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ABSTRACT

We give a canonical synthetic construction of the mirror family to pairs (Y, D) where Y is a smooth projective
surface and D is an anti-canonical cycle of rational curves. This mirror family is constructed as the spectrum of an explicit
algebra structure on a vector space with canonical basis and multiplication rule defined in terms of counts of rational
curves on Y meeting D in a single point. The elements of the canonical basis are called theta functions. Their construction
depends crucially on the Gromov-Witten theory of the pair (Y, D).
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Introduction

0.1. The main theorems. — Throughout the paper (Y, D) withD=D, +--- 4+ D,
will denote a smooth rational projective surface over an algebraically closed field k of
characteristic zero, with D € |—Ky| a singular nodal curve. The divisor D is necessarily
either an irreducible rational nodal curve, or a cycle of n > 2 smooth rational curves. We
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call (Y, D) a Looyenga pair for, as far as we know, their rich geometry was first investigated
in [L81]. We cyclically order the components of D and take indices modulo 7. By as-
sumption there is a holomorphic symplectic 2-form €2, unique up to scaling, on Y \ D,
with simple poles along D, and thus U :=Y \ D is a log Calabi-Yau surface.
Our main result is a canonical synthetic construction of the mirror family to such
a pair. The construction gives an embedded smoothing of the n-vertex V, C A", defined
as, for n> 3, the n-cycle of coordinate planes in A”:
V,:=A] UA’ U-.-UA’ CA!

X1,X2 X2,X3 Xns X1 yeees®n”

(See (1.7) and (1.8) for the definition of V| and V,.) This family is in general parameter-
ized roughly by the formal completion of the affine toric variety Spec k[NE(Y)] along the
union of toric boundary strata corresponding to contractions /: Y — Y. Here NE(Y) de-
notes the monoid NE(Y)r N A, (Y, Z) where NE(Y)r C A;(Y, R) is the cone generated
by effective curve classes. This is just an approximate statement of our result, as NE(Y)
is not in general finitely generated.

More precisely, fix (Y,D), D =D, +--- + D, as above. Let By(Z) be the set
of pairs (E, n) where E is a prime divisor on some blowup of Y along which €2 has a
pole and 7 is a positive integer. Set B(Z) := B((Z) U {0}. Later we will describe this set
as the set of integer points in a natural integral affine manifold, the dual intersection
complex, or tropicalization, of the pair (Y, D). Let v; € B(Z) be the pair (D;, 1). Choose
op C A;(Y,R) a strictly convex rational polyhedral cone containing NE(Y)g, let P :=
opNA (Y, Z) be the associated monoid, and set R := k[P] to be the associated k-algebra.

For each monomial ideal I C R, consider the free Ry := R/I-module

(0.1) A= P Ri-v,
q€B(Z)

Let m C R denote the maximal monomial ideal. Let TP := G’ be the torus with charac-
ter group x (T") having basis ep. indexed by the components D; C D. There is a homo-
morphism TP — Speck[P%] induced by C — > (C - D))ep,, so TP acts on SpecR;.

Theorem 0.1. — Let T C R be a monomial ideal with ~'T=m. In Sections 2 and 3, we
construct a finitely generated Ry-algebra structure on Ay, determined by relative Gromov- Witten invariants
of (Y, D) counting rational curves meeting D in a single point. In Section 5, we construct a T action
on Spec Ay. This induces a flat T® -equivariant map

S X :=SpecA; — SpecR;
with closed fibre V. By taking the limit over all such 1, this yields a_formal flat family
fi1Xm = Gni= Spfﬁ,

where R is the completion of R with respect to the ideal w. The generic fibre of f ts smooth in the sense
of Definition 4.2, so § is a_formal smoothing of V,,.
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We use the notation 1, for generators of our algebra, as the construction fits into
a more general family of constructions which includes, as a special case, theta functions
on Abelian varieties. The history of such functions is as follows. Tyurin conjectured the
existence of canonical theta functions (i.e., a basis of global sections) for polarized K3
surfaces, see [Ty99]. In 2007, discussions of the first author with Abouzaid and Siebert
involving a tropicalization of the Fukaya category gave a stronger hint as to the existence
of theta functions on arbitrary degenerations of Calabi-Yau manifolds in the context of
the Gross-Siebert program. In particular, these discussions led to what is now understood
to be a variant of the notion of broken line.

The latter notion was introduced in [G09]. These were initially used to construct
canonical perturbations of the Landau-Ginzburg potential for P?. Broken lines were then
used for constructing mirror Landau-Ginzburg potentials for varieties with effective anti-
canonical divisor in the setting of the Gross-Siebert program by Carl, Pumperla and
Siebert in [CPS]. The authors show that the mirrors to such varieties as constructed in
[GSO7] carry a canonical Landau-Ginzburg potential obtained by using broken lines to
lift monomial functions on the central fibre of a toric degeneration to the toric degenera-
tion.

Simultaneously, we used these same lifts to allow an extension of the construction
developed by Gross and Siebert to prove the above main theorem. The main innovations
we have introduced here are that we use theta functions to provide partial compactifi-
cations of certain canonically constructed deformations, and that these canonically con-
structed deformations, along with the theta functions, can be constructed relying only on
the Gromov-Witten theory of (Y, D). The key point is that it is easy to build deformations
of the punctured n-vertex V! :=V, \ {0}, but it is difficult to extend these to deformations
of V,.. This 1s effectively done by using theta functions to embed a suitably chosen defor-
mation of V) in affine space, where the closure may then be taken. This extension would
be impossible without the existence of theta functions.

This result can be viewed as log analogs of "Tyurin’s conjecture. In work in progress
we apply similar ideas to obtain Tyurin’s conjecture in the K3 case as well, and construct
canonical bases for cluster algebras, to cite two other generalizations. These are large
topics and will be expanded on elsewhere. See also [GSTheta] for more motivation from
mirror symmetry, and upcoming papers [GHKS] and [K3].

Continuing with (Y, D), P and R as above, our second main theorem is:

Theorem 0.2. — There is a unique smallest radical monomial ideal ] C R with the following
properties:

(1) For every monomial ideal 1 with ] C /1 there is a finitely generated Ry-algebra structure on
Ay compatible with the Ry~ -algebra structure on Ay mx of Theorem 0.1 for all N > 0.

(2) If the intersection matrix (D; - D;) 15 not negative semi-definite then J = 0. In general, the
zero locus V(J) C Spec R contains the union of the closed toric strata corresponding to faces
F of op such that there exists an 1 such that [D;] & F.
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(3) Let R denote the J-adic completion of R and &y := Spf R the associated Jormal scheme.
The algebras Ay determine a canonical TP -equivariant formal flat family of affine surfaces

f:X— 6
with fibre V,, over 0. The ¥, determine a canonical embedding Xy C Amax(3) o S;.

Remark 0.3. — When NE(Y) C P C P C A (Y), then J' C J and the formal family
X for P comes from the family for P’ by base-change. In this sense the family is indepen-

dent of the choice of P.

Remark 0.4. — Note that in the case that the intersection matrix (D; - D;) is not
negative semi-definite (which includes the case that D supports an ample divisor), The-
orem 0.2 tells us that our construction gives a family over SpecR, so in particular the
construction is algebraic.

In this paper, we will not address the question as to in what sense our construction
can be proved to be a mirror family. We expect, however, that our families constructed by
the above theorems are mirror to U = Y \ D in the sense of homological mirror symmetry
in the case k = C. Further justification for our construction yielding the mirror family
comes from the heuristic description of the construction in terms of symplectic geometry
as discussed below.

The third main result of this paper is an application of our general construction,
following from a more detailed analysis of the case where the matrix (D; - D;) is negative
definite:

Theorem 0.5 (Looyenga’s comjecture). — A 2-dimensional cusp singularity s smoothable if and
only if the exceptional cycle of the dual cusp occurs as an anti-canonical cycle on a smooth projective
rational surface.

This was conjectured by Looijenga in [L.81], where he also proved the forward
implication. Partial results were obtained in [FM83] and [I'P84].

0.2. The symplectic heuristic. — Much of what we do in this paper, following the
philosophy of the Gross—Siebert program, is to tropicalize the SYZ picture [SYZ96].
Thus it is helpful to review informally this picture in the context of mirrors to Looijenga
pairs (Y, D). The SYZ picture will be a heuristic philosophical guide, and hence we
make no effort to be rigorous. Here we follow the exposition from [A07] concerning
SYZ on the complement of an anti-canonical divisor, itself a generalization of ideas of
Cho and Oh for interpreting the Landau-Ginzburg mirror of a toric variety in terms
of counting Maslov index two holomorphic disks [COO06]. For the most part we follow
Auroux’s notation, except that we use Y instead of his X, and our X is his M.
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We fix a Kihler form w on Y, and a nowhere vanishing holomorphic 2-form €2
on U:=Y \ D. Now suppose we have a fibration /: U — B by special Lagrangian 2-tori
(ie., a fibre L of / satisfies Im Q|;, = w|;, = 0). Then the SYZ mirror X of (U, w) is the
dual torus fibration f : X' = B. This can be thought of as a moduli space of pairs (L, V)
consisting of a special Lagrangian fibre L of / equipped with a unitary connection V
modulo gauge equivalence, or equivalently a holonomy map holy : H,(L,, Z) — U(1) C
C*. The complex structure on X is subtle, specified by so-called instanton corrections.

In this picture we can define local holomorphic functions on X associated to a basis
of Hy(Y, L, Z) (in a neighbourhood of a fibre of f corresponding to a non-singular fibre
L of /) as follows. For A € Hy(Y, L, Z) define

0.2) zAzzeXp<—27T f w)holv(aA):X—> c.
A

By choosing a splitting of Hy(Y, L, Z) — H, (L, Z) we can pick out local coordinates on
X which define a complex structure. See [A07], Lemma 2.7. Note that as the fibre L
varies, the relative homology group Hy (Y, L, Z) forms a local system over By C B, where
By 1s the subset of points with non-singular fibres. This local system has monodromy, and
as a consequence, the functions z* are only well-defined locally.

However, there are also well-defined global functions 9, ..., ¢, on X. These are
defined locally in neighbourhoods of fibres of. 7 corresponding to fibres of / not bounding
holomorphic disks contained in U, via a (rough) expression

(0.3) o=y n

BeHy(Y,L,Z)

where 74 is a count of so-called Maslov index two disks with boundary on L representing
the class B and intersecting D transversally in one point lying in D;. (We note that in our
setting the Maslov index u of a holomorphic disk /: A — Y with boundary lying on a
special Lagrangian torus L C Y is given by u = 2deg/*D. See [A07], Lemma 3.1.) In
the case that D is ample, there are, for generic L, only finitely many such disks; it is not
known how to treat the general case in this symplectic setting.

For ¥; to make sense the moduli space of Maslov index 2 disks with boundary on L
must deform smoothly with the Lagrangian L. This fails for Lagrangians that bound
holomorphic disks contained in U (Maslov index zero disks). This is a real codimension
one condition on L., and thus defines canonical walls in the affine manifold B. When we
cross the wall the ¥; are discontinuous. But the discontinuity is corrected by a holomor-
phic change of variable in the local coordinates z#, according to [A07], Proposition 3.9:

where here o € Ho(Y, Ly, Z) represents the class of the Maslov index zero disk with
boundary on Lj a Lagrangian fibre over a point on the wall, and %(¢) is a generating func-
tion counting such holomorphic disks. Thus we can define a new complex manifold, with
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the same local coordinates, by composing the obvious gluing induced by identifications
of fibres of the local system on By with fibres Hy (Y, L, Z) with the automorphism (0.4).
These regluings are the instanton corrections, and the modified manifold X should be
the mirror. By construction it comes with canonical global holomorphic functions ¥;.
In particular, the sum W = )9, is a well-defined global function, the Landau—Ginzburg
potential.

0.3. Outline of the proof. — We now outline how we realise the symplectic SYZ
heuristic in terms of algebraic geometry. There are three principal issues to consider:

e What information about a putative SYZ fibration can be seen inside algebraic
geometry?

e What is the analogue of a Maslov index two disk in algebraic geometry?

e How do we obtain the mirror by gluing together varieties?

The philosophy for dealing with the first and third issues was developed by Gross
and Siebert in [GS07]. For the first item, while we cannot build an SYZ fibration / : U —
B in general, we can roughly describe B as a combinatorial object. Given the Looijenga
pair (Y, D), we build a space B homeomorphic to R* along with a decomposition ¥ of
B into cones. We construct (B, ) as the dual intersection complex of (Y, D). For each
double point of D, we take a copy of the first quadrant in R?, with the axes labelled by
the two irreducible components of D (assuming D is not irreducible) passing through the
double point. We then identify edges of these cones if they are labelled with the same
irreducible component of D. We thus get a topological space abstractly homeomorphic
to R? subdivided into cones. This is (B, £). In Section 1.2, we show how we can put
an additional structure on B, namely the structure of an affine manyfold with singularities.
Indeed, we can give By := B \ {0} a system of coordinate charts whose transition maps
are integral affine linear transformations. The affine structure does not extend across the
origin unless (Y, D) is in fact a toric pair, in which case we recover the fan 2 defining Y.

The manifold B can be viewed as the base of the SYZ fibration “seen from a great
distance.” In general the base of an SYZ fibration has the structure of an affine manifold
with singularities. Singular fibres of the fibration occur over the singular points. One
would expect / : U — B to have a number of singular fibres in general, hence B will have
a number of singular points. So the above construction moves all these singular points to
the origin.

Next, let us consider the third item. Fixing (Y, D) with D =D, 4+ --- 4+ D,, let
P C Ai(Y, Z) be a finitely generated monoid containing the classes of all effective curves
on Y, obtained by choosing a strictly convex rational polyhedral cone op C A;(Y,R)
containing the Mori cone. Let m be the maximal monomial ideal in the ring k[P], I a
monomial ideal with radical m, and let Ry = k[P]/I.

We will describe the basic pieces we will glue together to describe a scheme over
St := Spec Ry whose special fibre is V) :=V, \ {0}. Assume that the components D; are
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numbered in cyclic order, with indices taken modulo n. We can define an open cover of
V’ by taking sets, for | <:<wn,

U= V(X1 X)) C AL X (G)x;-

i—1:Xi+1

Note as subsets of V,, they are disjoint except for

Ui :=U,N0U,, = (Gm)il.,x

i+1°
In V, they are glued in the obvious way; i.e., via the canonical inclusions
Ui ={Xin #0} CU;, Ui ={X; #0} C Uiy

A deformation of V) over S; is obtained by gluing thickenings of the U;

_D?
(0.5) Uipi= V(X X — 221X ©s) x AL X (Gy)x,

i—1,Xit1

where 7P € Kk[P] is the corresponding monomial. The overlaps are relative tori,
U, ;411 = S1 X G2, and the gluings are the obvious ones. The details are given in Sec-
tion 2.1. This gluing gives a flat family X{ — S;, which can be viewed as being analogous
to the naive complex structure on the mirror described as the moduli of smooth special
Lagrangian fibres with U(1) connection.

There is no reason in general to believe that X{ — S; can be extended to a flat
deformation X; — S; of V,. The reason is that such an X; should be an affine scheme,
and hence have many functions, while X{ as constructed tends to have few functions. The
only case where X/ extends to give a deformation of V, is when (Y, D) is a toric pair. In
this case, we recover an infinitesimal version of Givental’s mirror family, which then easily
extends to Givental’s mirror construction. We review this case in Section 1.3.

To rectify this problem, we need to translate the instanton corrections of the sym-
plectic heuristic. We do this using the notion of scattering diagram, here a variant of
similar notions introduced in [KS06] and [GSO07].

For us, a scattering diagram ® will be a collection of pairs (9, f;) where 0 is a ray
emanating from the origin of B with rational slope, and f; 1s a kind of function attached
to the ray. Any scattering diagram will dictate how to modify both the definition of the
open sets U; 1 and the gluings of U; 1 with Uy, 1. The precise details of this modification
are given in Section 2.2. Briefly, the rays define automorphisms of the open sets U; ;41 1
analogous to (0.4), and are used to modify the gluing.

While any scattering diagram can be used to obtain a modified flat deformation

Io> we need to choose D correctly to have a chance of extending this deformation
to V,.. The symplectic heuristic can be used to motivate the choice of the canonical scattering
diagram. 'The functions f; chosen are generating functions for certain Gromov-Witten
invariants, intuitively counting finite maps A' — U. Heuristically, each holomorphic disk
contributing can be approximated by a proper rational curve meeting D in a single point.
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Thus the canonical scattering diagram encodes the chamber structure seen in the
symplectic heuristic. But there still remains the question of extending Xy 5 to a flat de-
formation of V,. To do so, we need to construct enough functions on Xj 4. This is where
the concept of theta function comes in. The symplectic heuristic suggests that there should
be a canonical choice of holomorphic functions on X 4 arising from a count of Maslov
index two holomorphic disks. Rather than trying to find an algebro-geometric analogue
of a Maslov index two holomorphic disk, one instead defines the counts using tropical ge-
ometry. In particular, we use the notion of broken line, introduced in [G09] and developed
further by [CPS] simultaneously with this work, to provide the count. A broken line is es-
sentially a tropical analogue of a Maslov index two disk. They are piecewise linear paths
which only bend when they cross rays of the scattering diagram ®, in ways prescribed by
the functions attached to the rays.

For any point p € B with integral coordinates, we can use a count of broken lines
to define a function on U, for any . This procedure is described in Section 2.3. Since
this procedure is dependent on the scattering diagram ®, we can then ask whether these
functions on the various U;; glue. We say D is consistent if they always glue. If these
functions do glue, then we call the resulting global function on X{ 5 a theta function, writing
it as v,

The bulk of the argument in this paper occurs in Section 3, where we prove that
the canonical scattering diagram described above is in fact consistent. This argument is
rather involved, so we leave it to Section 3.2 to give an overview of the full argument for
consistency. Crucial to the argument is a reduction to methods of [CPS] using the main
results of [GPS09].

Once consistency is proved, this gives global functions ¥, on Xj 4, for each p €
B with integral coordinates. Let v; denote the first integral point along the ray of X
corresponding to the divisor D;, and write ¥; := .. Then we can use the functions
U1, ..., ¥, to embed (in the case that n > 3) X] 5 in A" x S;. Taking the closure of the
image gives the desired deformation X; — S; of V.

This construction essentially proves the first main theorem, Theorem 0.1. The
statement about the scheme-theoretic singular locus of / is dealt with in Section 4. There
we again make a connection with the techniques of [GS07]. The crucial point is to show
the singularity 0 € V" is formally smoothed, and for this, we need to work in a family
where we have a local model for the behaviour near 0, much as Gross and Siebert have
in [GSO7].

More work is required for Theorem 0.2. We need to show that the construction
above, which really only produces a family over the completion of Speck[P] at the zero-
dimensional torus orbit of this scheme, extends across completions along larger strata.
Since the coordinate rings of the families constructed above are generated by theta func-
tions, we proceed by studying the products of theta functions. In general, one expects the
product of two theta functions to be a formal series of theta functions. However, in many
cases one can control the terms sufficiently in these products to obtain the desired exten-
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sions. This relies on a tropical interpretation of the product of theta functions, given in
Section 2.4, as well as the existence of a torus action on our families, given in Section 5.
This torus action only exists because of the canonical nature of our scattering diagrams.
Complete details for the arguments are given in the last section, Section 6.

