition:

Fu= P F@.0

.
(.00€ry

where each summand M(q, ¢) s a locally constant A-module on Uy, such that:

@) UND(e) # S for every ¢ € T..
() For every r € (0, ry] N T'k, we have n(r) € U and:

F(g, )py = F.(c-r"- (1 —&)).

(i11) (Hasse-Arf)  For every (g, ¢) € T, we have: q - tkpF(q, ¢) € N.
(w) If G is any other A-module on D(1)* with bounded ramification, then for any y, y' €
Ty we have:

(F®a G)(max(y,y")) fy #v

F(y) @ G(Y) C
) @1 G Zpiy(F ®r G)(p) otherwise.
(Where the inclusion holds on some connected open subset of the above type, where the
decompositions of both ¥ and G are defined.)

Progf. — Set E := &nd, (F), the sheaf of A-linear endomorphisms of F. We have
to exhibit 7, € I’ and U  D(1)* fulfilling (i), and for each (¢, ¢) € I'{, a projector
7w € E(U) such that

mm),, =F@- - (1 —¢&)7) for all r € (0, ] N I'k.

By Theorem 4.2.29, we may find py > 0 such that the functions f are linear on the
half-line [pg, +00); up to replacing py by a larger real number, we may achieve that,
for every 7,7 < d, the graphs Gr; C [py, +00) X Ry of the functions f, /; are ei-
ther disjoint or equal. Say that p, = —log, and let £ be the cardinality of the set
{Gr; | 1 =1, ..., n}; then it follows easily that F, has exactly £ breaks, for every r < 7.
The sought U shall be constructed as an open subset of D(7)*. Indeed, suppose
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re€ (0,p]NTk, and let B,(r) < --- < Bi(r) be the breaks of F,, so that ¢-77- (1 —¢&)! =
B,(r) for some [ < k.

The direct summand F,(B;(r)) is the image of a projector p, € E,), and we
have to exhibit 7 such that m, = p, for every r < r,.

From our choice of py, it follows that B;(r)” = ,3]-(7)b if and only if 7 = j; in other
words, the decomposition of Lemma 4.1.28 reduces to an equivariant identification:

(4.2.41) Fyop(B) — F(B)  for every B € {Bi(1), ... Bi(1)}.

Furthermore, these considerations can be repeated for the points 1'(r) (see (4.1.30)):
especially, the stalks I, admit exactly £ breaks B;(r) < --- < B,(r) for r < 7, and
we denote by p/ € E;( the projector whose image is Fy,(B;(r)). Notice also that
,3;(7)b = Bi(r)’ for i = 1, ..., k, and one has equivariant identifications analogous to
(4.2.41).

Denote by {n(r)’} the pseudo-adic space (D(1)*, {n(r)°}), and let:

ey € F({U(T)b}én Eipory)

be the projector whose image is the direct summand F,, (,3?(7)). By Lemma 4.1.5(1),
we have 1,y € (UeE), iy, where u : D(1); — D(1) is the natural morphism of sites.
However, since F is locally constant on D(1)7, the same holds for E; especially, E is
overconvergent, in the sense of [30, Def. 8.2.1], and then the same holds for ., E ([30,

Rem. 8.2.2]). Let:

D(1)* = D(1)},
be the natural morphism of sites, where D(1)] = denotes the topological space D(1)*
endowed with its partially proper topology ([30, Def. 8.1.3]). According to

[30, Prop. 8.1.4(a)], the counit of adjunction v*v,(u.E) = (u.E) is an isomorphism,
hence also the natural map

(V*/‘L*E)n(r)’ - /‘L*Erz(r)’
is bijective. Therefore, we may find a partially proper connected open neighborhood

V, € D(1)* of n(r)’, and a section 7, € E(V,), such that Tyney = Tyey. Since E is
locally constant and T[s(r)b = 7T,y, it follows that m, is a projector in E(V,).

4.2.42. Clazm. — For every r € (0, 7)) N 'k we have:

T =pr and 7,00 =P,
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Proof of the claim. — Indeed, by inspecting the proof of Lemma 4.1.28, we find
a finite étale morphism of pseudo-adic spaces

Z — DWW, {n(, n(’})

with Z connected, and isomorphisms:
F, «— I'(Zs, Fiz) —> Fp.

