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ABSTRACT

We show that the Gromov-Witten theory of Calabi-Yau hypersurfaces matches, in genus zero and after an analytic
continuation, the quantum singularity theory (FJRW theory) recently introduced by Fan, Jarvis and Ruan following a
proposal of Witten. Morcover, on both sides, we highlight two remarkable integral local systems arising from the common
formalism of I'-integral structures applied to the derived category of the hypersurface {W = 0} and to the category of
graded matrix factorizations of W. In this setup, we prove that the analytic continuation matches Orlov equivalence
between the two above categories.

CONTENTS
Lo Introduction . . . . . ... L 128
L1 OVerview . . . ..o o 128
L2, MIrror symmetry . . . ... ..o e 132
1.3. Planofthe paper . . . . . . . . . 133
2. f‘—integral structure and main StateMents . . . . . . . ... ... ... 133
2.1 FJRWtheory . . . . o oo 133
22, GWitheory . . . . . L 140
2.3. Quantum cohomology and quantum connection . . . . . . . .. ... L 142
2.4. Quantum D-modules and integral structure . . . . .. ... Lo L Lo 147
2.5. Statements of the mainresults . . . . .. ... L L 153
2.6. Flowchart of the proof . . . . . . . . . . 157
3. Computing FJRW theory . . . . . . . . .o e 157
3.1. Extending FJRW theory . . . . . . . . .. . 158
3.2. Twisted FJRW theory and Givental’s formalism . . . . .. ... ... ... ... .. . 0 L. 160
3.3. Family of elements on the Lagrangiancone . . . . . ... ... .. ... ... .. .. . ... 163
3.4. The twist by the equivariant Eulerclass . . . . ... ... . o o oL o 164
3.5. The egx-twisted quantum CONNECHON . . . . . . . . o v v ittt et 167
4. Orlov equivalence matches Mellin-Barnes analytic continuation . . . . .. ... ... ... ........... 171
4.1. Matrix factorizations . . . . . . . ... 171
4.2. Orlovequivalence . . . . . .. ... .. 174
4.3. Twisted I-functions and Mellin-Barnes continuation . . . . . . ... ... ... ... .. ... ....... 177
4.4. The non-equivariant limit and Orlov equivalence . . . .. .. ... ... .. .. ... . ... .. ... . 183
5. Construction of global D-module . . . . . ... ... . 186
5.1 Multi-GKZ system . . . . . Lo 186
5.2. Refined mirror theorem . . . . . . .. .. 189
5.3. Analytic continuation U™ revisited . . . . . . ... L 196
5.4. The non-equivariant limit and itsreduction . . . . . . . . .. ... L L Lo 198
5.5. Reconstruction of the big quantum D-module . . . .. ... .. ... . o L L oL L 203
5.6. Monodromy and autoequivalences . . . . . . . ... L L 205
Acknowledgements . . . . ... 208
Appendix A: Proof of Proposition 2.1 . . . . . . . oL L 208
Appendix B: Compatibility with EJRW setup . . . . .. ... o0 212
References . . . . . . . . e 214

DOI'10.1007/510240-013-0056-z



128 ALESSANDRO CHIODO, HIROSHI IRITANI, YONGBIN RUAN

Notation
Wi(xi, ..., xn) weighted homogeneous polynomial (Section 1.1)
Xw Calabi-Yau hypersurface defined by W in P(w) (Section 1.1)
R, the group of d-th roots of unity
H state space (H(W, p,) or Her (Xyy), Sections 2.1.1, 2.2.1)
H’ narrow/ambient part (Section 2.3.1)
H” broad/primitive part (Section 2.3.1)
{t} linear co-ordinates on the state space associated to a basis {1’}

(Sections 2.3, 2.4, 3.5.2)
r Gamma class (Section 2.4.4)
H state space of twisted theories (Hey or Her (P(w)), Section 3.5.2)
M global Kéhler moduli space (P(1, d) \ {0, v}, Section 5.1)

1. Introduction

1.1. Overview. — The so-called Landau-Ginzburg/Calabi-Yau correspondence
(LG/CY correspondence for short) in string theory [30, 51, 67] describes a relationship
between the sigma model on a Calabi-Yau hypersurface and the Landau-Ginzburg model
whose potential is the defining equation of the Calabi-Yau. In Witten’s gauged linear
sigma model [69], the LG/CY correspondence arises, roughly speaking, from a variation
of GIT quotient.

Let wy, ..., wx be coprime positive integers and xi, ..., xy be variables of de-
gree wy, ..., wx. Let W(xy, ..., xx) be a weighted homogeneous polynomial of degree d
which has an isolated critical point only at the origin. We assume (i) the Calabi-Yau con-
dition d = w; + - - - +wy and (ii) the Gorenstein condition:' w; divides d forall 1 <j <N.
In this paper, we discuss two objects:

— The Calabi-Yau hypersurface Xy = {W = 0} in the weighted projective space
P(w) =P(w,, ..., wy). This is quasi-smooth (1.e. smooth in the sense of stacks)
by the assumption on W above.

— The Landau-Ginzburg orbifold (C~, W, w,). It consists of the space CN
equipped with an action of p, = {g€ C* | g’ =1}, (x1, ..., x) = (@"'x1, ...,
2"Vxy) and a p-invariant function W: CN — C.

These two models arise from the following GIT quotient. Consider the CG*-action on the
vector space CY x C with co-ordinates (x, ..., xx, f):

(1 ooy, p) 2 (0, o N, ), e G

We endow the space CN x C with the CG*-invariant potential W(x, p) == pW(x). There
are two possible GIT quotients of this space: one is the quotient of (G \ {0}) x G and

! This means that the ambient space P(w) is Gorenstein. In this case, we can take W to be the Fermat type

polynomial W = xf/wl +--+ x;i,/wN .
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LG point (pg4-orbifold point)

large radius limit
—

conifold point

—

Fic. 1. — Kihler moduli space M = P(1, d) \ {two points}

the other is the quotient of GN x (C \ {0}). In the former case, we get the total space
of the line bundle O(—d) — P(w) endowed with the function W. This should reduce
to the sigma model on the Calabi-Yau hypersurface Xyy. In the latter case, we get the
Landau-Ginzburg orbifold (CN, W, Rw,).

The GIT quotient itself does not change inside a “chamber” of stability param-
eters, but the actual physical theory depends on a continuous and complexified stability pa-
rameter 7 + 16 € G. The CY theory arises for r — 00 and the LG theory for r — —o00.
The stability parameter r + 16 varies along a complex manifold M called the global
Kahler moduli space. In the case at hand, it is identified with (a Zariski open subset of)
the weighted projective line P(1, ). The local picture near the p,-point in P(1, ) cor-
responds to the LG model above and the p,-point is called LG point. The local picture
near the antipodal point corresponds to the CY geometry and the antipodal point is
called large radius limit point. These points are interesting asymptotically: we often work
on punctured discs centered on them and refer to them as limit points (see Figure 1).
There is another limit point in the Kahler moduli space where the mirror has a conifold
singularity; by abuse of terminology, we refer to this limit point as a conifold point.

This paper is concerned with two aspects of topological string theory: the category
of D-branes of type B (B-branes) and the closed string theory of type A (A-model). In this
paper, the term “B-brane” (or “brane”) has a precise mathematical meaning. On the CY
side, the category of B-branes is the derived category of coherent sheaves on the Calabi-
Yau hypersurface Xy. On the LG side, the category of B-branes is identified with the
category MFﬁrd (W) of graded matrix factorizations of W [37, 52, 68]. On the other hand,
the mathematical A-model on the Calabi-Yau Xyy is given by GW (Gromov-Witten) the-
ory. The mathematical A-model for the Landau-Ginzburg orbifold was formulated re-
cently by Fan-Jarvis-Ruan [26] as the intersection theory on the moduli space of W-spin
curves. This is called FJRW (Fan-Jarvis-Ruan-Witten) theory. About these theories, the
following LG/CY correspondences are known in mathematics:

(1) B-brane LG/ CY correspondence: Orlov [53] constructed derived equiv-
alences @, between the categories of B-branes indexed by an integer [ € Z:

®;: D' (Xy) = MFE (W).
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(2) A-model LG/CY correspondence: Chiodo-Ruan [13] showed that for a
quintic polynomial W(x,, ..., x5), GW theory of Xyy is analytically continued
to FJRW theory of (C°, W, ;) at genus zero. Schematically, we write

GW,—o(Xw) = FJRW _(C°, W, ;).

The purpose of this paper is to extend the correspondence (2) to a general weighted
homogeneous polynomial W and to describe a relationship between (1) and (2).

More precisely, “analytic continuation” in (2) means the following. In genus zero,
GW theory and FJRW theory yield quantum D-modules over small neighbourhoods of the
corresponding limit points; we show that these are restrictions of a certain global D-
module over the Kihler moduli space M. Note that the category of B-branes should
be independent of the Kahler structure on Xy. Hence B-branes are “locally constant”
data over the Kahler moduli space around the limit point in each theory. In fact, we
associate to each B-brane a flat section of the quantum D-module. The flat section here
1s asymptotic (in the limit point) to the Chern character of the brane multiplied by the
T-class. This defines a Z-local system underlying the quantum D-module whose fibre 1s
the numerical K-group of the category of B-branes. We call it the F—integml structure of
the quantum D-module. This has been introduced for GW theory by Iritani [42] and
Katzarkov-Kontsevich-Pantev [44]. Here the role of the T-class (see Definition 2.17) 1s
to preserve the Euler pairing x (£, F) := ) ., dim Hom(&, F[i]) in B-brane categories.
Indeed, T can be regarded as a square root of the Todd class. When Xy is a manifold,
we have

deg ~

~ deg
((_I)TFXW) ’ FXW = (QNl)Tg TdXW

thanks to the functional equation I'(1 — 2)I' (1 + 2) = 7 z/ sin(7 2). Thus one can think of
our flat section associated to a B-brane as a quantum version of the Mukai vector.? In this
paper, we extend the F-integra] structure to FJRW theory. Our main results are stated as
follows. We refer the reader to Theorems 2.23, 2.25 for more precise statements.

Theorem 1.1.

(1) The ambient part quantum D-module of Xvy and the narrow part quantum D-module of
(CN, W, w,) are analytically continued to each other,® i.e. both of them are the restrictions
of a global D-module over the Kihler moduli space M.

(1) The analytic continuation in (1) matches up the /F\—integml structures on both quantum D-
modules. Moreover, the induced isomorphism between the numerical K-groups of the categories
of B-branes coincide with the one induced by the Orlov derived equivalence.

2 In fact, it coincides with the Mukai vector for K3 surfaces.

* See Section 2.4.2 for the definition of the quantum D-modules. We mean by “ambient part” the cohomology
classes pulled back from the ambient space, see Section 2.2.1; in FJRW side, this has a counterpart called “narrow part”,
see Section 2.1.1.
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A prototype of our result is the work of Borisov-Horja [5], where they showed that
the analytic continuation of the GKZ hypergeometric system is induced from a Fourier-
Mukai transformation between the K-groups of toric Calabi-Yau orbifolds, under a suit-
able identification of the spaces of local solutions with the K-groups. In our case, the
GKZ system is replaced with the quantum D-modules of GW/EFJRW theories and the
Fourier-Mukai transformation is replaced with the Orlov equivalence.

Since the global D-module over M have nontrivial monodromies, the analytic
continuation of flat sections depends on the choice of (a homotopy type of) a path. On
the other hand, the Orlov equivalence @, depends on an integer / € Z. The recent physics
paper [34] by Herbst-Hori-Page clarified (by a physical argument) the dependence of a
derived equivalence on the choice of a path. We confirm the prediction of [34] that a
path y; passing through the /th “window” corresponds to the /th Orlov equivalence ®,.
Moreover, we check that the monodromy representation of the fundamental group of
M =P(1,d) \ {2 points} factors through the group of autoequivalences of D’(Xyy). The
following theorem refines Part (ii) of Theorem 1.1.

Theorem 1.2 (Theorem 2.26).

(1) For each integer | € Z, there exists a path y; from a neighbourhood of the large radius limat
point to a neighbourhood of the LG point such that the analytic continuation along ;™" is
induced by the Orlov equivalence .

(1) Let N'(Xw) be the subgroup (23) of the numerical K-group of Xy consisting of K-classes
whose Chern characters lie in the ambient cohomology H i, (Xvw) and let x be the Euler
pairing. The monodromy representation of the global D-module in Theorem 1.1

o:m(M)— Aut(N/(Xw), X)
can be lified to a group homomorphism
p: 71 (M) = Auteq(D’(Xw)) /2],

where [2] is the 2-shuft_functor. The homomorphism p sends a (clockwise) loop around the
conyfold point to the spherical twist by the structure sheaf.

Since the work of Seidel-Thomas [63], the monodromy group action on D?(X) has
been widely studied. Horja [38] identified the conifold monodromy of the GKZ system
with the spherical twist. Aspinwall [3, Section 7.1.4] observed that the 5th power of the
monodromy around the LG point corresponds to the 2-shift (for a quintic). We deduce the
existence of the lift p from a result of Canonaco-Karp [9]. The above theorem suggests an
autoequivalence group action on GW theory. However we do not know if p is injective.
The induced homomorphism p is never injective when dim Xyy is even (since the conifold
monodromy is involutive), but it is still possible that p is injective for an odd-dimensional
Calabi-Yau Xyy.



132 ALESSANDRO CHIODO, HIROSHI IRITANI, YONGBIN RUAN

1.2. Marror symmetry. — The interaction between B-branes and the A-model above
can be explained most clearly via mirror symmetry. Here we consider Hodge-theoretic
mirror symmetry, Kontsevich’s homological mirror symmetry [46] and their mutual re-
lationships. See also [15] for the discussion on global mirror symmetry for finite group
quotients of Calabi-Yau hypersurfaces.

The mirror of Xyy is given by a certain Calabi-Yau compactification Y, (Batyrev’s
mirror [4]) of the affine variety

Yo = {1, %) € (€7 [ x4 x = 1, X = v

where the parameter v is identified with an inhomogeneous co-ordinate of M =P(1, d) \
{2 points} such that v = 0 is the large radius limit and that v = oo is the LG point. The
mirror Y, may have Gorenstein terminal quotient singularities. Note that M now plays
a role of the complex moduli of Y,. Under mirror symmetry, the category of B-branes
should be equivalent to the category of A-branes of the mirror. Mathematically, the cate-
gory of A-branes is the derived Fukaya category whose objects are (twisted complexes of)
graded Lagrangian submanifolds. Likewise, the A-model theory should be equivalent the
B-model theory of the mirror, which 1s, at genus zero, the variation of Hodge structure
associated to the deformation of the complex structure. We get the mirror statements of

(1) and (2).

(1) A-brane “mirror LG/CY” correspondence: The derived Fukaya category of
Y, is independent of v € M.

(2") B-model “mirror LG/CY” correspondence: There exists a global variation
of Hodge structure (VHS) HY"2(Y,) = @p g=N—2 H*(Y,) over M.

Because Y, does not change as a symplectic manifold (or orbifold) as v varies, the Fukaya
category should be independent of v (if it is defined). The B-model VHS is tautologically
“analytically continued” over M. Moreover, the category of A-branes and the B-model
have a natural integration pairing. Namely, one can integrate a de Rham cohomology
class on Y, over a Lagrangian submanifold. By this pairing, an A-brane (a Lagrangian
submanifold) gives rise to a dual flat section of the B-model VHS,; i.e. a middle homology
class in Hx_o (Y, Z) represented by the brane. This is exactly dual to the phenomenon
we described in Section 1.1.

The F-integral structure in GW theory for Xy is actually mirrored from the natu-
ral integral structure in the B-model of Y,, (see also [15, Conjecture 4.2.10]).

Theorem 1.3 (/43, Theorem 6.9]). — The ambient A-model VHS of a Calabi-Yau hy-
persurface Xy equipped with the ambient T -integral structure is isomorphic to the residual B-model
VHS of Y, equipped with the vanishing cycle integral structure near v = 0 under the mirror map
Tow: V] <€} — Himb(Xw)/(G) i Theorem 2.23.

Here, the ambient A-model VHS is the ambient part quantum D-module in The-
orem [.] restricted to z =1 (see Remark 2.13); the ambient I'-integral structure is the



LG/CY CORRESPONDENCE, GLOBAL MIRROR SYMMETRY AND ORLOV EQUIVALENCE 133

Z-local system consisting of flat sections associated to vector bundles on Xy which
are restricted from the ambient space P(w). The residual B-model VHS is defined
to be the pure part Gry_, HN"2(Y?) € HY2(Y,) of the Deligne mixed Hodge struc-
ture of the affine variety Yj; the vanishing cycle integral structure on it is spanned
by the Poincaré duals of vanishing cycles of the function X; + -+ + Xy on the torus
{(X1,...,Xxn) € (C)N| Hil x;" = v}. See [43] for the details. Because K-classes of vec-
tor bundles restricted from P(w) correspond, under Orlov equivalence, to the K-classes
of graded Koszul matrix factorizations (Proposition 4.11), we have the following corollary
(see also [15, Conjecture 4.2.11]).

Corollary 1.4. — The narrow A-model VHS of the Landau-Ginzburg model (CN, W, p.,)
equipped with the subsystem of the F—integml structure spanned by K-classes of graded Koszul matrix
Jactorizations s isomorphic to the residual B-model VHS of Y, equipped with the vanishing cycle in-
tegral structure near v = 00 under the mirror map Ty, {lv|7" < €} > Hfm(W, n)/(G) i
T heorem 2.23.

In particular, both the quantum D-module of Xyy and of (CN, W, p,) over the
image of the mirror map give a polarized variation of Z-Hodge structure.

1.3. Plan of the paper. — In Section 2, we introduce the F—integral structure on the
quantum D-module associated to FJRW and GW theories. Then we state our main the-
orems in a precise way. In Section 3, we introduce twisted FJRW invariants and calculate
the (twisted) I-function of FJRW theory. This provides the main ingredients of the paper.
In Section 4, we calculate the analytic continuation of the I-function and show that the
connection matrix matches the Orlov equivalence. In Section 5, we construct a global
D-module over the Kahler moduli and prove the main theorems.

2. I'-integral structure and main statements

We briefly review FJRW (Fan-Jarvis-Ruan-Witten) theory for (W, p,) and GW
(Gromov-Witten) theory for Xy and introduce the I'-integral structure on the quantum
D-modules of both theories. Then we give a precise statement of the main results.

2.1. FJRW theory. — The FJRW invariants “count” the number of solutions to
a non-linear PDE, the so-called Witten equation. These define a cohomological field
theory on the FJRW state space. In this paper, we restrict ourselves to the genus zero
FJRW invariants from the “narrow part”. In this case, the Witten equation has only trivial
solutions and the invariants reduce to intersection numbers of tautological classes on the
moduli space of d-spin curves. For the details of the full FJRW theory, we refer the reader
to the original articles [25, 26].
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2.1.1. State space. — Let (CN, W, p,) be the Landau-Ginzburg orbifold in the
previous Section 1.1. Let ¢ :=exp(2mwi/d) € p, denote a primitive dth root of unity. Let
(CN); denote the ¢*-fixed subspace of GN and W;: (CY); — G denote the restriction of
W. We also write N; = dimg(CY),. The FJRW state space H(W, p,) is defined to be

d—1

HW, n,) = @H(W’ Rk

k=0
where the sector H(W, ) associated to ¢* € p, is given by
HW, p,), :=HY((CY),, Wi~; €)™,
Wi = {xe (CY),: £R(Wi(x) > 0}.
The degree of an element ¢ € H(W, ), 1s defined to be

N
(1) deggp:=N;+2) (kg;) — 2

=1

where ¢; := w;/d. This is an integer since Zil ¢i = 1. Let (-, -) denote the natural inter-
section pairing

2) () HY((CY),, Wi™e; @) x HY((CY) ,W;*: C) - C
and I: CN — CN denote the map (v, ..., ax) F> (Ewlxl, e E“”\'xN) forg‘ =exp(mri/d).
Because W(I(x)) = —W(x), we have a map
(3) I*: HOW, p)o— = HY((CY) , Wi €)" — HY((CN),, W, >; €)™,
We define the pairing between o; € H(W, p,); and ay € H(W, w,),—; by

1 *
<4) (alaaQ) = 2(“1’1 aQ)'

Setting (o}, a9) = 0 for oy € HW, )i, o € H(W, w,); with £ 4 [ # d, we obtain a
graded symmetric non-degenerate pairing (-, -) on the state space H(W, p,;). The pairing
in this paper differs from that in [26] by the factor 1/d = 1/|p,|. See Appendix B for this
convention.

We say that a sector H(W, w,); is narrow if (GN); = {0} and broad otherwise.* Each
narrow sector H(W, p,); is one-dimensional and we denote by ¢, € HW, p,); the
standard basis given as the identity class on (GY), = {0}.> We set

Nar:={0<k<d—1:(C"),={0}iec. kg ¢ Z for all }

* Fan-Jarvis-Ruan originally called these sectors “Neveu-Schwarz” and “Ramond” respectively, but they changed
the names later.

> Note the shift of the index £ by one. An element ¢, with £+ 1 ¢ Nar will be introduced later in Section 3 in the
context of “extended theory”, but notice that ¢, with £+ 1 ¢ Nar is 7ot an element of the original FJRW state space.
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and define the narrow part as

Hooe (W, ) = @ HW, 1) = P Ci.

keNar keNar

Note that deg ¢, = 2 2;111 (kg;) for k+ 1 € Nar. The degree zero element ¢py € H(W, i),
plays the role of the identity in the FJRW theory. The pairing (-, -) restricts to a non-
degenerate pairing on H,,,(W, p,)

1
() (Pr, P1) = ZSd,(k+1)+(z+1), k+1,/4+ 1€ Nar

and H,,,(W, p,) 1s orthogonal to the broad part Hy,,, (W, n,) 1= EBk¢NarH(W, W)k
For a polynomial / on C”, we define the Jacobi space® Q(f) by

(6) Q) 1= QL./df AQL",

where Q4&, denotes the space of algebraic £-forms on G”. When f has an isolated critical
point at the origin, we have the Grothendieck residue pairing Res;: Q(f) ® Q2(f) — G
(see [31]):

Res, ([e0d], [50)d]) := Res[ a0)b0)d }

ofy...,0,f

where y = (y, ..., »,) Is a co-ordinate system on G" and dy =dy; A --- Ady,. The residue
pairing is independent of the choice of co-ordinates. We shall consider the Jacobi space
Q(W,) associated to the homogeneous polynomial W, on (CGN);. The space (W) is
graded by the usual degree: degx; = degdy; = w;.

Proposition 2.1. — We have a canonical isomorphism
(7) HW, i) = QWpH.

Under this isomorphism, the pairing (-, -): HOW, i) X HW, n,)e—r = G translates into the
Grothendieck residue pairing between L (W)™ and Q(W )" = Q(Wy)H:

N (Np—1)

1
[l @ Y] (=1 F i)™= Res, (Ipl, (=D"[¥]),

where || s the degree of r € QL(W )" divided by d. Notice that the above isomorphism does not
match up the grading on the FYRW state space H(W, W) (which s homogeneous of degree N +
2(2}11 (kg;j) — 1)) and the grading on the jJacobi space 2(Wy)".

The isomorphism (7) is given by the Hodge decomposition (95). See Appendix A for the
proof. This description is used in Section 4.1.1 (and in Section 2.4.4) to discuss the Chern
character and Riemann-Roch for matrix factorizations.

% Tt is isomorphic to the Jacobi ring C[y, .. ., 21/ d,/), but notice that € (f) is not a ring.