Turning to Theorem 0.5, the main point is that Looijenga’s conjecture is really a
form of mirror symmetry. We start with a pair (Y, D) such that the intersection matrix
(D; - D)) is negative definite. Thus D can be contracted analytically to give a cusp sin-
gularity p € Y'. (By definition, a cusp singularity is a surface singularity whose minimal
resolution is a cycle of rational curves.) For the sake of exposition, assume this contraction
is algebraic, so that there is a divisor L. on Y which is the pull-back of an ample divisor
on Y. We choose the monoid P so L+ NP is a face Py, of P, with P{fzy generated by the
classes [Dy], ..., [D,]. The main goal is to extend our construction to a formal neigh-
bourhood of Speck[P},q,] C Speck[P]. The problem is that Theorem 0.2 explicitly does
not apply in this case. The main difficulty is that the charts (0.5) overlap too much when
all the 2P are invertible (in fact the fibres over such points in Spec k[Ppq,] coincide under
the natural gluing maps). There is no way to glue these charts compatibly. However, this
can be done after shrinking these charts to analytic open subsets and working over an
analytic open neighborhood of the zero-dimensional stratum of Speck[Pyq,]. Here we
work of course with k = C only.

In doing so, we find over a general point of Speck[Pyq,] the dual cusp singular-
ity to p € Y'. Thus we see that our mirror symmetry construction naturally produces
the dual cusp. We then would like to extend the family constructed over thickenings of
Speck[Ppq,]. We use the same techniques as those used to prove Theorem 0.1. However,
the construction of theta functions is considerably more delicate. In general, theta func-
tions are described as a sum of monomials associated to broken lines. In the situation of
Theorem 0.1, these sums are always finite. However, in the current situation, they are al-
ways infinite. Thus there are serious convergence issues, and this makes the proof rather
technical. A delicate analysis of the combinatorics of broken lines is necessary to prove
convergence.

Once convergence is shown, we then argue that the formal family produced actu-
ally gives a smoothing of the cusp singularity. This follows from the fact proved in Theo-
rem 0.1 that we already have a smoothing of the n-vertex in a formal neighbourhood of
the zero-dimensional stratum, but again the argument is slightly delicate. All details are
given in Section 7.

0.4. Further directions. — Here we will briefly indicate the results of further study
of our mirror construction, to be given in sequal paper [GHKII], as well as connections
with other recent work.

There are three broad classes of behaviour for our construction, depending on
the properties of the intersection matrix (D; - D;): the matrix can be negative definite,
negative semi-definite but not negative definite, or not negative semi-definite. The first
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case 1s analyzed here in detail to prove Theorem 0.5. We will discuss the third case in the
sequel paper.

We call the case that the intersection matrix is not negative semi-definite the positive
case. It holds if and only if U is the minimal resolution of an affine surface, see Lemma 6.9.
In this case, the cone NE(Y)g 1s rational polyhedral, so we may take P = NE(Y). Further-
more, the ideal J of Theorem 0.2 equals 0. Thus our construction defines an algebraic
family over Speck[NE(Y)], with smooth generic fibre. We will show in Part II that the
restriction of this family to the structure torus

X — Ty :=Pic(Y) ® G, = Speck[A(Y)] C Spec k[NE(Y)]

1s close to a universal family of deformations of U =Y \ D.

More precisely, we will show independently of the positivity of the intersection
matrix that our formal family has a simple and canonical (fibrewise) compactification to
a formal family (Z, D) of Looijenga pairs (with & = Z \ D), equivariant for the action
of TP C Ty, the subtorus generated by the components of D. The theta functions are TP
eigenfunctions, see Section 5.

In the positive case this extends naturally over all of Spec kK[NE(Y)], and its restric-
tion (£, D) — Ty comes with a trivialization of the boundary D = D, x Ty realizing it
as the universal family of Looijenga pairs (Z, D) deformation equivalent to (Y, D) to-
gether with an isomorphism D; — D, constructed in [GHK12]. In particular, choosing
such an isomorphism D — D, for our original pair (Y, D) canonically identifies it with
a fibre of the family (Z, D)/ Ty. More importantly, the restrictions of the theta functions
¥, to U C X endow the affine surface U =Y \ D with canonical functions. We give a
modular interpretation of the quotient of Z \ D — Ty by T as the universal deforma-
tion of U (this shows in particular the quotient depends only on U, e.g., is independent of
the choice of compactification U C Y), and give a unique geometric characterisation of
the theta function basis of H*(U, Oy).

The fact that (Y, D) appears as a fibre is perhaps a bit surprising as, after all,
we set out to construct the mirror and have obtained the original surface back. Note
however that dual Lagrangian torus fibrations in dimension 2 are topologically equivalent
by Poincaré duality, so this is consistent with the SYZ formulation of mirror symmetry.

To illustrate, in Example 6.12 we explicitly compute the theta functions in the
case (Y, D) is the del Pezzo of degree 5 together with a cycle of 5 (—1)-curves. In Ex-
ample 6.13, we give the expression in the case of a triangle of lines on a cubic surface,
deferring in this case the proof until Part II. In each of these cases there is a characterisa-
tion of the ¥, in terms of classical geometry.

In a different direction, in [GHKK], along with M. Kontsevich, we extend many
of the methods introduced in this paper to prove a number of significant conjectures
about cluster varieties. In particular, the technology of theta functions leads to a proof
of positivity of the Laurent phenomenon, and a proof of the Fock-Goncharov dual basis
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conjecture for a broad class of cluster varieties. The latter can be viewed as a generaliza-
tion of the construction of theta functions on Y \ D in the positive case, described above.
In fact, in the case of cluster varieties associated to a skew-symmetric matrix of rank two,
the Fock-Goncharov X variety fibres over a torus with fibres being interiors of Looijenga
pairs. This is described in detail in [GHK13]. In this case, the general construction of
theta functions in [GHKK] coincides with the ones constructed here.

Let us end with some mild speculation in all dimensions suggested by the above
discussion. By a Looijenga pair we mean a dlt pair (Y, D) (e.g, a simple normal crossings
pair) with Ky 4 D trivial and (Y, D) having a zero-dimensional log canonical center.
(In the simple normal crossing case, this means there is an intersection point of dimY
different components of D.) By a log Calabi-Yau with maximal boundary we mean a variety
U which can be realized as the interior Y \ D of a Looijjenga pair. See Section 1 of
[GHK13] for background on these notions. We expect that many of the results in this
paper will extend to Looijenga pairs of all dimensions. This generalization will require
the further development of the technology of logarithmic Gromow-Witten invariants,
[GS11],[AC11]. We should obtain in complete generality a mirror family X — Spf k[P]
for suitable monoids P. Furthermore, one would expect in the case that U =Y \ D is
affine that this family extends to X — Speck[P]. Using the two-dimensional case as a
guide, the general fibre of X — Speck[P] should itself be the interior of a Looijenga
pair (X, E), with X \ E affine by construction. Thus we can then repeat the process to
obtain a family X" — Speck[P’], and it would be expected, as taking mirror twice should
return to where we started, that X" — Speck[P’] contains a fibre isomorphic to U. The
family X" carries our canonically defined theta functions, indexed by tropical points of
the mirror. This leads us to propose:

Conjecture 0.6. — Let U be an affine log Calabi-Yau variety with maximal boundary. Then
H (U, Ov) has a canonical basis of theta functions indexed by tropical points of the mirror. The structure
constants for multiplication of theta functions can be described combinatorially in terms of broken lines.

Versions of this conjecture have been proven for cluster varieties in many cases in

[GHKK].

1. Basics
1.1. Looyenga pairs.

Defination 1.1. — A Looijenga pair (Y, D) is a smooth rational projective surface Y together
with a reduced nodal curve D € |—Ky| with at least one singular point.

Note that for a Looijenga pair, p,(D) = 1 by adjunction. Since H'(Y, Oy) = 0
by rationality of Y, D is connected. Applying adjunction to each irreducible component



76 MARK GROSS, PAUL HACKING, AND SEAN KEEL

of D, one sees easily that D is either an irreducible genus one curve with a single node, or
a cycle of smooth rational curves. We will always write D =D, 4 --- 4+ D,, with a cyclic
ordering of the irreducible components, and take the indices modulo 7.

We will need a few basic facts about Looijenga pairs, which we collect here.

Defination 1.2, — Let (Y, D) be a Looyenga par.

(1) 4 toric blow-up of (Y, D) s a birational morphism v : Y — Y such that o D is the
reduced scheme structure on 7w =" (D), then (Y D) s a Looyenga pawr. In particular, Y is
smooth.

(2) A toric model of (Y, D) is a birational morphism (Y, D) — (Y, D) to a smooth toric
surface Y with its toric boundary D such that D — D is an isomorphism.

Note that if 7 : Y — Y is the blow-up of a node of D, then 7 is a toric blow-up.

o Propos_itiolz 1.3. — Guven (Y, D) there exists a toric blowup (3?, ]3) which has a toric model
(Y,D) — (Y, D).

Proof. — First observe:

(1) Let p: Y = Y’ be the blowdown of a (—1)-curve not contained in D, and
D' :=p,.(D) C Y. If the proposition holds for (Y’, D) then it holds for (Y, D).
(2) Let Y — Y be the blowup at a node of D, and D” C Y” the reduced inverse
image of D. The proposition holds for (Y”, D”) if and only if it holds for (Y, D).

By using (1) and (2) repeatedly we may assume Y is minimal, and thus is either a
ruled surface or is P?. In the latter case, by blowing up a node of D we reduce to the ruled
case. So we have ¢: Y — P! a ruling. We next consider the number of components of D
which are fibres of ¢. There cannot be more than two such components, for otherwise
D cannot be a cycle. If there are precisely two such components, then D necessarily has
precisely four components, and it is then easy to check that D i1s the toric boundary of Y,
for a suitable choice of toric structure on Y. In this case the proposition obviously holds.
Otherwise let D" C D be the union of components not contained in fibres. If D’ has a
node, then we can blowup the node, blowdown the strict transform of the fibre through
the node, increasing the number of components of D contained in fibres.

After carrying out this procedure for each node of D', we are then in one of two
cases.

Case 1. D has two components contained in fibres, and then we are done.

Case II. D consists of a fibre / and a non-singular irreducible two-section D’ of g¢.
Note that since D" + f ~ —Ky and Y is isomorphic to the Hirzebruch surface F, for
some ¢, we can write PicY = ZCy @ Zf, with C2 = —¢ and —Ky = 2C + (¢+ 2)f. Thus
D' ~2Cy+ (e+ 1)f and Cy - D' = —¢+ 1. Since C is not contained in D', e=0 or 1.
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If e = 0, then there is a second ruling ¢ : Y — P!, with D’ and f sections of this
ruling. In this case, we follow the same procedure as above of blowing up nodes for this
new ruling, arriving in Case L.

If e = 1, then Cj is disjoint from D’. Blowing down C, we obtain P?, and can then
blowup one of the nodes of the image of D" U /. Using this new ruled surface, we can
again blowup a node and find ourselves back in Case I. U

1.2. Tropical Looyenga pairs. — We explain how to tropicalize a Looijenga pair, first
recalling the following basic definition. Fix a lattice M = Z". In what follows, we will
always use the notation Mg = M ®z R, N = Homz(M, Z) and Ng = N®zR. We denote
by Aff(M) the group of affine linear transformations of the lattice M. Recall the following
definitions from [GS06].

Definition 1.4. — An integral affine manifold B is a (real) manmifold B with an atlas of
charts {r; : U; — MR} such that ; o wj_l e Aff(M) for all 1, ;.

An integral affine manifold with singularities B s a (real) manifold B with an open subset
By C B which carries the structure of an integral affine manifold, and such that A := B\ By, the
singular locus of B, is a locally finite union of locally closed submanyfolds of codimension at least two.

If B 1s an integral affine manmifold with singularities, there is a local system Ay on By consisting
of flat integral vector fields: if y,, ..., , are local integral affine coordinates, then Ay is locally given
by linear combinations of the vector fields 0/9dyy, ..., d/93y,. If B s clear from context, we drop the
subscript B.

Similarly, Ay is the dual local system, locally generated by dy,, . . ., dy,.

We will be primarily interested in dim B = 2 in this paper, in which case A will
consist, in all our examples, of a finite number of points. All integral affine manifolds we
encounter will in fact be linear, in the sense that the coordinate transformations are in fact
linear rather than just affine linear.

We associate to a Looijenga pair (Y, D) a pair (B, ), where B is homeomorphic
to R? and has the structure of integral affine manifold with one singularity at the origin,
and X is a decomposition of B into cones. We call (B, ) the tropicalization of (Y, D), and
Y the fan of (Y, D). The idea is that we pretend that (Y, D) is toric and we try to build
the associated fan. More precisely, the construction is as follows.

For each node p; ;11 :=D; N D31 of D we take a rank two lattice M; ;4 with basis
V;, Uiy1, and the cone 0; ;41 C M; ;11 ®z R generated by v; and v;y,. We then glue o; ;4 to
o0;,—1,; along the rays p; := R(v; to obtain a piecewise-linear manifold B homeomorphic
to R? and a decomposition

Y={oimll=i=npU{p|l =1=n}U{O}.

We define an integral affine structure on B\ {0} by defining charts v; : U; = Mg (where
M = Z?). Here

(1.1) U; =1Int(0;-1,, Y 0ii1)
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and ¥; 1s defined on the closure of U; by

Yi(viy) = (1,0), Yi(v) = (0, 1), Yi(vig1) = (—17 —Df)7

with ¥, linear on o;,_,; and 0, ;4;. The reason for choosing these particular vectors is
that they form the one-dimensional rays of a fan defining a toric variety such that the
divisor D; corresponding to the ray generated by v; has self-intersection D?.

We note this construction makes sense even when n = 1, i.e., the anti-canonical
divisor D is an irreducible nodal curve. In this case there is one cone o, ;, and opposite
sides of the cone are identified. (Moreover, the integral affine charts are defined using
the integer D? — 2 instead of D?. This is the degree of the normal bundle of the map
from the normalization of D, to Y.) However, this case will often complicate arguments
in this paper, so we will usually replace Y with a surface obtained by blowing up the
node of D, and replace D with the reduced inverse image of D under the blowup. This
does not change the underlying integral affine manifold with singularities, but refines the
decomposition X, exactly as in the toric case:

Definition 1.5. — Guven (B, X), a refinement s a pgir (B, i), where ¥ is a decomposition
of B nto rational polyhedral cones refining 3, each cone of X inlegral affine isomorphic to the furst
quadrant in R,

Lemma 1.6. — There is a one-to-one correspondence between toric blow-ups of (Y, D) and
refinements of (B, ). Furthermore, if (3?, ]3) is a non-singular toric blow-up of (Y, D), and (E, i))
is the affine manifold with singularities constructed from (Y, D), then B and B are isomorphic as integral
affine manifolds with singularities in such a way that 3 is the corresponding refinement of .

Proof. — Let w : Y — Y be a toric blow-up. It follows from the condition that
77 (D),eq is an anti-canonical divisor that 7 : Y \ 7 '(Sing(D)) — Y \ Sing(D) is an
isomorphism. Indeed, if this restriction of 77 has an exceptional divisor, it must have
discrepancy a(E, Y, D) = —1. But by [KM98], Cor. 2.31, (3), the smallest discrepancy
occurring is 0.

Thus necessarily 7 is a blow-up along a subscheme supported on Sing(D). Let
x € Sing(D) be a double point of D, corresponding to a cone o € X. Note o can be
viewed as a rational polyhedral cone defining a non-singular toric variety X, = A?. Then
étale locally near x, the pair (Y, D) is isomorphic to the pair (X,, 0X,). One can then
check that in this local model, the only possible blow-ups satisfying the definition of toric
blow-ups come from subdivisions of the cone o, i.e., toric blow-ups of X, . Indeed, the
exceptional divisors of toric blowups are the only divisors with discrepancy —1. This gives
the desired correspondence. The second statement is then easily checked. 0

Example 1.7. — It is easy to see that if Y is a non-singular toric surface and D =
dY is the toric boundary of D, then in fact the affine structure on B extends across the



MIRROR SYMMETRY FOR LOG CALABI-YAU SURFACES I 79

origin, identifying (B, ) with (Mg, Xy), where Xy is the fan for Y. Indeed, if p; € Xy
corresponds to the divisor D; and p; = R-v; with v; € M primitive, then it is a standard
fact that

viot + (D)*v; 4+ v = 0.

Since Y is non-singular, there is always a linear identification ¢; : M — Z? taking v;_; to
(1,0), v; to (0, 1), and thus v;;; must map to (—1, —D?). So on Uj;, a chart for the affine
structure on B is ¥/ = ¢ o ¥; : U; — Mg. The maps ¥/ glue to give an integral affine
isomorphism B — Mg.

In fact, the converse is also true:

Lemma 1.8. — If the affine structure on By = B \ {0} extends across the origin, then Y s toric
and D = 0Y.

Progf: — We first note that by Lemma 1.6, we can replace (Y, D) with a non-
singular toric blow-up without affecting the affine manifold B. By Proposition 1.3, we
can thus assume the existence of a toric model 7 : (Y, D) — (Y, D). If D; is the image of
D; under this map, then l_)f > D?.

We first claim that (Y, D) is isomorphic to (Y, D) if and only if equality holds for
every . Indeed, if equality holds for a given 7, then 7 can’t contract any curves which
intersect D;. On the other hand, m can’t contract any curves contained in Y \ D since
then D would not be an anti-canonical cycle.

Now assume that (Y, D) is not toric, so that 7 is not an isomorphism. Let (Mg, >)
be the fan for the toric pair (Y, D), with rays pi, ..., P, corresponding to py, ..., p,. In
general, B\ p; has a coordinate chart ¥ : B\ p; — Mg, constructed by gluing together
coordinate charts for Uy, ..., U,. This can be done so that o, 5 is mapped to the cone of
¥ generated by 5, and p. It is now enough to show the following:

Claim. — For suitable chowce of py, in_fact W s igective and (B \ py) s strictly contained in
Mg\ p1.

To show this, first let us analyze the effects of one blow-up on these charts. Let
(Y,D) — (Y',D’) be given by a blow-up of a single point p € D’ for some ¢, where
(Y', D) is obtained from (Y, D) by a sequence of blow-ups with centers at smooth points
of the boundary. Let (B', £’) be the tropicalization of (Y’, D’). Let us examine the dif-
ference between the charts ¢ : B\ pj — Mg and ¢’ : B"\ p| — Mg defined as above.
If i=1, then B\ p;, and B\ p] are affine isomorphic and ¥, ¥’ agree. Otherwise,
let oy, = U}:Q 0;_1; C B, with o{ ; C B defined similarly. Then oy, and o/ ; are affine
isomorphic and ¥ |g, 1, = 1//’|01/1[_\p1. On the other hand, ¥|p\,,, =T;0 1//|B/\01/J where
T, : Mg — Mg is the shear T,;(m) = m + (m, n.)v!, where v! is a primitive generator of
¥'(p;) and n; € N is primitive, annihilates v;, and is positive on ¥'(0/ ).
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Fi. 1. — (B, X) for Example 1.9

Now note that D? > D? for at least one 7, and by choosing p; appropriately, we can
assume that this is the case for some ¢ # 1. Furthermore, we can also assume that if there
Isap € T with pj = —pi, then there is an ¢ with D? > D? with i # 1,;. Applying the
above description of the change of the coordinate charts under one blow-up repeatedly
then shows the claim.

Now if the affine structure on By extended across the origin, then ¥ would extend
to an isomorphism ¥ : B — Mg, which contradicts the claim. UJ

Example 1.9. — Let Y be a del Pezzo surface of degree 5. Thus Y is isomorphic
to the blowup of P? in 4 points in general position. The surface Y contains exactly 10
(=1)-curves. It is easy to find an anti-canonical cycle D of length 5 among these 10
curves.