Moreover, the restriction of m, to I'(Z¢, E;z) 13 a projector 7,7, and Im(rw, z) maps
onto F,(B,(r)) and respectively F, . (B8/(r)?), due to (4.2.41) (and by the proof of Lem-
ma 4.1.28). This means that the restriction of m, 7 to the stalk E,, is p,, whence the
assertion for 7(r). The same argument works also for n'(r). <&

4.2.43. Clazm. — Yor every r € (0, 7)) N I'x there exists a partially proper con-
nected open neighborhood V’ of 1(r)’ contained in V,, and such that:

() = Ps for all s € 'k such that n(s) € V..

Proof of the clavm. — Let us show first that the sought identity holds for every s < r
sufficiently close to 7. One argues as in the proof of Claim 4.2.42: one applies Theo-
rem 3.3.29 and its proof, to find a constructible connected subset U C V, containing
n(r), and a finite étale morphism of pseudo-adic spaces:

Z — (D1)*, V)
with Z connected, and isomorphisms:
[(Ze, Fiz) — F,  for all 5(s) € U with s € (0, 7] NTk.

Moreover, I'(Z¢, Ez) contains a projector 7, 7 such that the above isomorphisms map
Im(, ) onto F(B,(s)), for every n(s) € U with s < 7. Then the image of 7, ; in the
stalk E,;) must equal the image of m,; since E is locally constant and Z is connected,
we deduce that the image of 7,z in E,, equals the image of m, for every s < r with
n(s) € U, which gives the sought assertion for such s. The same argument applies
verbatim to all s > r sufficiently close to 7, up to replacing the points 7(s) with the points
1n'(s), so one gets 7, ,/, = p. for such 5. On the other hand Claim 4.2.42 (applied
with 7 := s) says that /) = pl, as well; since E is locally constant, it follows that
m, agrees with 7, on V, NV, especially, 7, ) = 7, (), and the latter equals p;, again
by Claim 4.2.42. In conclusion, we have shown that there exists § > 0 such that the
sought identity holds for all s € (r — 8, 7 + §). The claim follows easily. <
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For every r € (0, 7)) NIk, pick V! as in Claim 4.2.43; we deduce easily that 7,
agrees with 7r;, on V.NV’, whenever 7, s € (0, 1) NI'k. From this, it is straightforward
to deduce the theorem, in case I'x = R.y. However, if I'k 1s only a dense subgroup
of Ry, the open subset [, )nre V, might fail to be connected. To deal with this
case, suppose that » € (0,7) is not in I'x. We choose an algebraically closed and
complete extension L of K, with valuation group I'}, of rank one, and such that » € I'y.
Then we define points n(r)bL on D(1); and n(r)” on D(1)* as in (4.1.6), and we pick
a geometric point n(r); with support 77(7)?,- Denote by Iy, and E;, the pull-back of
F and E to D(1)]. Since the functions f; and the break decompositions are invariant
under change of base field, the whole discussion so far still holds for the sheaf Fy;
especially, Iy, ), has £ breaks Bi(r)’> < - < Bu(r)°, and if {77(7);} denotes the pseudo-

adic space (D(1)], {n(r)bL}), there exists a projector 7, € F({n(r)bL}él, E ) whose

Lin(y)
image is Fy, (), (Bi(r)"). Moreover, Proposition 4.1.8 and [31, Prop. 2.3.10] imply that

the induced morphism of pseudo-adic spaces:

{nO)} = 0} = DAY, (n()'h

induces a bijection on global sections:

EM(®") = T{n() Yo Ejpory) —> F({"(r);}en ELHn(oi})'

So actually 7, is already a projector in E(5(r)"). By Lemma 4.1.5, 7, extends to some
connected open neighborhood W, € D(1)* of n(r)’. Then W, contains an annulus of
the form D(a, b), with a <7 < b and ¢, b € I'k. To conclude the proof of the theorem,
it suffices to remark:

4.2.44. Claom. — We may pick a, b € I'x with a < r < b such that, for every
s € (a, b) N Tk, the projectors 7, and 7, agree on D(a, b)) N V..

Proof of the claim. — Since the break decompositions are invariant under the base
change K C L, the assertion can be verified after pull-back to D(1);. In this case, we
fall back on Claim 4.2.43: the detail shall be left to the reader. O
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