136 ALESSANDRO CHIODO, HIROSHI IRITANI, YONGBIN RUAN

2.1.2. Moduli of W-curves. — In this paper all stacks are defined over C. By a pointed
orbicurve, we mean a proper and connected one-dimensional Deligne-Mumford stack C
which has only nodes as singularities, which is equipped with distinct marked points
o1, ...,0, on the smooth locus, and which has possibly non-trivial stabilizers only at the
marked points and the nodes. For a positive integer d, a pointed orbicurve C is called d-
stable [11] 1f the associated pointed coarse curve |C] is stable and if all the stabilizers at the
nodes and the marked points are isomorphic to p,. We always assume that every node
of an orbicurve is balanced [2], i.e. formally locally near a node, the curve is isomorphic
to [Spec(C[x, y]/x») /1,1, where the action of W, is given by (x, ) > (¢x,¢"'y). For a
pointed orbicurve (C, oy, ..., 0,), we introduce an invertible sheaf w,, on C which may
be regarded as the dualizing sheaf w( twisted at the stacky markings oy, . ..o, (each of
which is of degree 1/d) or equivalently as the pullback of the dualizing sheaf w|¢ twisted
at the coarse markings |o,|, ... |o,| (each of which is of degree one)

Wi =wc (01 + -+ +0,) = C]*(w|c\(|01| +- 4+ |G,,|))

where ¢: C — |C] is the natural map. In other words, wy, is the sheaf of logarithmic
differential forms on C with poles only at marked points and nodes, and such that the
sum of the residues at each node is zero.

A d-spin structure on a pointed orbicurve C is a line bundle L. — C together with an
isomorphism ¢ : L®! = wy,,. Write W(xy, ..., xx) = Zle ¢ ]_Llil xj”ﬂ where ]_[]111 x;»n’ij, 1=
1,..., [ are mutually distinct monomials and ¢; # 0. A W-structure on a pointed orbicurve
C 1s a collection of line bundles L, ..., Ly (corresponding to the variables xy, ..., xx) on

C together with isomorphisms

N
(8) (pi: ®Ilj®m?y;wlog, 1: 1,,”’1_
J=1

This generalizes the notion of a d-spin structure (see Remark 2.2). Since W is weighted
homogeneous of degree d, a d-spin structure L. = C gives rise to a W-structure by setting

L,=L%"% 4=1,...,N.

A Wh-structure does not necessarily arise from a d-spin structure in this way. In this paper,
however, we restrict our attention to a W-structure coming from a d-spin structure.’

Let L be a d-spin structure on a d-stable pointed orbicurve C. The stabilizer p,
at a marked point o acts on the fibre L, via a homomorphism p, — G*, which is of

the form ¢ ¢ for a unique 0 < k£ < d. We call the rational number age, (L) :==k/d €

7 This is because we are interested in a generic weighted homogeneous polynomial W. More precisely, we can add
to W a weighted homogeneous Laurent polynomial Z so that the group of diagonal symmetries preserving W + Z is exactly
i,; then every (W + Z)-structure comes from a d-spin structure. This means that the group w, is admissible in the sense of
[26, Section 2.3].
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[0, 1) the age of L. at . The generator { € i, acts on the fibre of the associated W-
structure (L&', ..., L&) at o by (¢™1, ..., £"~); hence in this case we regard the
marked point o as corresponding to the sector H(W, p,);. For 0 <k, ...,k <d —1, let
Sping’n(kl , - .-+ ky) denote the moduli stack of d-stable orbicurves C of genus zero and with
n marked points 07, ..., 0, endowed with a d-spin structure L. — C such that age, (L) =

(ki +1D/d).

(9) Sping (ki ... k)

= {(C,Gl,,ﬁn, L,QO L®d;wlog)

age, (L) = <$>}/isom.

See [13, Appendix] for a precise definition of Sping’n as a fibred category, where it is
denoted by R,. More precisely the substack denoted by R,(e*"*®1, ..., ¢*™*) in [13]
corresponds to (9) as soon as ®; = (k; + 1)/d; the present choice of notation allows a more
straightforward formula for the FJRW invariants, see (12) and the following footnote 9.
The moduli stack Sping,n(/ﬁ, ..., k,) 1s smooth, proper and of Deligne-Mumford
type [11]. Tt is non-empty if and only if x (L) = degL.— > " age, (L) = 1 = (n — 2)/d —
> L (k4 1)/d) — 1 is an integer (see [1, 45, 65] for Riemann-Roch for orbicurves).
When non-emtpy; it is of dimension n — 3. (It differs from the Deligne-Mumford space
M,,, of stable curves only because of the stabilizers.) It is clear that the definition (9)
extends verbatim to higher genera; we write Sping’n(/ﬁ, ..., k,) for the similar moduli
space at genus g. We use it only in Section 2.1.3 where we recall the general setup of [26].

Remark 2.2. — The definition (8) of a W-structure originates from the Witten equa-
tion, which is a system of PDE for sections s; € C*(C, L;)), =1, ..., N:

(10) 35+ GW(sy, ..., sx) = 0.

The equation makes sense under (8) and a suitable choice of a Hermitian metric on L,
(see [25]). When all the marked points correspond to the narrow sector, the zero sections
are only possible solutions to the Witten equation [25, Theorem 3.3.8] and the FJRW
invariant is the Euler class of the obstruction bundle over the moduli space of W-curves.
We briefly review the general case.

2.1.3. FjJRW wnvariants. — We review the virtual fundamental class defining the
invariants of “full” FJRW theory following [26]. The general FJRW invariants are de-
fined by an analytic moduli space of solutions to the Witten equation (10). We shall see in
the next Section 2.1.4 that the narrow sector invariants have an algebro-geometric defi-
nition. We stress that the invariants introduced later in Section 3.1 are different from the
invariants of the full theory; they are a natural and computable extension of the narrow
sector Invariants.
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The virtual cycle®
P [spind, k... k)]”
0<ki,..,ky<d—1

of the fully developed FJRW theory is defined in all genera and lies in

&b (Hm ,,,,, & (Spind (k1. ... k); G)

0<hy, oo hp<d—1

© @t (€9, Wi~ 6" ).
i=1

where D(k,...,k) = Bg — 3+ n) + 2]1\21 x (L&) for a d-spin structure L from
Spinz’n(kl, ..., k). Regard the relative homology group Hy, ((CY);, W;*°; C)** above
as the dual of the sector H(W, n,); of the state space. Then the virtual cycle defines a
linear operator (see [26, Equation (63)]):

[Spin’l (k1,..., kn)]\irm

HW, p,)® ——

assigning to ®)_, &; a nonzero cycle only if o lies in H™ ((CY),,, kaoo; C)*. In FJRW
theory, such a cycle is pushed forward via the natural forgetful morphism

st: Spin! (k1. ..., k) — M,

forgetting the data L. and ¢ and passing to the coarse stable curve corresponding to
(C; 01, ...,0,). After Poincare duality and multiplication by a factor f, = |G|¢/ deg(st) =
d/g, Fan, Jarvis and Ruan obtain a cohomological field theory. We show in Appendix B
that the multiplication by f, can be removed in all genera once we use the natural pairing
(4) from Chen-Ruan cohomology. In genus zero, this simply amounts to the fact that
our invariants are 1/fy = 1/d times the FJRW genus-zero invariants of [26]. By making
explicit the cohomological field theory of [26, Definition 4.2.1] afler removing f, and by
applying the definition of the correlators of [26, Definition 4.2.6], we obtain

FJRW . vir - - .

(11) (3, (@), . .-, r;,n(an))gfn = ([spmg,n(kl, k)TN Hoel) nTv"
i=1 i=1

for o; € H ((CM)y, W,:Oo; C)*< and b; > 0. The class ¥; is the first Chern class of the line

bundle on Sping’n(kl, ..., k,) whose fibre at a point (C; o1, ..., 0,; L; @) is the cotangent

space 17 |G| of the coarse curve |C] at 0;. Note that, since these classes are the pullback of

the standard v classes from ﬂg,ﬂ, we can directly integrate on Spinj’n(kl, ..., k,) short-
circuiting the pushforward st, of 26, Definition 4.2.1].

® [Spin? (k. ..., k)] is denoted by Wy, (W, (k1. ... k)] in [26].
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2.1.4. Narrow part FfRW invariants. — The definition, further simplifies in genus
zero and when the entries are narrow states ¢, with £ + 1 € Nar. Let 7: C —
Sping‘n(kl, ..+, k,) be the universal orbicurve and £ — C be the universal d-spin struc-
ture. If all the entries are narrow states, then the following lemma shows that H(C,, 1)
vanishes all j (and for every curve C); hence —R, @Jl\il L% =R'mw, @j\il L®% is a vec-
tor bundle which we refer to as the obstruction bundle. In these cases the virtual homology
cycle is simply the Poincaré dual cycle of the top Chern class of the obstruction bundle
[26, Theorem 4.1.8, Concavity]|.

Lemma 2.3. — Suppose that k; + 1 € Nar for all i. Then H*(C, LEY) vanishes for all
j=1,...,Njor (C;oy,...,0,;L;9) € Sping’n(kl, ooy k). In particular, the obstruction bundle
@/111 R, (LE") over Spinf, (k1 . .., k,) is locally free of rank 2 — N+ Y, Z]lil (kig;).

Proof — Let p: C — C denote the map forgetting the stack-theoretic structures at
all the markings (but not at the nodes). Then

p*p* (L@wj) =1 .&w & OC (- Z d age,. (£®wj)0’i>
=1

n

=L®" ® Oq (— > d((k+ D) al->.

=1

Here we regard o; as a stacky divisor of degree 1/d. Hence
‘71 n

L= (pp. (L29)) 9 = w,, ® O (— > " dg (ki + Dg) ol»).
=1

Notice that q]-_1 = d/w; is an integer by the Gorenstein condition and we have
q],_l((kz» + 1)¢g;) > 1 since k; + 1 € Nar. Hence L' is a subsheaf of the pull-back of w.
Note that H°(|C], wc)) = 0 since |C| is of genus zero. Hence H(C,L') = 0 and thus
H(C, p*p,(L8Y)) = 0. This implies H(C,L®%) = 0. Finally, by Riemann-Roch
[1, 45, 65], R'7,(L®") is locally free of rank

—X (L®"7) = —1 —degL®" + Z age,. (L®w-’)

=1

=—1— =g+ ((i+Dg)=—1+2¢+ D (gk).

=1 =1

The conclusion follows. O
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Remark 2.4. — The above lemma usually fails without the Gorenstein condition.
This is the main reason that we restrict ourselves to the Gorenstein case.

We can now specialize (11) and get the narrow part descendant FJRW invariants
as

FJRW

n N
<12> <Tb1 (¢k1 )’ e, Tbn (¢kn)>0 0 = / 1_[ wzbl U 1_[ Ctop (Rln* (£®WJ’))’
’ [Spin({in(kl k)l =1

,,,,,

where ¢, ..., ¢, € Hyau(W, k) (le. £+ 1 € Nar) and by, ..., b5, > 0. We sometimes
omit 7y from the notation, e.g. writing (¢, ..., (,bkﬂ)fff“ for (7o(¢r,)s .- To(qﬁkn))g"lfw.

The FJRW invariants satisfy the homogeneity ([26, Dimension Axiom in Section 4.1])

n
FJRW

1 .
(13) (t (@), ..., T (@), =0 unless Z(bi+§degai>:n+c—3,

=1

where ¢ := N — 2 is the dimension of the Calabi-Yau hypersurface Xyy. Again the invari-
ants (12) differ from the original definition” [13, 26] by the factor of 1/d. See Appendix B.

Remark 2.5. — Polishchuk and Vaintrob [57] recently constructed a purely alge-
braic cohomological field theory of singularities based on matrix factorizations. They
constructed a fundamental matrix factorization on the moduli space which plays the
same role as the virtual fundamental class. The role of matrix factorizations in our paper
1s different from theirs, but it would be interesting to study the relationships.

2.2. GW theory. — GW theory for orbifolds has been developed by Chen-Ruan
[10] in symplectic category and Abramovich-Graber-Vistoli [1] in algebraic category.
We will work in the algebraic category. For the details, we again refer the reader to these
original articles.

2.2.1. State space. — The state space of orbifold GW theory is given by the Chen-
Ruan cohomology group of the orbifold. We explain the case of the Calabi-Yau hypersurface
X\V - P(w) Set

§:={0=<f <1|fw;€Zforsomel=<;=<N}
={0<f<1|fdeZ, fd¢Nar}.

In the second line we used the Gorenstein condition (i.e. w; | d). An element /€ § gives
rise to the stabilizer exp(27 1f) along the substack P(w), C P(w):

Pw), = [((€Y),\(0})/C"]

% In [13, Section 3.1, (15)], where the case d = 5 was discussed, the invariant (ty, (#,), ..., T, (¢k,,)>§,‘3_'},“" was de-

fined to be 5([ ], 1//;’7’ U op (R',(£))°) N [R5 (27 HRDA AT ETD/5) ] see also [13, Section 2.3, (14)].
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where recall that (GY); is the subspace of CN fixed by ¢* = exp(2w1k/d). The inertia
stacks TP(w), ZXyy are defined to be

TPw) =| [Pw),  TXw=] |(P@)yNXy).
fe¥ SEF

The Chen-Ruan cohomology Her (Xyy) is defined to be the cohomology of the inertia
stack:

Her Xw) := HZ Xy; G) = @ H(P(&)f N Xw; C)-
Se¥

The degree of @ € H* (P(w); N Xy), as an element of Her (Xy), is defined to be

N
dega =k + QZ{fw]«).

J=1

Note that this is an integer since Z;‘i1fwj =fd € Z. Let inv: P(w), = P(w) -y denote
the natural isomorphism. For a; € H(P(w), N Xy) and ay € HP(w) - N Xw), we
define

(14) (oty, 009) = / o, Uinv' ay.
P(w) NXw

We set (O!], 0(2) =0 ifOl] € H(P(w)f[ N X\/\r) and Oy € H(P(M)fz N XVV) andf1 +J[Q ¢ Z.
Then (-, -) defines a graded symmetric non-degenerate pairing on Heg (Xw).
The ambient part H,,(Xyy) 18 defined to be the image of the restriction map

H, (Xw) := Im(7*: Her (P(w)) = H(ZP(w)) - H(ZXyw) = Her (Xw)).

Let 1, € HP(w); N Xy) denote the identity class on P(w), N Xy and p = ¢, (O(1))
denote the hyperplane class on P(w). The ambient part is spanned, as a G-vector space,
by pilf, 0<:=g#{l <j<N|fw;€Z} -1, f €§. The pairing (-, -) restricts to a non-
degenerate pairing on H,,,,(Xyw) and H,,,(Xyw) 1s orthogonal to the complementary
primative part Hy,i;(Xyw) := Ker(z,: Hor (Xw) = Her (P(w))).

pri

Remark 2.6 (Comparison of state spaces). — The FJRW and GW state spaces can be
identified, up to Tate twist, with the relative Chen-Ruan cohomology (Chiodo-Nagel [12]):

HW, p,) =Her ([CV/n,], [W (D /ny])
Her (Xw) = Her (O (=), W(D)).

The first identification follows immediately from the definition. The second identifica-
tion follows from the Thom isomorphism. Here W: Op,)(—d) — G is the function in
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Section 1.1. Note that the pairs (Op) (—d), \7\7_1(1)), ((CN/w,1, W' (1)/m,]) are con-
nected by a variation of GIT quotients. Chiodo-Ruan [14] showed that there exists a
bigraded isomorphism

HM(W, ) = Hik Xw)

which preserves the pairings on both sides. In this paper, we will construct a graded
isomorphism (preserving the pairing)
FLOW, i) = i, (Xay)

which depends on a point of the Kahler moduli space. (Note that the narrow/ambient part
has no (p, ¢)-Hodge component with p # ¢.) See Remark 2.24.

2.2.2. GW invariants. — Yor n > 0 and B € Hy(|Xw|, Z), let (Xw)o,,.p denote the
moduli stack of genus zero, n-pointed, degree B stable maps to Xyy (it is denoted by
Ko..(Xw, B) in [1]). This carries a virtual fundamental class [(Xw)o,..plvic € Hi (Xw)o.1.55 Q)
of degree 2(n+ ¢ — 3) with ¢ := N — 2 = dim Xyy. We have the evaluation map at the ith
marked point

evi: (Xw)onpg = IXw

where ZXyy denotes the rigidified cyclotomic inertia stack (see [1]). Because the underly-
ing complex analytic spaces of ZXy and ZXyy are the same, we can define the pull-back
ev’: Her (Xw) — H((Xw)o,,8). Let ¥; be the first Chern class of the line bundle over
(Xw)o,..g Whose fibre at a stable map is the cotangent space of the coarse curve at the ith
marked point. The orbifold GW invariant is defined to be

n
GW

(15) (T, (1), T, (@), o= / [ [evi@v!.
[(X\\")[],n,ﬂ]vir =1

Here ay, ..., a, € Her(Xyw) and by, ..., 5, > 0. Again we sometimes omit 7, from the
notation. The orbifold GW invariants are also homogeneous. The invariant (15) vanishes
unless Y, (b; + %deg(xi) =n+7c¢— 3.

2.3. Quantum cohomology and quantum connection. — We can associate the quantum
cohomology rings to both of FJRW and GW theories. The quantum ring of FJRW the-
ory is defined over G, whereas the quantum ring of GW theory is defined over the
Novikov ring A := G[[EfT]]. It is the completion of the group ring G[EfI] of the semigroup
Eff € Hy(|Xw|, Z) consisting of classes of effective curves. For B8 € Eff, we denote by Qf
the corresponding element in A. In Section 2.3.2 below, we see how the divisor equa-
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tion reduces the ground ring to G (by setting Qf = 1) for GW theory. The construction
here is standard and can be applied to any (genus zero) cohomological field theories with
homogeneity. See [49].

In order to describe the quantum rings of both theories in a uniform way, we use
the following notation. Let K denote the ground ring. It is G for FJRW theory and A for
GW theory. Let H denote the state space. It is H(W, p,) or Her (Xw) @ A. Let {T:}:_, be
a homogeneous basis of H. We choose T'j to be the identity class, 1.e. Ty =15 € Her (Xw)
in GW theory and Ty = ¢y € HW, p;); in EJRW theory. We set g; = (T;, T}) and let
(¢”) denote the matrix inverse to (g;). We write'”

(16> <Tbl (Ti1)1 ceey Tb,, (Ti,,)>0’n
FJRW

i ('L'b1 (TZ’] ) R Tp, (Tin)>0,n for FJRW thCOI‘y;
Zﬂem(tbl (T:),.... %, (T, )g’;\ﬁQﬂ for GW theory.

n

Let £, ..., ¢ denote the co-ordinates of H dual to the basis Ty, ..., T, such that ¢ =
Y U'T; denotes a general point'' on H. We regard H as a supermanifold such that ¢
has the parity |i| = deg'T; mod 2 and odd co-ordinates anticommute ¢## = (—1)!"V1##.
Let K[[¢]] denote the tensor product of the formal power series ring in even variables and
the exterior algebra in odd variables, i.e. K[¢]] = K[[#' : even]] ®x /\;((@li\:odd K¢#). The
quantum product e is a K[[¢]]-bilinear product on H ® K[[]] defined by

S 1
(17) T,eT;,= Z Z ;(Ti, 15, Tho t, .., 0)o.u43g" Ty

k,lI=0 n>0

This i1s super-commutative and associative by the WDVV equation. We call (H ®
KI[¢]l, ) the quantum cohomology ring. The identity of the product e is given by T).
When we set Q =0 and ¢ = 0 in Gromov—Witten theory, the product e defines the so-
called Chen-Ruan orbifold cup product on Her (Xw). This limit Q = ¢ =0 is called the large
radius limit. On the other hand, the limit point ¢ = 0 in FJRW theory is called the Landau-
Ginzburg point.

The quantum connection is the set of operators V;, i =0, ...,s on H® K[/[[z, 2]
defined by
da 1 .
(18) Vz‘a:a_t-‘i‘_Ti.a’ @ e HO K[z 2]
tz

Here 7 is a formal parameter. The associativity of the product e implies that these oper-
ators supercommute, i.e. V;V; — (= )I'WV:V; = 0. We regard the quantum cohomology

10 Note that the FJRW correlators are not defined for =0, 1, 2 (since the moduli spaces are empty), but the GW
correlators still exist for these n because the degree B can be non-zero. We set the correlator to be zero when the subscript
(0, n) or (0, n, B) is not in the stable range.

' We use upper indices for the co-ordinates #. Note that # does not mean the i-th power of ¢.
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H ® K[[¢]] as the trivial vector bundle over the formal neighbourhood of the origin in H
and V as a flat connection on it with parameter z. Moreover, we can extend the connec-
tion in the z-direction because of the homogeneity in FJRW/GW theory. Define a section
E e H® K[[]] by

K 1 ‘
E:= I ——=de Tl' tlTZ‘.
(1)
This corresponds to the Euler vector field'* Y _;_ (1 — 1 5 deg’l; N 2 - By abuse of notation, we
also denote the vector field by E. It defines the half of the grading of variables: deg ' :=
2 — degT;. Let Gr denote the grading operator

dee'T;
GI(T)) := —5

T;.

The connection V, in the z-direction is defined to be

oo 1 1
Vza————an+ Gr(a)
9z 22

for « € H® K[[{]l[z, z~']. We have [Vz, Vil=0,:=1,...,s and the pairing (-, ")
is V-flat. The precise meaning of the flatness of (-,-) is as follows. Let (=)*: H®
K[z z'1 - H® K[[]l[z, '] denote the map a(z) — a(—z) flipping the sign of
2. By extending the pairing (-, -) on H to H ® K[[/]l[z, z~'] bilinearly over K[/]I[z, 2],

we have

0
(19) (( )" 011,052) ((_)*Viah 012) + ((—)*041, Vz'OlQ)

ot

for a;, @y € H® K[[#]l[2, 27 ']. The flatness of the pairing follows from the Frobenius
property (o) ® ay, or3) = (o), oty @ Al3).
We have a canonical solution of the quantum connection. Define L € End(H) ®

KAz~ by

(20) L4, D)o =a + Z Yy — e z)b“ (t(@). to.. o T, e T

ty=1 n>0 5>0

This is an invertible endomorphism satisfying the following differential equations:

Proposition 2.7. — For a € H, we have
Vi(L(t, 97 %a) =0,  V,/(L(t 2z %a)=0.
Foray, oo € H, we have

(L(l‘, —z)o, Lz, 5)062) = (001, 0tg).

12 Since we are working in the Calabi-Yau case, the term ¢ (X) vanishes.
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Proof. — These are well-known in GW theory (see e.g. [42, Proposition 2.4]) and
can be proved similarly for FJRW theory. So we only sketch the outline of the proof in
the case of FJRW theory. The equation V;(L(¢, 2)z~ %) = 0 is a formal consequence
of the Topological Recursion Relation (I'RR), as shown in [54, Proposition 2] for the
GW theory. The TRR in FJRW theory is proved in [26, Theorem 4.2.8]. The equa-
tion V_(L(¢, 2)z~%a) = 0 follows from the homogeneity (13) of FJRW invariants. Since
L(¢, 2)a; 1s flat in the ¢-direction, the pairing (L(¢, —2)a, L(¢, 2)ag) does not depend on
t (see (19)). Therefore (L(¢, —2)ar, L(¢, 2)ag) = (L(0, —2)ory, L(0, 2)ag) = (g, 009). [

2.3.1. Restriction to the narrow/ambient part. — Recall that the state space H is de-
composed as H,,,(W, n,) @& Hp,o (W, p,) for FJRW theory and as H,,,(Xw) @ A &
H,i(Xw) @ A for GW theory. In this section, we denote this decomposition as

H:H/®HN

where H' denotes the narrow/ambient part and H” denotes the broad/primitive part.
The decomposition is orthogonal with respect to the pairing (-, -). Moreover we have the
following.

Proposition 2.8. — Foray, ..., o, € H and y € H”, we have

(Tbl (1), ..., 7y, (), Tv(y))o,nﬂ =0.

In particular, H' s closed under the quantum product e when the parameter t is restricted to he on H';
the quantum connection V' and the fundamental solution 1.(t, z) preserve H' as far as t € H'.