In this case, consider B \ p,. Each chart ¥, : U; — Mg can be composed with an
integral linear function on Mg in such a way that the charts ¥y, V3, ¥4 and ¥ glue to
give a chart ¥ : B\ py = MRg. This can be done, for example, with

¥ (v) = (1,0), ¥ (vp) = (0, 1), Y(vs) = (=1, 1),
¥ (vy) = (=1,0), ¥ (vs) = (0, =1).

We can then take a chart ' : U; UU; — Mg which agrees with i on o5, and hence
takes the values

¥'(vs) = (0, = 1), Y'(v)=(1, =D, ¥'(v) = (1,0),

see Figure 1.

Thus B, as an affine manifold, can be constructed by cutting Mg along the posi-
tive real axis, and then identifying the two copies of the cone o0}y via an integral linear
transformation.
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Example 1.10. — Suppose given a Looijenga pair (Y, D) with D? < —2 for all ;
and D is negative definite (which is equivalent to D? < —3 for some ). Then we have an
analytic contraction p: Y — Y with Y having a single cusp singularity. This case will lead
to our proof of Looijenga’s conjecture. We can describe (B, ) as follows. Let M = Z?
and take vy, v; to be a basis for M, and define v, for € Z by the relation
<1-2> Vi1 + (]D2

¢ mod n

)UZ' + Vi1 = 0.

We define an infinite fan ¥ in Mg whose two-dimensional cones are the cones generated
by v; and v;4, ¢ € Z. It is easy to check that these cones do indeed form a fan and that
the support of the fan |f)| 1s a strictly convex cone. If we define T € SL(M) by T'(vy) = v,
and T(v,) = v,41, then T(v;) = v;y, for each i. Necessarily T takes |f]| to itself, so the
boundary rays of the closure of |5| are real eigenspaces for T. Hence T is hyperbolic,
re, Tr'T > 2.

We now obtain (B, ) by dividing out |i]| by the action of T'.

1.3. The Mumford degeneration and Givental’s construction. — The toric case of Theo-
rem 0.1 yields Givental’s construction for mirrors of toric varieties in the surface case, and
can also be seen as a special case of a construction due to Mumford [Mum]. Mumford’s
construction in general produces degenerations of arbitrary toric varieties; the construc-
tion as we review it here only gives degenerations of the algebraic torus. This should be
regarded as a warmup for our general construction.

A toric monoid P is a (commutative) monoid whose Grothendieck group PP is a
finitely generated free Abelian group and P = P N op, where op C P ®z R is a convex
rational polyhedral cone. Let M = Z" be a lattice, for some arbitrary rank ». Fix a fan X
in Mg =M ®z R, whose support, | X], is convex. In what follows, we view B = |X| as an
affine manifold with boundary. We denote by X,,,.« the set of maximal cones in 3.

We now generalize the usual notion of a convex piecewise linear function on a fan.
If one is interested in R-valued convex functions, then one can take P =N, op = R.,.
Then the following definition yields the notion of a piecewise linear R-valued function
with integral slopes, and convexity here means upper convexity, 1.e., the function is the
supremum of a collection of linear functions.

Definition 1.11. — A T-piecewise linear function ¢ : || — PR is a continuous function
such that for each o € Xy.x, @|o s given by an element ¢, € Homz(M, P) = N ®z PsP.

For each codimension one cone p € X contained in two maximal cones 0, 0_ € Tay, We can
wrile

Po, —Po_ =0, QKpy

where n, € N s the unique primitive element annihilating p and positive on o, and k, , € PP, We
call k,, , the bending parameter. Note (as the notation suggests) it depends only on the codimension one
cone p (not on the ordering of o, 0_).
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We say a X -piecewise linear function ¢ : |X| — PSP is P-convex (strictly P-convex) if
Jor every codimension one cone p € X, K, , € P (K, , € P\ P*, where P* 15 the group of invertible
elements of P).

Example 1.12. — Take a complete fan ¥ in Mg. This defines a toric variety Y =
Yy, which we assume is non-singular. We let P C P* be given by the cone of effective
curves,

NE®Y) C A, (Y, Z).

Each codimension one cone p € X corresponds to a one-dimensional toric stratum D, C
dY, hence a class [D,] € NE(Y) =P. If w € X(1), the set of rays of 2, we also write D,,
for the corresponding toric divisor.

Lemma 1.13. — Define 5: Ty, 1= Z*D — M to send the basis element t,,, @ € (1) to
the furst lattice point my, on @. Then

AY,Z)3 B~ Y (D, B,

wez(1)
wentifies A\ (Y, Z) with Ker(s), giving rise to an exact sequence
(1.3) 0—>A(Y,Z)—> Tx > M— 0.

Then there is a unique X -precewise linear section ¢ : M — T's, satisfying ¢(my,) = t,. Letw : Ty —
A\(Y,Z) be any splitting, and set ¢ =1 o @. Then ¢ : M — A(Y, Z) = P® 5 X -precewise
linear and strictly P-convex, with

(1.4) Kpo =[Dyl

Jor each codimension one cone p € L. Up to a linear function, ¢ is the unique % -piecewise linear map
with these bending parameters.

Progf: — The exact sequence is standard. Since X is a complete non-singular fan,
it is clear that there exists such a unique ¢. To calculate the kink along a codimension

one p € X, suppose p 1s generated by basis vectors ¢, ..., ¢,_; and p is contained in
two maximal cones, generated by ¢, ...,¢, and ¢, ...,¢,1,¢ = —¢, + Z;:ll a;¢;. Let
ti, ..., 1, t be the generators of Ty, mapping to ¢, ..., ¢, ¢ respectively. Then the kink
. —1 . ..

ISKpg=1,+1 — Z?:l a;t;. On the other hand, if Dy, ..., D,, D/ are the divisors corre-

sponding to the rays generated by e, ..., ¢, ¢, respectively, then D, - D, =D/ - D, =1
and using the rational function 2%, D; is linearly equivalent to —¢D/ plus a sum of toric
divisors disjoint from D,. Thus D; - D, = —g; and we see that «, ; is the image of [D,]
under the inclusion A, (Y, Z) — Tx. Thus k) 7. = 7 (k, ) = [D,] as required. ]
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Given a X-piecewise linear and P-convex function ¢ : |X| — P* we can define a
monoid P, C M x P* by

(1.5) P, :={(m, ¢(m) +p) Ime ||, p € P}.

This 1s the set of integral points lying above the graph of ¢, in the sense given by the
partial order on P defined by p; > po if p; — po € P. The convexity of ¢ is equivalent
to P, being closed under addition. Furthermore, we have a natural inclusion P < P,
given by p > (0, p), which gives us a morphism

S : Speck[P,] — Speck[P].

This morphism is flat as k[P, ] is freely generated as a k[P]-module by all elements of
the form "¢ m e |Z|. It is easy to see that a general fibre of / is isomorphic to the
algebraic torus Speck[M]: in fact, if we consider the big torus orbit U = Speck[PP] C
Speck[P], /7' (U) = U x Speck[M].

We now describe the fibres over other toric strata of Speck[P]. Let x € Speck[P]
be a point in the torus orbit corresponding to a face ) C P. Then by replacing P with the
localized monoid P — Q) obtained by inverting all elements of (), we may assume that x
1s contained in the smallest toric stratum of Speck[P]. Consider the composed map

¢ |3 |5 PP — PP /P,

Note @ is also piecewise linear. Let ¥ be the fan (of convex but not necessarily strictly
convex cones) whose maximal cones are the maximal domains of linearity of ¢. Then
f7'(x) can be written as

f (%) = Speck[Z].

Here,

k[Z] = @ k"

meMN|Z|
with multiplication given by

/
, Zm-i—m

if m, m’ lie in a common cone of X,
<1.6> Zm . zm —

0 otherwise.

In particular, the irreducible components of /! (x) are the toric varieties Speck[o N M]
foro € imax.

In the particular case that rank M = 2 and X defines a non-singular complete sur-
face with 7 toric divisors, suppose @ is strictly convex. If x is a point of the smallest toric
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stratum of Speck[P], then f “(x) is just V,, C A", the reduced cyclic union of coordi-
nate A%’s:

V,=A’ UA U.--UA’ CA!

X1,%2 X2,X3 X, X1 seensn”

We call V,, the vertex, or more specifically, the n-vertex.
We will need in the sequel the degenerate case of the n-vertex for n = 2. This is a
union of two affine planes and can be described as the double cover

— 2 2 9\ _ A2 2
. 9 = s X2, =
(1.7) V, = Speck[xi, x0, 71/ (y xle) A UA

X1,X9 x9,X1 "

Of course, this does not appear as a central fibre of a Mumford degeneration. Analo-
gously, one can define

(1.8) V, = Speck][x, y, ,z]/(@)z — ¥ = ,ZS),
the affine cone over a nodal curve embedded in weighted projective space WP?(3, 1, 2).

Example 1.14. — In Example 1.12, with the choice of ¢ given by Lemma 1.13, the
family

Speck[P,] — Speck[NE(Y)]

in fact gives the family of mirror manifolds to the toric variety Y, as constructed by Given-
tal [Giv].

In fact, the mirror of a toric variety also includes the data of a Landau-Ginzburg
potential, which is a regular function. If' Y 1s Fano, the potential is

W — Z Z(mp#’(mp))
o

where we sum over all rays p € X, and m, € M denotes the primitive generator of p.
If'Y is not Fano, the potential receives corrections which can be viewed as coming from
degenerate holomorphic disks on Y with irreducible components mapping into D.

2. Modified Mumford degenerations

In this section, we fix (Y, D) a Looijenga pair, and let (B, X) be the tropicalisation
of (Y, D) defined in Section 1.2. The fan ¥ contains rays py, ..., p, corresponding to
divisors Dy, ..., D,, ordered cyclically. As usual, we write the two-dimensional cones of
Y as 0; ;41 being the cone with edges p; and p;;;, with indices taken modulo 7.

We explain how to generalize Mumford’s degeneration, to give a canonical formal
deformation of V) =V, \ {0} associated to (Y, D) if n > 3. Locally on By the picture is
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toric and we have Mumford’s degenerations described in Section 1.3. As Mumford’s con-
struction 1s functorial, the deformations built locally patch together canonically: this is a
minor variation on the ideas of [GS07]. In particular, Sections 2.1 and 2.2 are variations
of ideas in [GSO7]. However, it differs crucially in several respects which prevent us from
just referring to [GSO07]. First, we work with piecewise linear functions with values in a
vector space Py rather than just R. This allows us to construct higher dimensional for-
mal families, namely over the completion of Speck[P] at the zero-dimensional stratum.
Second, by avoiding a description of local models in codimension at least two, we avoid
some of the technical complexities of [GSO07].
Here are the details.

2.1. The uncorrected degeneration. — We fix some notation. For any locally constant
sheaf F on By, and any simply connected subset T C By we write JF; for the stalk of this
local system at any point of 7 (as any two such stalks are canonically identified by parallel
transport). In particular, we apply this for the sheaf A of integral constant vector fields,
as well as for the sheaf Ag := A ®z R.

For each cone T € ¥ with dimt = 1 or 2, we write t~'Z for the localized fan of
convex (but not strictly convex) cones in A; g described as follows. If dim7 = 2, then
77!'T just consists of the single cone A;g. If dimt = 1, then T7'Z consists of three
cones: the tangent line to 7 and the two half-spaces bounded by the tangent line to 7.

Let P € P#P be a toric monoid as in Section 1.3.

Definition 2.1. — A (Pg -valued) E-piecewise linear multivalued function on B is a
collection ¢ = {¢;} with @; a X -piecewise linear function on U; with values in Py .

Note this is equivalent lo giving a p; ' B-piecewise linear function ¢; : Ag ,, — Pa for each
ray p; € X. Two such functions @, ¢ are said to be equivalent if ¢; — . is linear for each i. Note
the equivalence class of ¢ 1s determined by the collection of bending paramelers «, , € PSP, We say the
Junction 15 convex (strictly convex) i/ k, , € P (k, , € P\ P*) for each p.

We drop the modifiers X and P when they are clear from context.

Construction 2.2. — The collection {¢;} determines a local system P on B, as fol-
lows. First, we can construct an affine manifold Py, which comes along with the structure
of Py -principal bundle 7 : Py — By and a piecewise linear section ¢ : By — Py as follows:
we glue U; x PR to U;; x PR along (U;NU,;, ;) x PR by

(x, p) = (%, p 4 i1 (¥) — @i ().

By construction we have local sections x = (x, ¢;(x)) which patch to give a piecewise
linear section @. One checks immediately the isomorphism class (of the P -principal
bundle together with the section) depends only on the equivalence class of {¢;}. The
bundle Py — By can be viewed as a tropical analogue of a sum of line bundles, and {¢;}
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yield a section of this vector bundle. Convexity is analogous to holomorphicity of the
section.

We then define
P:=m.Ap, = ¢ ' Ap,
on By. We have an exact sequence
(2.1 0—>PP>P-5A—-0

of local systems on By, where r is the derivative of 7.
Note over U, the description of Py as U; x PR’ gives a splitting Plu, = Aly, x PP.

Example 2.3. — Our standard example, fundamental to this paper, will be as fol-
lows. Suppose P is a monoid which comes with a homomorphism 7 : NE(Y) — P of
monoids.

Choose ¢ by specifying ¢; on U, by the formula

Ko =1 ([Di]) .

Such a ¢ is well-defined up to linear functions, and always exists. This is always convex,
and 1s strictly convex provided 1 ([D;]) is not invertible for any z.

Now suppose given a piecewise linear multivalued P-convex function ¢ on B. We
explain how Mumford’s construction determines a canonical formal deformation of V7,
restricting to the case n > 3 for ease of exposition.

For each T € ¥ with dimt > 0, ¢ determines a canonically defined 77!'%-
piecewise linear section ¢, : Ar; — Pr ; of the projection Pr; — Ar.. If U, N1 # 0,
we use the representative ¢; on U; and extend it linearly on each cone in the fan 77'S
to obtain a P-convex piecewise linear function on 7' X, which we also write as ¢;. Then
the section ¢, is defined as in Construction 2.2 by x — (x, ¢;(x)), using the splitting
Pr: = Agr: X P%’. We note a different choice of representative of ¢; leads to a different
choice of splitting and the same section ¢, so this section is well-defined.

Now define the toric monoid P, C P, by

(2.2) P, = {qepf|q=p+gof(m) forsomepEP,meA,}.
By the definition of convexity of ¢, we have canonical inclusions
(2.3) p, CP, CP,
whenever p Co € X. If p € ¥ is aray with p C oy € X, we have the equality

(2.4) P, NP, =P,
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Defination 2.4 (Monomial ideals). — A (monoid) ideal of a monowd P is a subset 1 C P such
that p € 1, g € P implies p + q € 1. An ideal determines @ monomial ideal in the monoid ring K[P],
generated by monomials 7 for p € 1. We also denote this ideal by 1, hopefully with no confusion. As a

consequence, we shall sometimes write certain ideal operations either additively or multiplicatively, 1.e., for

JCP,
K ={p+---+plp €], 1 <1<k}

and the corresponding monomial ideal is J*.

Let v =P\ P*. This is the unique maximal ideal of P, defining a monomial ideal m C k[P].
Note k[P]/m = k[P*].

We say an wdeal 1 C P 1s m-primary i

m=+1:= {p € P| there exists a positive integer k such that kp € 1},

in which case the same holds for the associated monomual ideal 1 C k[P].

Recall from Section 1.3 that we are only considering toric monoids P, i.e., monoids
which are the intersection of rational polyhedral cones op with lattices. Such monoids are
always finitely generated, so that k[P] is Noetherian. If op is strictly convex, then m is the
maximal ideal corresponding to the unique torus fixed point of Spec k[P].

Fix an ideal I C P, and recalling that we write R = k[P], set

R;:=k[P]/L.
We define for T € X, dimt > 0, the ring
R :=k[P,, ] ®r Ry,

noting that P acts naturally on P, by addition. So SpecR; is a base-change of the
Mumford degeneration induced by ¢, on the localized fan 7' Z.
One observes

Proposition 2.5. — Let v; denote the primitive generator of the tangent ray to p;, for each i. Then
viewing 77+ € K[P] as determining an element in Ry, we have
Ri[X;, X5 Xip] o
(2.5) = R,.1
(KXo 1 Xy — 220X, )

via the map
Xib> 27 jeli—1,4,i+ 1}
Furthermore, there are natural maps

l//pi»* : Rpin - RUi—l.in’ w,o,ﬂr : Rpi,I — R

0jit1,1
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induced by the inclusions P, = C P, which induce isomorphisms
Pi ot
~ ~
Ry Dxi = RU{—],iaI’ (Rpi»T)Xm = ROz‘,m,I'

Progf: — We need to check that the ideal on the left-hand side is mapped to zero, as
the rest is obvious. Note by construction of B, v;,_; + Df)gvi + v =0 as elements of A,
so one sees in fact that ¢, (v;_1) + @, (V1) =Kp, 0 — Di/ppi(vl—). The result then follows
easily. 0J

Remark 2.6. — Since SpecR,, 1 — SpecR| is a base-change of the Mumford de-
generation, we can in fact say what a fibre of this morphism is over a closed point x in the
smallest toric stratum of Speck[P], i.e., a point in SpecRy,. This depends on whether
Kp.o € P 1s invertible or not. If it is not mvertible, then the fibre is Spec ]k[,oi_IE] =
Speck[X; 1, X1, X'/ (X1 Xi1). If k., is invertible, then the fibre is Spec k[Z?]. In
this latter case, if p; C 0, in fact the map R, ; = R, 1 induced by the inclusion P, C P,
is an isomorphism.

Somewhat more generally, if J] C P is a radical ideal with «,, , € J, then in fact
R, =Rylp 2],

(o

Fort e &, dimt > 1, set
U, :=SpecR; .

The maps ¥, + induce open immersions Us,_, .1 <> U, 1 and U, .., <> U, 1. Denoting
the image of each of these immersions as U, ,, 1 and U, 5, . 1 respectively, we note
that

<2°6> UﬂiﬂH,iJ N Uﬂi»m,ml = SpeC(RPiJ)XHXM = (G"I)Q X SpeC(RI)zK”i"p

Note that if k), , € V1 then the localization (k[P] /1) xeie 1s zero, and the intersection is

empty.
We can now define our analogue of the Mumford degeneration.

Construction 2.7. — Suppose that the number of irreducible components n of D
satisfies n > 3, that ¢ is a PL. multivalued function, and I C P an ideal such thatk, , € Vi
for all rays p € X. Then there are canonical identifications of open subsets

~ ~
UﬂiJ D U,Oz',ffi.iHJ = UUi,iJrl»I = Upz+1ﬂz‘.z‘+1,1 C Upi+1,1

which generate an equivalence relation on [ [. U,, 1, and the quotient by this equivalence
relation defines a scheme X{ over SpecR;.
One checks easily that the canonical isomorphisms of

U B g Upi,I and U 1 g U

Pis0i,i+1 Pi+1,0%,i415 Pit1,1

satisfy the requirements for gluing data for schemes along open subsets, see e.g., [H77],
Ex. I12.12.
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Remark 2.8. — X{ only depends on the equivalence class of ¢, since the monoids
P, are canonically defined, independently of the choice of representative for ¢.

We first analyze this construction in the purely toric case:

Lemma 2.9. — For (Y, D) toric and ¢ a single-valued convex_function on B = Mg, X{ w5 an
open subscheme of the Mumford degeneration Spec k[P, ]/IK[P,], and

H’(X{, Ox;) = k[P, ]/IKk[P,].

Proof. — Note that for T € X, t # {0}, the monoid P, is isomorphic to the local-
ization of P, along the face {(m, ¢(m)) | m € T "M}. Thus Speck[P,, ] is an open subset of
Speck([P,] and Speck[P,, ] ®p; k[P]/]is an open subset of Speck[P,]/1k[P,]. Further-
more, the gluing procedure constructing X{ is clearly compatible with these inclusions, so
X{ is an open subscheme of Speck[P,]/Ik[P,]. Next, looking at the fibre over a closed
point, one sees easily that the underlying topological space of these fibres is obtained
just by removing the zero-dimensional torus orbit from the corresponding fibre of the
Mumford degeneration. The closed fibres of the Mumford degeneration are Sy by [A02],
2.3.19. Thus by Lemma 2.10, the result follows. UJ

Lemma 2.10. — Let w : X — S be a flat_famuly of surfaces such that the fibre X satisfies
Serre’s condition Sy for each s € S. Let 12 X C X be the wnclusion of an open subset such that
the complement has finite fibres. Then 1,Ox. = Ox. Similarly, if F is a coherent sheaf on S then
i*(OX() ®JT*./—") = OX Qm*F.

Progf: — Tor the first statement see, e.g., [H04], Lemma A.3, (the assumption that
the fibres are semi log canonical is not used). The second statement follows from the first
by dévissage. U

Defination 2.11. — Let Bo(Z) denote the set of points of By with integral coordinates in an
integral affine chart. We also write B(Z) = By(Z) U {0}.

Given the description of Remark 2.6, the following lemma is obvious.

Lemma 2.12. — Suppose n > 3 and we are given a convex multivalued precewise linear function
¢ and a radical monomial ideal J C P such that k,, , € J for all rays p € X. Then 1f x € SpecR;
is a closed pownt, the fibre of XJ” — Spec R over x is (Speck[X]) \ {0}. Here, K[X] denotes the k-
algebra with a k-basis {Z" | m € B(Z)} with multiplication given exactly as in (1.6), and O s the closed
point whose ideal is generated by {2 | m # O}. In particular, the fibre is isomorphic to V. Furthermore,
with R[Z]:= Ry @ k[X],

X[ = (Spec Rj[]) \ (SpecRy) x {0}.
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2.2, Scattering diagrams on B. — Next we translate into algebraic geometry the in-
stanton corrections. To construct our mirror family we will use the canonical scattering
diagram D" defined in Section 3.1, (which is the translation of the instanton corrections
associated to Maslov index zero disks), but as the regluing process works for any scattering
diagram (and we will make use of this greater generality in [K3]), we carry it out for an
arbitrary scattering diagram.

We continue with the notation of the previous sections, with (Y, D), (B, £), P an
arbitrary toric monoid, and ¢ given. We also fix a monomial ideal J C P such that ] = \/j .
Denote by R the completion of k[P] with respect to the ideal J, and for any 7 € X, 7 # 0,
denote by

L —

k[Py,]

the completion of the ring k[P, ] with respect to the ideal Jk[P,, ].

We will now define a scattering diagram, which encodes a modification of the con-
struction of X{. Unlike the previous subsection, where we assumed n > 3 for ease of
exposition throughout, in this subsection we can allow any number of irreducible com-
ponents of D except where noted.

Definition 2.13. — A scattering diagram for the data (B, ), P, ¢, and ] is a set

D ={0.4))

where

(1) © C B is aray in B with endpoint the origin with rational slope.  may coincide with a ray
of X, or lie in the interior of a two-dimensional cone of X.
(2) Let Ty € X be the smallest cone containing O. Then fy ts a formal sum

f=1+) ¢ cklP, ]
b4

Jor ¢, € k and p running over elements of Py, such that r(p) # O and r(p) is tangent
lo 0. Here v 15 defined by (2.1). We _further require that 0 satisfy one of the _following two
properties:
(@) For those p with ¢, # 0, r(p), viewed as a tangent vector at an interior point of 0, points
towards the origin, in which case we say that 0 s an outgoing ray.
(b) For those p with ¢, # 0, r(p) points away from the origin, in which case we say that 0
i an incoming ray.
(8) Ifdimty, =2 orifdimty =1 and k+, , €], then fy = 1 mod].
4) For any ideal 1 C P with /1 =], there are only a finite number of (3, f3) € D such that
S FE modIk[P%].
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Construction 2.14. — We now explain how a scattering diagram ® is used to modify
the construction of X7, as given in Construction 2.7. Suppose we are given a scattering
diagram © for the data (B, ¥), P, ¢ and J, and an ideal I with VI =J. We assume that
Koo €J for all rays p € ¥ and that n > 3 as in Construction 2.7.

We will use the scattering diagram ® to modify both the definition of the rings
R, 1 as well as the gluings of the schemes defined by these rings. First, we modify the
definition of R, 1, setting

Ri[Xi-1, X;H7Xi+1]
—D2.
KXo X — 290X, ")

2.7) R, :=

Here /), is an element of Ry [XZ:«H] defined by

Jo=T] f modIkP, ],

(©./p)eD
0=p;

identifying X; with %) as in Proposition 2.5. Note this is a generalization of the old
definition of R, 1, which we obtain if ,, = 1. Thus we continue to use the same notation.

Retaining the definition R, ; =Kk[P, ] ®r R for dimo = 2 from the previous sub-
section, we note that there are maps

wﬂi,— : Rpi-,l - Rai—l.hI’ I/f/oi,+ : RP:‘,I —R

0iit+1,1»

given by
V- (X)) = 2, Yo —(Xiz1) = i1 VY — (Xig1) :ﬁ)iiw”f(v”l),
Vo (Xi) = 220, Vo (Ximy) = /5,270, Vo (X)) = 22200,

Furthermore, v, + induce isomorphisms

(2.8)

Wﬂi»‘f‘ : (RﬂisI)XH—l — RU[,H—MI’ vjﬂis_ : (RpiwI)Xi—l e R‘Ti—],iﬁl'
Set for T € X\ {0}
U, :=SpecR;.

One checks easily that the natural map U, — SpecR; is flat. The maps v, + induces
canonical embeddings U,,_, .1, Uy, ., 1 <> U, 1, and we denote their image by U, ,._, .1
and U, o, .., 1 respectively. Note that (2.6) continues to hold.

Next, consider (0, f5) € ® with 1y =0 € X,,,,. Let y be a path in By which crosses
0 transversally at time 4. Then define

07,’0 . RU,I —> RU,I
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Pi+1

Fic. 2. — The path y,. The solid lines indicate the fan, the dotted lines are additional rays in ®. The solid lines may also
support rays in ©

by

9%0 (zp) — %(na,r(ﬁ))

where n, € A’ 1s primitive and satisfies, with m a non-zero tangent vector of 0,

(ﬂa, m) =0, (ﬂa, ]/(l‘())) < 0.

If y 1s not differentiable at #, which might occur for broken lines, see Definition 2.16, this
inequality is interpreted to mean that n, is positive at y ({y — €) and negative at y ({ + €)
for € > 0 small. Note that f; is invertible in R, since f, = 1 mod]Jk[P,, ], so fo — 1 is
nilpotent in R, .

Let D1 C D be the finite set of rays (9, fo) with f; # 1 modIK[P,, ]. For a path y
wholly contained in the interior of o € X, and crossing elements of ®; transversally,
we define

0}/,9 = anan ©---0 97/#01 ’

where y crosses precisely the elements (01, /5,), ..., (0., /,) of Dy, in the given order.
Note that if two rays 0;, 0;;; in fact coincide as subsets of B, then 0, 5, and 6, 5,,, com-
mute, so the ordering is not important for overlapping rays.

To construct Xj 5, we modify the gluings of the sets U, 1 along the open subsets
U, o.1. For each 7, we have canonical identifications of open subsets

~ ~
Upi,l D Upz’,tfi,i+1,1 = Uo'i,i+le = Upi+1,<fz.z+1,1 C Upi+1,1

We can modify this identification via any automorphism of Uy, .., . We do this by choosing
apath y; : [0, 1] — B whose image is contained in the interior of 0; 1, with y;(0) a point
in 0,4 close to p; and y;(1) € 0,4, close to p;4, chosen so that y; crosses every ray

0, f») of ®; with 1, = 0; ;4 exactly once, see Figure 2.
We then obtain an automorphism
9%',53 : Rﬁi,ml - R(fi.iJrlyI’
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hence, after taking Spec, an isomorphism
0y UPHI,JLHIJ - Upi90i,i+ly1‘

We now define X{ 5 by dividing out [ [, U, by the equivalence relation given by identi-
fying X € Upmﬁi.iﬂl - Upi+1»1 with 9%,@ (X) € Upi»Uz‘,Hle c U,Oz’,I' 0

2.3. DBroken lines. — We continue to fix a rational surface with anti-canonical cycle
(Y, D) as usual, D having an arbitrary number of irreducible components, giving (B, X),
as well as a monoid P, a multivalued P-convex function ¢ on B, J C P an ideal with
\/J =], and a scattering diagram ® for this data. Broken lines were introduced in [G09]
and their theory was further developed in [CPS].

Defimition 2.15. — Let B be an integral affine manmifold. An integral affine map y : (4, tr) —
B from an open interval (t,, ty) s a continuous map such that for any integral affine coordinate chart
Y :U— R of B,y oy :y ' (U) - R" is integral affine, i.e., is given by t +— tv + b _for some
veZ'and beR".

Note that for an integral affine map, y'(t) € Ag., -

Definition 2.16. — A broken line y i (B, X) for ¢ € Bo(Z) with endpoint Q) € By is
a proper continuous precewise integral affine map y : (—o0, 0] = By with only a finite number of
domains of lineanty, together with, for each L. C (—00, 0] a maximal connected domain of linearity
of v, a choice of monomial my, = ¢,z where ¢, € kK* and g1, € T (L, y ="' (P)|1), satisfying the
Jollowing properties.

(1) For the unique unbounded domain of linearity L, y |1, goes off to infinity in a cone 0 € X i
as t — —00, and q € o. Furthermore, using the wdentification of the stalk P, for x € &
with Py, my, = 29°@.

(2) Foreach Landt € L, —r(qr) = y' (1), where r is defined in (2.1). Also y (0) = Q € By.

(3) Lett € (—00,0) be a point at which y s not linear, passing from domain of linearity L. to
L'. Ify@t) et € X, then P, = P:, so that we can view q1, € Py and r(q1) € A;.
Let 0y, ..., 0, €D betherays of D that contain y (1), with atached functions fy.. Then
we require that 'y passes from one side of these raps to the other at time t, so that 0, o, s
defined. Let n = ny, be the primative element of A7 used to define 0, o.. Expand

b
(2.9) 1‘[ ﬁiﬁ,f'(qL>>
j=I1

—_—
as a_formal power series in K[Py, 1. Then there is a term ¢z’ in this sum with

my; =my, - (CZJ)-
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Remark 2.17. — Using the notation of item (3) above, by item (2) of the definition,

(2.10) (n, 7(qr)) > 0.

L —

This is vital to interpret (2.9). Indeed, if 7 is a ray, f;, need not be invertible in k[P, ], so
(2.10) tells us that (2.9) makes sense in this ring.

Example 2.18. — We give a first example of broken lines, in the case where B is as
given in Example 1.10 and ® = @, so that there is no possibility of bending. Nevertheless,
there 1s quite non-trivial behaviour. For an example including bending, see Example 3.7
after the introduction of the canonical scattering diagram.

Given g € By(Z), Q € B, general, we can choose lifts ¢, Q to the universal cover

=|2|\ {0} of By. Let 7w : By — By be the covering map. Fixing the lift Q, for any lift
q we obtain a broken line y : (=00, 0] — By given by y (¢) = JT(Q {q). As this has one
domain of linearity L, we decorate L with the monomial 2%7@_ where g€ o € X. Note
there are an infinite number of such broken lines, one for each lift of ¢. Dealing with this
non-finiteness is a key part of the proof of Looijenga’s conjecture in Section 7.

The next lemma and corollary are crucial for interpreting the monomials

Lemma 2.19. — Let o_, 0 € X be the two maximal cones containing the ray p € 2. If
g € Py, with—r(q) € Int(p~'01) C A, @z R, then
qeP,, =P, NP

Poy *

Progf. — By the definitions there exist p,k, , € P and n, € A7 annihilating the
tangent space to p and positive on o such that

7=, (r(9)) +p
Do, (—7(9)) = o (=1(9) + (np, —1(D)ic) -
Since (n,, —r(¢)) > 0
7= 05, (@) +p+(n,, —1()ic, o € Py, . O
An immediate consequence of this lemma is

Corollary 2.20.

(1) Let y : [t1, toy] — Bo be wntegral affine. Suppose that y(4,) € 11, y (&) € 9. Suppose
also we are given a section ¢ € T'(y ~VP) such that —r(q) = y'(t) for each t. If

q(t) € Py, CPry =Py,
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then
q(t) € Py, CPry =Pyy-
(2) If'y s a broken line, t € L. a maximal domain of linearity with y (t) € T, then
P, CP.=P,u.

Proof. — The first item follows immediately from the lemma. The second item fol-
lows from the fact that if ¢ << 0 lies in the unbounded domain of linearity with y (¢) € o,
then my, = 2°? € P, by construction. Then this holds for all ¢ by item (1) and Defini-
tion 2.16, (3). O

The convexity of ¢ puts further restrictions on the monomial decorations of a
broken line.

Defination 2.21. — Let J] C P be a proper monoid ideal. For p € J there exists a maximal
k> 1 such that p = py + --- + pp with p; € J. We define ordy(p) to be this maximum, and define
ordj(p) =0 peP\].

For x € T, q € Py, define ord; (q) := ordj(q — @ (1(¢))). This measures how high q s
above the graph of .. If v is a broken line and t € L. a maximal domain of linearity, define

ord; , (#) = ordj ) (q1),
using y (1) € T and q1, € P,, TPy .
Lemma 2.22. — Let y be a broken line. Then if t < ¢,
ordy, () < ordy, (¢),

with strict inequality if either t and ¢ lie in different domains of linearity or for some t" with t < t" < t',
y (") lies in aray p € X with bending parameter k., , € J.

Proof. — This is immediate from the definitions and the proof of Lemma 2.19. [

Definition 2.23. — For T an ideal in P with N1=], let

Supp;(D) := U 0
0

where the union is over all (9, fo) € D such that fo # 1 modIK[Py, 1. By Definition 2.13, (%), this
is a finite union.
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Definition 2.24. — Let 1 be an ideal of P with /T =], and let Q € B\ Supp,(D),
QerteX Forqge By(Z), define

(2.11) Lift(¢) := Y _ Mono(y) € k[P,,1/I-Kk[P,,].

14

where the sum 1s over all broken lines y for q with endpoint Q, and Mono(y) denotes the monomial
attached to the last domain of linearity of y . The word “Laft” is used to indicate that this is, as we shall
show, a lifting of @ monomial Z! on Xy & lo X{ 5. The fact that Lifi(q) les in the siated ring follows

Jfrom:

Lemma 2.25. — Let Q € 0 € X,0x, ¢ € Bo(Z). Let 1 be an ideal with VI =]. Assume
that k, , € J for at least one ray p € 3. Then the following hold:

(1) The collection of y in Definition 2.24 with
Mono(y) €1-Kk[P,, ]

s finite.
(2) If one boundary ray of the connected component of B\ Supp (D) containing Q) s a ray
p € X, then Mono(y) € K[P, 1, and the collection of y with

Mono(y) €1- k[P(pp]
i finute.

Proof: — Note there is some £ such that J* C I because k[P] is Noetherian. If y is
a broken line with Mono(y) €1-Kk[P, ], then y crosses the rays of ¥ in a cyclic order.
Indeed, this follows from condition (3) of Definition 2.16, as a broken line must cross from
one side to the other of each ray of ® it intersects. From this, the hypotheses on the «, ,
imply that in any set of at least n consecutive rays of X that it crosses, there is at least
one ray p with k, , € J. By Lemma 2.22, ordy ,, increases every time y crosses such a ray,
and also every time y bends at a ray 0 not contained in a ray of X. Once ord;, > £,
Mono(y) € 1-Kk[P,, ]. Hence there is an absolute bound on the number of rays of X
that y can cross, and the number of times y can bend. When y crosses a ray, there are
a finite number of terms in (2.9) modulo I - k[P, ], as the exponent is always positive,
see Remark 2.17. Thus there are a finite number of possible choices of bend, and hence
only a finite number of possible choices for the exponent of Mono(y) modulo I - k[P, ]
once the initial monomial of y is fixed. Given any prescribed sequence of bends and
initial direction, one sees that there is only one possibility for the underlying map y with
endpoint a fixed point Q) by tracing the broken line back from Q. Each such underlying
map Y supports only a finite number of broken lines modulo I - k[P, ]. This yields the
finiteness of (1).
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The argument for the finiteness statement in (2), once the first part of (2) is es-
tablished, is the same. For the first part of (2), consider a broken line y contributing to
Liftg(¢). We take Q) € o, in the notation of Lemma 2.19. Write Mono(y) = ¢ 2. If
r(q.) € p~'o, then the statement follows from Lemma 2.19. Otherwise (by the definition
of broken line) y crosses p, which is the last ray of ¥ and the last ray of Supp,(D) it
crosses before reaching (). Now the result follows from Lemma 2.19 and the definition of
broken line. U

Definition 2.26. — Assume that k, , € J for at least one ray p € X. We say a scattering
diagram ® is consistent if for all ideals 1 C P with ~/1 =] and for all q € By(Z), the following
holds. Let Q) € By be chosen so that the line joining the origin and Q has wrrational slope, and Q' € By
simalarly. Then:

1) 7 "€ 0 € X, then we can view Liftg (q) and Lifty (q) as elements of R, 1, and
olq o \q
as such, we have

Lifty (¢) = 8.5 (Lifto(¢))

Jor y a path contained in the interior of o connecting Q to Q.

2) IfQ_€o_ and Q € 04 with oy € Xya and p = 04 No_ a ray, and furthermore
Q_ and Q. are contained in connected components of B\ Supp, (D) whose closures contain
p, then Liftg, (q) € Ry, 1 are both images under Vr, + of a single element

Lift,(¢) e R, 1.
Of course the definition is introduced so that the following construction works:

Construction 2.27 (Construction of ,). — Suppose D C Y has n > 3 irreducible com-
ponents, and that ® is a consistent scattering diagram for data (B, ¥), P, ¢ and J. Assume
further that «,, , € J for all p € X, so that we may apply Construction 2.14. We now con-
struct for any I with VI =] a function ¥, € I'(X{ 5, OX?,z) for ¢ € B(Z) = B, (Z) U {0}.

We define ) = 1. Next, let ¢ € Bo(Z). For each ray p € ¥ contained in 04 € X,
choose two points Q;JDE € B, one each in the two connected components of B\ (Supp,(D)U
p) which are adjacent to p, with QF € oy and Q] € 0_.

We first note that Lift+ (¢) is a well-defined element of R, 1, independent of the
particular choice of Qf: given a choice say of Q = Q¥ and another choice Q', we
take a path y connecting Q and Q' wholly contained in the connected component of
B\ (Supp;(®) U p) containing Q and Q. By Definition 2.26, (1), it then follows that
Liftg (¢) = Liftg (¢).

By Definition 2.26, (2), we have an element Lift,(¢) € R, whose image under
Y+ 1s Liftg(¢). It then follows via another application of Definition 2.26, (1), applied
to the path of Figure 2, that if p, p’ are adjacent rays in X, then Lift,(¢) and Lift, (¢)
glue under the identification of open subsets of U, and U, 1 given by 6, 5. Thus all
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these elements of the rings R, 1 for p € ¥ glue to give a regular function on Xj 5, by
construction of this latter space. This regular function is what we call ¥,.