Progf: — Because of the deformation invariance ([25, Theorem 1.2.5], [10, Theo-
rem 3.4.2]) we can assume that W is of Fermat type W = x{/*' 4 -+ + xZ"~ . Then the
maximal diagonal group of symmetries preserving W is given as Gy = {(21, ..., 2x) |

i = 1y = gy X 0 X Wy The Gpag-action on C~ naturally lifts to the state

1

space H. We claim that H' is the G, -invariant part of H:
H/ — HGmax

and that H” is the sum of non-trivial irreducible Gy, -representations. The proposition
follows from this claim and the G,,,c-invariance of the correlator:

(Tbl (ga1)9 oo Tb,l(gan)a Tﬂ(gy))o’n_i_]
= <Tb1 (a1)7 e Tbn(an)’ Tf(y))(),n-i—l’ g S Gmax-

First we show the claim for the FJRW state space. We use the description of
H(W, n,); as the Jacobi space Q2(Wy)* given in (7) If £ € Nar, the sector H(W, p,);
1s obviously G -invariant. Assume that £ ¢ Nar. Then each element of H(W, p,); can
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be represented by a sum of monomial N;-forms of the form l_[/cql-eZ (x"dx;) with 0 < ¢; <
d/w; — 2. But each summand spans a non-trivial irreducible Gy, -representations and
the claim follows.

Next we show the claim for the GW state space. Each twisted sector has a de-
Composition H(P(w)]f N X\V) = Hamb (P(w)f N X\\r) D Hpri(P(w)f N X\\I). It is obvious
that Hypm, (P(w), N Xyy) is Gax-invariant. The primitive part Hp,;(P(w), N Xyy) is iso-
morphic to Gr?\?;c HNYWTI(1) for k= fd (see [64, p. 216]), which is HW, p,); (see
Appendix A). Now the claim follows for the same reason as the previous paragraph,

since k = fd ¢ Nar. U

Remark 2.9. — The fact that the ambient part is closed under the quantum product
(in GW theory) is shown [43, Corollary 2.5] in general for complete intersections.

2.3.2. Duvsor equation and the specialization ) = 1. — In orbifold GW theory, we
have the following Divisor Equation [1, Theorem 8.3.1]:

GW
<Tb1 (1), ..., Tbn(a”)’lb>0,n+l,ﬂ

GW

= (p, B) (T, (1), ..., tbﬂ(a”))(),n,ﬁ

GW

+ D (m@) s m@), @),

itb>0

where p = ¢;(O(1)) is the hyperplane class on Xyy in the untwisted sector. We choose the
homogeneous basis {T;}:_, such that Ty = 1, and also that T’} = p. The divisor equation
implies that

TieT;= Z Z Z (T., T, Th t, ..., t’)ﬁliw B QP AT,

k=0 n>0 BeEM

where /' =) it 'T;. Therefore, the specialization T'; @ Tj|o—; makes sense as an element
of Hor Xw) ® C[[¢'/*, /]. Here w is the least common multiple of wy, ..., wy (so that
Opw) (w) is a pull-back from the coarse moduli space [P(w)|). Under this specialization,

the limit ¢/ =/ =0 plays the role of the large radius limit. Similarly, the specialization
Q =1 of the fundamental solution L(¢, z) gives

L(l‘, z)a|Q=1 — efﬂﬁ/za 4 ZZZ Z n‘(_;z)b-’_l

ij=1 120 b>0 BeEff

GW
O,n+2,/3€
This is an element of End(Her (Xw)) @ Clle' ™, [z~ and gives a fundamental
solution to the quantum connection V|g_,. In this way the divisor equation reduces the
ground ring from A to C.

X (rb(e_tll’/zot), t/, ey t/, T1> <‘b’ﬂ>t1g‘ijTj.
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2.4. Quantum D-modules and integral structure. — Here we define the narrow/ambient
part of the quantum D-module and introduce a certain integral structure on it. In this
section we entirely work over C. Let H denote the state space over G and H C H denote
the narrow/ambient part:

(21) H = {Hnar(wv i, for FJRW theory;

H,..., Xw) for GW theory.

Recall that H' is closed under the quantum product by Proposition 2.8. Let {T, T, ...,
T,} (r <s) be a homogeneous basis of H' such that T is the identity. It is, for example,
a reordering of the basis {¢;—, | £ € Nar} (FJRW theory) or the basis {pilf |:>0,f €5}
(GW theory). For GW theory, we choose T to be the hyperplane class p = ¢;(O(1)). Let
{°, ..., '} denote the dual co-ordinates and t =Y _;_, #T; denote a general point on H'.
The parity of these co-ordinates are all even. In this section, the parameter t us restricted to lie
on H' unless otherwise stated. Also in GW theory, we set the Novikov parameter Q to 1 in the
quantum product e, the connection V and the fundamental solutions L(¢, z) as done in
Section 2.3.2.

2.4.1. Convergence assumption. — We assume that the quantum product T; e T},
0 <1,j <rare all convergent power series. This means

T.eTieHQC{/ ¢, ....1} for FJRW theory;
T, eTjeH® C{to, e’l/w, 2., zf’} for GW theory.

Let U C H' denote the domain of convergence of the product e. For FJRW theory, U is
of the form

{

for some € > 0. For GW theory, U is of the form

t| <e, (¥}

[R(¢') <=M, |¢| <€, (Vi D}

for some €, M > 0. In practice, we do not need to assume the full convergence of the
product. One can consider the quantum D-module over a submanifold of U where the
product e is convergent. In our case, we show in Section 5.2 that the quantum product e
is convergent on the image of the mirror map. When Xyy is a manifold, we show the full
convergence in Section 5.5 for both GW and FJRW theories.

Note that the convergence assumption imply that V and L(¢, z) are analytic in
teUandzeC”.
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2.4.2. Quantum D-module. — Let U C H' be as in Section 2.4.1. The present quan-
tum D-module is defined as a meromorphic flat connection over U x C. Let z denote the
co-ordinate on the second factor C and 7 : U x G — U denote the projection to the first
factor. Let (—): U x G — U x G be the map sending (¢, 2) to (¢, —2).

Definition 2.10. — Let F = H' x (U x C) — U x C be the trivial vector bundle with fibre
H'. Let V' be the meromorphic flat connection (quantum connection) on ¥

1 < : 1 d
V=d+ - X:(Tio)dzfZ + (——(Eo) + Gr)—’Z

<o < <
which can be regarded as a map

V:O®F) - OF) (U x {0}) ® (n*szg o> (’)ch%).
Z

Here O(F)(U x {0}) denotes the sheaf of holomorphic sections of ¥ with at most simple poles along
{z=0} =U x {0}. Let P be an Oy -bilinear pairing

(—)*O(F) ® O(F) - £ Ouxc
defined by

P((—)*s1, ) := 27 12) (51(L, —2), $2(L, 2)).
Here ¢t = dim Xy = N — 2 and (-, -) in the right-hand side denoles the standard pairing on the state
space defined in (4) and (14). The pairing satisfies

(=D P((=)*s1, 52) = (=) P((—) "5, 51)

dP((—)*s1, 52) =P((—)*Vs1, 52) + P((—)*s1, Vo).

We call the tuple (F, V, P) the narrow part quantum D-module QDM,,..(W, 1) (in the case

of FJRW theory) and the ambient part quantum D-module QDM,,..,(Xvy) (i the case of GW
theory).

Remark 2.11. — In [49] and [42, Definition 2.2], the quantum connection V_;_in
the z-direction is shifted by —Z/2 so that it makes the ordinary pairing P/(2712) flat. In
this paper, we adopt the convention in [43, Definition 3.1] because it is more compatible
with mirror symmetry:.

Remark 2.12. — The quantum D-module here is a (TEP(¢)) structure in the sense of
Hertling [35, Remark 2.13]. Moreover, by the given trivialization, F is extended over U x
P! as a trivial vector bundle and thus gives a (tr TLEP(¢))-structure [35, Definition 5.5]. In
the context of LG/CY correspondence, it is more convenient to consider the connection
over U x G since the extensions across z = 00 do not match under analytic continuation.
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Remark 2.13. — Over the degree two subspace H” € H’, the narrow/ambient
part quantum D-module gives rise to a variation of Hodge structure, the so-called (nar-
row/ambient) A-model VHS [43, Section 6.2]. This is defined to be the restriction of
(F, V) to the subspace (H? N'U) x {z= 1} equipped with the decreasing Hodge fil-

tration
.(}'\JA/) = H/SQ([_/)) ® OH/QQU
and the polarization

Qula, B) = 1) ((=1)* a, B).

2.4.3. Galois action. — The quantum D-module has an important discrete sym-
metry which we call the Galois action. This symmetry is also compatible with mirror
symmetry.

Proposition 2.14 (Galois action in FfRW theory). — Let H be the FfRW state space and H'
be its narrow part. Define the linear map G: H — H by

e*Qﬂi(kfl)/d

GlH(W,u,,)k = idH(Ww)k .

The map G preserves H'. Without loss of generality, one can assume that the convergence domain U C H'
is preserved by G. The bundle map Gy: ¥ — G*F defined by
Gi: Hx (UxC)— H x (UxC)
(o, (1, 2)) —> (7 Gl(), (G(1), 2))

preserves the connection V' (i.e. Vo) © Gy = Gy o V) and the pairing P. We call it the Galois
action of the narrow part quantum D-module.

Progf: — Yor a d-spin structure L. — C on a pointed orbicurve (C, oy, ..., 0,), we
have deg(L) — }_'_, age, (L) € Z by Riemann-Roch for orbicurves [1, 45, 65]. Thus the
moduli space Sping’n(kl, ..y k) is empty unless 2+ Y"" | & = 0 mod d. Therefore we
have

FIRW  9ori FJRW
(7 (G@1). - 1, (G ) =& (g, (1) 7, (D)),

for ki + 1, ..., k, 4 1 € Nar. This fact and the formula (5) of the pairing show that
G(a) o) Glag) = G(ay o, a9)

for a;, a9 € H'. Here the subscripts of e denote the parameter of the quantum product.
The statement follows easily from this. U
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Remark 2.15. — Since the FJRW invariants in our case are (regardless of narrow
or broad) certain intersection numbers on Sping’n(/ﬁ, ..., k,), the same argument shows
that the Galois action preserves V and P defined on the full FJRW state space H.

Proposition 2.16 (Galots action in GW theory: [42, Proposition 2.3]). — Let H be the GIW
state space and H' be its ambient part. Define G: H — H to be the affine-linear map

G(@)=e"Ya—27ip, fora e HPw), NXw), f€F.

The map G preserves H'. Without loss of generality, one can assume that the convergence domain U C H'
is preserved by G. The bundle map Gy: ¥ — G*F defined by

H x (UxC)— H x (Ux C)
(o, (1. 2)) —> (dG(@), (G(1). 2))

preserves the connection V and the pairing P. Here dG s the differential (linear part) of G. We call it
the Galois action of the ambient part quantum D-module.

Progf: — In [42, Proposition 2.3], the Galois action was defined for each orbifold
line bundle. The map Gy here arises from O(1). UJ

Via the Galois action, the quantum D-module (F, V, P) over U x C descends to a
flat connection on the quotient space (U/(G)) x G. We denote it by (F, V, P)/(G).

2.4.4. Integral structure. — The F—integral structure in the orbifold GW theory was
introduced in [42, Section 2.4], [44, Section 3.1]. We generalize it to the case of FJRW
theory for (CN, W, w,).

Definition 2.17.
(1) In FfRW theory, the Gamma class FFJRW € End(H) s defined to be

d—1 N

FFJRW = @ 1_[ F(l - (/f%'))

k=0 j=1

where gy = w;/d and the kth summand acts on H(W, W) by the scalar multiplication.
This s sumalar to the Gamma class [42, Section 2.4] of the tangent bundle of the orbifold

[CN/ Rl .
(2) In GW theory, the Gamma class I'gw € End(H) s defined to be

N
Tow = @ [To T = (fw) +wip)

fe§ L +dp)
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where p = ¢;(O(1)) is the hyperplane class and the summand indexed by [ € § acts on
H®Pw), N Xw) by the cup product. This 1s the Gamma class [42, Section 2.4] of the
tangent bundle of the Calabi-Yau hypersurface Xyy.

Remark 2.18. — Libgober [48] observed that the Gamma class arises from periods
of mirrors of Calabi-Yau hypersurfaces.

We introduce a flat section associated to a graded matrix factorization of W (see
Section 4.1) or a vector bundle on Xyy. We use the Chern character map

d—1

ch: MFS (W) — @5 Q(Wp* ZH(W, n,) for EJRW theory;
k=0

ch: D'(Xy) = Her (Xw) for GW theory.

The Chern character for a matrix factorization (due to Walcher [68] and Polishchuk-
Vaintrob [56]) will be explained in Section 4.1.1 and we use the isomorphism

~

Z;(l) QWp*s = H(W, p,) in Proposition 2.1. The Chern character for a orbi-vector
bundle is the “stabilizer-equivariant” version which appears in the Kawasaki-Riemann-
Roch formula [45, 65]. For ch: D*(Xy) — Her (Xw), see for instance [42, Section 2.4]
where it is denoted by ch.

Definition 2.19 (F -integral structure). — Let deg,: H — H be the degree operator without
the shuft (“bare” degree operator):

dego =2 idH(qull-d) for F:}ZRW”MOU);
degy [ @), nxw) = 7idm@w),nxy Jor GW theor).

Let inv: H — H denote the map induced from the natural isomorphisms

HW, w)r =HW, k)i Sor EfRW theory;
H(P(w), N Xy) = H(P(w) (1) N Xw) Jfor GW theory.

Let € be an object of MFS (W) (in the case of EJRW theory) or an object of D’ (Xw) (in the case of
GW theory). We define a NV flat section s(E) by

(22) s(E)(t 2) = L(t, 22 ®T((2r1) " inv* ch(€))

1
(2w i)t

where F, L(t, ) and ch(&) are the Gamma class, the fundamental solution (20) and the Chern character
in the respective theory. It is clear from the definition that 5(E) depends only on the numerical class of E.
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When ch(E) € H', s(E) defines a flat section of narrow/ambient part quantum D-module. Define the
Z-local system over U x G by

Fz:={s(€) | ch(§) e H'} C T(U x €%, O(F))"
where € ranges over objects of MFffd (W) or D'(Xyy). (Note that ch(E) lies in H, but not in H' in

general.) We call this the I'-integral structure of the narrow/ambient part quantum D-module.

Remark 2.20. — The degree deg, is even on the image of the Chern character
map. In fact, the Chern character takes values in the (p, p)-part. See Remark 4.4.

Proposition 2.21.

(1) The F—integml structure s preserved under the Galots action, t.e.
e THG(s(E)(GT (1), 2)) =s(EW) (L, 2)  for EFRW theory;
dG(s(E)(GT'(1),2)) =s(E®@ O=D)(t,2) for GW theory,

where E (1) is the shifl of the grading of € by 1. In particular, ¥z defines an integral structure
on the quotient (F, V, P) /(G).
(2) We have

P((—)*s(E),s(F)) = (=) "'x(E, F) for FFRW theory;
P((—)*s(E),5(F)) = x (£, F) for GW theory,

where x (€, F) :=Y_..,(—1) dimHom(E, FIil) is the Euler pairing of MEY (W)
or of D!(Xw). In particular, P takes values in Z on Y.

Progf: — The proof relies on the Hirzebruch-Riemann-Roch formula in each cat-
egory. We explain the case of FJRW theory. See [42, Proposition 2.10] (or [43, Defini-
tion 3.6]) for the case of GW theory. For Part (1), since the Galois action preserves V, it
suffices to check the equality at £ =0 (see Remark 2.15). It follows from L(0, z) = id and

¢ G (inv* ch(£)) = inv* ch(E(1)).
Next we show Part (2). Setting W(€) = T((271) % inv* ch(E)), we have
P((—)*s(£).5(F))
= (271) " Z((—2) W (E), 7 ¥ (F)) by Proposition 2.7
= Q2ri) (=D "W(E), ¥(F))

d—1 N
= i)~ Z(]‘[ T(1 — (kg))T (1 —((d - /f)gj)» (2ri)~?
k=0 “j=1
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x (=1)" 77X ((iny* ch(€)) , (inv* ch(F)) )

d—1
1 Ny
= Z(Q”i)N‘( I1 m>(—l)NN‘(—l)z‘+l
k=0 (

kg)) #0
% (ch(&) 4. ch(F)y)

where ch(F), denotes the component of ch(F) in the sector H(W, n,); and we used the
equality I'(1 — x)I"(x) = 7/ sin(rx). Note that ch(F), vanishes if N, is odd. By Proposi-
tion 2.1, we can write the last expression in terms of the residue pairing:

3l

k=0

1 Ny =D 1
[1 m)(—l)“(—l) T Resw (ch(€)a-, ch(F)y)
{kgj)#0 ‘

where we used the fact that the degree of ch(F), as an element of Q(W )% is (N;/2)d (see
Remark 4.4; the degree here is different from the degree as an element of the FJRW state
space). This equals (—1)N~! x (€, F) by Hirzebruch-Riemann-Roch Theorem 4.6. [

Remark 2.22. — In Proposition 2.21, we do not need to assume that ch(€) € H' or
teH'.

2.5. Statements of the main results. — In this section we summarize our main results
in three theorems. Theorems 2.23, 2.25 are about analytic continuation of quantum
D-modules (with integral structure) and Theorem 2.26 is about the monodromy repre-
sentation and derived equivalences. These theorems are more precise versions of Theo-
rems 1.1 and 1.2 in the introduction. The proofs take the entire paper and are completed
in Section 5 (see Section 2.6).

Let v be an inhomogeneous co-ordinate of P(1, d) such that v = 00 is the w,-
orbifold point. Then u = v~/ gives a uniformizing co-ordinate around the orbifold point
(LG point). Set M :=P(1,d) \ {v =0, v = .}, where v = 0 is the large radius limit point
and v = v, :=d™¢ ]_Llil wj‘)j is the conifold point. We write (—): M x C, - M x C,
for the map sending (v, 2) to (v, —z). The following theorem is a precise version of
Theorem 1.1 (without the part concerning the Orlov equivalence). The proof will be
completed in Section 5.4.

Theorem 2.23. — There exists a locally free sheaf F over M x G with a meromorphic flat
connection V' (with simple poles along z =10)

V:F— F(Mx{0}) ® Q..
a V-flat, symmetric and non-degenerate pairing

P: (=)' F®F = ZOpxc.
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and a Z-local subsystem ¥z, of the same rank over M x C
Fz C (Flaxe)”

such that the following holds:
(i) For a small open neighbourhood Ugypw = {|u| < €} C M of the LG point, we have a
mirror map Ty - Uprw — H2 (W, n,)/(G) such that Ty = — U1 + O?) and

(F. V. (=1)N'P, Ey) =7 (QDM,..(W. w,)/(G)).

| UFJRW xC;

where in the right-hand side appears the narrow part quantum D-module (Definition 2.10)
of (CN, W, W) equipped with the f—inzfegml structure (Definition 2.19) and G 1s the
Galois action (Section 2.4.3).

(i) For a small open neighbourhood Ugw = {|v| < €} C M of the large radius limit point, we
have a mirror map T, : Ugw — H2 , (Xw)/{G) such that T, (v) = plogv+ O(v)
and

(F, V, P, F)lugyxe. E 75, (QDMa, Xw)/(G)),

where in the right-hand side appears the ambient part quantum D-module of Xy equipped
with the U -integral structure and G s the Galois action.

Remark 2.24. — Restricting the global D-module (F, V, P, Fz) to z =1, we obtain
the analytic continuation between the narrow A-model VHS of (CN, W, u,) and the
ambient A-model VHS of Xy in Remark 2.13. The fibre F{, ;) at (r, 1) € M x C_ has a
well-defined filtration and a polarization

FUFun) = {v € F.1) | $»(2) has a pole of order <¢—pat z= O}
Q,(vl’vQ):P(svl(_l)?SUQ(l)), vline‘F(x,l)
where s5,(2) € HO(C:, Fliyxcx) is a unique V-flat section such that s5,(1) = v. The filtra-

tion and the polarization coincide with those of the A-model VHS near the respective
limit point. By analytic continuation, we have an isomorphism of state spaces

O): (Huar(W, 1), FY, Qu) = (Ham Xa), F, Qu)

for a point x on the universal cover M. Taking the associated graded vector space with
respect to F *, we can turn this into a graded isomorphism (preserving the polarization).
Note that ® does not map the identity to the identity because of the factor F in the
asymptotics (74).
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In the case where the Calabi-Yau hypersurface Xy is a smooth manifold (e.g
Pw)=P'orP(1,1,1,1,2),P(1,1,1,1,1,1, 1,2, 3), etc.), we can use the reconstruc-
tion theorem to prove that the “big” quantum D-modules are analytically continued
to each other. Here the word “big” means the quantum D-module over the full nar-
row/ambient sector H'. This is used in contrast with the “small” quantum D-module
which is the restriction of the big one to the image of the mirror maps. The following
theorem will be proved in Section 5.5.

Theorem 2.25. — Assume that Xvy s a manifold.

(i) The “big” quantum product of (CN, W, W,) on the narrow part and the “big” quantum
product of Xy on the ambient part are convergent in the sense of Section 2.4.1.

(i) The global D-module (F,V, P, ¥z) in Theorem 2.23 can be extended to a D-module
(F, VU PXUFSY) over a base M x G, where My s a complex manyfold of
dimension rank F = dim H,,;, (Xvw) which contains a Qariski open subset M’ of M
as a submanifold. The extended D-module ts identified with the “big” narrow/ambient part
quantum D-module of FfRW/GW theory in a neighbourhood of Ugw or Ugjrw.

More precisely, there exists a locally free sheaf F over M x G, equipped with a
meromorphic flat connection V™ (with poles of order two along z =10)

a
cht: ]_‘cxt — fCXt(MEXI X {0}) (%) (ﬂ*Q'l/\/lex[ D OMCX[XC(ZZ)’

where T 1 M X G, — My is the projection, a V' flat, symmetric and non-degenerate
pairing
PCXt: (_)*f ® f‘ N Zeomecz

and a Z-local subsystem Y5 of the same rank over M x G

Vexl
ext exXt
Fp' C (F Mo C)

such that the following holds:

_ (f'ext’ vext’ Pext’ F%{t)l./\/l’ — (;E’ V, P, FZ)|M’;
— There exust open neighbourhoods US"' of Uey tn My and open embeddings

$ US> HL/(G), o, =10

Uo

Jor QO = GW and FJRW such that we have isomorphisms

(f'cxt’ cht’ (_ I)N—chxt’ Fczxt)

ext
URjrw

= TeXt *(QDMnar(W’ u‘d)/<G>)

FJRW
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1
ey e
bo ® Uc boo

0

F16. 2. — Various paths in M

(f’ext’ Vext, Pext, Fezxt)

Ul
= 15 (QDM, 0, (Xw) /(G)).
Finally we give a statement on the monodromy representation of the global quan-
tum D-module (F, V, P, Fz). We choose base points by, bo, € M near the large radius

limit point and the LG point such that by, b € Ry and 0 < by < 1 K bs. We choose
paths yey, Y16, Y0, Y1 iIn M as in Figure 2. We also define (see also Figure 3)

Y= Y60 V00 Yy Yeon =7V, V0

for [ € Z. We adopt the convention that the composite y5 o 3 means the concatenation
of y, at the end of y3.

Let N(Xy) denote the numerical K-group of Xyy. From the definition of the T-
integral structure, the fibre at 4 of the global Z-local system Fz is identified with

(23) N'(Xw) := {E € NXy) | ch(E) € Hymp(Xay) }-

Similarly, the fibre at b, of Fz is identified with the group N'(W, p,) of numerical classes
of matrix factorizations £ such that ch(€) € H,.,(W, p,). The following theorem is a
detailed version of Theorem 1.2 (which also includes the part of Theorem 1.1 concerning
the Orlov equivalence). The proof will be given in Section 5.6.

Theorem 2.26. — The Z-local system ¥z of the global D-module (F,V, P, ¥z) in Theo-
rem 2.23 induces the representation of the quiver of Figure 2 given by the assignment by — N'(Xwy),
boo > N'(W, 1)) and

Yoy — O(=1): N'(Xy) = N'Xy)
e — (1) N'(W, ) = N' (W, 1)
v, @ N(W, ) — N'(Xy)
Yeor = To: N'(Xy) = N'(Xyw)

where O(—1) denotes the tensor product by O(—1), (1) denotes the shift of the grading by 1, ®, denotes
the Orlov equivalence (Section 4.2) defined for | € Z and T o denotes the Seidel-Thomas spherical twist
(Section 5.6) by the structure sheaf. Moreover, the monodromy representation

p: (M, by) = Aut(N' Xy), x)
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can be lifled to a group homomorphism
p: (M, by) = Auteq(D’(Xw))/[2],
where [2] 1s the 2-shfl_functor.

2.6. Flowchart of the proof. — Here we show by a picture the organization of the rest
of the paper. Several key results are highlighted in the chart.

§64.1-4.2: Matrix factorization
and Orlov equivalence

l

864.3-4.4 Analytic
§3: Computation of the continuation of the
twisted FJRW theory: I-functions matches
Mirror Theorem " the Orlov equivalence
(Theorem 3.10) (Proposition 4.12,
Theorem 4.17)

§5.2: Refined mirror
of the global theorem ('Theor('em 5..12)
—= + analytic continuation

D-module F*V for ; .
the twisted theory of t(}goi»‘gllf;f; 5thl%0>r1es

l

85.4: Construction of the
global D-module F.
Proof of Theorem 2.23

l

85.1: Construction

85.3: Analytic
continuation revisited

§5.5: Reconstruction of §5.6: Global monodromy
big quantum D-modules. and autoequivalences.
Proof of Theorem 2.25 Proof of Theorem 2.26

The essence of the paper lies in the computation in Section 4 where the analytic
continuation map U of the two I-functions (or more precisely the two $)-functions) is
matched up with the Orlov derived equivalence.

3. Computing FJRW theory

We compute FJRW invariants attached to narrow state space entries. In Sec-
tion 3.1, we provide an extension of the definition of the invariants to a larger state space.
The new invariants are zero on the extended part, but arise as the non-equivariant limit
of the er-twisted invariants. In Sections 3.2-3.4, we calculate the twisted invariants (or
more precisely the I-function) using Chiodo-Zvonkine’s results [16] and Givental’s sym-
plectic formalism [29].
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3.1. Extending FfRW theory. — Define the extended narrow state space (or simply the
extended state space) to be

d
(24) Ho =@ ¢ 1€ =Ho(W, ) & P 11 C.

k=1 k¢Nar

This modified state space may be regarded as the result of the replacement of each term
of the broad sector H(W, ), £ ¢ Nar, with a one-dimensional term ¢;_; C. As we show
straight away in Proposition 3.2 these new states play the role of placeholders in the
theory: they only yield vanishing invariants and they allow to simplify the computation
of the invariants with narrow entries.

We need to extend the grading of H,,.(W, p,) to the extended state space. We set

(cf. (1)

N N
(25) degdy1 =2 ((k—1)g)=2N;+2 ) "(kg;) — 2

J=1 J=1

with ¢; ;= w;/d. The relevant moduli stack is Sping’n(/fl, ..., k,) defined as in (9), but for
ki,...,k,€{0,...,d—1}. Itsuniversal curve 7 : C — Sping,n(kl, ...+ k) 1s equipped with
a universal d-spin structure £ and a line bundle M; = O(D;), where D; C C denotes the
divisor of the ith marking. The extended obstruction K-class is defined to be

N
—Ru, (@ Zm") for L=LQ M’
j=1

where M =)' M;. Letp: C — C denote the morphism forgetting the stack-theoretic
structure along all the markings D, ..., D, (but not along the nodes). Then we have

~  k ~
ageDL,([,) = - L& =pw
for the relative dualizing sheaf @ of 7 : C— Sping’n(kl, cos k).

Proposition 3.1. — For any fibre C: of C, we have H(C, E®wf'|c) =0,5=1,...,N. 4sa
consequence, R'7t,,(L®") is locally free and the extended obstruction K-class is represented by a vector
bundle.

Progf. — Because w; divides 4, L£®" s a root of p*®. On the other hand, we have

H’(C, p*®) = H°(C, @) = 0 because the genus of C = p(C) 1s zero. Hence Z®w1-|c does
not have nonzero global sections either. 0J
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We define the extended F'fRW invariants to be

n N
29 fu@onool = [ ([T )ve (@R )
[Spinoyn(/ﬂw“’kﬂ)] =1

=1
for ¢y, ..., ¢, lying within the extended state space Hy,.

Proposition 3.2. — The above wnvariants vanish if one of the entries @y, , . .., ¢y, does not
belong to the narrow state space H,,, (W, w,). Otherwise (t), (Pr,), ..., Ty, ((bk”))UR“ e

(T (D) - T (D))o

equals

_Progf- — "The proof parallels the argument of [13, Lemma 4.1.1]. Let us com-
pare £&" and £&" after push-forward via the morphism p: C — C forgetting the stack-
theoretic structure at the markings. We get'®

27) p*(fmf):m(ﬁ@“’f)@@(‘ 2 5)

i:(ki+1wjedZ

where D; C C is the divisor supported on the ith coarse marking. Therefore, if (£ + Dw; ¢
dZ for all i, we have R'7w, (£®wf) =Rz, (L®%). This shows the second claim above.

The vanishing condition in the statement holds when (£ + 1)w; € dZ for some
1 <7 <nand some 1 <j <N. This simply means that L2"|p, is pulled back from the
coarse divisor D;. On the other hand £®% is a root of Wiog and wy|p, = Op, via the
residue map. Therefore, ¢;(£L®"|p,) = 0 and hence ¢, (p.(L®")|5,) = 0 in the rational
cohomology group.

Set T = p, (£®wf) From (27), T (D, )5, = p«(L®")|5, has vanishing first Chern
class. Write the exact sequence

0 T T(D) —> TD)lp, —> 0
and the induced exact sequence of vector bundles
(28) 0 — 7.(T(D)lp) — R'T. T — R'7TT(D) — 0.

The vanishing ¢, (R'7, (LBW)) = cop(R'7,T) = 0 follows from ¢, (T (D) |5.) = 0. Note
that, in order to get (28), we need to show that 7 (D;) has only trivial sections on each
fibre C of C. For a = d/w;, we find that T(D)® = w(D; — > & alk,/a)D;) which is a

subsheaf of @(D;). It is easy to see that H(C, a)(Dl)lc)__ 0 for a genus zero curve C by
induction on the components (see [13]). Therefore H(C, 7 (D;)|g) = 0. ]

13 To see this, use p*p.€ = E @ O(— > a’agepZ (E)D;) for an invertible sheaf £ on C.
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3.2. Twisted FJRW theory and Givental’s formalism. — Let K = G[[s]] denote the com-
pletion of the polynomial ring C[s” | 1 <j < N, % > 0] with respect to the additive valu-

ation
v(s)) =k+1.
We define the ring K{z, 7'} of adically convergent power series in z by

K{z 2"} = {Zanz”

neZ

a, € K, v(a,) = o0 as |n| — oo}.

Define K{z} (resp. K{z™'}) to be the subring of K{z, z~'} consisting of non-negative (resp.
non-positive) power series in z. We introduce a symmetric non-degenerate pairing (-, -)s
on H ® K taking values in K:

1 :
(29) (D1, Pr)s = 7 ( H CXP(_S(()])))5h+/c,d—2,
Ji{(h+1)g;)=0

where 81,4015 1 if £+ k=d — 2 (d) and 0 otherwise. Through the entire section we
adopt the convention that the index is reduced modulo 4 to the suitable range {0, ...,

d—1}.
Defination 3.3 (Guental’s symplectic space). — Guvental’s symplectic space s the space
H:=H..®K{z 7'}
equipped with the symplectic form
Q(fi /) = Reso (/i (=), (2))de.

The space H has a standard polarization H = H, @ H_, where Hy = Hey @ K{z}, H_ =
Heo ® 77 'K{z™ '} are isotropic subspaces of H. This polarization allows us to identify H with the
lotal space of the cotangent bundle of H ...

For the basis {(,bk}ff;é of Hey, we write g3, for (¢, ¢1)s and ggk for the coefficients of
the inverse matrix. A general point of H can be written as q + p with

d-1 d—1
(30) q= Z Z g1’ € Hy, P= Z Zpb‘hgﬁ’“ (—(Zl“ eH_.

b>0 k=0 b>0 h,k=0

Here {¢, p».s | 6> 0,0 < k < d — 1} can be regarded as Darboux co-ordinates on H. Fol-
lowing established practice, we denote the coordinates in Givental formalism by ¢}, with
the label b corresponding to gravitational descendants and with the label £ correspond-
ing to state space entries. We indicate explicitly where the superscript “A” index is meant
instead as an exponent of a power, indeed this turns out to be useful in some very special
cases.
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Definition 3.4 (Twisted FfRW theory ¢f. [21]). — Consider the universal characteristic class
of the extended obstruction K-class:

(31) o(s) = exp( > Zslg)chz(Rn*E@wf)) e H*(Spin{, (ki ..., k); C) ® K
1<j<N /=0

and define the twisted FJRW invariants as

32 (o @), = [ (H wff) Uets).
[Spin{ , (k1 esk)]

i=1
The twisted FfRW wnvariants are encoded in the generating function
bk
L

s byl
<33> F(s) = Z (Tbl (¢k1)9 e Ty, (¢k”))0v” Tbn

b,y >0
0=k, <s

This is a_formal power series in infinitely many variables {t; | 0 < k <d — 1, > 0}. Again, the
superscript k of &} means an index, not an exponent of a power.

The twisted FJRW invariants here are a generalization of the extended invariants

(26).

Definition 3.5 (Givental’s Lagrangian submanifold). — We relate the variables {t}} of ¥ and
the co-ordinates {¢}} on H. by the following dilaton shift:

6, ==8,8+1

Then ¥, can be regarded as a function defined on a_formal neighbourhood of —z¢po € H.. The graph
of dF} defines a Lagrangian submanifold of (H, ©2°):

oF;
(34:) ,Cs={q+pEH‘ﬁbk:8—£,bZO,Of/ﬁSd—l}
T
The submanifold L5 can be defined as a_formal scheme over K. See [17, Appendix B.

3.2.1. The untwisted theory. — Consider the case where sl(j ) — 0 forall 1 <j<Nand
[> 0. Then ¢(s) = | and the associated correlators give the so called untwisted invariants
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(35) (0 (D15 -5 T, (D1)),

n
bi
[ TIv
[Sping, (k1)

----- )l =1

R 3= hand 2+ YL ki € dZ,
o otherwise.

One can show this by using the String Equation (since one of 4; has to be zero). The

same Hodge integral over M, is given in [24, Equation (2)]; the new factor 1/d here

comes from the fact that Spingyn(kl, ..., k,) has p, as the generic stabilizer and that

[Sping‘n(kl, e k)] = %[Ho,n]- The generating function Fj" of untwisted invariants are

defined similarly to (33). The pairing (-, -)s and the symplectic form Q2 specialize to

1
(¢k’ ¢/l)un = ad 2. k+hs QUHOFI ’\]FQ) = Resz:()(fi (_5) ’.fé (Z))undz

The Lagrangian submanifold £" C (H, Q") is defined as the graph of dFy" as in (34).
(Here one should use as Darboux co-ordinates those given by the unfwisted pairing g, =
(dk, 1) un Instead of g7, cf. (30).)

Since the untwisted invariants are the usual intersection numbers on Mo,n, the
generating function Fy" satisfy the well known tautological equations: String Equation
(SE), Dilaton Equation (DE) and Topological Recursion Relations (TRR). Givental [29]
showed that these three equations for a genus zero potential F; are equivalent to the
following geometric properties for the graph L of the differential dF,:

— L is a cone in H with vertex at the origin p = q = 0 (with the dilaton shift
¢: = t* — 8!8} understood);

— The tangent space T to £ at any point on L satisfies 2T = £ N'T; Moreover the
tangent space to L at any point in 71T C £ equals T.

We refer to these properties as Givental’s geometric properties for L. In particular, L™ satisfies
Givental’s geometric properties.

3.2.2. The twisted theory. — The Lagrangian submanifold £° was determined
by Chiodo-Zvonkine [16]. Define a linear symplectic transformation A: (H, Q") —
(H, Q%) by

! B ((ig)) + ¢p)
— (02t
(36) A—g?exp(ZZ T z)

Jj=1 =0

where B, (x) is the Bernoulli polynomial defined by Z:io B,(x)z"/n! = z¢% /(¢ — 1).
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Theorem 3.6 (Chiodo-Zvonkine [16]). — We have L5 = A(L™).

Because Givental’s geometric properties are preserved by a linear symplectic trans-
formation, the generating function ¥5, of twisted FJRW invariants satisfies SE, DE and TRR.

The adaptation of [16] to our context was explained in [13, Proposition 4.1.5]; we
omit the details.

3.3. Famuly of elements on the Lagrangian cone. — The twisted J-function is a family of
elements lying on £® parametrized by ¢ = Z;(l) !¢ € Ho @ K:

(37) J (=) = —2¢0 +1

o0 ¢} 1 s ¢)
D) DD DR A T e

n=2 b=0 0<k,h<d—1

Here J°(¢, —z) € H is characterized as a unique point lying on £° with the property:
(38) J(—2) = —poz+ 1+ O(7).

It is known [29] that the J-function reconstructs the cone £3 itself via Givental’s geometric
properties. Here we will find another explicit family of elements (I-function) on £®.

The J-function J* € £ of the untwisted theory (Section 3.2.1) is the specialization
of (37) at s = 0. Using (33), we calculate

Ju it —2) = Z vi(t,—z), where
k=(ko, ... ka—1)€ZL,

1 (G L (i L
(—z) k=t kol. . kqy!

with |k| = 30 & and A(k) = 3 ik Here (¢)% means the k-th power of the vari-
able #. Introduce the modification factor My (z) by

K (t,—2) =

¢/z(k) )

N
Mo =[Tow(~ 2 (- (o +{ato] +n)2) )
J=1 0=<m<|gjh(k)]
where s% (x) = ano sf{)x” /n! and define the twisted 1-function by
(39) FLy= Y M2,
ko,-eerkg—1>0

Using Theorem 3.6, we get the following statement.

Theorem 3.7, — The family t — 15(¢, —z) of elements of H lies on L.
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Proof. — The discussion here is parallel to [17, Theorem 4.8] and [13, Theo-
rem 4.1.6]. We give a sketch of the proof and leave the details to the reader. Introduce a
function

Bm(y)x_l m—1
m 1

' G
Gj]) (xa 5) = Sitm—1

m,[>0

j=1,...,N

with sg)l =0.Set D := Zf;é kt*(8/3t"). Givental’s geometric properties for the cone £™
yield the following fact (see [17, Equation (14)] and [13, Lemma 4.1.10]):

Lemma 3.8. — The family t — exp(— Z]il Gg) (2D + zg;, )] (¢, —2) lies on L.

The conclusion of Theorem 3.7 follows from Theorem 3.6: we apply the symplec-
tic transformation A : (H, Q") — (H, 2°) in (36) to the family in Lemma 3.8. Note that
we have

N

A:é}le (ZG(@ 1y O, z)) éBleXp(ZGg)((Uq/)+%')Z’z))

= =0 J=1
where we used G)(,f) (x,2) = Gg) (x + 9z, 2) in the second equality. Using the identity

Gy (r+2.2) = G (v, 2) +87(x)
we can easily check that

N

P, -2=A eXp(— Z GY(z¢D + 25, z))J““(t, —2).

J=1

Theorem 3.6 and Lemma 3.8 show that I¥(¢, —z) is on the cone L5. O

3.4. The twist by the equivariant Euler class. — Let T = (C*)N act on the extended
obstruction bundle @ Rln*(ﬁ@“f) diagonally by scaling the fibres and trivially on

the base Sping,n(/ﬁ, oo k). Let Ay, ..., Ay € H? T(pt) denote the equivariant parameters.
Then the T—equivariant Euler class e of the extended obstruction bundle is given by

(@Rl (£5) ):J]_l[;w . (L2))

with 7, = rank(R'm, (£®“’f)). This class can be obtained from the universal class e(s) (31)
by the substitution:

s =
C = D=t iso.
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Note that this specialization yields exp(—s? (x)) = x + Aj, where s¥ (x) = Z:"O g)x /n!
as before. With this choice of parameters, we obtain

— The ep-twisted pairing as the specialization of (29):

1
(¢/zv ¢/€)tw = Z ( 1_[ )\']) 8d—2,k+h;
( )

Vi {g; (h+1))=0
— The ep-twisted FfRW wnvarants (ty (), ..., Ty, (¢kn))8f;1 as the specializations
of (32);
— The erp-twisted J-function J™ (t, —z; A) as the specialization of (37);
— The ep-twisted 1-function 1" (u, z; A) as the specialization of ul®(—ug,, 2) (see (39)):

l_[j 1 H0<b<q/ )=(g;k) ()"j - bZ)
[Tocsar (=02
Notice that the denominator [[,_,_,(—6z) here is nothing but (£ — D!(—2)*!, but we

prefer this expression in view of our parallel treatment of I-functions in Section 4.3.1.
Notice also that the non-equivariant limit A; — 0 of the ep-twisted EJRW invariants yield

k—1-

(40) (.2 1) —zz

the extended invariants (26).

Remark 3.9. — Note that the specialization sg f=— log A; does not make sense for
every element in the ground ring K. For this reason, we do not try to define the ep-twisted
Lagrangian cone. The specializations of the I- and J-functions, however, still make sense
as elements of Hey ® Clz, 27" 1[AT ..., )»f\?][[to, .

The er-twisted I-function has the following z-asymptotics
(41) I™(u, 23 1) = 2F(Wdo + G(u; 1) + O(:7)
where F € C[[«]] is a scalar-valued and G € HZ? @ C[A, ..., Ax][«] is an H=?-valued

ext ext

power series (where H=? denotes the degree < 2 part of Hext)

Hl'il(k% - l)fk(ﬂ—l
_ k 3 1)
Fw= ) « (ki—1)! ’

k>1:k=1(d)

Z Y H}\il(k‘lf T 1)““1/1*1
(k=1

k—1

'IL>2Z Hg(k=1))=

TGy = D 1=
_Zki 2 “k< 2 ;) jl(k—l)!w “bo.

=1 k>d+1:k=1(d) 0<a<hgi, (a)=(kg;)
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where (a), =a(a—1)---(a—n+1)=I(a+1)/I'(a—n+ 1) denotes the falling factorial.

We define the FFRW mirror map to be the HS2-valued function:

G )
F(w)

We now state the mirror theorem for the ep-twisted FJRW theory.

s(u; M) =

—upy + O(«*) e HZ @ C[Ay, . ..., Ax]llull.

ext

Theorem 3.10. — We have J™ (s (u; 1), z; &) = I™(u, z; 1) /¥ (w) for the function F(u)
in (42).

Proof. — Because of the problem we discussed in Remark 3.9, we use another

specialization sl(i) = s? ' where

< ._ )0 =0;
S = _ g N~
(= DI(=r)" >0,

This specialization yields exp(—§(7) (x)) = 1 + x/A;. It defines a well-defined homomor-
phism K — C[[A7'] := C[[Afl, R klfjl]] and the characteristic class:

N
e(s) = <1_[ )»j")eT (@ R'z, [,‘X’wf )
j=1

The Lagrangian cone £® can be defined as a formal scheme over C[[A'] and I¥(¢, —z) is
lying on £% by Theorem 3.7. After some computation, we find that J* and I'V are related
to J¥ and I® as
43, IV 2 1) =RMP(RG) 4 2 2)

I, 2 2) = ROJul* (—uR (1) ', 2)

where R(A): Hey = Hex 18 defined by R(A) ¢, = (H/ 1A g >)(i);l. It 1s also easy to check
that I8(—ug, z) has the asymptotics

F(—ug1, 2) = ZF(u; 1)y + G 1) + O(27)

for a scalar valued function F = 1 4+ O(x) and an H<2—valued function G. Here the
functions F, G appearing in (42) are related to I, G as

(44) F(u) =uF (A5 1), G &) = uR(A)G(Ay; 1)
with A7 = ]_[j )»j?j. Because L® is a cone and I5(—u¢;, —z) is on L5, we have (we regard

B(—u¢p,, —z) as a C[A~'[«]l-valued point on L% and apply [17, Proposition B2]):

F(—upy, —2) = ¢+G(“)
u — —
F(uk) 1, =X ZPo Tl A)

+ O([]) e L5
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By the characterization (38) of the J-function, this coincides withjg(a(u; 2 /F(u 1), —2).
The conclusion follows from this and the relations (43), (44). O

3.5. The ecx-twisted quantum connection. — Here we discuss the ecx-twisted quantum
cohomology for both of FJRW and GW theory. We show that the non-equivariant limit
A — 0 of the ecx-twisted quantum product exists and reduces to the original one (17)
restricted to the narrow/ambient part. In the rest of the paper, we only consider the ecx-
twisted theory as a twisted theory. Thus the word “ecx-twisted” is sometimes abbreviated
as “twisted”.

3.5.1. A bref summary of the ecx-twisted theory. — We mean by the ecx-twisted
FJRW theory the ep-twisted FJRW theory (Section 3.4) with the equivariant parameters
Al, ..., Ay specialized to the following values:

)\.l‘:—qi)\., ZZI,,N

The ecx-twisted pairing (¢, 1) and FJRW invariants (z;, (¢r,), - .., Ty, (qb/‘.”))g,}} W take
values in G[A]. (We have put the superscript “FJRW” to distinguish them from GW in-
variants.)

The ecx-twisted GW theory [17, 21, 66] for P(w) is defined on the state space
Her(P(w)) = HZP(w)). We consider the twist by the line bundle O(d). Let P(w)o,,,
denote the moduli stack of n-pointed stable maps to P(w) of genus 0 and degree B. Let
w: Cy,p — P(w),p be the universal curve and let /: Cy, s — P(w) be the universal
stable map:

Conpg ——— P(w)
P(M)O,n,ﬂ

It can be shown that Rz,/*O(d) is represented by a vector bundle (see [20]; this is be-
cause O(d) is ample and O(d) is pulled back from the coarse moduli [P(w)|). The ecx-
twisted GW invariants of P(w) are defined to be

(rbl (al)’ <oy Tp, (a”)>0G,1:/;;w - / l_[ CV;k (O{i) I//ibi U e (RNJ*O(QI)),

[P(w)(],n,/{]\'ir =1

where a1, ..., a, € Her(P(w)) and C* acts on R, f*O(d) by scaling the fibre. This is
an element of Hex (pt) = G[A]. We endow Hegr (P(w)) with the following twisted pairing

(o1, @)y Zf o Uag Uegx (pr*O(d))
IPw)

where pr: ZP(w) — P(w) is the natural projection.
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3.5.2. Twisted quantum product. — We denote by H the state space of the twisted
theory:

e Hex for FJRW theory;
" | Her@w))  for GW theory.

Both state spaces are of dimension 4. The same procedure as Section 2.3 defines the
twisted quantum cohomology. The ¢gx-twisted quantum product ™ on H is defined by
the formula (17) with the correlators (- - )y, replaced by the egx-twisted invariants and
(g;) replaced by the e¢x-twisted pairing. Because the divisor equation holds also for the
twisted GW theory, we can consider the specialization Q) =1 for " (see Section 2.3.2).
In GW theory, we shall denote by " the twisted quantum product with Q) already spe-
cialized to 1.

Let H' denote the narrow/ambient part (21) of the state space. Let pr denote the
natural projection

pr: H— H.

Let Ty, ..., T;—; be a homogeneous basis of H such that Ty is the identity (Ty = ¢,
in FJRW theory'* and Ty = 15 in GW theory). In the case of GW theory, we take
Ty =p=0c(O)). Let £, ..., " denote the linear co-ordinate on H dual to the basis
To, ---de—l-

Proposition 3.11. — The ecx -twisted quantum products are regular at A = 0, t.e.

o ¢ |H®CIAINL, . 1] for FYRW theory;
' TTIH® GIAMLL, &7, 2, . ] Jor Gromow-Witten theory.