Theorem 2.28. — Suppose D has n > 3 wrreducible components, and let ¢ be a multivalued
precewise linear function on B such that , , € J for all rays p € L. Let D be a consistent scattering
diagram and 1 C P an ideal with \/1=]. Set

X; :=Spec'(X] 5, OXf@)'

Since X{ o has the structure of a scheme over Spec Ry, so does X, which we write as
Ji: Xy — SpecRy.

T hen

(1) X contains X & as an open subset and fy 1s flat with fibre over a closed point x of Spec Ry
wsomorphic to the n-vertex 'V,,.
(2) For each q € B(Z), there is a section ¥, € T'(Xy, Ox,), and the set

{9,10€B@)}
is a free Ry-module basis for T (X;, Ox,).

Progf: — Construction 2.27 constructs regular functions ¥, on Xy 5, hence by def-
inition of Xj, we obtain ¥, € I'(X, Ox,).

Now note that Xj 5 = Xj as defined in Section 2.1. Indeed, for any (9, /) € D with
dim 7, = 2 we have f = 1 mod]J, so the open sets U, j, U, j are glued trivially. Similarly,
if dim 7, = 1 then since «, , € J, the rings R, 1 as given in (2.7) and (2.5) coincide and are
glued trivially. Thus with I =], we see the gluing constructions 2.7 and 2.14 coincide.

Note that with the assumption that «,, , € J for all rays p,

Xj= (SpecRy[Z1) \ (SpecRy) x {0}
by Lemma 2.12. We see that the canonical map

P ry- v, - I(X), 0x)

¢€B(Z)

is an isomorphism. Indeed, by Lemma 2.10, I"(X{, OXJ”) = Ry[X]. Furthermore, under
this isomorphism, ¥, is clearly taken to ;7 € Rj[X]. This is because the only broken lines
contributing to Liftg(¢) modulo J for any Q) is the straight line with endpoint Q, and this
provides a contribution only if Q) lies in the same maximal cone as g¢.

It also follows that X := SpecF(Xj, OXj’) = SpecRj[X] is flat over SpecR; and
the fiber over a closed point « is given by Speck[X].
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Now let I be an ideal with v/1=]. Let ¢: Xj C Xj be the inclusion. Define a ringed
space X with underlying topological space X; by Ox; :=.0x; . Then the natural map
Ox; — OXJ is surjective by the existence of the lifts 19 Thus X 1/ SpecR; is a flat defor-
mation of Xj/Spec Ry by Lemma 2.29 below. Now since X is affine it follows that X is
also affine, so X = X := Spec I'(X{ 5, Oxe o)

We showed above that the ¥, form an RJ -module basis of I'(X, OX ). Now since
X/ SpecR; is a flat infinitesimal deformatlon of X/ Spec Ry it follows that the ¥}, form a
Rj-module basis of I'(Xj, Ox,), see Lemma 2.30 below. ]

Lemma 2.29. — Let X/Sy be a flat family of surfaces such that the fibres satisfy Serre’s
condition Sy. Let 1 X C Xy be the inclusion of an open subset such that the complement has finite
Sfibres. Note that i,Ox; = Ox, by Lemma 2.10.

Let Sy C S be an infinitesimal thickening of So and let X* — S be a flat deformation of X{ /S
over S. Define a_family of ringed spaces X — S by Ox 1= 1,Ox..

Then X/S s a flat deformation of Xo/Sg (that is, X/S is flat and Xo = X Xg So) if and
only if the map

<2.12) OX = Z*OXU o Z*OXB = OXO
is surjective.

Progf: — The condition is clearly necessary.

Conversely, suppose (2.12) is surjective. Let Z C Og be the nilpotent ideal defining
Sp C S. Let X?/S, denote the nth order infinitesimal thickening of X /S, determined by
X’/8, that is, Ox, = Ox: /I Oxo and O, = Os/Z"!. Define X,,/S, by Ox, := 1 Oxe.
Note that Ox, — Ok, is surjective because Ox — Oy, is surjective by assumption. We
show by induction on 7 that X, /S, is a flat deformation of X,/S,. For n = 0 there is
nothing to prove. Suppose the induction hypothesis is true for n. Since X7, /S, 1s flat
(being the restriction of the flat family X°/S to S,,) we have a short exact sequence

0— 72" /I ® Ox; = Oxs,, = Ox, — 0.
Applying 7z, we obtain an exact sequence

0— (2" /1" @ Oxs) — Ox

n+1 g OXﬂ'

By Lemma 2.10 the first term is equal to Z""'/Z"* @ Ox,. Moreover, the last arrow
is surjective because Ox,,, — Oy, is surjective, Ox,/Z - Ox, = Ox, by the induction
hypothesis, and Z is nilpotent, as in Theorem 8.4 of [Ma89] (where the module M need
not be finitely generated for the argument given there to work). So we have an exact
sequence

(2.13) 0—I"/7"* ® Ox, = Ox,,, = Ox, = 0.
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+1

It follows that Ox,,, /2" - Ox

o IﬂJrl (%) OX

= Ox,. (Indeed, consider the map

n+1

n+1 - OXiH»l ’ ag ®g) :./g

We claim that « is equal to the composition of the map
,32 In-i—l ® OX,,_H N In—i—l/l'n-‘r? ® OXO

given by the natural maps on the factors and the first map y of the exact sequence (2.13).
Since Ox,,, = i*OX;+1 by definition, it suffices to check the equality after restriction to
X, where it is obvious. The map B is surjective because Ox,,, = Oy, is surjective. So
the image of y is equal to the image of &, namely Z"*' - Ox ,,.) Now by [Ma89], Theo-
rem 22.3, p. 174, the exact sequence (2.13) shows that X,;,/S,; is a flat deformation of
Xo/So. O

Lemma 2.30. — Let A — B be a flat homomorphism of Noetherian rings and 1 C A a
nilpotent ideal. Suppose given a set S of elements of B such that the reductions of the elements of S form
an A/I-module basis of B/IB. Then S is an A-module basis of B.

Progf- — Since I is nilpotent and S generates B/IB it is clear that S spans B by
Theorem 8.4 of [Ma89]. So we have an exact sequence

0—>K—>A"—>B—0.
Tensoring with A/I we obtain an exact sequence
0 — K/IK — (A/T)° — B/IB — 0

using flatness of B over A. We deduce that K/IK = 0 by our assumption, hence K =0
because I is nilpotent. 0

Proposition 2.31. — Let X;/Sy := Spec Ry be the family of Theorem 2.28. Then the relative
dualizing sheaf wx, s, 1s trivial. 1t is generated by the global section 2 giwen on local patches U, 1 by
dlogX;_; A dlogX; = dlog X; A dlog X, ,. Here we take the rays p; in counter-clockwise order,

after choosing an orientation on B, to obtain a consistent choice of signs.

Progf: — By the adjunction formula for the closed embedding
Upi CAii—linH X Gm,Xi X SI,

the dualizing sheaf wx, s, is freely generated over U, by the local section in the statement.
These sections patch to give a generator 2 of wxs 5, because the scattering automor-
phisms preserve the torus invariant two-forms. Both wy, s, and Oy, satisty the relative
Sy property 4,*F = F where i: X{ C X is the inclusion ((H04|, Appendix, where the
hypothesis of slc is not needed), hence wx, /s, s freely generated by £2. UJ
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2.4. The algebra structure. — In the previous section, we saw that the Ry-algebra
Ar=T(X{5.0x )

defining the flat deformation X; has an Rj-module basis of theta functions {#},,|m €
B(Z)}. Here we derive a description of the multiplication rule on Ry using the geometry
of the integral affine manifold B. Besides being an attractive combinatorial description of
the multiplication rule, we will use this (in the case of the canonical scattering diagram
D) in Section 6 to prove that our deformation extends over completions of larger strata
of Speck[P], as well as for the case that D has 1 or 2 irreducible components.

Definition 2.32. — For a broken line y with endpoint Q € T € X, define s(y) € A, c(y) €
K[P] by demanding that

Mono(y) = ¢(y) - z‘ﬂr(S(V))'

Whate Limits(y) = (¢, Q) if v s a broken line for ¢ and has endpoint Q) € B.

Remark 2.33. — Recall that By in fact has the structure of an integral /inear mani-
fold. One feature of such manifolds is that for any simply connected set U C By, there is
a canonical linear immersion U — Apg y, compatible with parallel transport inside U.

In particular, if ¢ is a point of By with ¢ € 0 € X, and t C o, then the canonical
embedding of a neighbourhood of t \ {0} in A, g identifies ¢ with a point of A, g.

Theorem 2.34. — Let q1, g2 € B(Z). In the canonical expansion
By - Oy = Z o, By,
q€B(Z)
where o, € Ry for each g, we have

= > el

v1,y2)
Limits(y;)=(¢;,2)
styD+s(ya)=q

Here 7z € By 15 a point very close to q contained in a cell T, and we identify q with a point of A, using
Remark 2.33.

Progf. — To identify the coefficient of ©#,, choose a point z € B very close to ¢, and
describe the product using the lifts of 27!, 2% at z:

(Lift.(g))) (Lift.(g2)) = Y _ ot Lift. (g).
p
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Now observe first that there is only one broken line y with endpoint z and s(y) =g € A;:
this is the broken line whose image is z + Rx(g¢. Indeed, the final segment of such a y is
on this ray, and this ray meets no scattering rays, so the broken line cannot bend. Thus
the coefficient of Lift.(¢) on the right-hand side of the above equation can be read off by
looking at the coefficient (in Ry) of z#*®. This gives the desired description. UJ

3. The canonical scattering diagram

3.1. Definition. — Here we give the precise definition of D“". As explained in the
introduction, it is, roughly speaking, defined in terms of maps A' — Y \ D, which are
algebro-geometric analogues of the holomorphic disks used for instanton corrections in
the symplectic heuristic. We begin by recalling necessary facts about relative Gromov-
Witten invariants used to count these curves.

Definition 3.1. — Let (Y, D) be a non-singular rational surface with D an anti-canonical
cycle of rational curves, and let G be an irreducible component of D. Consider a class B € A (Y, Z)
such that

~ /f f),:C
(3.1) g-D;=1" _
0 Di#C

Sor some kg > 0. Let ¥ be the closure of D\ C, and let
Y’ :=Y\F, C’:=C\F.

Let M(Y°/C?, B) be the moduli space of stable relative maps of genus zero curves representing the class
B with tangency of order kg at an unspecified point of C°. (See [Li00], [Li02] for the algebraic definition

Jor these relative Gromov-Witten invariants, and [LRO1], [IPO3] for the original symplectic definitions.)
We refer to B informally as an A'-class. The virtual dimension of this moduli space is

—Kg-B+(dimY —3) — (ks — 1) =0.

Here the furst two terms give the standard dvmension formula for the moduli space of stable rational curves
in' Y representing the class B, and the term kg — 1 1s the change i dimension given by imposing the
kg-fold tangency condition. The modult space carries a virtual fundamental class. Furthermore, we have

Lemma 3.2. — 9N(Y°/C, B) is proper over k.

Progf: — This follows as in the proof of [GPS09], Theorem 4.2. In brief; let R be
a valuation ring with quotient field K, with S = SpecR, T = Spec K. We would like to
extend a morphism T — MY /C’, B) to S. We know that the moduli space ﬁ(?/ G, B)
is proper, so we obtain a family of relative stable maps C — S to Y. We just need to show
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that in fact the image of the closed fibre C; lies in Y’. However, the argument in the proof
of [GPS09], Theorem 4.2 shows that if the image of Cy intersects F, then Cy must be of
genus at least 1, which is not the case. UJ

Given this, we define

Nﬁ = f 1 .
[0 (Ye/Co, B)]vr

Morally, one should view N as counting maps from affine lines to Y \ D whose closures
represent the class B.

In what follows, we fix as usual the pair (Y, D), with tropicalisation (B, ), and ¢
the function given by Example 2.3 for some choice of n : NE(Y) — P. We can assume
here that D has an arbitrary number of irreducible components.

Defination 3.3. — Fix a ray 0 C B with endpoint the origin, with rational slope. If © coincides
with aray of T, set X' 1= X; otherwise, let X' be a refinement of X obtained by adding the ray 0 and a
number of other rays chosen so that each cone of %' is integral affine isomorphic to the first quadrant of R?.
This gives a toric blow-up 7w : Y — Y (the identity in the first case) by Lemma 1.6. Let C C 7~ (D)
be the irreducible component corresponding to 0.

Let Ty € X be the smallest cone containing 0. Let my € Ay, be a primitive generator of the
tangent space to 0, pointing away from the origin. Define

fa = exp [Z kﬂNﬂzﬂ(ﬂ*(ﬁ))—wro (/fﬁ7na):|.
B

Here the sum is over all classes B € A (Y, Z) satzsfymg (3.1). Note that if Ng % 0, then necessarily
fm(Y"/C” B) is non-emply, and thus B € NE(Y), so . (B) € NE(Y). We note the numbers Ng
do not depend on the particular choice of refinement X'. Indeed, further refining X' does not change the
pair Y°/C?, and hence does not change the numbers N 8-

We define

DM = {(D,fa) |0 C B aray of rational slo[)e}.
We call a class B € A, (Y, Z) an A'-class ifNg #£0.
Note that all rays of the canonical scattering diagram are outgoing.

Remark 3.4. — In theory, one should be able to use logarithmic Gromov-Witten
invariants ((GS11] or [AC11]) to define Ny without the technical trick of blowing up and
working on an open variety. This would be done by working relative to D, and counting
rational curves of class B with one point mapping to the boundary with specified orders
of tangency with each boundary divisor, with non-zero order of tangency with either
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one divisor D; or two adjacent divisors D;, D,;;. However, some additional arguments
are required to compare logarithmic invariants with the invariants described above as
developed in [GPS09], and we do not wish to do this here.

Lemma 3.5. — Let ] C P be an wdeal with \/j =]J. Suppose the map n: NE(Y) — P
satusfies the _following conditions:

(1) For any ray © C B of rational slope, let 7 Y — Y be the corresponding blow-up. We re-
quire that if dim Ty = 2 or dim T, = 1 and K+, , € then for any A ~class B contributing
10 fo, we have n(m.(B)) €J.

() For any ideal 1 with /1=, there are only a finite number of O and A' -classes B such that
n(m.(B)) €1.

Then D" s a scattering diagram for the data (B, ), P, ¢, and J.

Progf: — Note that

z77(?&(/3))—%0 (kgmo) c Ik[Pw ]

™
if and only if n(m,.(B)) € I. So the hypotheses of the lemma imply conditions (2)—(4) of
Definition 2.13. UJ

Example 3.6. — Let 0 C A;1(Y) ®z R be a strictly convex rational polyhedral cone
containing NE(Y). (This can be obtained as the dual of a strictly convex rational polyhe-
dral cone in Pic(Y) ®z R which spans this latter space and is contained in the nef cone.)
Let P=0 NA(Y). Since o is strictly convex, P* = 0. For any m-primary ideal I, P\ I
is a finite set. Let n : NE(Y) — P be the inclusion. Then the finiteness hypotheses of the
above Lemma hold for ] = m (note that the conditions (3.1) determine 8 € A (Y) given

7.(B)).

Example 3.7. — We return to the example (Y, D) of a del Pezzo surface together
with a cycle of 5 (—1)-curves studied in Example 1.9. Let P = NE(Y) and n be the

identity. Let J =m C P and I C P be an ideal with +/I =]. Then ©%" consists of five
rays:

@can — {(pi, 1 + z[Ei]_‘pm(vi)) | 1 S ZS 5}

Here E; is the unique (—1)-curve in Y which is not contained in D and meets D; transver-
sally, and v; 1s the primitive generator of the ray p; corresponding to D;. To derive this
formula from the above definition of the canonical scattering diagram one needs to
show that the only possible stable relative maps contributing to " are multiple cov-
ers of the E;’s, and that a £-fold multiple cover contributes a Gromov-Witten invariant of
(—1)¥1/k. Tt is easier to compute this using the main result of [GPS09], which is done
by way of Theorem 3.25. See Example 3.26.
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P1

F1G. 3. — The different types of broken lines in Example 3.7

If we accept this description of ®", then we can describe all broken lines and the
multiplication law given by this diagram.

We first note that no broken line can wrap around 0 € B, 1.e., if a broken line leaves
acone o € X, it will never return to that cone. It is enough to check this for a straight
line (as the bending in any broken line for ®.,, is always away from the origin), and this
is easily verified, using e.g., Figure 1.

Next, since the only scattering rays are the rays p € X,if ¢, Q € 0 € X, then the
obvious straight line is the unique broken line for ¢ with endpoint Q). Thus if we describe
¥, in the open subset of X{ 5., corresponding to o, ¥, is just the monomial z%@. It
follows that

a.qb _
ﬁvz’ﬁvpr] - ﬁavi"‘bviﬁ—l

for @, b > 0. In particular, the ,,’s generate the k[P]/I-algebra I" (X, Ox,), and the alge-
bra structure is determined once we compute @, - t,,,,.

We consider a broken line for v;. One checks the following, using Figure 1 and the
above description of ®“": The broken line can cross at most two rays of X, and it bends

at most once, at the last ray of ¥ that it crosses. See Figure 3. From this one deduces using
Theorem 2.34:

(3.2) 19”7:_]1} — z[Di](ﬁv[ + z[Ei]).

Vit1

The term 2P ¥}, corresponds to two straight broken lines for v;_,, v,;;, with endpoint
the point v; of p;. The term 2P AE s the coefficient of 1 = . To compute this we use
the invariance of broken lines, and so choose a generic point Q) near 0 and compute the
coeflicient oy of ¥ using pairs y; as in Theorem 2.34 whose final directions are opposite,
Le., s(y1) + s(y») = 0. If we take Q € 0,41, then there is exactly one term contributing
to ap: y; will bend once where it crosses p;, and yy is straight. Alternatively, one can
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use the explicit expressions for Liftg(v;), j =17 — 1,7 and 7 + 1, and see they satisfy the
relation (3.2).

One can check that the five equations (3.2) define X;. These equations are alge-
braic, and in fact define a flat family over Spec k[NE(Y)]. (This is always the case in the
non-negative semi-definite case, see Corollary 6.11).

Our goal now is to prove consistency of ®, as stated in the following (the final
step in the construction of our mirror family):

T heorem 3.8. — Suppose that we are given a map 1 : NE(Y) — P such that ¢ is defined as
in Example 2.3 by k, , = n([D,]). Suppose furthermore the following conditions hold:

(1) Forany A'-dlass B, n(.(B)) € J;
(I1) For any ideal 1 with /1 =], there are only a finite number of A'-classes B such that

n(.(p)) ¢ L
(L) n([D;]) €] for at least one boundary component D; C D.

Then D" is a consistent scattering diagram.

We include here an observation we will need later showing that the canonical scat-
tering diagram only depends on the deformation class of (Y, D).

Lemma 3.9. — Let (Y, D) — S be a flat family of pairs over a connected base S, with each

Sfibre (V;, D) being a non-singular rational surface with anti-canonical cycle. Suppose further that there

is a trivialization D = D X S and the restriction map Pic(Y) — Pic(Y;) is an isomorphism _for any

s € S. This in particular gives a canonical identification Ay (Y, Z) with Ay (Y, Z) for any s, s' € S.
Then for any s, s € S, (YV;, D) and (Yy, Dy) induce the same canonical scattering diagram.

Proof. — It is enough to show that the numbers Ny are deformation invariants
in the above sense, 1.e., if we are given a family 7 : (), D) — S with each fibre as in
Definition 3.1, with an irreducible component C C D, then the number

Nﬁ,s = / B 1
Qe /Ce BV

is independent of s. Indeed, once this is shown, then if Ng ; # 0, necessarily B defines a
class in NE()),), as well as in NE()/;), under the chosen identification. This invariance
follows from the standard argument that (relative) Gromov-Witten invariants are defor-
mation invariants, with a little care because our target spaces are open. For this, one
considers the moduli space ﬁ(j)” /C’, B) of stable maps to 57” relative to C° and whose
composition with 77 is constant. Then one has a map ¥ : ﬁ(j)” /C’, B) = S whose fibre

OVer s 1S ﬁ(j/j” /C¢, B). Letting & be the inclusion of this fibre in M’ /C’, B), deforma-

tion invariance will follow if we know that

g(r/c.p)]" = [m@/cr. )]
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and V¥ is proper. The first statement is standard in Gromov-Witten theory, see e.g. the
argument of Theorem 4.2 of [LT98] in the non-relative case, which carries over to the

relative case. The second point, the properness of ¥, follows exactly as in the proof of
Lemma 3.2. [

3.2. Consistency: overview of the proof. — We will describe in detail the intuition be-
hind each step of the proof of consistency. In the next subsection, we will work somewhat
more generally with a more general scattering diagram ® for certain steps, as this will be
needed in [K3] for the K3 case. However, for the discussion here let us assume we are
only studying the consistency of the canonical scattering diagram.

Step 1. We can replace (Y, D) with a toric blow-up of (Y, D). This is straightforward—
toric blowups just correspond to refinements of X, but do not change broken lines or
scattering diagrams.

Step 11. We can assume that (Y, D) has a toric model and P is a finitely generated submonoid
of A\(Y, Z) contarning NE(Y), with n the inclusion. By Step I and Proposition 1.3, we can
assume (Y, D) has a toric model. We can then always factor n as NE(Y)—">I_’—W>P
where P is a finitely generated submonoid of A;(Y,Z) containing NE(Y) with 7 the
inclusion. In this case there are two canonical scattering diagrams, ©® and © defined
using 77 : NE(Y) — Pand n:NE(Y) — P respectively. Then ® can be obtained from D
essentially just by applying ¥ to each exponent appearing in each function f;.

In this case we show that if consistency holds for D then it holds for ®. The idea
is that given a broken line y for ©, we can get something like a broken line for © by
applying ¥ to the exponents of monomials attached to . However, this isn’t necessarily
a broken line for ©. Indeed, there might be two different broken lines for ®, say y
and y», which after we apply ¥ give broken lines with the same sequence of attached
exponents. These should not arise as distinct broken lines for ®, and we have to combine
the monomials attached to these broken lines. This requires a certain amount of book-
keeping.

Step I11. Reduction to the Gross-Siebert locus. By Step 1I we can assume we have a toric
model p: Y — Y. Let H be an ample divisor on Y. Shrinking P if necessary, we can
assume that P has a face of the form PN (p*H)*. Let G be the monomial ideal which is
the complement of this face, E the subgroup of P* generated by P \ G. The main work
in this step is to show that we can replace P by P4 E. This requires a bit of analysis of the
rays (0;, f,,) of ®“". In particular, we need to understand the contribution to f,, coming
from the exceptional curves of p meeting D,.

After doing this, we have P* = E, so now X{ 5 lives over the thickening of a torus
T% we call the Gross-Siebert locus.

Step 1V. Pushing the singularities to wnfinity. This is the crucial step, and we explain
carefully the intuition here. In [GS07], Gross and Siebert considered a smoothing con-
struction associated to an integral affine manifold with singularities where (in the two-
dimensional case) the singularities occurred only in the interior of edges of a polyhedral
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decomposition of B, rather than at the vertices. The case at hand, with one singularity at
the origin, does not fit into that framework. In particular, in the Gross-Siebert world, the
singularities must have monodromy of the form (0 1) for some £ > 0, with the tangent
line to the edge containing the singularity being the invariant direction; in analogy with
the Kodaira classification, we call this an I; singularity. Indeed, one expects a cycle of &
two-spheres as fibre over such a point in the SYZ picture.

Here, we can view such a surface as being obtained by factoring the complicated sin-
gularity 0 € B into I, singularities along the edges of . We should have an I;; singularity
on the ray p; where £; 1s the number of exceptional divisors of p: Y — Y intersecting D;.
This process can be described as follows. Let (B, %) be the fan associated to (Y, D).

There is a piecewise linear isomorphism
v:B—B

which identifies each cone in ¥ with the corresponding cone in ¥. This is an isomor-
phism of integral affine manifolds outside of p;, but it is not affine along p;. There is a
natural one-parameter family of integral affine manifolds interpolating between the two
structures by a process Kontsevich and Soibelman [KSO06] call moving worms. Precisely,
choose points y; € p; \ {0}. Let A :={y;| 1 <¢<n}, B; :=B\ A. Put a new affine struc-
ture on Bj, compatible with the affine structures on the interior of each maximal cell by
defining a X -piecewise linear function to be linear if its restriction to a small neighbour-
hood of (y;, +00) C p; in By is B-linear, and its restriction to a small neighbourhood of
[0,9:) C p; in B is B-linear. Call the resulting integral affine manifold with singulari-
ties B'. The map v : B’ — B is a linear isomorphism near 0. This new manifold can be
seen to have an I, singularity at y;, with invariant direction p;.

Now if we were to apply the algorithm of Gross and Siebert [GS07] to B’, one
would find roughly that one obtains a scattering diagram which initially has two rays em-
anating from each singularity. The rays emanating from p; are initially contained in p;;
one of these goes out to infinity and the other passes through the origin and then to in-
finity. Where all these rays meet at the origin, one must follow a procedure of Kontsevich
and Soibelman [KS06] and add some additional rays to ensure that the composition of
automorphisms associated to the rays about a loop centered at the origin is the identity.
We then obtain a scattering diagram which can be shown to be very close to the canoni-
cal scattering diagram, the only difference being the segments of the rays between the ;
and the origin.

We do not actually work with this affine manifold with singularities. Rather, we
instead push the singularities y; to infinity. In doing so, we replace B’ with B. We transfer
the canonical scattering diagram ® to a scattering diagram ® on B, differing from D
essentially only by changing the rays supported on the p;’s in a simple way motivated
by the above description. Once this is done, we show consistency of ® is equivalent to
consistency of ©. Now we no longer have to deal with any singularities.
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It is much easier to determine consistency when there are no singularities. In par-
ticular, we appeal to a result in [CPS], which shows that ® is consistent provided that the
composition of automorphisms associated to the rays about a loop centered at the origin
1s the identity. We say such a scattering diagram is compatible. The important point is that
we can now make sense of such a statement: when we had a singularity at the origin,
there was no common ring which the automorphisms associated to rays could act on.
However, without a singularity at the origin, there are such rings, as appeared in [GS07].

Step V. D satisfies the required compatibility condition. This step is really the punch-line,
explaining why the particular choice of the canonical scattering diagram ® gives a dia-
gram © which is compatible. We make use of [GPS09] to link the enumerative definition
of ® to the notion of compatibility. Indeed, the definition of the canonical scattering dia-
gram was originally obtained by working backwards from the enumerative description of
[GPS09]. This connection is worked out in Section 3.4.

3.3. Consistency: reduction to the Gross-Siebert locus. — We now begin the proof of The-
orem 3.8, following the outline given in Section 3.2. We will, however, prove a number
of lemmas 1n a slightly more general context, as we will need some more general consis-
tency results in [K3]. We assume we are given (Y, D), n : NE(Y) — P and ¢ defined as
in Example 2.3, and a radical ideal J € P. Suppose we are given a scattering diagram
for this data; the application in this paper will be ® = ®“". In particular, the hypotheses
of Theorem 3.8 imply ®“" is a scattering diagram for this data.

Step 1. Replacing (Y, D) with a toric blowup.

Proposiion 3.10. — Let p (Y, D) = (Y, D) be a toric blowup. Then if we take 7} :=
1o ps : NE(Y) — P, then® can also be viewed as a scattering diagram for By p,, P. Furthermore,
D 15 consistent for this latter data, 1t ts consistent for the data By ), P.

Progf. — Decorate notation, writing for example B, T for the singular affine mani-
fold with subdivision into cones associated to (\?, 13). By Lemma 1.6, we have a canonical
identification of the underlying singular affine manifolds B = B, and % is the refinement
of ¥ obtained by adding one ray for each p-exceptional divisor. We have multivalued
plecew1se linear functions ¢ on B and ¢ on B. We can in fact choose representatives so
that ¢ = ¢. Indeed, k, ; = n(p*([D 1)) where D is the irreducible component of D cor-
responding to p. But p*([Dp]) =0ifp &, and p*([Dp]) =[D,] if p € . Thus ¢ in
fact has the same domains of linearity as ¢, and the same bending parameters, so we can
choose representatives which agree.

As a consequence, we note that the sheaves P and P on By defined using ¢ and ¢
coincide. Furthermore, if T C ¢ are cones in i], with T € ¥ the smallest cone containing
T and o € X the smallest cone containing o, there is a canonical identification of Py,
with P and a canonical isomorphism

<3'3> R‘E,I = Rr,I;
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note the slightly non-trivial case when dim 7 = 1 but dim 7 = 2, in which case we use the
fact that k7 ;3 = 0.

Using these identifications, we can view 2 as living on E, and as such, one sees
from the definition that ® is a scattering diagram for the data B, P, @.

Now suppose +/I = J. One observes that the set of broken lines contributing to
Liftg(¢) are the same whether we are working in B or B. Thus if Qeo e imax, Liftg(¢) €
R;., defined using B, coincides under the isomorphism (3.3) with Liftg(¢) € Ry 1. From
this one sees easily that if D is consistent for Y, it is consistent for Y. U

Corollary 3.11. — Given Y, P, ., J satisfying the hypotheses of Theorem 3.8, then Theo-
rem 3.8 holds for this data if it holds for the data Y, P, 1, ].

Progf: — By the proposition, one just needs to check that the canonical scattering
diagrams defined using Y or Y are identical. Indeed, given a ray 9 C B, we can choose
a refinement ¥’ of ¥ which is also a refinement of %, giving maps 7 : Y — Y and
7:Y — Y. Then for an A'-class B € A| (Y, Z), n(7.(B)) = 1(7.(B)), and so f; is the
same for Y and Y. O

Step 11. Changing the monowd P.
We would like to change the monoid P, which was fairly arbitrary, to one with
better properties. For this step, assume we are given monoid homomorphisms

NE(Y)—Lp-Lp
with n =1 o 5. Then 1 and 71 induce multivalued piecewise linear functions ¢ and ¢
respectively, via Example 2.3, with ¢ = ¢ o ¢. The monoids P,P and functions ¢, @ yield
sheaves P and P over By. The map ¥ : P — P induces a map of sheaves ¢ : P — P
using ¢ = Y o ¢, and hence it also induces monoid homomorphisms V : P@ — P, for
any 7 € X\ {0}.

Suppoﬂ is a scattering diagram for the data B, P,m = P\ P*. For each ray
0./), /o € k[l_)%]. Now we can try to define ¥ (f;) by applying ¥ to each exponent of
/b, but in general, this need not make sense even formally since ¥ may take an infinite
number of exponents occurring in f; to a single element of P. However, we shall write
¥ (f») for such an expression if it does make sense as an element of kﬁ)—;]. If ¥ () makes

sense for each (0, f,) € 35, we write
v®@) ={0,v()I0./4) eD}.

Proposition 3.12. — In the above situation, suppose D is a scattering diagram for the data
B, P, =P\ P*, such that ® = (D) makes sense and is a scattering diagram_for the data B, P, ],
where J 1s a radical ideal in P. Assume that k, , € J for at least one ray p € 2. If D is consistent for
P, n, m, then ® s consistent for P, n, J.
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Proof. — Let ¢ € Bo(Z). Then if y is a broken line for ¢ with endpoint Q) with
respect to the barred data, i.e., P, P etc., we can construct what we shall call ¥ (y). This
will be the data required for defining a broken line for the unbarred data. The underlying
map of ¥ (y) coincides with that of y. For the attached monomials, we simply apply ¥
to the monomial my,(y) attached to a domain of linearity L. of y to get the attached
monomial for ¥ (y). This is not a broken line for the unbarred data, as condition (3) of
Definition 2.16 need not hold. Indeed, when a broken line bends at a ray, the attached
monomial will be replaced by a term in (2.9). However, there might be several different
terms ¢;z" appearing in (2.9) with 5; € P,,, such that ¥ (5;) all coincide with some s € P,, .
Each choice ¢,z leads to a different broken line ¥;, but ¥ (%) is not a broken line because
¢2V0) = ¢z’ is not a term in the formula (2.9) for the monoid P. Rather, one needs to
replace the collection of broken lines y; with a single one which has monomial ). ¢;2’
attached after the bend. To deal with this, we need to do a certain amount of book-
keeping.

Fix an ideal I € P with v/I=], Q € 0 € X, and let B be the set of broken lines
y for the barred data with endpoint Q) such that ¥ (Mono(y)) €1 - k[P, ]. The same
finiteness argument of Lemma 2.25 shows that B is a finite set. Note this uses the facts
(1) at least one k, , € J and (2) all but a finite number of monomials appearing in © lie
in .

We define an equivalence relation on B by saying 7 ~ J, provided ¥ (7) and
¥ (y,) coincide except possibly for the k-valued coefficients of the monomials attached
to the domains of linearity. Given an equivalence class £ C B with respect to this equiv-
alence relation, we will show there is at most one broken line y; for the unbarred data
such that

(3.4) > ¥ (Mono(7)) = Mono(y),

ves

with there being no such broken line precisely if the above quantity is zero. Furthermore,
every broken line y for the unbarred data with Mono(y) €1-K[P,,_ ] arises in this way.
Define y¢ to be the broken line with underlying piecewise linear map given by
any element of &, with the following attached monomials. For any domain of linearity
L =[s, t] for y%, choose a maximal subset &, C § of broken lines such that the attached
monomials for ¢, and ), on (—00, t] do not coincide for any y,, y» € §1.. Then define

m(ve) =Y m (¥ (7).

7 €8L

Assuming that the final monomial attached to y¢ is not zero, one checks easily that y; is a
broken line, now satisfying (3) of Definition 2.16, and (3.4) is satisfied since for L the last
domain of linearity of y¢, one takes &, = &§. Furthermore, it is easy to see that any broken
line for the unbarred data with the same underlying map and attached monomials at
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most differing by their coefficients from y; must in fact coincide with y;. This shows the
claim.

Since B is finite, there is some & > 0 such that for any y € B, Mono(y) € k[f’@]
does not lie in m* - k[P, ]. If we take I = v ~'(I), then it is clear from (3.4) that

(3.9) v (Lifto(g)) = Liftg(g).

where mQ(q) 1s the lift defined with respect to the ideal I and the other barred data, and
Liftg(¢) 1s defined with respect to the unbarred data and the ideal I. Now D is consistent
for m, which implies (1) and (2) of Definition 2.26 hold for the ideal mf + 1. Since any
monomial in P\ I appearing in Liftg(¢) is in P\ (m* + 1), we can use (3.5) to deduce
consistency of ® from consistency of D. O

Step 111, Reduction to the Gross-Siebert locus. As a consequence of Proposition 1.3 and
Corollary 3.11, in order to prove Theorem 3.8 (i.e., with ® = D“"), we may assume we
have a toric model p:(Y,D)— (Y,D) with D = Dl +.--+D,. Furthermore, by replac-
1ng (Y, D) with a deformation equivalent pair and using Lemma 3.9, we can assume that
p is the blowup at distinct points x;, 1 <j < ¥¢;, along D;, with exceptional divisors E;.
Assume D; is the proper transform of D;, corresponding to the ray p; € X.

By Proposition 3.12, we can replace P with a better suited choice of monoid. We
shall do this as follows in the case that ® = D", As in Example 3.6, the nef cone KY) C
A'(Y,R) contains a strictly convex rational polyhedral cone o, so 0¥ C A;(Y,R) is a
strictly convex rational polyhedral cone containing NE(Y). The map n : NE(Y) — P
induces a map 1 : A;(Y,R) — PY. Since P is toric, there is some rational polyhedral
cone op C Py such that P = op N P, In addition, let H be an ample divisor on Y, so that
NE(Y) N (p*H)* is a face of NE(Y), generated by the classes [E;]. Now take

op=1n""(op) No’ N{ge Ai(Y,R)|p'H- ¢ >0},
and take
P=0; NA(Y,Z).

As op 1s strictly convex, (P)* = {0}, m =P\ {0}, and if I is an m- primary ideal,
P\ T s finite. Thus the hypotheses of Theorem 3.8 trivially hold for 7 : NE(Y) — P. By
Proposition 3.12, we can replace P with P to prove Theorem 3.8.

The above discussion shows that in order to complete a proof of consistency of
D (i.e., Theorem 3.8), we can operate under the following assumptions:

Assumptions 3.13.

o There s a toric model

p:(Y,D) = (Y,D)

which blows up distinct points x; on Dy, with exceptional divisors Ey.
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e 1 :NE() — Pisannclusion, and P* = {0}. Via Example 2.3, this gives the function ¢.

o There is a face of P whose intersection with NE(Y) is NE(Y) N (p*H)*. Let G be the
prime monomial ideal given by the complement of this face. Note that G % W unless p s an
isomorphism.

e J=m=P)\{0}.

o D s a scattering diagram_for the data P, ¢ and J.

Definition 3.14. — The Gross-Siebert locus s the open torus orbit T# of Speck[P]/G.

We now want to work not with the maximal ideal m but with the ideal G, effec-
tively extending the families X{ 5 with VI =m to infinitesimal neighbourhoods of the
toric boundary stratum of Spec k[P] associated to G. We will then find it easier to check
the explicit equalities of Definition 2.26 after restricting to these neighbourhoods of the
Gross-Siebert locus. To do so requires showing that the diagram ® we are working with
(D" in this paper) is also a scattering diagram for the data P, n, G. In the case of ®“",
this requires analyzing elements of this scattering diagram supported on the p;.

We first perform this analysis for ®"; we will then continue our proof assuming
that the elements of ® supported on the rays p; take the same form as the corresponding
elements of D" modulo G.

For each ray p; in X, we have a unique ray (p;, f,,) € D" with support p;. The
following describes f,, mod G.

Lemma 3.15. — Guwen Assumption 3.13 with ® = D", viewing [, as an element of
]k[P%]:] ® Ry with /T =m, we have

L

Joi =& 1_[(1 + bﬁXz’_I)

J=1

where by = 7"V and g, = 1 mod G. Thejth term of the product is the contribution from A'~classes
comang from multiple covers of the p-exceptional divisor ¥y, and gy, is the product of contributions from
all other A'~classes.

Proof. — Note that in defining f,, using the definition of the canonical scattering
diagram, we take Y =Y. Now the only terms that contribute to f;, mod G will involve
classes B € NE(Y) C A|(Y) with n(B) € G, so in particular, such a 8 must be a linear
combination Zle G[E;1, with kg =) ¢;. Furthermore, if / : C — Y contributes to Ng,
JS(C) must be contained in UZ.J E;. Indeed, if f(C) has an irreducible component C’
not contained in this set, then n([C']) € G, so n(f.([C])) € G, as G is an ideal. But
n(f.([C])) = n(B), which we have assumed is not an element of G.

Since f(C) is connected and intersects D;, we now see that the image of / is E; for
some j, and in particular, / is a degree kg cover of E;. Then Theorem 6.1 of [GPS09]
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tells us that the contribution from kg-fold multiple covers of E; is (— 1)te=1/ ké. From this
we conclude that

oo & 1)kl
fpl.:exp<fz+ZZ/f(( /g )(bz-,-Xil)k>

k=1 j=1

¢
= exp(®) [ J(1 + £;X;")

=1

where £ = 0mod G. We take g, = exp(h). O
Corollary 3.16. — D" is a scattering diagram for the data (B, ), P, ¢ and G.