Here w s the least common multiple of wy, ... ,w, (see Section 2.3.2). Moreover we have
(45) lim pr(T; o T;) = pr(T;) e, pr(1))

where the product in the right-hand side us the ordinary quantum product on the narrow/ambient part in
Section 2.4 and the subscripts t € H, pt(t) € H' denote the parameter of the product.

Proof. — This was proved in [43, Corollary 2.5] for GW theory, so we only discuss
the case of the FJRW theory. The ¢gx-twisted FJRW quantum product can be written as

d—1
) 1 TRW. tw _
Gio" G=D ) (P b bits Dy (d [T » 1)@”
’ Ji

k=0 n>0 (k+1)g)=0

" The element ¢, is the identity in the twisted FJRW theory because of the string equation (see Section 3.2.2).
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with A; = —¢;A. To see that this expression is regular at A = 0, it suffices to show that

<rbl(¢kl>,...,rbn<¢k,t>)§f}f“‘“”e( I] xj)c[xl,...,xN],
M )=0

(ki+1)g;

1 <Vi<n.

This happens because evy(err*Z@wf ) 1s divisible by A; as soon as d divides (£; + 1)w;. This
follows from the fact that RIJT*Z@”’J contains the sub-line bundle 7, (T(@l—)|5[_) whose
equivariant Ist Chern class is A;. See (28).

Using Proposition 3.2 and the fact that the e¢x-twisted invariant equals the ex-
tended invariant (26) in the non-equivariant limit A — 0, we have

FJRW, tw FJRW

<46> }\1_)1’1’(1) (Tbl (¢k1)7 R Tbn (¢/€ﬂ)>0’n = <Tb1 (pr(d)kl))’ Tt Tbﬂ (pr(d)k’l)))o,n

The equality (45) follows easily from this. 0J

3.5.3. Tuwusted quantum connection and the fundamental solution. — The eqx -twisted quan-
tum connection 1s defined similarly to (18):

0 1 _
VY= ey + gTi o,

By Proposition 3.11, e¢x-twisted quantum connection is regular at A = 0. The non-
equivariant limit is called the e-twusted quantum connection. In contrast with the untwisted
case, the connection V™ cannot be extended in the z-direction since the variable A has a
degree.

Let L™(¢, z; A) denote the canonical fundamental solution of the connection V*
defined by the same formula (20) with (---), ,, g; there replaced with the twisted coun-
terparts. This satisfies (part of) the properties in Proposition 2.7:

Proposition 3.12. — For o, oy, a9 € H, we have

VZFWLIW(L z; )\,)0{ = 0, (LIW(Z/‘, —2Z; )\.)O{] y Ltw(t, 2, )\.)052) - (al s a?)tw'

tw

In particular, the connection V™ s flat, i.e. [V}", V]FW] = 0 and that the pairing (-, ) ts VY flat
(see (19) for a precise meaning of the flatness of the pairing).

Progf: — The outline of the proofis the same as Proposition 2.7. It suffices to show
that the twisted theory satisfies TRR, but this follows from Givental’s geometric properties
(see Section 3.2.2). The same discussion as in [43, Proposition 2.1] shows the statement
for the pairing UJ
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Remark 3.13. — The fact that V™ is flat implies that " is associative. (The com-
mutativity of @™ is clear from the definition.)

Because L™ satisfies the differential equation regular at A = 0, it follows that L™ is
also regular at A = 0 (see also [43, Proposition 2.4]).

End(H) ® C[A[L, ..., Tz
for FJRW theory;

End(FD) @ CIAILS, &7, 2, . e e ]
for GW theory.

Let L(¢, 2) denote the fundamental solution (20) in the original FJRW/GW theories. (For
GW theory, we specialize Q) to 1.) We have the following:

LY(t, 2, M) €

Proposition 3.14.
}Liirépr(Ltw(z‘, Z; A)ot) = L(pr(t), z) pr(a).

Proof. — It was shown in [43, Proposition 3.24] for GW theory. For FJRW theory,
the equality follows easily from (46). UJ

3.5.4. Tuwusted J-function. — Recall from Section 3.3 that the J-function (37) is a
special family of elements lying on the Givental Lagrangian cone. The ¢gx-twisted J-
function is defined similarly:

s 1 w ..
<47> th(t, Z) — zTO + ¢ + Z Z Z W(l‘, ey l‘, T};(Ti)>;’n+1gfl]wij

n>0 6>0 iy=0

tw

where (gi,) denotes the inverse of the twisted pairing matrix g' = (T, T) . (In the
case of GW theory, as in (16), we also take the summation over curve classes 8 (see [17,
Equation (8)]). Then we specialize it to Q) = 1 using the divisor equation.) The following
relation of L™ and J™ is a key to understand the role of the J-function in the quantum
D-module.

Proposition 3.15. — L™(¢, z; A)J™ (¢, 23 L) = ZT.

Proof: — By Proposition 3.12, we have L™ (¢, z; 1) ™! = L™ (¢, —z; A)* where * de-
notes the adjoint with respect to the twisted pairing. Thus we have

(Ti L, 25 2)7'2Ty), = (Ti LYt =25 1)"2T)

tw tw

= (L™~ WTLTo) = (T J™ (6 s 1) s

tw

where the last equality follows directly from the definitions (20), (47) of L™ and J™ and
the string equation. The conclusion follows. 0J
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4. Orlov equivalence matches Mellin-Barnes analytic continuation

4.1. Matrix factorizations. — Matrix factorizations were originally introduced by
Eisenbud [23] for the study of maximal Cohen-Macaulay modules. Recently Kontse-
vich proposed that they form the category of B-branes in the Landau-Ginzburg model.
References are made to [22, 34, 37, 52, 53, 56, 68]. The paper [22] contains a nice in-
troduction to the subject.

We introduce the differential graded (dg) category of graded matrix factoriza-
tions of a degree-d weighted homogeneous polynomial W € Clx,, ..., xx] from the in-
troduction Section 1.1. Set R := C[x, ..., xx]. Notice that R 1s a Z-graded ring by
degx; = w;.

Defination 4.1 (Graded matrix factorization [37, 68], [53, Section 3.1]). — A graded ma-
trix factorization of W s a collection (E, 8,)icz of finitely generated graded free R-modules E and
degree-zero homomorphisms 8; € Homyg, g (E', E')

51 8o 8 & 33

E’ E! E? E’

such that it is 2-periodic up to the shift of grading

E*? =E/(d), 8io = 6i(d)

and that 8;41 0 8; =W -idgi: B — E™2 = E/(d) for all i. This is equivalent to the data E°, E!,
8o € Homg g (E°, E'), 8, € Homgr_R(El, E°(d)) such that 8, 0 8, = W - idgo and 8o(d) 0 8, =
W -idgi. These data are denoted also by (E, 8y,), where

0 4

. O 1 —
E=E 6L, SE._<30 0

) :E— E  satisping 82 =W -idg.

_ These objects form a dg calegory as follows. Consider the graded matrix factorizations
E = (E', §;) ez and F = (F, 8))iez; the space of homomorphisms s defined to be the Z-graded vector
space

Hom*(E, F) = {(/)).ez
equipped with the differential
(@)n=28,. 0/ = (=108, f€Hom"(E,F).

The homotopy category of the above dg category is denoted by MY (W). 1t is a triangulated calegory.

.ﬁl € Homgr—R (En’ F’ZJF.) ’ ﬁH—Q :ﬁ (d)}

Remark 4.2 (/56, Section 4.4]). — The lower index in the notation MF ﬁrd (W) em-
phasizes the fact that a graded matrix factorization is automatically p,-equivariant. The
i -action on R is defined by ¢ - x; = ¢ ~"ix;, where ¢ = exp(2mri/d) € p,. For a graded
matrix factorization E = (E, §;),cz, we define the i -action on E' by ¢ - e = ¢ "¢ for
¢ € (E'),. Then the R-module E is p;-linearized and §; is p,~equivariant.
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We introduce a graded Koszul matrix factorization (see [8, Section 2] for the un-
graded case).

Defination 4.3 (Graded Koszul matrix factorization). — Suppose that W s of the form

(48) W=>"ab

=1

Jor homogeneous elements a;, b; € R such that deg(a;) 4+ deg(b;) = d. Let V be the graded vector
space @il Ce; with deg(e;) = — deg(a;). for g € Z, the graded Koszul matrix factorization
{a, b}, is defined by the data

k .
E= P R® (/\V)(d(l_k) +q),
k/L:ﬂE".(NQ’)N 2

§;=06,+8: E—E", i€Z,

where 8!, 8, are the Koszul differentials:

N

N
8; = Z ajg A\, 82 = Z bjt(ef).
=1

J=1

Observe that the grading s shifled so that the map 8; preserves the degree. Note also that {a, b}, =
{a. b}o(9).

4.1.1. Hurzebruch-Riemann-Roch Theorem. — For graded matrix factorizations E, F
of W, we write x (E, F) for the Euler characteristic

> (=1 dim Hf(Hom* (E, F). d).

keZ

This can be computed via Hirzebruch-Riemann-Roch (HRR) due to Walcher [68]
and Polishchuk-Vaintrob [56] for G-equivariant matrix factorizations. To this effect
we need to introduce the Chern character taking values in the orbifold Jacobi space

Z;(l) Q(Wp*H4, which is identified with the FJRW state space by Proposition 2.1. Let
Xjis -5 Xy, denote the co-ordinates of the § F-fixed part (CN); where ¢ = ¢/, For a

graded matrix factorization E = (E, 8), we define [56, Theorem 3.3.3]

d—1
ch(E) := EP[stra (85 © 9,85 0 -+ 0 5 8 0 &)| n) 3 A -+ Ad ]

k=0
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Here we take a free basis of E = E’ @ E! over R = C[x, ..., xx] and regard Jg, as a
matrix with entries in R; the supertrace strg (f) of an operator f € Endg (E) 1s defined to
be tr(fo.0) — tr(fi.1), where f; ,: EZ = E?, 0 =0, 1 are the components of /. The right
hand side are meant to be the class in @:;é € (Wj) and lies in the p -invariant part. This
is independent of the choice of a co-ordinate ordering or the choice of a basis of E.

Remark 4.4. — Let ch(E), denote the Q (Wk)“d component of ch(E). For a graded
matrix factorization E, one can see that ch(E); vanishes if N; is odd and ch(E); is of
degree (N;/2)d. In terms of the Hodge decomposition, the component ch(E), has Hodge
type (Ny/2,N;/2).

Example 4.5. — For a general weighted homogeneous polynomial W, we can write

Zj , aib; with a; = ¢;0,W, b; = x; (¢j := w;/d). The Chern character of the graded
Koszul matrix factorization {a, Q}q of W is supported on the narrow sector. In fact, by a
direct calculation, we obtain

49 () = D ;q’f(l‘[ -wﬂf))%.

keNar J=1

See [56, Proposition 4.3.4] where {q, b}, is denoted by £*. (The case ¢ # O follows from
the case with ¢ = 0 since ¢ is just a shift the grading.) These Chern characters span the
narrow part H,,,(W, p,).

_ Theorem 4.6 (Walcher [68, Section 5], Polishchuk-Vaintrob [56, Theorem 4.2.1]). — Lel
E, ¥ be graded matrix factorizations. The Euler characteristic x (E, ) us given by the formula:

d—1 1 \ A 1 _ _
(50) Z(]‘[ — ,_)(—> . EReswk(cmE)k,ch(F)d_k).

{kwj
k=0 “kw;¢dZ

Here ch(E),, denotes the 2 (W )™ -component of ch(E).

Progf: — Because Polishchuk-Vaintrob considered the G-equivariant (ungraded)
matrix factorizations over the ring of formal power series, we need check that the Euler
characteristic does not change under the base change from the polynomial ring to the
formal power series ring for graded matrix factorizations. Set R = C[x, .. -l Let
(E, 8g), (F, (Sp) be graded matrix factorizations. Let (E 8F) = (E, 6p) ®r R (F (SF) =
(F, 8y) ®r R be p ¢-equivariant matrix factorizations over R without the Z- -grading. We
have the identification as Z/2-graded complexes:

Hom? ((E, 8x), (F, &) = @ Hom/((E, 8e), (F, &), o €Z/2,

J=0(2)
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where the completed direct sum consists of arbitrary sequences of homomorphisms
bounded in the negative direction. Hence the cohomology is again the completed direct
sum of the cohomology H' (Hom*((E, &), (F, §r))). The HRR for the left-hand side im-
plies the finite-dimensionality and the boundedness of the cohomology of the right-hand
side, and the HRR for the right-hand side as well. UJ

Remark 4.7. — Dyckerhoft [22] identified the Hochschild homology of the cate-
gory of matrix factorizations over a formal power series ring with the Jacobi space of
the potential. Polishchuk-Vaintrob [56] observed that the Hochschild homology can be
identified with the FJRW state space in the G-equivariant case. The Chern character
naturally takes values in the Hochschild homology and the Riemann-Roch formula was
derived in the categorical framework in [56].

4.2. Orlov equivalence. — Under the Calabi-Yau condition d = Zjlil wj, Orlov [53,
Theorem 2.5] constructed the equivalence of triangulated categories

(51) @;: MEY (W) —> D’ (Xy)

parametrized by / € Z. Consider a graded matrix factorization E = (E}, §;);cz of W

s BB B L B =E(0) G B =E (1) 2D

and set
S=R/(W)=Clxi,...,xn]/(W).

By tensoring the above data (E!, §,),cz with S over R, we obtain an acyclic (see Eisenbud
(23] and Buchweitz [7]) complex

89®S 838

818 o0 3®S C! 31®8 C2 :CO(d) 208 :Cl(d) —5 ...

By construction we can extract from C* a positively graded and left semiinfinite complex
L. To this effect, after expressing each C' as a direct sum of S-modules of the form S(k)
for some £ € Z, we mod out the S-modules of the form S(—e¢) with ¢ < 0. More precisely
we may notice that E° and E! have the same dimension and can be expresses as

E'=@PRp». E'= P R
1<h<r r+1<h<2r
In this way we have C" = @15}@ S(—ju), and C' = @H-lf/zf?r S(—j;) and
C= @ s(dli/2—jp)

1 <h—2r(i/2)<r
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(note that 27(:/2) equals 0 or r according to the parity of 7). Then, the definition of L
reads

L= & s(dli/2—i).
1<h—2r(i/2)<r
dLi/2] <
Since C* is acyclic, L is represented by a bounded complex of coherent sheaves. For
simplicity, we stated the definition of the positively graded complex L. For any / € Z, we
can define L} as

(52) L= & s(dL/2]—j).
1<h—2r(i/2)<r
dli/2] =<l
This amounts to extracting from each C’, only the S-modules of the form S(—e) with
¢ > [. We have the following statement. (We stress that the equivalence of categories holds
only under the CY condition d = ) ]‘i] w;, which we assume throughout the paper.)

Proposition 4.8 (Herbst-Hori-Page [34, Section 10.6, (10.56-58)]). — The Orlov equiva-
lence

@, MFY (W) — D' (Xy)
Jor L € Z assigns to (E, 8y) € MFy (W) the left semunfinite complex (52)
(K, 8p) = L € D' (Xy).

Here the graded module S(k) in L} s identified with the sheaf O (k) on Xyy.

Remark 4.9. — We point out that there are two presentations of ®,(E, dy) in the
derived category. Because the complex C* is acyclic, the left semiinfinite complex L} can
be equivalently represented by the (complementary) right semiinfinite complex (17)*[1],
where

(53) L)'= & sldli/21—j).

1<h—2r(i/2)<r
dli/2]=jn=!

Remark 4.10 (Herbst-Hori-Page brane transportation). — Although we will not use this
in the rest of the paper, we should mention that Orlov functors ®; can be constructed, for
R= R[p] and W = pW, by lifting the p -action to a G*-action and by obtaining in this
way a graded and C*-equivariant matrix factorization in MF%,, (W). Clearly p -actions
are not uniquely lifted to CG*-actions; we need an extra datum of an integer parameter /.

This point of view due to Herbst, Hori, and Page explains the presence of several Orlov
functors ®, for [/ € Z. From MF%;FX (W) a natural functor leads to D*(Xy), see [34].
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We apply Orlov’s functor @, to the graded Koszul matrix factorization {a, b}, from
Example 4.5 (see also Definition 4.3).

Proposition 4.11. — The image via ®, of the graded matrix _factorization {a, b}, in Exam-
ple 4.5 1s represented by the complex on Xyy

@ (’)<Z+m—i:wj4>

NP <<r =1
r
Za:l Wi, =m

g N Nelr+ 1+ 2¢]

equipped with the Koszul differential 8 = Zli

=1 %1 (¢}). Here t and m denote the integer quotient and
remainder of ¢ — [ divided by d.

Proof: — Write (E/, 8,)iez = {a, b},. Let us consider E' ®r S

(54) P S®</\V)<d(l )

reZ|r=i(2)

where V = @}L Cg¢ with deg(¢) = —deg(q)) = w; — d. Each summand is of the form

(55) % ( 3 degt) + 2 r)”)

A< o=l

: i
- D s(—ija+ (Z;H)+q>.

i< 0=l

By Proposition 4.8 and Remark 4.9 we can regard the image via @, of the Koszul ma-
trix factorization {a, b}, as the (complementary) right semiinfinite complex (L{)*[1]. The
terms S(%) appearing in the above formula contribute to L if and only if 2 > /; therefore
we consider the inequality

ijﬁ >,

which can be rewritten as (using ¢ — [ = td + m)

. + r
m+ id + 12—rdz > ;.
a=1
Since )| _, w;, lies in {0, ..., d} by the CY condition d = Z _, w;, we deduce that £ > [

if and only if either we have (t+7r)/2 > —t (note 7 4 r is even by (54)) or we have m >
>, w;, alongside with (i +7)/2 = —
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Let us consider all terms of (33) for which (¢ +7)/2 > —¢. Then, the summand of
(55) attached toj; < --- <, is of the form S({+n—)__, w;,) with n > d. Such summands
with fixed n form an exact sequence £°* on Xyy

5// 8//
(56) g OU+n) «—EPOU+n—w) «—POU+n—w, —w,)
J J1<)2
5 5 5
— @@O(Hn—zwf) — O(+n—d
J J#

where we wrote O(h) for S(%) following Proposition 4.8. Therefore, all together, the sum

® ()54

r=i(2)
(i+7)/2>—1

gives an acyclic subcomplex of (L))*. It is acyclic because it can be written as a successive
extension by the acyclic complexes €2 of a complex supported on arbitrarily high homo-
logical degrees. The quotient of (Lj)*® by this acyclic subcomplex consists of terms of (33)
with (i +7)/2 =—tand ) | _ w;, < m. The conclusion follows. (Recall that we need to
take the shift (L7)°[1] by 1.) ]

4.3. Twisted 1-functions and Mellin-Barnes continuation. — We provide two parallel
discussions of the twisted I-functions for GW and FJRW theories. We show that the
two I-functions satisfy the same Picard-Fuchs equation under a co-ordinate change. We
compute the connection matrix between the two I-functions (or more precisely the $)-
functions) using the Mellin-Barnes method of analytic continuation.

On both sides we systematically work with the egx-twisted theories. On the
Landau-Ginzburg side we already discussed the ep-twisted FJRW theory Section 3.4 over
the extended state space; its non-equivariant limit, followed by projection to the narrow
state space, encodes the genus zero correlator of FJRW theory. The counterpart on the
Calabi-Yau side is the egx -twisted theory of P(w), twisted by O(d). It is treated and com-
puted in genus zero in [19]; again, the non-equivariant limit, followed by the projection
to the ambient part H,,,;,(Xyy) of the state space yields the genus-zero correlators in GW
theory. (See Section 3.5 for a review.)

4.3.1. The ecx-twisted 1-functions. — Recall the er-twisted I-function (40) with N
equivariant parameters A, ..., Ax. Here, without loss of information from the point of
view of non-equivariant theory, we can impose the conditions A; = —¢;A for all j with a
single equivariant parameter A (as in Section 3.5.1). The egx-twisted I-function in FJRW
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theory is given by:

HI‘L o<ty y=ttgy (— 2 — 62)
I?VR\\J(”’ Z5 )") =< uk i b k—1-
! kEXZ; [ To<sr iy (—2)
Here the index £ — 1 of ¢,_; 1s reduced modulo ¢ within the range {0, ..., d — 1}. This
takes values in the extended state space H.y (24).
In GW theory, the ¢gx-twisted I-function was computed in [19]. It is given by:

<b0=<dn = (d + )\‘ + bz)
RWOPISVIRT S NSNS (
n€Qx0 nj:l Hodgw,n,(b):(w,vn)(w;ﬁ + b2)

J, nw;eZ

This encodes the egx-twisted GW invariants of P(w), twisted by the line bundle O(d),
and takes values in Hor (P(w)).
These twisted I-functions IﬁRw(u z) and Y (v, 2) are convergent respectively on

N w;
w.’, see Lemma 5.10.

the regions {|u| < v_ 4} and {|v| < v.}, where v, :=d™* —1 W

4.3.2. Picard-Fuchs equations. — The I-function Ijjy,y is a solution of the Picard-
Fuchs equation

N wj— d
57) [ [1 H( gDy — g — ) = [ [ (=D, + m}l =0
=1

Jj=1 =0
for D, = u(d/9u). The I-function I}, is a solution of the Picard-Fuchs equation

1

N wj— d
(58) []‘[ ]_[ (w;zD, — ¢z) — v l_[(d,zDv + A+ c,z)i|I =0
=1

j=1 =0

for D, = v(d/dv).

Under the change of variable u = v~/

Mz —
—A/dz o

and conjugation with the operator u
v*/% the two equations coincide. This happens because we have D, = —D, and v
(dzD,) o V¥ = dzD, + A. In particular the limits for A — 0 match under v = u?, (We
remedy the discrepancy of the equivariant Picard-Fuchs equations by introducing the
unit co-ordinate £ (or s”) later in Section 5.2.) The components of each of the I-functions
give a basis of solutions to the Picard-Fuchs equation for generic A (cf. Proposition 5.11,

Lemma 5.15 and (69)).
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4.3.3. The $9H-functions. — We introduce a constant linear transform of the I-
function, the $)-function, which is more compatible with the f-integral structure in Sec-
tion 2.4.4. The relevance of such hypergeometric series in homological mirror symmetry
was observed by Horja [38], Hosono [39] and Borisov-Horja [5]. The $)-function is de-
fined by the relation' (cf. (22)):

59) I (r, 2 0) = 2 0T (@ ) 9™ (v, 2 ).

Here the operators Ftw, Gr, deg, in the respective theory are defined as follows: In the
twisted EJRW theory, the twisted Gamma class Ty, operating on the extended state space
H., 1s defined to be

d—1 N
T =TT - (kg) — ). E=1/z
k=0 =1

In the twisted GW theory, the twisted Gamma class Fa““ operating on Her (P(w)) 1s defined
to be

~ D= (fw) + wip)
FG«{N::@l—L_I U p

T+E+dy) §=2/z

fe¥

The non-equivariant limits A — 0 are well-defined and induce FFJR\\r and ’I:FJRW in Defi-
nition 2.17 under the projection to the original state spaces. The grading operator Gr on
H,y or on Her (Xyy) is given by

deg'T’;

Gr(Tl-) = Ti

where “deg” denotes the degree defined in (25) for FJRW theory and the age-shifted de-
gree of orbifold cohomology classes of P(w) for GW theory. The “bare” degree operator
deg, on Hey or on Her (P(w)) is defined by (cf. Definition 2.19)

deg(¢r) = —2¢; for twisted EJRW theory;
deg, (p” 1 f) = Qn(p” 1 f) for twisted GW theory.