Proof. — Fixing an I C P with V1= G, there exists a bound z such that g € P\ I
implies ¢ - p*H < n, where H is a fixed ample divisor on Y. Thus if B is an A'-class with
n(w.(B)) € P\, there are only a finite number of choices for p, 7, . We need to examine
the possible choices for 7, 8. Given a choice for & = p,. B, we have 7,8 = p*a + ) _ a;E;
for some collection of a; € Z. Clearly the a; are bounded below by the requirement that
(w«B) - D; = 0 for each . On the other hand, if ; > 0 for some ¢,7, then (7,8) - E; <0,
soif f: C— Y is an A'-curve with £;,[C] = 7,8 then its reduced image C’ must contain
E;. (Technically a relative stable map in Y is a map to an expanded degeneration of
Y°, but we compose with the projection to Y° and then the natural map Y° — Y.) Write
C'=C"UE;, with C" a reduced divisor distinct from E;. Suppose C” is non-empty.
Necessarily either C” N D is empty or C” intersects D only at E; N D; otherwise C’ cannot
be the image of a relative stable map with one point of tangency with D. In either case
there is an integer 4 such that Oy(C” +£E;)|p is the trivial sheaf. However, by [GHK12],
Proposition 4.1, for a general deformation (Y’, D) of (Y, D), the kernel of the restriction
map PicY' — PicD is trivial. Thus by Lemma 3.9, Ng = 0. We conclude that there are
only a finite number of choices of 7,8, except when .8 is a multiple of some E;. This
shows condition (4) in Definition 2.13 of scattering diagrams, as well as condition (2). Note
that k,, , = [D;] € G for each 7 so condition (3) is vacuous for dimt, = 1. If dim 7, = 2,
any contributing A'-class B satisfies 7,8 € G, so (3) holds. O

Theorem 3.17. — We follow the above notation. If D" is consistent as a scattering diagram
Jor (B, X), P, ¢, and G, then Theorem 3.8 s true.

Progf: — This just follows from the series of reductions of Theorem 3.8 already
made and the observation that if I" is an m-primary ideal, then since G C m one can find
some £ such that kG C I'. To show consistency holds for the ideal I', we use the assumed
consistency to observe consistency holds for the ideal I = £G, and this gives the desired
result. UJ
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Remark 3.18. — Given a consistent scattering diagram ® for (B, ¥), P, ¢, and G,
and «, , € G for all rays p € Z, Theorem 2.28 shows that with Vi=G,

X :=Specl’ (X?,o’ OX?,D)

1s flat over Speck[P]/I, and X =V, x Speck[P]/G.

Let T# C Speck[P]/G be the Gross-Siebert locus, Definition 3.14. Note % de-
termines open subschemes of the thickenings Speck[P]/I, which we will shall denote
by T},

We can describe the subscheme T} of Speck[P]/I as follows. Let E C P# be the
lattice generated by the face P\ G. Then as a subset of Speck[P]/G, T = Speck[E].
Furthermore, if we take the localization P + E of P along the face P\ G, then T} as a
subscheme of Speck[P]/I is Speck[P 4+ E]/(I1+ E).

Note that mp,y = (P + E) \ E, and G = PN mp,, so we can write k[E] = k[P +
E]/mpg. O

We can now view ¢ as a multivalued strictly (P + E)-convex function. Then we
have the following obvious

Lemma 3.19. — Suppose D s a consistent scattering diagram_for the data (B, ¥), P+ E,
©, Mp_ g, and a scattering diagram for the data (B, ), P, @, and G. Then ® is also consistent as
a scattering diagram for the latter data. In particular, by Theorem 3.17, Theorem 3.8 holds of D" s
consistent as a scattering diagram for P 4+ E, mp_g.

Progf: — Since P N mp, = G, the equalities in Definition 2.26 can be tested for
an ideal I of P with /T = G by choosing some ideal I' € P + E with /T = mp; and
I'NP C I. Then the equalities of Definition 2.26 hold for the data P 4+ E and I’ by the
assumed consistency, and hence also for P and I. 0J

LetIC mp, g be an ideal with Vi= Mp,g. Set [ = INP. Then X p 1s flat over
Speck[P]/I. Restricting X{ 4 to the open set Speck[P + E]/i gives the flat family X‘-I”Q.

We now replace P by P 4 E and J by mp,p; in what follows. We now summarize
our current situation with the following assumptions:

Assumptions 3.20.
o Thereis a toric model
p:(Y,D)— (Y,D)

which blows up distinct points x; on D;, 1 <j < £;, with exceptional divisors E;.
o 1 :NE(Y) — P s an inclusion. Via Example 2.3, this gives the function ¢. E. = P* =
PN (p*H)* is generated by the classes of exceptional curves of p. Let G = P\ E = mp.
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o D is a scattering diagram for the data P, @ and G. Furthermore, for each ray p; € X, the
unique outgoing ray (0;, f,,) € ® satisfies
i
Jo: =8 l_[(l + b?7Xi_1)

J=1

with g,, = 1 mod G and by = 7%,
We note we have shown that ® = ®“" achieves these assumptions.

Step IV, Pushing the singularities to infinity. We work with Assumptions 3.20. Consider
the tropicalisation (B, ¥) of (Y, D). By Example 1.7, B in fact has no singularity at the
origin, and is affine isomorphic to Mg = R? (with M = Z?), while ¥ is precisely the fan
for Y. In order to distinguish between constructions on (Y, D) and Y, D), we decorate
all existing notation with bars. For example, if T € X, denote the corresponding cone of
¥ by 7. Let ¢ be the multivalued P§ -valued function on B such that

(3.6) K55 =P [Ds].

Note that by Lemma 1.13, we can assume ¢ is in fact a single-valued function on Mg.
This single-valuedness will be important to be able to apply the method of Kontsevich
and Soibelman, Theorem 3.23.

We now have sheaves P on By and P on By, induced by the two functions ¢ and
@ respectively.

Note that since § is single-valued and B has no singularities, P is the constant sheaf
with fibre Ps? @ M.

There is a canonical piecewise linear map
v:B—B

which restricts to an integral affine isomorphism v|, : 0 — o, where 0 € X, and 6 €
Y 1s the corresponding cell of 3. Note this map identifies B(Z) with B(Z).

For each maximal cone o € X, the derivative v, of v induces a canonical iden-
tification of Ap , with Ag 5. This then gives an induced isomorphism of monoids:

(3.7 v, : Py, — Py,
given by
@o (M) + p > @5 (vi(m)) + p,

for p € P and m € A,. This identifies the k[P]-algebras k[P, ] and k[Pg, ], and the com-
pletions k[P, ] and k[P, ].
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Because the map v is only piecewise linear around rays p € X, there is only a
piecewise linear identification of P, with P, and hence no identification of the corre-
sponding rings. However, v, is still defined on the tangent space to p, and there is an
identification

V,: {(pp(m) +p|mis tangent to p, p € P} — {(ﬁﬁ(m) +p|mis tangent to p, p € P}
given by

@p(m) + p> @5 (v (m)) + p.

We now explain the Kontsevich-Soibelman lemma. This has to do with scattering
diagrams on the smooth affine surface Mg = R? (such as B = By j5)). For this general
discussion, we fix the data of a monoid () which comes along with a map »: Q — M. Let

mo =0\ Q*, and let @ denote the completion of k[Q)] with respect to the monomial
ideal mgq. (In our application we take Q) = P as defined in (1.5).)
We can then consider a variant of the notion of scattering diagram:

Defination 3.21. — We define a scattering diagram for the pair Q, r: Q — M. This is
a set

D ={0@./)]}
where
® 0 C Mg s gwen by
0=—R_ my
/0 is an outgoing ray and
0=R.my

i/ 0 @5 an incoming ray, for some my € M \ {0}.

ofaek/[@.

° ]% =1 moqu.
e =14+ ’ ¢, for ¢, €k, r(p) # O a positive multiple of my.
o [Forany k> 0, there are only a finite number of rays (0, fo) € D with f # 1 mod ka.

Definition 3.22. — Given a loop y in My around the origin, we define the path ordered
product

(97,’33:@—)@
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as_follows. For each k > 0, let D[k] C D be the subset of rays (9, f) € D with fo # 1 mod ka.
Thus set is finite. For 0 € D[k] with y (t)) € 0, define

0, , : k[Q]/mg, — k[Q]/m¢,

(no,7()
eﬁ,a(zq) =R
Jor ny € M* primative satisfying, with m a non-zero tangent vector of 0,
(na’ m) = 0’ (nDa V/(t0)> < 0'
Then, if y crosses the rays 0y, ..., 0, i order with D[k] = {01, ...,0,}, we can define

ko _ ok ok
0%@ = 9%0" o o 9%31.

We then define 0, » by taking the limit as k — oo.

The following is a slight generalisation of a result of Kontsevich and Soibelman
which appeared in [KS06].

Theorem 3.23. — Let ® be a scattering diagram in the sense of Definition 3.21. Then there
is another scattering diagram Scatter(®) containing ® such that Scatter(D) \ © consists only of
outgoing rays and 0, scauer(®) 1S the identity for y a loop around the onigin.

For a proof of this theorem essentially as stated here, see [GPS09], Theorem 1.4.
The result is unique if Scatter(®) \ ® has at most one ray in each possible direction; we
shall assume Scatter(®) has been chosen to have this property. This can always be done.

We apply this in the following situation. We take Q) to be the monoid P; which
yields the Mumford degeneration associated to the data (B, £), @ (recalling B = Mg),
defined by

Py ={(m @¢(m) +p) ImeM,pe P} CM x PP
This comes with a canonical map r : P; — M by projection.

Defination 3.24. — Suppose we are in the situation of Assumptions 3.20. We define a scattering
diagram v(®) on B as follows. For every ray (0, f5) € ® not equal to (p;, f,,) for some i, V(D)
contains the ray (v(), Vr, (f5)), and for each ray (p;, f,,), V(D) contains two rays, (p;, Vr,(g,,)) and
(B, T2, (1 + 6;'X0).

We note that v(®) may not actually be a scattering diagram in the sense of Definition 3.21, as
it is possible that fy ¢ K[P;): if p € P, then o, (p) € Py, but need not lie in Py,
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In the case of ® = D", we can use the Kontsevich-Soibelman lemma to describe
V(D). This will both show that v(D") is a scattering diagram in the sense of Defini-
tion 3.21 and that it satisfies an important additional property, namely the condition that
0, v 18 equal to the identity. This will allow us to prove consistency. Let

(3.8) D= {(,@,H(l +b;1>_(l-)) ‘ 1< zgn}.

Let m; = P; \ P as usual. Then by the strict convexity of ¢, X; € my so that Dy is a
scattering diagram for the pair Py, r in the sense of Definition 3.21. Now define

D= Scatter(@o)

where we require D \ D, to have only one outgoing ray in each direction (and no incom-

Ing rays).
The following will be Step V, which we defer until Section 3.4.

Theorem 3.25. — D = v(D“). In particular, v(D ) s a scattering diagram in the sense
of Definition 3.21 and 6, 5 =1 for a loop y around the origin.

Example 3.26. — Continuing with Example 3.7, note that the pair (Y, D) can be
obtained from the toric pair (Y, D) defined by the fan ¥ with rays generated by (1, 0),
(1,1), (0, 1), (=1,0) and (0, —1), corresponding to D,,...,Ds, by blowing up one point
on each of Dy and Dj5. This description determines ’}50 and hence ©. One can check this
description agrees with that given in Example 3.7 for D", see e.g. [GPS09], Example 1.6

for a similar computation.

Returning to the situation of Assumptions 3.20, suppose in addition that v(®) is
a scattering diagram in the sense of Definition 3.21. (For example, by Theorem 3.25,
D = D satisfies these assumptions.) For I C P an ideal with +/I = J, we now have
deformations Xj 5 and Xiv(@)' The latter scheme is glued from open sets

Uﬁ,l = SpCC Kﬁ,l

along open sets identified with Spec R; ;. Here we are decorating the rings coming from
the data on B with bars as before, while we maintain the notation R, y, etc., for those
rings coming from the data on B.

Lemma 3.27. — Given Assumptions 3.20, assume also that v(D) s a scattering diagram in
the sense of Definition 3.21. Then there are isomorphisms

pii Rpr— Rj
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and
pi—l,i : R(T,'_L,',I - R&i_u,l

Jor all 1 such that the diagrams

‘//p,;.— ‘///)L'.+
Rﬂi,l RCU—] il RP[,I RGi,H—lJ
bi J/ J/ pi-1,i pi J/ J/ Diji+1
Rp_isl Rgz—l il Rlaiql Rgz 1.1
Vi Yo+
and
0y

Ré‘i*l il Ro-l 1,0 I
O7.v(®)

are commutative, where y 1s any path in o,_, ; for which 0,, o 1s defined, and y =v o y.
Consequently, the maps p; and p;_, ; induce an isomorphism

P Xio— Xij V(D)
over Speck[P]/1.

Progf: — Recall that
Ri[Xiop, XF, X ]
(Xz 1X1+l —-Z"([DDX g l_[ 1(1 +b X ))
— Ri[X;_ '
(3.10) R, = X1, X, X
X1 X1 —z”(P*[D])X ]_[71(1 +b; 1X))

3.9 R,:=

We simply define p; to be the identity on R; and p;(X;) = XJ This makes sense
since D} =D} — ¢; and [D;] = p*[D;] — Y1 Ej, so that

4
p,-<z”‘[D"])Xi_D’21_[(1+by-Xf1)> — DK (1_[/) 1x>(n (146X ))

J=1

*ITY . —71_);2 i — 1~
= UV TT(1+ 65'K)).

J=1
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The map p;_y; is induced by V,,_, ; defined in (3.7). It is then straightforward to check the
commutativity of the three diagrams. UJ

Lemma 3.28. — Guven Assumptions 3.20, suppose v(D) is a scattering diagram in the sense
of Defination 3.21. For Q) € 0, ;, we distinguish between

LiftQ(q) S RU[—I,[’I
Jfor the lifi of ¢ € Bo(Z) and

Liftv(Q) (V(Q)) € R‘_Ti—l.bl
the lift of v(q). Then

(1) pir i(Liftg(g)) = Liftyy (v(g))-

(2) Under the natural identifications (P )% = (P5)®, for T € £ \ {0}, Py C P;,, and for
any broken line y for ¢, Mono(y) € k[P;].

(3) v wnduces a byection between broken lines: If y : (—o0, 0] — By is a broken line in By,
then v o y is a broken line in By, and conversely, ify :(—o00,0] = P is a broken line in
1_30, then v=" 0y is a broken line in By.

Progf: — (3) implies (1). For (3), clearly it is enough to compare bending and at-
tached monomials of broken lines near a ray p;.

Consider a broken line y in By passing from o0,_;; to 0;,41, and let ¢z’ be the
monomial attached to the broken line before it crosses over p;, so that g € Py, . Let 6,

6. be defined by
0,, () := 2

£

i (n,7(p))
05(<) —zp( 1+b1X>
J=l1
where (p;, g,,) € V(D) is the outgoing ray with support p,;. Here n, n are primitive cotan-
gent vectors vanishing on tangent vectors to p;, p; and positive on 0;_; ;, 0;_; ; respectively.
Then we need to show that
3.11) piin (0 (c)) = 05 (pi-1.i(c2"))
to get the correspondence between broken lines.
Note that

pi1,i(Ximy) = XH, i1 (X)) = Xi, Diiv1 (X)) = Xz,

but to compute p; ;4+1(X,—-1), we need to use the relation (see Proposition 2.5)

: -D
X Xy = Zn([D’])Xi i
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in k[P, ] to write

X, = Z77([Di])>< ZX—

+1

On the other hand, one has the relation
R X = DD
i—14%N41 =X i
in k[P;; ], so

1 -DI+D?
piin1 (Xioy) = 1A= [D])X "Xio

4
i —1
=XX [ ]4
j=1
Thus using Assumptions 3.20 for the form of f,,, we have

piin1 (05, (Xi2)) = it Ki i)

% (Hb )(1‘[ (14557 )a

2
= Xi—lépi 1_[(1 + b;le)

j=1
= 05, (pi1.:(Xi-0)
as desired. Also,
Priv1 (05, (X0) =X = 05, (pi-1.4X0).
Thus (3.11) holds. This shows (3).

For (2), the statement that P; C Py, is obvious. For ¢ € o € X, by definition the
monomial attached to the first domain of linearity of a broken line for ¢ is 2%, which
is identified under 7, with z0@90@) ¢ K[P,]. For any (3, /) € v(D), f; € k[P;] by
assumption, and hence all monomials associated to broken lines in B, lie in k[Ps],

hence (2).

Definition 3.29. — Let ® be a scattering diagram in the sense of Definition 3.21 for the pair
P, r: P — M. for some toric monoid P. Let 1 C P be an ideal with ~/T = wyp. We define for g € Bo(Z)

and Q € By,

Lift(g) = Z Mono(y) € k[P]/I
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where the sum is over all broken lines y for q with endpoint Q in By with respect to the scattering
diagram ® . One sees easily as in Lemma 2.2 that thus is a finte sum.

The last crucial result we need for consistency is the following result of [CPS].

T heorem 3.30. — With the assumptions of Definition 3.29, suppose furthermore that 0, 5 = 1
Jor a loop y around the origin. Fix an ideal 1 C P wuth VI=mp and g € Bo(Z). If Q, Q' €

Mg \ Supp(D1) are general, and y is a path connecting Q and Q' for which 0., 5, is defined, then
Lifto (9) =0, 5, (LiftQ(q))
as elements of k[P]/1.

Progf: — This is shown in [CPS] in a rather more general setup. For a version of
the argument closer to the current setup, see the proof of Theorem 5.35 of [G11]. U

Proof of Theorem 3.8. — By Lemmas 3.15 and 3.19, we can assume we are in the
situation of Assumptions 3.20 with ® = D" In checking (1) of Definition 2.26 for D"
in this situation, we want to check equalities

Lifty (¢) = 6, e (Lift ()

for Q, Q' € 0, ;. By Lemmas 3.27 and 3.28, it is sufficient to show that

<3. 12) Liftv(Q) (l)(g)) = 9)7,1,(33) (LiftU(Q) (l)(q))) .

To check this equality we can compare coefficients of monomials, and given any mono-
mial 7/ appearing on the left- or right-hand sides, we can apply Theorems 3.25 and
3.30, where we take P =P;, I = m’f,@ for sufficiently large £ so that p & I. The hypothesis
0,.v®) = 1 of Theorem 3.30 holds by Theorem 3.25.

To show (2) of Definition 2.26, we can take Q = Q_ and Q' = Q. on opposite
sides of a ray p;. If y is a short path joining Q and Q’, we still have (3.12) after inverting
Ji- We have a map

V=5 Vs+)  Re1—Re 1 xRz, 1.

Iffi =g, ]_[fl:1 1+ b_l-]_-l)_(z-) then ¥ is given by

Xi—l — (Z¢ﬁi(vi—|),ﬁzaﬁi(v;_l)),
Xi — (z¢ﬁi(vi)’ z@@(vz)),

Xip1 (ﬁz%i(vm) z%(vm))
i b .
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One checks easily that this map is injective. Furthermore, the image is described as fol-
lows. Let I, C Py, be the monoid ideal

I ={q€P;5 19— ¢s_,.(r(9)) €Lor g— s, (r(9)) €1}.