On the Landau-Ginzburg side, we have

15 See Section 5.3, (82) for a precise relationship between the $-function and the F—integral structure.
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e (=D B T (= gik) — )
Lijrw (u, 25 4) = 2 zkEXZ:u NG jl.:llr(l—qj(/f+§))¢k_l

:z—GzZ k(_l)k ! 1
kel F(k) H;Aqez( %S)
ST = (gh) — )
Xl;[ Pl —gk+8) P

7G W o dego W .
- rF;JRV\ ((27[1) 2 Sj;«:]R\V(ua Z» A'))9

where £ :=A/z and

(—1)1(2r1)
60 tw ( ; )\‘) k ¢ .
60 By (050 =2 O T Ta—gtr ™

On the Calabi-Yau side, we have

T+ dp+ &+ dn)
T(l+dp+8)

(v, 23 &) = 2~ %ze8Y Z

n€Qx0
3, nwj‘ez

5 ﬁ P +wp— (—wm) |

(1 +wjp+ wjn) =

=1
—Gr tw ' dcﬁ tw
- FGV\ ((27[1) 2 GW(U’ Z; A)),
where & :=A/z and
L(14dsk +& +dn)
(61) Howw, 23 A) _562”110gv Z
n€Qxq l_[/ 1 F(l + ij + w]n)

3w eZ

tw

4.3.4. Mellin-Barnes analytic continuation. — The function ¢ (v z; A) 1s conver-

wi

gent and analytic on the region R(logv) < logv,, where v, := d~¢ ]_[ is the sin-
gularity of the Picard-Fuchs equation (38). Similarly $ypy (4, 25 4) is Convergent and
analytic on the region f(logu) < —(logv.)/d. Let M° denote the (logv)-plane minus

the singularities of the Picard-Fuchs equation:
(62) Me = Ciogo \ {logv, +2Iimi | [ € Z).

Under the identification logv = —dlogu, we regard £y, as a single-valued function in
the left-half of M° and Hijrw as a single-valued function on the right-half of Mo, Let
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o)
tw ! ~¢jtw
GW ' FJRW
O 2lri

0 2(1—1)ri

o)

S(logv) =0 o) "
°
R(logv) = logve

F16. 3. — The analytic continuation path y; on the (logv)-plane

v C M be a path from the large radius limit (I(logv) = 0, R(logv) K 0) to the LG
limit (J(logv) = 0, R(logv) > 0) which passes through the “window” [logv. + 2(/ —
)i, logv. + 2/mi]. See Figure 3. We consider analytic continuation along the path y;.
We rewrite $)y by expressing the running index 7 as an element of § + Z. For

f €35, we adopt the notation / = (1 — f). We get

D(1+&+dsb +d +db)

g\\(v Z; )»)—ZZ Z U2”1+f+k1f

fe8 keZxy HJ ]F(l + wl?ﬂl +wl-f+wk)

During the analytic continuation, we regard p as a small complex number and think of
the $-function as a scalar valued function. At the end of the calculation, we take the
Taylor expansion in p and replace p with the hyperplane class. In this way we get analytic
continuation of a cohomology-valued function. We write the sum over Z-, as a sum of

/:Z 1, Z Res,—; ds

Jeg¥ kel

residues:

F(1+&+dGE5 +f+5)
[T5, T+ wi(G +7+9)

Here [ € Z is the index of the path y,. Consider the contour integrals along the path
of Figure 4 of each l-form in the above expression. The integrals are absolutely con-
vergent (and define analytic functions of v) if [S(logv) — (2/ — )7r| < 7 (see e.g. [38,
Lemma 3.3]). This condition is satisfied when log v is along (the middle part of) the path
¥, When |v| < v, we can close the contour to the right and obtain the above sum of
residues. On the other hand, if |v| > v., we can close the contour to the left and obtain
the sum of residues at s = —m (m € Z,) plus the sum of residues at

o 1+&+k
- d

X (F(S)F(l —5)

o~ @=Dris e(%#ﬂ) logv> .

+ p. +]‘) for k€ Z,.
2w i
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.ll...l...l....l...lozl

F16. 4. — The contour of integration on the s-plane

The sum of these residues gives

S TA+E+dGE+f—m) 4,
63 — i _ (55 +/—m) logv
o z; fznj T+ w(h +f—m)
- T (—1)F
— 1,
zj; ka(; n(— (1+§+/c+2m +f)7r) d- K

N e !

X N
[[o T =g +&+h)

ul+$+k.

Here the overall minus sign appears because the contour closed to the left encloses each
pole clockwise. We also used the co-ordinate change logu = —logv/d.

We now regard p as the hyperplane class on P(w). The first term of (63) vanishes
in cohomology because the class

1_[ ! — O(pn{j\wieZ})

(1+w12n1+w(f m))

j:wjfel

is zero on the sector P(w),. (Note that P(w), is of dimension #{; | wj €Z} — 1)) By
shifting the index & by 1 and using sin(x) = (¢** — ¢7**)/21i, we can rewrite the second
term of (63) as

1 (g— g/’+2”1(f+d))l QJTi(—l)k_lqu

1 :
z; sz ;-k pHmi(+5) _ 1 (k— 1)11‘[7,111['(1 — q(k+§))

This expression is regular at p = 0 and can be regarded as an Her (P(w))-valued func-
tlon This is the analytic continuation of $){¥, along the path y,. Comparing this with
Hrw (60), we have the following proposition:
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Proposition 4.12. — Define a linear transformation U} : Hey — Her (P(w)) depending on
[ € Z and the parameter & = A [z by

(§k5p+2ni(f+§))/

]_[( g€), k=1,....d.

_] qjez

(64) U (1) = - Z /

é-/c /)+2n1(f+ )

Then we have

uié ( t(\;y“")continued = Um (ﬁl“JR“ )

tw

where () continued 18 the analytic continuation of )y along the path y,.

Remark 4.13. — By Proposition 4.12 and (39), we can find the connection matrix
of the twisted I-functions. We have «~% (I8 continued = U‘W( ]R“) for the transformation

= - = o dezo , R N |
U=z %0y, o0@2ri) 7 oUY o (271) > o (FtF‘jRW) 0%

The non-equivariant limit of this induces a linear transformation between the Givental
symplectic vector spaces of FJRW theory and GW theory. This is the symplectic transfor-
mation computed in [13] for a quintic.

4.4. The non-equivariant limit and Orlov equivalence. — Here we show that the non-
equivariant limit of U}" exists and descends to a linear transformation between the nar-
row and the ambient part state spaces. We show that it matches with the numerical Orlov
equivalence.

4.4.1. The narrow-to-ambuent linear transformation.

Proposition 4.14. — The non-equivariant limit . — 0 of U} exists. We have

(chet2mily! .

1 tw Zfe% {kd)JrZﬂl/ llf ﬁrk € Nar’
llg(l)(Ul (9i-) = T

v A S ]/chGZin Jor k ¢ Nar,

wherek=1,...,d and Ny := 1 +dimP(w) 40y = 8{j | kg; € Z}.

Progf: — We take the Taylor expansion of the expression (64) in p first and check if
the expansion are regular at £ = 0 when evaluated in Her (P(w)). B

If k € Nar, or equivalently (k/d) ¢ §, there exists no f € § such that ¢*e*™%/ = 1.
Therefore (64) is regular at (p, ) = (0, 0) and the conclusion follows.
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If £ ¢ Nar, (64) is not regular at (p, §) = (0, 0). The only non-regular term in (64)
is the one with /' = (k/d) (in this case ¢*¢*"* = 1). We compute the Taylor expansion in
p of such term. By an elementary computation, we have

2mi&

) +O(§7).

When evaluated in the cohomology group H(P(w),), this Taylor series is truncated at
n=dimP(w), = N; — I (where we used / = (£/d)). Therefore the factor ]_[7 kg z(—=q§)
cancels all the negative powers of & in B,. Hence U}¥(¢;_;) is regular at £ = 0 and the
conclusion follows. O

7s = st)p" B.(&) = <—1>"(

s

We have natural projections Heyy = Hyor (W, ), Her (P(w)) = Hypp (Xyw) from
the state spaces of the twisted theory to the narrow/ambient part of the state spaces. We
denote this projection by pr. By Proposition 4.14, lim;_,, U™ descends to these projec-
tions.

Corollary 4.13. — Define a linear transformation U;: H,.,, (W, k) = Hamn (Xw) by

(¢ ep+2nij_‘)l

(65) U (¢i-1) = = Z W

Then we have the commutative diagram:

lim; 0 U“
H. 5 Her (P(w))
prl lpr
U,

Hnar (W’ u'd) — H, amb (XW )

The operator U, gives a connection between the non-equivariant limit of §)-functions, i.e. How =

Uz(fJURw)fOV o = pr(lim, ¢ 57)?;”)-

4.4.2. The analytic continuation matches Orlov equivalences. — Via the Chern charac-
ter, the linear transformations U; match the Orlov equivalences ®;. To show this we use
the explicit expression for Orlov’s equivalence for Koszul matrix factorizations (Proposi-
tion 4.11) and the equation (49) for the Chern character.

Lemma 4.16. — We have

14 =i

d 4 y—l

where d(—j/d) s simply —j reduced modulo d within {0, 1, ...,d — 1}.
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Proof. — Note that (1/d) Z,{:S ¢™ equals 1 if ¢ € dZ and 0 otherwise. Thus we
have

T
_
B
|

_

é'/g 1 - J+"n n
= I == ¥

k:O n=0 n>0zj+nedZ

|-

T
[e=}

The lemma follows. U

Theorem 4.17. — Let U;: H,,u (W, i) = Hann (Xwy) denote the map in Corollary 4.15.
For a graded matrix factorization E € MFﬁrd (W) such that ch(E) € H,..(W, i,), we have

U,(inv* ch(E)) = inv* ch(®,(E)).

Progf. — Because Chern characters of the form ch({g, 4},) in Example 4.5 span the
narrow part, it suffices to show that

U, (inv* ch({g, b},)) = inv* ch(®@,({a, b},))

for ¢ € Z and g, b in Example 4.5. Using (65) and (49), we get

U, (inv* ch({a, b},)) (Z; (1 —¢"h) -'(1—§ka)¢k—1)

keNar

1 d—1 7[/{(1 _ {wlk) L. (1 _ é-wN/c)
~ 225 ! cht2mi

JeF k=0

PN
% (;ke/)-‘rbrlf) 1[
d-1 (k) et

1 ) )
SR IDIEICHEDY e

JeE§ << k=0

where we set y := ¢*?"%/ Using Lemma 4.16, we can write the coefficient of 1 - as

;+l d( (’7—% w,,,)

(66)

J1< <y

Let m be the remainder of ¢ — / divided by d. The sum (66) can be decomposed as

{

J < Z (— 1)7+1 = Wia Z '+1 ”I—Za—leﬁfl’)_

1 —
y J1<<Jy J1< <y
Z =1 w]a<m Z =1 Wjy =M
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This can be further rewritten as
/

(67) - ((1—:ﬁ) Y =ty Eeme 3 c—1y+5wz;1wad).

1 — 94
J i<y i<z,
7
Z(z:l w_/hSm

The second summand equals
_)/dJer(l _)/wl) . (1 _wa)
1 _yd :
This is divisible by p*V!“/€Z)=! and vanishes in H(P(w) )r N Xyy) for the dimensional reason

(note that dim(P(w), N Xy) = #{j|w;/ € Z} — 2). Finally, the first summand of (67) equals
the coefficient of 1, of inv* ch(®,({a, b},)) by Proposition 4.11. O

5. Construction of global D-module

This section is devoted to the proof of the main theorems in Sections 1.1 and 2.5.
We construct a global D-module over the base M =P(1,d) \ {2 points} as an explicit
GKZ-type differential system and show that the D-module is isomorphic to the quantum
D-module of GW theory near v = 0 and to the quantum D-module of FJRW theory near
v = 00. We use the mirror theorem in Section 3 and that of Coates-Corti-Lee-Tseng [19]
(and its refinement in [43]).

5.1. Multi-GRZ system. — Let v = [1, v] denote the inhomogeneous co-ordinate
on P(1, d) where v = 00 is the p -orbifold point (LG point). Using the co-ordinate v, we
set

M:=P,d)\ {0, v.}, M :=P(1,d)\ {0, v., 0o}

where v, := d™¢ ]111 w;vj is the conifold point. Let u := v~"¢ denote the uniformiz-
ing co-ordinate centered at the LG point. In this section we introduce a GKZ-type
(Gelf’and-Kapranov-Zelevinskii [27]) hypergeometric D-module over the base M°. The
D-module here involves the parameter z which appears in the quantum D-module (see
Section 2.4.2), and the equivariant parameter A which appears in the twisted theory (see
Section 3). Therefore it is defined as a sheaf over M° x G, x C;. Let R"™ denote the
sheaf of algebras over M° x C_ x C; given by the non-commutative ring of differential
operators

C(Z, )\'7 viv (U - UC)_17 zDU)
where D, = v(3/0v). We also set
B:i={(vp,....,00) €Z¥" | v+ ¢ >0,i=1,....N}, g=w;/d.
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Definition 5.1. — The sheaf F*™ over M° x G, x G, is defined to be the R™-module
generated by the symbols A, with v € B subject to the relations:

(dzDy + 4+ (o + D) A, = Ay,
(68) (w;zDy — Vi) Ay = Ayyys i€(1,...,N},

v- Av = Av+(7(l,wl,‘..,wy)~

HereveBande =(0,...,0,1,0,...,0), 0 < <N. This defines a GR-type hypergeometric
differential system. In fact, it is easy to see that each generator /\, satisfies the relation

d w;—1
(69) [v l_[(dzDv + A+ (o +hz) — 1_[ (wizDy, — (v; + /f)z)]Av =0.

k=1 =1 k=0

Remark 5.2. — A multi-generated hypergeometric system similar to 7 above ap-
peared in the recent work of Borisov-Horja [6] (also will appear in Coates-Corti-Iritani-
Tseng [18]). The R™-submodule R™ A of F™ generated by A, coincides with F* at
the generic point (Lemma 5.15), but not everywhere (for instance along z = A =0). A
closely related multi-generation phenomena of quantum cohomology was observed by
Guest-Sakai [33] for a Fano hypersurface in P(w). It was shown in [43] that the quan-
tum D-module of a toric Calabi-Yau hypersurface can be described by a multi-GKZ
system.

Remark 5.3. — Givental’s mirror [28] (adapted to a Calabi-Yau hypersurface Xyy
in the weighted projective space P(w)) gives a solution to the above differential system.

Let X, ..., Xy be mirror CG*-variables subject to the relation
—d W1 WN __
X XXy = .

The mirror potential W, is defined by
W)L:X] +"'+XN—XQ+)\.IOgXO.
Then the integrals

dxp A dlogx; A --- A dlogxy

I,,(v):/xgoxT1 e , VEB

dlogv

satisty the same differential relations as A,’s do. The integration cycle is contained in the
torus {(Xg, ..., Xy) € (C)ON*] ngxl -+ - Xy = v} and possibly noncompact, but here we
do not try to justify the integral itself. The differential relations among Z,(v) follow from
a formal computation of integration by parts.
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Lemma 5.4. — Set v(l) := (I, —|q1l], ..., —Lgnl]) € B. The sheaf F*™ is generated by
Ny, [=0,...,d—1 as an R™-module.

Progf. — Yor v = (v, ..., vn) € B, set [ = d(v,/d). Observe that

N
V= + Y (i Llgvol)a— | 5 | (<dwiw) vk L) 2 0.
=1

The conclusion follows from this and the defining relations (68) of F™. 0J

The sheaf F™ is a 2Z-(-graded R™-module with respect to the grading
degv =0, degz =degA =deg(zD,) =2,
degA,, = 2(\)0 R VN).

(Strictly speaking, the module of global sections of F™ is graded, but we abuse the lan-
guage since we are working over the affine base.)

Lemma 3.5, — Set §(1) := % deg A, y. We have

@M dU+1)<s()+1,6(l+d)=50).

(i) 0<6(/) <N —1. Wehave §(l) =N — 1 if and only 1f [ = —1 mod d.

Proof: — We have 6()) =1 — Zil Lg:l]. Part (i) follows from this formula. Part
(11) follows from (/) = Zil(ql—l) < Zil(l — ¢;) = N — 1. The equality holds iff / =
—1 mod d/w; for all ¢, 1.e. /= —1 mod d. O
Lemma 5.6. — The following relations hold in F*™

1) ForO0<l<d—1,m=min{l <!'<d—1|8(') =5() + 1} exists and we have

N
zDv . Av([) c d[—m (1_[ wiLqZMJqulJ)Av(m) + (Z, )\,)PV

=1

(i) 2Dy - Ayory € (2, A)F.

Progf: — The existence of m follows from Lemma 5.5. We have by (68)

N
@D+ 2+ U+ D)o =] ] @D +rAwm.
=1 gl <k<| g+ |
Hence
N

-1 Lgi (D] =Lgil] 8()=8(+1)+1 /
Dy Ly €d (l_[ w;’ ! )(zDv) OPEDHA, gy + (2, WF™,

=1
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If§({+ 1) <6(/), we can apply this formula recursively for zD, - A1) in the right-hand
side. In general, if § (/') < 8(0) for all /' with [ < /' < m’, we have

N
— (' — i 1= gil —8(nl /
Dy by ed™ ”(l_lw}“” L“)(zw@ YO Ay + (2 W F

=1

Taking m’ to be m, we have (i). When [ = d — 1, we can take m’ tobe [+d = 2d — 1. Then

we have
2Dy - Ay—ty — vezDy - Ayamry € (2, A)F.
Part (i1) follows because A, 94—1) = v_lAU(,l,l) and (1 — v./v) 1s invertible. ]

Theorem 5.7. — The sheaf F™ s a_free O pexc.xc, -module of rank d with the basis 1),
[=0,...,d—1.

Proof. — Let F™ be the Opfoxc.xc,-submodule of F™ generated by A,
[=0,...,d — 1. First we see that 7" = F™. We proceed by induction on the degree.
The degree zero part (F™), is generated by Ay = A, ). Hence (F™), C F™'. Assume
by induction that (F™) <y, C F™ for some £ > 0. We shall show (F™)<oy1) C F™. By
Lemma 5.4, it suffices to show that zD,, - A,y € F™ for 0 <[ <d — 1 with 6(/) = k. This
follows from Lemma 5.6 and the induction hypothesis. Therefore ™ = F*.

As we will see in Proposition 5.11 below, ™ has ¢ independent solutions. This
shows that the generic rank (the rank at the generic point) of 7™ equals . By the pre-
vious paragraph, F" is generated by A, ), { =0, ..., d — 1. Suppose we have a relation
Zf;olf;(v, A, 2) A, = 0 with f; € O pfoxe, xe.- Then f; should vanish at the generic point.
Therefore f; = 0. The conclusion follows. U

5.2. Refined mirror theorem. — We construct a basis of hypergeometric solutions of
the GKZ system F™. Then we relate it to the fundamental solution L of the ¢¢x -twisted
quantum connection (see Section 3.5) in Theorem 5.12. This shows the analytic con-
tinuation of ‘wisted quantum connections. (In this section “twisted” always means “ecx-
twisted”.) .

First we will “thicken” F™ by adding a new co-ordinate ¢°. Let M° — M° be the
minimal abelian cover of M° such that log v is single-valued (see (62)). We set

M\:Czo XMVD;

where Cy denotes the complex plane with co-ordinate {°. Define another co-ordinate

s M x C; — C by

1
=1 — Z)Llogv.
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We shall use (£, v; A) and (s°, ; A) as two co-ordinate systems on M x C; (05 0)
is a chart for GW theory and (s°, u; 1) is for FJRW theory. The co-ordinates # and s
correspond to the identity direction of the state space via the mirror map we consider
below. Let R™ be the following sheaf of algebras over M x C.xC;:

~ ad
tw __ P
R - OMXCZXCA<ZDU7 Zat0>-

Here we use the analytic structure sheaf. Note that we have

ol 0 0

70 Du:_de_)\-_, _——=—
(70) ot° ds0 9

under the co-ordinate change (£, v) > (s°, u). Let pr: M x C, x C,\ — M° x C, x
C, > M° x G, x G, denote the natural projection. The pull back Fv = pr* F* has
the structure of an R™-module by

0
Zﬁ A, =A,, VEB.
By a solution of the R™-module .7: ™, we mean an R™-module homomorphism ¢: Fly

— Oy for an open subset V C M x C. x C;. We construct a vector-valued solution with
values in H such that all of its components form a basis of solutions.

Definition 5.8. — The generalized twisted I-functions IV, v € B are defined as follows
(the relevant convergence will be shown in Lemma 5.10 below):

(1) In the FfRW side:

0 —
Itw,v (SO w )\‘) . 650/z l_L ll_[0<b<kq7+u/ =(k¢;) ( q;}\‘ bz)
FIRW S » % <5 =X E l_[ ( bz)
k=vo+1 0<b<k—vg,beZ

Dr1

where we use the convention of reducing the index k — 1 of ¢, modulo d. T/zzs s an Hoy-
valued power series convergent on the region {|u| < v_ —ldy x CX xCyn M x C. xC;.
Note that, if k > vy + 1, then kg; + v; Zq]+(%v0+v) Zq]

(1) In the GW side (¢f. [43, Definition 4.5)):

dn+vo
oy (t vz k) _ zg(toerlogU)/z Z V" 1_[ (dp+ 1+ bz)
neQ;(n)eg b=1

N
o« 1—[ [0, 0=y (Wit + 02)
(
piall ) PSP (L 9




LG/CY CORRESPONDENCE, GLOBAL MIRROR SYMMETRY AND ORLOV EQUIVALENCE 191

This s an Her (P(w))-valued power series convergent on the region {|v] < v.} x G x

C,m M x C. x C;. Note that the term

N
1—[ <0,y (Wit + 62)
(
i=1 Hbfwm*ws(b)#wm)(w’p + b2)

vanishes if win — v; < 0 for all i such that win € Z (because the factor | | (wln)=0(wip)
i the numerator vanishes on P(w)_,y for dimensional reason). Thus one can assume that
there exists 1 such that wn € Z and w;n — v; > 0. In this case we have q;(dn + vy) >
qi(dn + vo) + v; — win = vy + v; > 0. Hence one can assume dn 4 vy > 0 wn the
summation.

Remark 5.9. — For v =0, I“”R“ (0, u, 2) and I (0, v, 2) coincide with the origi-
nal twisted I-functions in Section 4.3.1. Also note that the generalized I-function I"™*"” is
homogeneous of degree 2 + deg A, = 2(1 + vy + --- + vx) with respect to the degree
deg s’ = deg#’ = degz = deg A = 2, degu = degv = 0 and the grading on H.

Lemma 5.10. — The function ItF‘jR”W(s u, 2, X) is convergent on the region {|u| < vc_l/ %
CX x Cym M x C.. x Cy; Iy (2%, v, 23 1) is convergent on the region {|v] < v} x CX x G
n /\/l x C. x C,.

Proof. — Write I;;}i{vw(vfo, Uy, 25 A) = 22" /% Z/tivwl #'0(z, A) with Oi(z, A) an ele-
ment of He. Fix a norm || - || on Hy such that ||¢;|| = 1. Then we have

1TesaCe I TT T Igh + Chg + vy + 2]
B0l T k—wtad
This converges to ]_Lli
that the convergence radius of Iif}i{W as a power series of u is v /%, Similarly, write
Lw (@, v,z 1) = 2o Plog)/2 ZnEQ(n)GS On(z, A) with O, (z, A) an element of Her (P(w)).
Fix anorm || - || on Her (P(w)). We have

(¢ = v as k— oo for a fixed (z,A) € G* x C. This implies

[Ons1(2, Ml H _(dp+ 2+ (dn+vo+a)2)
10 (2, M)l l_[Z | H S (wip+ (win—v; +a)z2)
where in the I‘l%ht hand side || - || means the operator norm. The right-hand side con-

verges to d°/[] v:l as n — 00 for a fixed (z, A) € C* x C. Hence the conver-
gence radius of IG“ (L‘0 v, 2) as a power series of v is no less than v.. U

Proposition 5.11. — For each ¢ € Hom(H, C), the map

IY: FvY 5 O, Ay— 7 p(I™), veB
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defines a solution to L‘/Leﬁm’—module F ", 1.e. a homomorphism of R™ modules. Moreover, for a G-basis
@1, ..., 04 of Hom(H, C), the corresponding solutions 19*, . .., 19 are linearly independent. (In fact,
they form a basts of solutions by Theorem 5.7.)

Progf. — For the former statement, it suffices to check that I = Iifﬁfw or Ing
satisfies the following differential equations (cf. (68); note also the co-ordinate change

(70)):
(_zDu _|_ (VO + 1)5)Ilw,u — Ilw,ereg’

1) (— 2D, — gk — I =T i=1,.. N,

v - Itw,v — Itw,er(fd,wl ..... wN) Itw,v — Itw,v.

, <
dsY

They follow from a straightforward computation. Let v(/) be as in Lemma 5.4. For the
FJRW I-functions, we have

(72) < ~ ¢ (9 OW), 1=0,.d 1

Since the leading terms span Hey, it follows that the solutions Ifjgyy, - - -, Iijryy are linearly
independent. For the GW I-functions, we have if (//d) € §,

Z_IIE;N;\E(Z) ~ €(t0+ﬁ10gv)/zv_[/d(1<§> 4 O(Ul/d)).
Thus
[ :
(73) (zDv + 25) g ~ sy T (1 1y 4 O '),
1

These leading terms span Hor (P(w)). Hence Iy, . . ., [fiy are linearly independent. [J

The twisted I-function I™" in each theory has the z7!

(cf. (41)):

-asymptotics of the form

(74) ™" = :F- Ty + G +O(:")

where F and G are functions on a domain in M x G on which I"""" converges; F takes

values in C and G takes values in the degree < 2 part o =0 @ H’. More precisely,
in the FJRW side, we have (cf. (42)):

T (kg = Dy
k—1)!

F= FFJRW(U) = Z

k>1:k=1(d)

G= GFJRW (SO, u, )\.)
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Z Y Hilil(k‘lf — Ditg1-1

= SOFFJRW(”)¢0 - (k— D!

k—1
k=22:370% ) (g (k= 1)) =1

; njli (kg; — Diigr—1
o) (22 22 i) NG

k>d+1:k=1(d) =1 O<a<kq;,(a)=(kg;)

and in the GW side, we have:

e¢]

(dn)!
F=Fonw@)=Y v'—c—"—
=LV

G= GGW(Ifo, v, )\.)

(dn)!
— PFow()1 + 3 V1,
7lEQ>[)1<’l)€3qu] (—wjn)=1 l_[]-:l (wjn) [wjn]

N wmn
|:F(,“(v)logv+2 "(Z__ZZ ) (dn)! i|p1
i=1 a=1 J 1(w”)'
> v (dn)!
+ A " — )1

=1 (wjn)!
where (@), =a(a—1)---(a—n+1)=I(a+1)/I'(a—n+ 1) denotes the falling factorial.
We define the mirror map ¢ to be the - -valued function:

(75) c=1.
The FJRW mirror map G, is defined over {|u| < v;"/*} x C, and the GW mirror
map ¢, 1s defined over {|v| < v.} x G,. The following mirror theorem gives a refine-
ment of Theorem 3.10 and [17, 19], namely, the special case v = 0 corresponds to the
original mirror theorem (see (78) in the proof). A similar refinement was given in [43,
Theorem 4.6] for GW theory of complete intersections in toric orbifolds.

Theorem 5.12. — In both EJRW and GW theories, there exust H-valued complex analytic
Sunctions Y™, v € B defined on an open set U x C.xC;, C M x C. x G, such that

(76) Ltw(g(x; A), 2 )»)Itw’”(x, 2 A) =2 (x, z; A).

Here g denoles the mirror map (75) in each theory. The fundamental solution L(g (x; 1), 23 1) is also
analytic over U x C x Gy. The open subset UcMis of the form {|u| < €} for FfRW theory and
is of the form {|v| < €} for GW theory. For v =0, we have Y™ =¥ - T where F is the function
appearing in (74).
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Proof: — First we discuss the case of FJRW theory. By Theorem 3.10, we have
(77) F(u)J“"(g(sO, u k), z A) = I”V’O(so, U,z A) for =0

where the subscripts “FJRW” are omitted. We have ¢ (s, u; 1) = s°Ty + (0, u; 1) and
1%0(s0, 2 &) = ¢"/210(0, 23 ). By the string equation for the twisted invariants (see Sec-
tion 3.2.2), we have

P+ 600,120, 5) = (50,20, 7).
Hence (77) holds for arbitrary s°. Therefore, by Proposition 3.15, we have
(78) L™(o(s% us &), 2 A1 (s, w, 23 &) = 2F () T

This shows that one can take Y™°(s", u, z; 1) = F(«) T,. The other Y™"’s are obtained
from this by differentiation. To see this, we use the fact that the generalized I-functions
satisfy (71) and that we have by Proposition 3.12

(6V5) oL (6 7). 5 2) = L (5116 2),52) o D,
where ¢*V8 = 2D, + (D,g (', 1; A))e". For example, one obtains 2X™ as
L(o(s" a5 1), 22 A (5, 1, 2 2)
=L"(s (¢, ws 1), 2 1) (—gizD, — gid) - 1™O(s%, u, 23 A)
= (=0:"Vip, = 4:2) (:F(@) To).
To obtain Y™ for a general v, we use the following differential operator:

vo+kd N Vi Fwi—1
e (—qi2Dy, = g — b2)
P,(zD,) =v* l_[ (—zD, + bz) - 1_[ — q q
b=1 i=1 [ 1) (—qizDy — ik — b2)

where £ 1s an integer such that vy + k¢ > 0. When v; — kw; < O for some 7, we expand the
factor (—¢;zD, — ;A — bz) ™" in the A~ -series

D (=) bz + gD

n=0

Then we have P, (zD,)I"" =1™". By applying P, (¢*V p,) to (78), one obtains (76) with
Y™V (s, u; A) =P, (¢*V.p, ) F(w)Ty. Note that this expression makes sense as an element
of H® C[z](A"Y ", «]). This is because §*V.p, =2D,+ D,s)e" = zD, + O(u) (note
that ¢ (s, u) = sy — up; + O(?)). A posteriori, we know that Y™ belongs to H®
Clz, A[[s", u]l by (76) since L™, I and ¢ are regular at 1 = 0.
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Next we show the analyticity of Y™ and L™. It suffices to show the analyticity of
L™. By (76) we have

<79> Zil w 1 Itw‘v(O) u*dItw, v(d—1)
| |
N |
— (Ltw) ufl le’,U(O) . ufa’Ttw,v(dfl)
| |
where v(/) is as in Lemma 5.4. Using the basis ¢y, ..., ¢, of H, one can view this

as an equality of (d, d) matrices. Write y(z) for the left-hand side. It is invertible near
u = 0 because of the asymptotics (72). Hence S' 3 7z + y(2) defines an element of the
loop group LGL, = C®(S', GL,). As observed by Coates-Givental [21] and Guest [32],
we can regard (79) as a Birkhoff factorization of y(z) because (L%)™! =id+O(z™")
and Y™V is regular at z = 0. Birkhoff’s theorem [58] says that the multiplication map
L, GL,; x L*GL,; — LGL, is an isomorphism onto an open and dense subset called the
“big cell”. Here Ly GL, is the subgroup consisting of the boundary values of holomorphic
maps y_: {z€ CU{oo} | |z| < 1} = GL,; satisfying y_(00) = id and L*GL, is the sub-
group consisting of the boundary values of holomorphic maps y;: {z€ C | |z| > 1} —
GL,. The asymptotics (72) ensures that y(z) is in the big cell for |u| < € and |A| <1 for
sufficiently small € > 0. Hence its Birkhoff factor y_(z) = L™(¢(s°, u; 1), z; A)~! is ana-
lytic on the region {|u| < €, |z| > 1, |A| < 1}. The homogeneity of (I.™)~! implies that it
is in fact analytic on {|u| <€,z € G*, A € G}.

For GW theory, the theorem follows from the proof of [43, Theorem 4.6]. When
(l/d) € §, the function Ig{;m coincides with zv~" dly/ d>|Q:1 there and we can take
T = Y, lo=1 in the notation of loc. cit. We can get the other Iy from I,
(l/d) € § by applying differential operators in R"™, so the other T™" as well. O

Let GFJRW ={|u| <€}, GGW = {|v| < €} be sufficiently small open subsets of M as
in Theorem 5.12. The following corollary gives a twisted version of Theorem 2.23.

Corollary 5.13. — Via the R™-module F*™ over ./W, the ecx -twisted quantum connections
V™ of EfRW theory and of GW theory are analytically continued to each other. More precisely, we have
a local trivialization of F* over Ue

Miro: F™t,we.xc, = Ho ® Otorexe,s @ =FJRW or GW

tw,V
Ay — T

such that, under the trivialization, the action of R™ 1s given by the ecx -lwisted quantum connection
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D 5V, D is a vector field on Uo,

where Go Uo x G; — ﬁéQ is the mirror map (75) in the respective theory.

Progf: — We omit the subscript “EJRW” or “GW? throughout the proof. By Propo-
sition 5.11, the generalized twisted I-functions define an H-valued solution:

~ R —_— —l ,
(80) PW|€TXC?><C)L — H x OiXC?XCA’ Au =z R u’

which is an isomorphism (see the asymptotics (72), (73)). On the other hand, the twisted
quantum connection ¢*V" also has an H-valued solution (Proposition 3.12)

Ltw(g(' s A, % )b)_l : (ﬁ ® OﬁxC?XCA’ g*VtW) —H ® OGXC?XC}"

which sends Y™¥ to z~'[W¥ by T}Leorem 5.12. This 1s also an isomorphism. There-
fore we have an isomorphism Mir: F™[g,cx«c, = H® Otxcxxc, such that Mir(A,) =
T™V. It extends across z =0 as T™" is regular at z = 0. Now it suffices to show that
Y™V v e B generate H along z = 0. In the case of FJRW theory, this follows from the
fact that the factor [u~ ' Y™ 4~ Y™@ D] in the Birkhoff factorization (79) is in-
vertible at z = 0. The discussion is similar for GW theory. O

Remark 5.14. — Mann-Mignon [50, Theorem 1.2] described explicitly the twisted
quantum D-module (with A = 0) for a smooth nef complete intersection in a toric mani-
fold.

5.3. Analytic continuation U™ revisited.

Lemma 5.15. — The submodule R™ Ay of F™ cowncides with F*™ at the generic point on
Me° x C, x C;.

Progf. — In view of the isomorphism (80), it suffices to show that ]_[izl(/:Du -
bz)zfll}t‘}i&v, [=0,...,d =1 form a basis of H= H,, for generic (z, A) and sufficiently
small |«|. This follows from the asymptotics near u = 0:

l
[TGD. — b2z Ty

b=1

N
Nexo/zul+l(_1)l<l_[ 1_[ (_%)‘- _ bZ)>¢1+O(uZ+2)
=1 0<b<(l+1)g
' (b)=((1+1)qj]) O
We calculated in Proposition 4.12 a linear transformation U}" (64)

UEW: Hext ® OA; - HCR (P(w)) ® OA;
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from analytic continuation of the “$)-functions”, where A = {|&] < ¢} denotes a suffi-
ciently small disc in the § := (A/2)-plane. We give an interpretation of U}" as analytic
continuation of flat sections of the global D-module Fw . Using the tr1v1ahzat10n Mirp in
Corollary 5.13, we define a flat section ¢ (o) of F™ over Uo x {(z, M) e C* x C| |E] =
IA/z] < &} parametrized by @ € Ho ® O(A;):

(81) (@) (v, 25 4) 1= LY (6ol &), 23 )2 O Ty (27 i)“‘%), o« € Ho® O(Ay)

where LY, F}‘; are the fundamental solution and the twisted Gamma class (Section 4.3.3)
in each theory and © = GW or FJRW. We extend the $)-functions in the s~ or -
direction as follows:

Orjrw ((" ).z 2) = eso/zﬁ?}Rw(u» Z M)
t(,V‘vw((’fo’ U)’ ar)=¢ /zﬁc,w(v’ zh)

so that we have I} = 2z~ GT“‘ (2w 1) &) (cf. (59)). By this relation and Theorem 5.12,
we have

(82) Miro(240) = Y5 (x, 21 1) = §5 (9 (x, 23 1)) (x, 23 1),

Namely the $)-function represents the section z A in the flat frame . The relationships between
Yo, 2A0, 1%, HY are given in the following diagram:

. Mio o SBLY e S
F¥ By, — (Ho ® Op,, s3V™) =— (Ho ® Op,,,d) (Ho ® Og,,, d)
W
N e o Nt 95

where Bo = G@ X {(z, 1) e C* x G| |\/z| < €} and d stands for the trivial connection
(all the connections here are only defined in the ﬁo-direction).

Recall the path y; in M® (Section 4.3.4, Figure 3) defined for each integer /. It
can be lifted to a path ; in M starting from the GW base point logv <« 0, £ = 0 and
ending at the FJRW base point logu < 0, s° = 0. The homotopy type of the lift p; is
unambiguous. For convenience, we take the following lift p;:

locv <0, =0
(log )

~ (logu <0, = O) = (logu < 0,5°=Alog u) (moving along y))
~ (logu «0,5"= O) (shifting sp).
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Because the shift of s° has an effect of the multiplication by the factor «*/* = #* on the
$H-function Hgrw, we have from Proposition 4.12 that

<83> ( E‘}N;’\‘Y)continucd = UEW (ﬁg}R\V)

where the left-hand side now denotes the analytic continuation of %, along 7.

Proposition 5.16. — Along the path y,” ", the FYRW flat section ]“r‘J“R“ (o), a € Hey 15 ana-

Iytically continued to the GW flat section ﬁ““ (U“”oz). Here the values of z and A are fixed during the
analytic continuation and chosen so that |&| = |1/ z| is sufficiently small.

Proof. — Note that Ft“ is invertible for sufficiently small |§]. Therefore {f& (TZ-)}ZZ;O1
forms a basis of flat sections for sufficiently small § = A/z. Hence for a fixed such (z, 1),

there exists an invertible linear transformation VZ H.. — Hcr (P(w)) such that f;‘]VR“ (T)

is analytically continued to wa (V,T,) along y, ' Because fo (98) = Mire(z40) (82) and

2z 1s a global section of F™, we have

tw _ tw
( G“'V)continued - V/ (ﬁUR‘M)'

Because zA is a generator of F™ at the generic point (Lemma 5.15), this relation
uniquely determines V, for a generic (z, 1). By (83), we know that V, = U}". 0J

5.4. The non-equivariant limit and its reduction. — Here we prove Theorem 2.23. By
taking the non-equivariant limit A = 0 in Corollary 5.13, we obtain analytic continuation
between e-twisted quantum connections. (Recall that ¢ stands for the non-equivariant
Euler class.) We shall show that it reduces to analytic continuation between ambient and
narrow part quantum D-modules. This reduction was described more explicitly in terms
of the Picard-Fuchs ideal in a recent paper of Mann-Mignon [50, Theorem 1.2] for the
quantum cohomology of a smooth nef complete intersection in a toric manifold.

(Step 0). — Note that Mo x C. is contained in M x C. x C;, as the locus {A = =
0} = {x = 5" = 0}. We consider the restriction

G 1= F"smi0
of 7% to M® x C... This is also identified with the pull-back of
g = ftW|)"=O

by M° x G, > M° x C,. Let U denote the open subset of M° given by fj(,\\ ={lv| <
€} or UF]R\\ = {|u| < €} where € is the same as in Corollary 5. 1?) Over U@ X CZ, g 1S
identified with the e-twisted quantum connection V* on He X (U@ x G, — U@ x G,
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by Corollary 5.13. By Proposition 3.11, under the natural projection pr: H — H’, the e-
twisted quantum connection projects to the quantum connection of the respective theory:

glﬁ@xcz — (ﬁO & OINJO xC;» S_évtw)
(84) lpr
(H/Q) 02y Oﬁqyxcz’ (proS‘@)*v)’

where ¢o: Uo — ﬁé denotes the mirror map (75) restricted to A = * = 0. Here the

meromorphic flat connection V on G (or G) is given by the action of zD, € R"|;—o, i.c.
we define Vp, := 7! (the action of zD,) on G (or G).

(Step 1). — Let Uy C M° be the image of Uo under the projection M — M°. We
show that the diagram (84) descends to the quotient Uy, — Ug. First notice that the

Galois symmetry in Propositions 2.14, 2.16 extends to the twisted theory. The map
G: H — H’ there is extended to H as

G(gy) = e 7, for FJRW theory;
G(1y) =¢"Y1,—2rip for GW theory.

Then the conclusions of Propositions 2.14, 2.16 hold for this G (except that we do not
have the connection in the z-direction in the twisted theory). The proof is similar. This
shows that the fundamental solution L™ in the twisted theory (see Proposition 3.12) has
the following symmetry:

¢ G o LiYuw (GT'(0), 23 4) = Lijp (1, 23 A) 077G
dG o Ly (G (1), 23 A) = Ligy(t, 23 A) 0 ¢ " /%dG.
On the other hand, the deck transformation of G@ — U acts on I™" as

€_2ﬂi/dG(I;§i{)\V(logu + (27.[ i/d)’ <h:) |§0=)x:0) = I;:vji{)‘v(log %, z) O=a=0

e HAG(Igy (logv + 271, 2) \M:O) =10 (logv, 2) |Z0=k=0.

Hence the mirror maps (with #* = A = 0) satisfy

G(gFJRW (log u+ (2w i/d))) = G (logu),

(85) .
G(gGw (logv + 27 1)) = G, (logv).

. . o . . . =2
This shows that the deck transformation of U is conjugate to the Galois action on H
via the mirror maps. By the relation (76) and the above calculations, we find that (again
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over the locus A = = 0)

eiQ”i/’lG(T%Vf{{v (logu+ (271)/d, z)) = Ty (log u, 2)

dG(Yw dogv + 271, 2)) = Y (log v, 2).

This shows that the induced Galois symmetry on the sheaf (H x Otoxc.» S6VY) is
compatible with the deck transformation on G|g, «c. because the deck-transformation-

invariant section A, € G corresponds to Y™, Moreover the projection pr: H — H’ is
compatible with the Galois action, so the diagram (84) descends to

Gluoxc, —= (ﬁ@ X Ogoxcz, gg;vtw)/((})
(86) lpr
(H, ® Of e (progo)*V)/(G).

Notice that the bundle in the second line is the pull-back of the quantum D-module
(F, V)/(G) in Definition 2.10 by the mirror map

7o = [procgo]: Uy — Hg/(G).

In the diagram (86), we do not consider the flat connection V, in the z-direction and the
pairing P. However, we can introduce V, for G and make the diagram compatible with
V. as follows. Recall that (the module of global sections of) F* is 2Z-graded by degu =
degv =0, degA, =2 Z?I:o v;, degz =degA = 2. Thus G = F"|;_ is also graded. The
grading defines the meromorphic flat connection V, on G (with logarithmic poles along
z=0)as

_ldegA,)
Tz 2

Because all the morphisms in the diagram (86) preserve the grading and the Euler vector
field vanishes on the image of the mirror map progo, the projection pr: Glu,xc. =
(t0)*(F, V) /(G) induced from the diagram (86) preserves the connection V. as well.

V.A,

Ve

(Step 2). — The diagram (86) defines for each (x, z) € Uy x G, a projection G, ., - H,
i.e. an element of the Grassmannian Gr(G,, .)). The kernel of the projection is flat for V
(including the z-direction). We show that this section of the Grassmannian bundle Gr(G)
extends globally over M° x C..

Recall the flat section &) () of the twisted theory in (81). When restricted to the
locus A = t° = 0, this defines a flat section of G. On the other hand, we can define a flat
section of the quantum D-module (H{, ® ijcxcz, (progo)*V) by an analogous formula:

(87) fo(a) = Lo(progo(v), 2)z To((2n i)d%oz), a e H,,
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where Lo(t, 2) and F@ are the fundamental solution and the Gamma class in the respec-
tive theory (as appear in Definition 2.19). By Proposition 3.14 and the definitions of f&
and fo, we have

(88) pr(fS (@), _,_,) = fo(pr(e))

for « € H.

Lemma 5.17. — The section of Gr(G) over (Ugw U Uggrw) X G, given by the diagram (86)
extends to ((UGW' U UF‘]RW’) X CZ) U (Mo X C;)

Progf. — By the flat connection V on G, the section of Gr(G) over Ugw X C can
be extended along any path in M° x G. We see that the given section of Gr(G) |y xcx
is analytically continued to the given section of Gr(g)|UF_]Rch; along the path y; in Sec-
tion 4.3.4. By considering the A = 0 limit in Proposition 5.16, we know that f‘F}”m () |h=0=0
is analytically continued to . (UYa)|p—p—o along yl_l, for a € ﬁFJRW = H... By (88),
the projections of these flat sections by pr are f,,, (pr(@)) and f, (pr(lim;—o U*@)).
Diagrammatically:

analytic continuation

tw tw tw
fFJRW (@) r=0=0 ! fom (Uz (x) |A=t°=0
S 7

(89) prl o l
fFjRW (pr(a)) ](cw (U[ pI‘(Ol ))

Here we used the fact (Corollary 4.15) that there exists a unique operator U;: Hiypyy —
H¢,,, such that pro(lim,_,, U) = U, o pr. The existence of such an operator shows that
the sections pr of G1(G) |y xcx and Gr(G) | Uy xcx coincide under analytic continuation
along y;. Because this holds for all the paths y;, with / € Z, the conclusion follows. 0

Lemma 5.18. — The section of Gr(G) in the previous lemma extends to M° x G..

Progf- — The section of Gr(G) here is flat for V on G. Therefore, the corresponding
element of Gr(Gy. ;) at (x, 2) € M° x G can be represented by a matrix independent of
z when we write it in terms of the homogeneous basis 7~ ¢ 0/2A ) [=0,...,d — 1 of
G..»)- Therefore, via the basis A, ), v =0, ...,d—1, the section {x} x C* = Gr(G|yxcx)
can be represented by an algebraic map CX — Gr(C?), which extends across z = 0 by
the completeness of Gr(C?). This proves the lemma. 0

(Step 3). — The previous step shows that there exists a projection G — F to a locally
free sheaf F over M° x C.. The sheaf F is equipped with a meromorphic flat connection
with simple poles along z = 0.

Vi F = F(M x{0}) ® Qppere..
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Also F is isomorphic to the pulled-back quantum D-module (H;, ® Oﬁoxcz, (progo)*V)/
(G) over the open subset U, X C.. In particular, F extends across the orbifold point u = 0
as an orbi-sheaf with flat connection (i.e. p, -equivariant flat bundle on a d-fold cover).
We denote this extension over M x G, by the same symbol F.

We claim that there is a global Z-local subsystem Fz of (F|r(xcx, V) such that it
coincides with the F—integral structure over U x GX. By (89), the flat section f,,, (@),
a € H,,, (W, i) is analytically continued to f,, (U,) along the path yfl. Note that f(«)
(87) is related to the flat section 5(&) (22) defining the F-integral structure by

5(E) =

—f(inv* ch(&)) (x,
Gy (' eh@) e
where € is an object of D?(Xyy) or MFird (W) such that ch(£) € H'. Therefore by Theo-
rem 4.17 we know that

(90) 5, (€) is analytically continued to s, (®;(€)) along y,'
for £ € MEY (W) with ch(&) € H,.. (W, 1,). This shows the existence of a global Z-local

system and that the analytic continuation along y,”' corresponds to the Orlov equiva-
lence @,.
Finally we show that F admits a global V-flat pairing

P: () F®F — Z0pmrc., ¢=N-2,

which coincides with the pairings Pgyy, (—I)N*IPFJRW of the quantum D-modules. In
order to see that the global pairing exists over M x C*, in view of (90), it suffices to
check that

(91> (_ I)NilPFjR\N((_)*EEIR\\' (51)5 5FJRW (52)) = PGW’((_)*ﬁcw(cblgl)v 5(;\\7(CI)152))

for £,,&, € MEFY (W, ;) such that ch(&) € H,e(W, ). Recall that the pairing
between the flat sections s(€) coincides with the Euler form up to sign (Proposi-
tion 2.21). Because the categorical equivalence preserves the Euler pairing x (€, F) =
x (@€, &, F), (91) follows. The global pairing P over M x G extends across z =0
(with zeros of order ¢) by Hartog’s principle because it already extends over U x C..
The non-degeneracy of P/ (2 :'|_,z)2 along z = 0 holds for the same reason.

Now the proof of Theorem 2.23 is complete.

Remark 5.19. — We described the global D-module F as a quotient of G =
F™5=0- In [43, Theorem 6.13], with the aid of mirror symmetry, it was described as
a submodule of another multi-GKZ system. We can translate this result in our setting
as follows. Define the shift map S: M° x G, x G, - M° x C, x G, by S(x, z, A) =
(x, 2, A — 2). Then the map

o f‘tw — S*f'tw’ Av — S*Av+e0
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is a morphism of R™-modules by the relations (68). This is an isomorphism at the generic
point because both R™ A, and R™A,, equal F" at the generic point (see Lemma 5.15;
the proof there applies also to R™A,,). However, o is not an isomorphism over A = 0
and we have F =Im(o |;—o: F"|5=0 = (S*F™)|1=0). See also [50].

5.5. Reconstruction of the big quantum D-module. — Here we prove Theorem 2.25.
When Xy is a manifold, the orbifold cohomology consists only of untwisted sectors. In
particular H,,,(Xyw) is spanned 1, p1, ..., pAmXW], This allows us to use the reconstruc-
tion theorem [36, 41, 47, 59, 60] to obtain the big quantum cohomology from the small
one.

More specifically, we apply the reconstruction theorem of a (TE) structure by
Hertling-Manin [36, Theorem 2.5] to the global D-module (F, V) over M (which is
itself a (T'E) structure). For this, one has to check the injectivity condition (IC) and the
generation condition (GC) for (F, V). More concretely, (IC) means

5DUAO|.5:0 7é 07
and (GC) means
{(zDv)”Ao | n> O} generates F|.—o over O .

We claim that (zD,)"A¢, n=0,...,rank F — 1 is a basis of F|.—y over the open
subsets Ugry and Ugyw. (Here Ugrw does not contain « = 0.) We work over the cyclic
cover Uy C M? of Ug. First observe that we have D-module isomorphisms (cf. (80)):

Miro

ro¢(x), -1 ’
(F, Vltoxc: — (H’O ® Ofoxex» (pr og@)*V) Loros®a7, (H@ ® Ofxers d)
A, — YV = pr(Ttw"’) — 1= ! pr(Igv’vh:to:O).

Here the first map is induced from the mirror isomorphism in Corollary 5.13 (see also
(84)) and the second map is given by the inverse of the fundamental solution L(¢, 2)
in each theory. The relation L(proc(x), 2) 7' YV (x, 2) = 7 'T"(x, 2) follows from (76) and
Proposition 3.14. Similarly to (79), the two maps Mire, ™! can be viewed as the Birkhoff
factors of the composition since Mire, extends regularly to z =0 and L™ extends regu-
larly to z = 0o0. We want to check that (zDy)Ay, i =0,...,rankF — 1 form a basis.
Under the above map, these sections map to

(zDv)iZ_II%Wf — e{zlogv/z(pil + O(vl/d))

over Ugy. From these asymptotics, we know that the matrix with the column vectors
(zDv)iz_llgw, 1=0,...,rankF — 1 1s Birkhoff factorizable (i.e. in the “big cell”) for
sufficiently small |v|; this means that (zD,)'Ag, i =0, ..., rank F — 1 is a basis of F|.—g
over [’jgw.
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Over fJF_]Rw, the calculation is a little more involved. Instead of (zD,), i =
0,...,rankF — 1, we consider the differential operator P;, 1 =0, ..., rank F — | defined
inductively by

Py=u"', P;:=u "%(z0,)P;_,

where ord; € N is determined by (z0,)P,— 1IFJR“ = O(u%). It suffices to show that P;A,
i=0,...,rank F — 1 is a basis of F|._, since {P;A} and {(zD,) A} are related by an
invertible matrix along z = 0. We have

Pr

= +O()

P; 5_IIFJRW =G
where £; is the (z + 1)-th smallest element of the set Nar C {1,...,d — 1}, ¢ % 0 and
li :=deg(¢,—1)/2. It is not difficult to show that /; = ¢ when Xyy is a manifold. There-
fore the matrix having the column vectors P;z~ IFJR“ ,1=0,...,rankF — 1 is Birkhoff

factorizable for small |u|. The claim now follows also over UFJR“

Because (IC) and (GC) are open conditions, they hold in a Zariski open subset M’
of M containing Ugw and Ugrw. At each point x € M’, we have a universal unfolding
[36, Definition 2.3] of (F, V)|u,9xc. over the analytic germ (M, x) X (CrkF=10) x
C.. By the universality, they will patch together to form a global (TE) structure (F, V&)
over M D M. By [36, Lemma 3.2], the pairing P over M x C_ extends to M X C.
and we have a (TEP) structure (F, V&, P™"). The extension of the Z-local system Fz
1s automatic.

Next we show that (F™, V&, P*") coincides with the “big” quantum D-module
over a neighbourhood of Ugjrw or Ugw. We review the reconstruction of the big FJRW
quantum cohomology. Over Uy, we already identified (F, V, P) with the quantum D-
module over the image of the mirror map 7 = prog. We take a basis {T;}._, of H' such
that Ty = ¢y, T = ¢, and write the big quantum product as T; @ T; = ZZZO Cg(t)Tk,
where ¢ = (£, ..., ') is the co-ordinates of H = H,,,(W, p,;) dual to {T;}._,. Using the
frame {'I;};_, one can write the connection V of F |y, as

_o 1 Z ot (u) (u)))

Here t(w) =)\, 7'(u)T; denotes the mirror map. The structure constants Cg(t) are a

priori formal power series in ¢, but we know from the mirror theorem that the above con-
nection V, is convergent. Because t(u) = —u¢gp; + O(u*), we can use (u, 1, 2, ..., ') >
T(u) + Zj 21 ¢'T; as a co-ordinate patch of H' near the origin. We want to reconstruct the
connection operators

ext a 1
V¥ =—+-A(u, 1),
ou =z
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a1 ,
V;xt:a_ﬁ+2<ci<z(u)+ZﬁTj)> . i# 1

J#1 o.p

satisfying V™|,_p = V,, [V&, VX] = [V Vf’“] =0 and VT, = T,. Following the
method of [36, Lemma 2.9], [41, Section 4.4], one can solve for such ng (t(u) +
> £ ¢'T;) uniquely as a power series in ¢. This is because Ty = ¢ is asymptotic to ™' A
as u — 0, so 1s also a cyclic vector of the action of [2V,]|.— for a sufficiently small « # 0.
This reconstruction can be done either over the formal Laurent series ring G((«)) or for
a fixed small ¥ # 0. In the former case, we recover the big quantum product as a for-
mal power series in (u, t); in the latter case, we get Cfx (t(w) + Zi 41 ¢'T;) as a convergent
power series of ¢ ([36, Lemma 2.9]). Therefore ng(r(u) + Zﬁél ¢#'T;) is a formal power
series in ¢ whose coefficients are analytic functions on {u € G | |u| < €}. Moreover for
each u with 0 < |u| < €, it is convergent as a power series in ¢. By [40, Lemma 6.5], such
a function is holomorphic in a neighbourhood of (%, £) = (0, 0). This shows the conver-
gence of the big quantum product and that (F*, V) is isomorphic to the big quantum
D-module in a neighbourhood of Ugry. The discussion on the GW side is similar and
omitted.

5.6. Monodromy and autoequivalences. — Here we prove Theorem 2.26. We study the
relationships between monodromy of the global quantum D-module F and category
equivalences.

An object E of D?(Xyy) is said to be spherical [63, Definition 1.1] if Hom"(E, E) =
Hom(E, E[n]) 1s isomorphic to the cohomology of a sphere, 1.e.

C n=0or dimXyw

Hom"(E, E) = ]
0 otherwise.

Seidel-Thomas [63] introduced a functor Ty : D?(Xy) — D*(Xyy), called spherical twist,
for a spherical object E. This gives an auto-equivalence with the following property:

Te(F) = Cone(Hom’(E, F)@E — F)

Example 5.20. — A line bundle O(7) on Xyy is a spherical object (since Xyy is
Calabi-Yau).

By Proposition 2.21 and (85), the monodromy of flat sections §(€) around the
paths yey, yi (Figure 2) comes from the autoequivalences O(—1), (1) of D*(Xyy) and
MEF} (W) respectively. We already saw in (90) that the analytic continuation along v
(Figure 3) is induced by the Orlov equivalence ®,. Thus the monodromy along y! cor-
responds to the composition @, o ®;'. The following proposition shows that the mon-
odromy around ;! comes from the spherical twist To.
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Proposition 5.21. — For E € D*(Xyw) such that ch(E) € Ham (Xw), we have
[CID/CIDI;I1 E)] =I[Tow(E)] n the numerical K-group.

Progf. — Let {a, b}, be the graded Koszul matrix factorization in Example 4.5.
Recall that ch({a, b},), ¢ € Z span H,,.,(W, n,). Hence by Theorem 4.17, ch(®,({g, 4},)),
q € Z also span H,,,,, Xw) since U;: Hyoe (W, i) = Hon (Xywy). Therefore, it suffices to
check that [Toy®n1({a, b},)] = [®:({g, b},)] in the K-group. By Proposition 4.11, we
have

[0 ({a.0)]= > (—1>"+1[o(z+1+m/—iwja)]

Ji<r<ir
r . /
Za:l Wia =m

olen)= X o o(ien-Yu)]

JI<-<yr a=1
D=t WjgSm

a=1

where m (resp. m) is the remainder of ¢ — [ (resp. ¢ — [ — 1) divided by d. Because
[TowEl =[E] = x (E(=D))[O()], we have

r

92) [Too®u(izn)]= X 0#|o(i+1em =3 u)]

J1<<Jr a=1
2 Wy, =’

r

+ >, =Dx <o<1 ' = Z%))[O(D]-

1<y a=1

Dot Wjg=m'

Here we use the following fact: For 1 <: < d, we have
x(0G) = dimH’(Xw, O(@))
_{ﬁ{/ﬁS"'Sk;|520,22=1wkb=i} ifl<i<d—1
fh < <kls=0,),_jw,=}—1 ifi=d.
Therefore the second term of the right-hand side of (92) gives

93) [00)(~8u.s+ Y )

i<, <ok,
r X s 1 7 . /
Zn:l wja+zb:l wk};_m +1, Za:l Wiy =m

We claim that for m’ > 0

> (—1) =0.

]l <<y, k1< <ks
D om1 Wit 2p—y Wy =m'+1
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The claim follows from the comparison of the coefficient of #*! in the following equality:
=)@ =) (=)
A=) (1 =) (1= )

5z (T )

pgz0 N <<y ki =<k
D=1 Wi =p b1 Wh=q

By the above claim, (93) can be rewritten as

[O(Z)](—(sm,,d_l— > (-1)").

Ji<-<jyr
S w =1

This gives the second term of the right-hand side of (92).

First consider the case where m' < d — 1. In this case, by the above calculation,
[Tow® 1 ({a, b},)] equals [®;({g, b},)] because m = m' + 1. Next consider the case where
m' =d — 1. In this case, we have m = 0 and

[Tow®ii({e 8),)] Z( 1)r+1|: <l+d ij>:| [0O)].

Ji<-<jr

We know from the Koszul complex &, (56) that the first term in the right-hand side
vanishes. Because m = 0 we have [®,({g, b},)] = —[O()]. The conclusion follows. ]

Remark 5.22. — We should have an isomorphism of functors Tog) = ®,0®}.|, but

this does not seem to be proved in the literature. E. Segal [62, Theorem 3.13] showed a
similar (object-wise) relationship in the category of B-branes on the LG model (Kp(y), W)
(which should be equivalent to D?(Xy)).

We speculate that the relations in the fundamental groupoid of M

Yi+1 = YLG © Vi © Yoy,
Yen =V 0 Vo,
)/LdG =1id
should be lifted to category equivalences as
P ZEMod 0 O(-1),
T, =@, 00"
(&) =[2].
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The second relation is conjectural (see Remark 5.22) but the other two are easy to show.
Note that the identity in the fundamental groupoid is lifted to the 2-shift [2] in the third
relation. This is the reason why we have to mod out by [2] in the statement of Theo-
rem 2.26.

Finally we check the last statement in Theorem 2.26. The fundamental group of
M is generated by yoy, YVeon and is defined by the relation

(yCY o ycon)d =1d.

We define the lift p: (M, by) — Auteq(D’(X))/[2] by sending ycy to O(—1) and Yeon
to Ty as we speculated above. It suffices to check the relation:

(O(=1) o T5')" = 2].

This was proved by Canonaco-Karp [9]. The proof of Theorem 2.26 (hence of Theo-

rem 1.2) is now complete.
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Appendix A: Proof of Proposition 2.1

When N, = 0, both sides of (7) are one-dimensional and their pairings match. When
N, = 1, both sides are zero. Assume that N, > 2. The relative cohomology exact sequence
identifies H™ ((CN);, W,:roo) with HN! (Wk+°°) = HN! (W,:' (1)). Therefore

HW, ) = HY (W (D)™

We use the following result of Steenbrink:
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Theorem A1 (64, Theorem 1]). — The Deligne weight filtration "W, on HN—1 (W' (1)) is
of the form

0= Wyx,_o C Wx,o1 C Wy, =HY (W, '(D)).

Take a set {¢@y, ..., @} C Ql(\IéN)k of homaogeneous Ny-forms which gives a basis of 2 (Wy). Let |1
denote the degree of ¢; divided by d. Define n; € HN ! (Wk_1 (1) by

. ©i
9% i = i Reswi - <(Wk(x) 1y )
with ¢; =T (1 — (=[2[)(T1e]T — DL Then the set {n; | N, — 1 — p < |i| < N — p} gives a basis
of Grly (W, _1); the set (n; | i] = Ny — p} gives a basis of Grly (Wx,/ Wx,—1).

There is a typo in the statement of [64, Theorem 1] about the index of the Hodge
filtration and we corrected it above. The prefactor ¢; is not important in the above state-
ment, but is chosen for our later purpose. Since {n; | |z| € Z} gives a basis of the p -
invariant part of H™! (W,jl (1)), by the theorem, the g -invariant part splits the weight
filtration:

WNA/WNk—l = HNk_l(Wk_l(l))M'

Therefore the sector H(W, n,); = HNk—l(Wk_l(l))“f’ has a pure Hodge structure of
weight N;. Moreover the theorem gives an isomorphism

QWM = Gry HN (WD), [o] — [nd]

independent of the choice of representatives ¢;. The isomorphism (7) is defined by the
Hodge decomposition which splits the above isomorphism:

Ny
(95) HW, i SHY (W) =P F nF 7 = @wph.
=0

Next we study the pairing on the FJRW state space. The form ¢ Vg, defines a
cohomology class in HY((CN),, W) via the integration over non-compact Lefschetz
thimbles ' € Hy, ((CN);, W) of W;:

I'— f e Vg,
r

The following lemma shows that the set {¢"Veg;, | |i| € Z, |i| < N; — p} of relative coho-
mology classes forms a basis of F”H(W, p,);. It also shows that [¢;] € (W;)* corre-
sponds to an element of the form [(¢; + > i<li q]-l-q?]-)e_w’f] € H(W, n,); under (95).
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Lemma A.2. — Under the isomorphism HYt((CN),, W) = HN! (Wk_1 (1)), the class
represented by e~V @; corresponds to the class n; in (94).

Proof. — Let T be a Lefschetz thimble of W, in Hy, ((CY);, W;®) and C €
HNk_l(Wk_l(t)) be the corresponding cycle. (Note that Hy,((CN),, WS ™) =
Hn,— (Wk_l(l)).) The image of I' under W, is assumed to be the positive real line. Then

we have

(96) / Wig, = / P(1)dt.
r 0

Here we set

, @i 1 @i
97) P() := e
raw,m=n AWr 21 Jp Wi(x) — ¢

where T'is a circle bundle over I' N {W,(x) = ¢}. Using the homogeneity, one can deduce
from the co-ordinate change x; — ¢~*/?x; that

P() = {"7'P(1).
Therefore by (96),

(98) f e V=T (Ji])P(1) =T (1 = (—[])) PT=D (D).
r

By differentiating (97) and setting ¢t = 1, we find
99) T(1 = (=l))PT=1 (1) :fcm.
The lemma follows from (98) and (99). 0
Consider the tame deformation W, ; of W;:
Wiea(0) = Wi(x) + Y s,
ieFy

where F; := {1 <j < N | {"™ = 1} is the index set of co-ordinates on (CY);. For generic
values of s, W, ; has only non-degenerate critical points (i.e. it is a Morse function). Let
z€ C* and (-, -): HY¥(CM);, (Wi, /2)™°) x HN((CN);, (W,,/2)7>°) — C denote the
intersection pairing (cf. (2)). Set

(0.0 1= ([ [,

This is a presentation of K. Saito’s higher residue pairing [61] by Pham [55]. The invari-
ance of the pairing under the co-ordinate change x; = A"/?x; shows the following,
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Lemma A.3. — Wath respect to the degree deg s, := 1 — (w;/d) and deg z := 1, the function
G (s, 2) 15 homogeneous of degree 2| + |j|.

Lemma A.4. — The function Gi(s, z) 15 regular at z = 0. Moreover

Gji(s,2) =( *“(Resw,, ([d], [@1]) + O(2)).

Progf: — This 1s remarked in [55, 2¢me Partie, Section 4.3, Remarque], but we
include a proof for the convenience of the reader. Suppose that s is generic so that
x > R(W,,(x)/z) is a Morse function. Let I'}", ..., T} (resp. I'[, ..., ;) denote the
Lefschetz thimbles emanating from the critical points o7, ..., 01, of (W, /z) given
by the upward (resp. downward) gradient flow. Choose an orientation of I'* such that
F.T', =6, We have

I

Gi(s, 2) = Z(f+ eWk,f/z(pz_) . (/ ewk,f/z(pj.)_
r, Lo

a=1

For a fixed argument of z, we have the stationary phase expansion as z — 0.

W (QJZZ)NA/Q
e“’“/z(piwzl: “(0,) +0()).
/rj v Hess W, (0,) (f( : ( ))

Here we set ¢; = fi(x) /\jeFk dx;, Hess Wy ;(0,) := det((9,,0,Wr )i jer,) is the Hessian of
W, at 0, and = is the sign depending on the orientation of I'}. Therefore

(N )
1) (Z Hess W, (o) +O(z)>

where the lowest order term in the right-hand side equals the Grothendieck residue. The

Gj(s, D~ (=)

£ Ng=D) . . . . .
2 comes from a local computation'® of the orientation. Since this holds for

an arbitrarily fixed argument of z, and G (s, z) is holomorphic in z € G, the conclusion
follows for a generic s. By analytic continuation, the same holds for all s. U

By Lemma A.3 and Lemma A.4, we have

if il + jl < N,
(100) Gy(0.2) = o o
<—) = (2719 Resw, (@], [g]) i il + |l = N,

_ NiN—D)
16 This comes from /\JN:kl du; A /\]N:‘l dv;=(—1) s /\jl»\:k1 (dy; Adv) where {4, ++/—1v; |j=1,..., N,} is alocal

co-ordinate system centered at a critical point.
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This shows the Hodge-Riemann bilinear relation:
(101) (F'HW, w)p, FHW, ) )er) =0 ifp+¢ >N
For 7, such that |z], |j| € Z, we take lifts

[ YgleF nF " [VgleFinF

which correspond to [¢;], [¢;] € £2(W)* under the isomorphism (93). When p+¢ > N,
the pairing ([¢"V*@;], [e”"*@;]) = 0 vanishes by (101). When p+ ¢ < N, the pairing again
vanishes because of the Hodge-Riemann bilinear relation (101) for F. When p+ ¢ = N;,

we have

([e™a]. [«g])
=[] ["¢]) by(101)

%([ Yo (=D Mg]) by (@)

L(k)

N L :
— (=) ©n 1)*\“2 Resw, ([¢:], (=D"[¢]) by (100).
The factor (—1)V! comes from the map I* in (3). The proof of Proposition 2.1 is complete.

Remark A.5. — In the proof we observed that H(W, p,); has a Hodge structure of
weight N;. In order to make the weight compatible with the FJRW grading, we consider
the Tate twist by 3% | (kg:) — 1 so that H(W, p,); is of weight Ny 4 2(3°% , (kg;) — 1).
Appendix B: Compatibility with FJRW setup

In [26] a factor f, = |G|/ deg(st) multiplies all genus-g n-pointed invariants as well as all
the homomorphisms

AE L HO, G — H' (M, : Q).
(al,-"’ VL) Hfst*<[ anG(W (kl’-. n Vlrml_[ )

defining a cohomological field theory via Poincaré duality. These operators embody all
the relevant invariants via the definition

n

w.G W,G bi

<f[,1 (al)"--"rbﬂ(an)> :/_ Ag’n (alv"'van)l_[wi7'
=1

a.n
gn
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The cycle [Wg,,Z,G(W, ki, .. k)TN ]_[:’:1 a; 1s a cycle in the moduli space of (W, G)-
curves; in this paper G equals b, and, in genus zero and for narrow state space entries,
we may regard this as the top Chern class of the obstruction bundle. The degree of st
is simply the degree of the map forgetting the (W, G)-structure and retaining only the
underlying coarse stable curve; for (W, G) = (W, n,) the morphism st is the natural for-
getful map Sping’n(kl, v ky) — Mgm- We have deg(st) = |G|*~! in general; therefore,
Je equals 1/ |G[¢~!, and the setup of [26] is consistent with that of Witten’s original ten-
tative treatment [70] of quantum singularity theory. In genus zero and for G = p, this
amounts to an overall factor d appearing also in [14, (14)].

We point out that all these different factors f, can be removed once we take into
account that the pairing used (4) comes from orbifold Chen-Ruan cohomology (in its rel-
ative version) and acquires an overall factor 1/|G| equal to the degree of BG over Spec C
(we recall that the pairing of [26] maps the pair (¢, ¢;) to 8, sy, without any factor). In
particular, removing the factor fy = ¢ in the definition of the genus-zero invariants does
not change the quantum product: in the definition (17) of T; @ T}, the factor f; is absorbed
into g"' = d8,_9 44;. Furthermore, removing the factors f, from the cohomological field
W.G does not affect the composition axioms [26, (62), (64)].

g.n

theory homomorphisms A

Let g =g + @; let n =n; + ny; and let pyec: Mgmﬂ X M&,@H — ﬂg,ﬂ be the gluing
morphism. Then the forms

. n AWG

AW,G N vir gon

AVS(ay, ... a) = st*<[Wg’n’M(W, ks )] N l_[og) =

=1 \]f;’

satisfy the composition property stated in [26, (62)]

Prcc Ao (o, o, . )

VRW,G TW,G
= ZgM ‘)Agl,nl-l—l(ail LA ainl ’ Iu’) ® AgQ,n2+l(airll+1 (AR airzl+n2 ’ V),
JTRY)

for all o; € H(W, G), for n and v running through a basis of H(W, G), and for g*"
denoting the inverse of the pairing (, ) with respect to the chosen basis. This happens
because, by rescaling the pairing, we have multiplied g by |G|; the canceled factors on
the two sides of the above identity match

1 1 1 1

1
- - @Jgdgr

A= 1GET T IGIGRE T IGR

The same happens for the gluing morphism oy, : mg,l,,ﬁg — ﬂg,n. We have

x XW.G _ wv XW.G
plOOpAM (ay, a0, ...,a,) = E g Ag_l’HQ(al, cey Oy L, D).
n,v
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Taking again into account that, in this paper, the matrix (g"*") has been multiplied by an
overall factor |G/, the cancellation of factors from the analogue identity [26, (64)] yields
the same quantity on both sides

1 1

1
ST
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