Then the image consists of those elements (g_, g;) such that every monomial of g_ and
g+ has exponent in PV_’@ C P(/—,Ei_u, P‘f’?i,m , and the images gi. of g+ in (K[P5]/I5); satisfy
0, v@)(g-) = g4, where this makes sense as we have localized at f;. (See e.g., the proof of
Lemma 2.34 in [GSO7] for a similar statement.) Thus by (3.12) and Lemma 2.25, (2),

there is an o € Ry, such that
Vo (@) =Lty (v(9))s W1 (@) = Liftyiop (v(p)).

Thus we may take Lift, (¢) zpi_l (@), and by Lemma 3.28, ¥, +(Lift,,(¢)) = Liftg, (¢),
giving consistency. 0

3.4. Step V- the proof of Theorem 3.25 and the connection with [GPS09]. — Here we
derive Theorem 3.25 from the main result of [GPS09]. We will need to review one form
of this result, which gives an enumerative interpretation for the output of the Kontsevich-
Soibelman lemma.

Fix M = Z? as usual. Suppose we are given positive integers £, ..., £, and prim-
itive vectors my, ..., m, € M. Let £ =37 ¢; and Q =M @ N, with r: Q — M the
projection. Denote the variables in k[Q] corresponding to the generators of N* as ¢;, for
l <:<nand 1 <j </, Consider the scattering diagram for the data  : ) — M (in the
sense of Definition 3.21)

i
D= {(Rzoﬂ%, 1_[(1 + ty‘Zmi)) |1<i< n}

J=1

We wish to interpret (9, f5) € Scatter(®D) \ ®. Choose a complete fan ¥; in Mg which
contains the rays Rsom, ..., Rom, as well as the ray 0 (which may coincide with one of
the other rays). Let X, be the corresponding toric surface, and let Dy, ..., D,, D, be the
divisors corresponding to the above rays. Choose general points x;1, ..., x;, € D;, and let

v:)~(a—>Xa

be the blow-up of all the points {x;}. Let 131, e f)n, l~)out be the proper transforms of the
divisors Dy, ..., D,, Do, and E; the exceptional curve over x;.

Now introduce the additional data of P = (Py,...,P,), where P; denotes a se-
quence pji, ..., pi, of £; non-negative numbers. We will use the notation P; = p;; +--- +
pie; and call P; an ordered partition. Define

4
Pl =>"p;.
j=1
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We shall restrict attention to those P such that
(3.13) = " |Pim; = kpmy
i=1

where mp € M is a primitive generator of 0 and 4p is a positive integer.

Given this data, consider the class B € A (Xy, Z) specified by the requirement
that, if D is a toric divisor of X, with D € {Dy, ..., D,, Doy}, then D - 8 = 0; if D, &
{Dl, R ,Dn},

Dz"ﬁ:|Pi|’ Dout'ﬁ:kl’;

while if D, = D; for some j, then

P. .

D, f= Pl 107'5]‘,
Pl +hp 1=

That such a class exists follows easily from (3.13) and Lemma 1.13. It is also unique. We

can then define

r 4

Be=1"(B)— ) D pillisl e AKXy, Z).

=1 j=1

We define Np := Ny, as in Definition 3.1, using (\?, f)) = (5(0, 13), where D is the proper
transform of the toric boundary of X5, and using C = D,,,.. Then one of the main theo-
rems of [GPS09] (see Section 5.7 of that paper) states

Theorem 3.31.

(3.14) logfy = Y keNplFz™,
P

where the sum is over all P satisfying (3.13) and ¥ denotes the monomial ]_[y L‘f;j

We can adapt this theorem for our purposes as follows. Fix a fan ¥ in Mg defining
a complete non-singular toric surface Y, with D =D, + --- + D, the toric boundary.
Choose points x;y, ..., ¥y, € D;, and define a new surface Y as the blow-up v: Y — Y at
the points {x;}. Let E; be the exceptional curve over x;.

Let P = NE(Y); because Y is toric, this is a finitely generated monoid with P* =
{0}. Let ¢ : Mg — Py be the Z-piecewise linear strictly P-convex function given by
Lemma 1.13.

We will need the following, an immediate corollary of Lemma 1.13, using the no-
tation of that lemma applied to the fan ¥ for Y:
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Lemma 3.32. — If ) o Aplp € kers, then the corresponding element of ker s = A, Y, Z) is
> a,p(m,) € P
0

Let E C Ay (Y, Z) be the lattice spanned by the classes of the exceptional curves of
v, so that A (Y, Z) = v*A| (Y, Z) ® E. We then obtain a map

¢:U*O¢:MR_> VP P E.
Let
Q={(mp) eM®A(Y,Z)|3p € v"P@® E such that p =’ + ¢(m)}.

There is an obvious projection 7 : ) — M, and by strict convexity of ¢, Q* = E.

We consider the scattering diagram, 3, over k[Q)] given by

4
D= { (Rzomz‘» l_[(l + Z(mi’(p(mi)Eij))> ‘ I<i< ﬂ}

J=1
Then we have
Theorem 3.33. — Let (0, /5) € Scatter(D,) \ @0, assuming that there is at most one ray

of Scatter(Dg) \ D mn each possible outgoing direction. (Note by definition of Scatter(@o), 0.,./)
cannot be incoming.,) Then, following the notation of Definition 3.1 and 3.3,

(3.15) logfo = Y kgNge e Br-etigmon,
g

Herer :Y — Y is the toric blow-up of Y determined by ® and C C Y is the component of the boundary
determined by 0. If 0 is not one of the rays Room, then we sum over all A'-classes B € A, (i’, Z)
satispying (3.1), and if 0 = Ruom; we sum over all such classes except for classes given by multiple
covers of one of the exceptional divisors Ey.

Proof. — Let Q' be the submonoid of M @ N generated by elements of the form
(m;, dj), where dj is the (i, /)-th generator of N“. Note that Q' itself is freely generated by
these elements. Thus we can define a map

a:Q —-Q
by (m;, dy) = (m;, (m;) — E;). The scattering diagram

4
D = {(Rzomi» 1_[(1 + Z(mz'sd,t‘/))) [1<:i< n}

J=1
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then has image under the map « (applying & to each f;) the scattering diagram ®,. Thus
if we apply a to each element of Scatter(®’), we must get Scatter(@o), as 0y scauer(®)
being the identity on ﬂ@ implies that 8, g (scawer(@7)) 18 the identity on k/[@

To obtain the result, we now note that the set of possible A'-classes in Y occurring
in the expression (3.15) are precisely the classes {8p} where P runs over all partitions
satisfying (3.13). Now applying « to a term appearing in (3.14) of the form

kPNptP{/mma = kg Ny, (H tgi/)zzf;] |P,~|ml-’

we get

ﬁ ; : . .
kﬁPNﬁpz(_kPma’Zi:I |Pz‘(/7(mz)—zi‘]-/)yEy) .

But by Lemma 3.32 and (3.13),

V4

D IPlp(m) — > piEy = m.(Bp) — ¢ kemy),
=1 L]

ZZ;

hence the result. O

A direct comparison of the formula of the above theorem and the formula in the
definition of the canonical scattering diagram then yields Theorem 3.25.

4. Smoothness: around the Gross-Siebert locus

Next we prove that our deformation of V, is indeed a smoothing. The main the-
orem of this section (Theorem 4.6) will show this in the situation of Theorem 0.1 when
(Y, D) has a toric model. The full smoothness statement of Theorem 0.1 will require
some more work, which will be carried out in Section 6.

We prove smoothness by working over the Gross-Siebert locus (Definition 3.14).
Here our deformation (when restricted to one-parameter subgroups associated to p*A,
A an ample divisor on Y) agrees with the construction of [GS07]. This is important here
because the deformations of [GS07] come with explicit charts that cover all of V,,, from
which it is clear that they give a smoothing. So conceptually, the smoothing claim is clear.
Because we work with formal families the actual argument is a bit more delicate. First we
make rigorous the notion of a smooth generic fibre for a formal family:

Definition-Lemma 4.1. — Let f : Z. — W be a flat finite type morphism of schemes of relative
dimension d. Then Sing(f) C Z. is the closed embedding defined by the dth Fitting ideal of 2, W

Sing(f) us empty if and only if f is smooth. Formation of Sing(f) commutes with all base extensions
of W.



128 MARK GROSS, PAUL HACKING, AND SEAN KEEL

Proof. — For the definition of the Fitting ideal, see e.g., [E95], 20.4. The fact that it
commutes with base-change follows from the fact that €2}, nw commutes with base-change
and [E95], Cor. 20.5. That Sing(f) is empty if and only if / is smooth follows from [E95],
Prop. 20.6 and the definition of smoothness. UJ

Now for a formal family, smoothness of the generic fibre is measured by the fact that
Sing(f) does not surject scheme-theoretically onto the base. More precisely:

Definition 4.2, — Let S be a normal variety, V C S a connected closed subset, and S the
Jormal completion of S along V. Let §: X — & be an adic flat morphism of formal schemes of pure
relative dimension and 3 C X the scheme theoretic singular locus of §. Then we say the generic fiber
of f is smooth if the map O — §,O3 is not injective.

For the statement of Proposition 4.3, we fix our usual setting of a surface (Y, D),
and assume given Assumptions 3.20 and that v(®) is a scattering diagram in the sense
of Definition 3.21. Suppose furthermore that 6, ,9)y = 1 for a loop y around the origin.
Thus by Theorem 3.30, ® is consistent. These hypotheses on ® apply in particular when
D =,

Let T# be the Gross-Siebert locus; we have T = Speck[P]/G. Consistency of ©
gives a flat family

Ji: Xy — Speck[P]/I

over a thickening of T* whenever ﬁ =G.

On the other hand, letting ¥ be the fan for Y in B = Mg, we have the piecewise
linear function @ : B — Py with Kpg = p*[]_)p], as in (3.6). This now determines the
Mumford family

Ji: X; — Speck[P]/L.

Our goal is to compare these two families. Note that both X — T# and X — T
are the trivial family V, x T® — T#. Thus either family contains a canonical copy of T*,
ie., {0} x T®, where 0 is the vertex of V,,.

_ Proposition 4.3. — In the above sutuation, fix an deal 1 with V1= G. There are open affine
sets Uy C Xy, Uy C X, both sets containing the canonical copy of 1S, and an isomorphism

MI:UI_)OI

of famalies over Spec k[P]/1.
Moreover; there is a non-zero monomial y € K[P] whose pullback to Xy s in the stalk at any
pont x € {0} x T C'V, x T of the ideal of Singy; for all 1.
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Progf. — The generic fibre of the Mumford family over Spec k[P] is smooth: indeed
the family is trivial over the open torus orbit of Speck[P], with fibre an algebraic torus.
It follows that there is a non-zero monomial y € k[P] in the ideal of Sing; for the global
Mumford family

f: Speck[Pz] — Speck[P].

Of course its restriction then lies in the stalk at any point x of the ideal sheaf of Sings for
all I. Thus once we establish the claimed isomorphisms, the final statement follows.
Recall from Section 3.3 the construction of ® := v(®) and the scheme X 5 from

9. By Lemma 3.27, Xio ~ X

| 5> 80 we in fact have an isomorphism

= Spec’ (XI 55

Og;@) = )_(1’55.

So we can work with XI@ instead of Xj. On the other hand, the Mumford family
Speck[P;]/Tk[P;] over Speck[P]/I can be described similarly. Using the empty scat-
tering diagram instead of the scattering diagram ©, one has by Lemma 2.9

)_(Lg = Spec F(Xiw, OXfﬂ)-

Now define an ideal Iy C P as follows. For o € ¥ o, let ¢, denote the linear
extension of ¢|,. We set

Lo :={(m, p) € P;|p — @;(m) € I for some 0 € Ty}

Note that /I, = mp,. By assumpuon D is a scattering diagram for P;, and hence there
are only a finite number of (9, f;) € D for which Jo # 1 mod]Ij. Furthermore, modulo I,
each f, 1s a polynomial.

Let D be the scattering diagram obtained from @ by, for each outgoing ray (9, /3),
truncating each f; by throwing out all terms which lie in Iy. The incoming rays remain
unchanged. Thus ©; can be viewed as a finite scattering diagram. Let

hi=T]A

be@l

This is an element of k[P;]. Note that necessarily 4= 1 modmp,. Thus 4 # 0 defines
an open subset UcC Speck[P;]/Gk[P;] = XG 5= X(, s =V, x T¢. Furthermore, U
contains the canonical copy of T#. Since XI 5 and XI g both have underlying topological
space Xg, this defines open sets UI 5 of XI 5 and Upy of X; 4. We shall show these two
open subschemes are isomorphic.

First the following claim shows that )_(L@ = )_(L@v as forany 7 € ¥ \ {0}, the auto-
morphisms involved will have the same effect modulo I;. As a consequence, we can work
with the scattering diagram 9.
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Claim 4.4. — Let T € X, and suppose (m, p) € Py satisfies —m € T. Then (m, p) € Iy if
and only if (m, p) € 1., where

I, = {(m,p) €Ps |p—@s(m) €1 for some o € S with T CO'}.

Proof of clasm. — Clearly I, N Pz C I, so one implication is clear. Conversely, sup-
pose that (m, p) € Iy, so that p — @, (m) € I for some 0 € E,,. If T C o’ € X, let
P1, - -, Pn be the sequence of rays traversed in passing from o to o, chosen so that all

P1, - .., py lie in a half-plane bounded by the line Rm. Then

Por(m) =@, (m) + Z My MK p, 5

=1

with n,, primitive, vanishing on p;, and positive on p;;;. Note that since —m € T, we must
have (n,,, m) < 0 for each ¢, and hence p— @, (m) = p— @, (m)+p' for some p" € P. Hence
(m, p) € 1. 0

To show that U; 5 and Uy are isomorphic, let us describe these open subschemes
explicitly away from the origin. Recall that Xy 5 is obtained by gluing together schemes

which are spectra of rings R, ; for T € £. However in the case that dimt = 1, this ring
depends on the scattering diagram, so we write R | o for © =9 or #.

If dimt = 2, then E,,L@ =Kk[Pg, 1/Ik[Pg, 1. Since ~ € k[Pz] C K[P; ], 4 defines an
clement of R, | » in this case.

If dim 7 =1, then T = p; for some 7, and we have a surjection

Ep{,l,@ - Epi,G,’D = RG[Xi—l’ Xlil, Xi+1]/(Xi—lXi+l) = k[szpi]/Gk[P@pi],

so that 2 € k[Pg] C ]k[P(;,pi] defines an element ofﬁp[.,G,@. Choosing any lift of / to Epi,l’@,

we note the localization (Epi,l,g) » 18 independent of the lift since the kernel of the above
surjection is nilpotent.
We can then define regardless of dim 7,

Stio = (ET,I,Q)/Z-
Note there is an isomorphism
ViiS, 16— SpLe
given by
4
ST 5@_1( (144 'K) ) KiK. Ko K
1

]=

This has an inverse because of the localization at /.
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Given a path y in Mg \ {0}, note that by construction of 4, 6, 5, makes sense as
an automorphism of the localization k[P3];, since to define the automorphism associated
with crossing a ray (9, f;), we only need f, to be invertible. However since by construction
his divisible by fa, /o 1s invertible. In particular, 6, 5, also makes sense as an automorphism
of (k[Pg,1/Ik[P. 1), = S; 1,4 for any T € X \ {0}. Thus using the equality S, 14 =S, | 5
for dimo = 2 we see that 8, 5, also makes sense as an automorphism of S, | 5.

Choose an orientation on Mg, labelling the rays py, ..., p, of ¥ in a counterclock-
wise order, with o;_, ; as usual the maximal cone containing p;_; and p;. For two distinct
points p, ¢ on the unit circle in Mg not contained in Supp(@l), let y,,, be a counterclockwise
path from p to ¢, and write 6,,, for 6, 5, acting on any of the rings S; 4.

For each p;, let p; + be a point on this unit circle contained in the connected com-
ponent of 0, ;4 \ Supp(D1) adjacent to p;, and p; _ a point in this unit circle contained in
the connected component of o;,_; ; \ Supp(@l) adjacent to p;.

Choose a base-point ¢ on the unit circle not in Supp(Dy).

Recall in the construction of )_(i’,@, the open sets Spec R, 1.0 and SpecR, 1 o are
glued together along the common open set Spec Ry, .., 1.0 using the trivial automorphism
or the automorphism 6, , ., _ inthe cases ® =@ or D = D respectively. After localizing
at h, we have a commutative diagram

Opi4-q0Vi
Spi»l,é S,Oi»L@

\ %
O 4-tiv1,— OVpit Opip1,—a

SO'Z’,Z‘_'_],I,@ So'i,iJrleV)

Voig1—

SpH.l,I,@ Spi+1,1,@
Opip1 +qOVit1

Here the maps ¥, + are the ones defined in Proposition 2.5 and (2.8). This shows that
the isomorphisms 6,, . o ¥; between SpecS,, | 5 and SpecS,, 14 are compatible with the
gluings, and hence give an isomorphism between I_JL@ \ ({0} x T*®) and [_JL@ \ ({0} x T®).

Now V, satisfies Serre’s condition Ss. Since X; and X; are flat deformations of
V, x T#, by Lemma 2.10 the above isomorphism extends across the codimension two set
{0} x T®, giving the desired isomorphism between Uy and Uy. UJ

We now need to use the above observations along the Gross-Siebert locus to obtain
results about deformations away from the Gross-Siebert locus. For the remainder of the
section, we work with data (Y, D), n, P, but now as in Assumptions 3.13. Furthermore,
we take © = D Thus if we take I an ideal with either +/I= G or +/1= m, we obtain
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a flat family X; — SpecRj =: S, and in the former case, X; — S restricts to the open
subscheme of Spec R; whose underlying open subset is T#%, giving the family over the
thickening of the Gross-Siebert locus.

With J =m or G, let fj: Xj; — &j denote the formal deformation determined by
the deformations Xjn+1 — SpecRyv+1 for N > 0. Thus &5 = Spf(l(ir_n k[P]/JN*1) is the
formal spectrum of the J-adic completion of k[P], Xj is a formal scheme, and Xj — &;
is an adic flat morphism of formal schemes. We refer to [G60] for background on formal
schemes.

Let Z; := Sing(f;) C X denote the singular locus of f;: X; — S;. Thus 7Z; C X i3
a closed embedding of schemes. Since the singular locus is compatible with base-change,
the singular loci Zj C Xj» determine a closed embedding 3; C Xj which we refer to as
the singular locus of fj: Xj — &;.

Again, with J =m or G, we have a section s: S; — Xj = S; x 'V, given by s(f) =
t x {0} for ¢ € S5. We write Xj := Xy \ s(5) C Xj and Xy C X, f{J“ C X for the induced
open embeddings.

Lemma 4.5. — In the above situation, there exists 0 # g € K[P] such that Supp(g - O3,) is
contained in s(Sy). In particular, fy.(g - (93J) is a coherent sheaf on Sy.

Progf. — We can write an explicit open covering {il;j} of Xj in the two cases J =m

or ] = G, as follows. Write ¢; = 2/®1 and m; = —D?. In the case ] =m,

(4.1) Wy =V(Xioi Xy —aX") CAY x,, X (G)x, X 6.
In the case ] =G,

Uy = V(XX = aXI TT(145,X7)) CAL ) X G, X 6.

with b; = il ag usual.
We now use the charts 4[;j to compute the singular locus explicitly. In the case
J =m, the singular locus 3, of £l;;/&; is given by

3= VX1, Xiq1, @) C 4,y

Hence if we define g = a; - - - @, then Supp(g - O3)) is contained in s(Sj).

Similarly, if J = G, the structure sheaf of the singular locus of (;; is annihilated by
g =al] 24 (b — by). (Here I1 .4 (bj — by) is the discriminant of the polynomial /(X;) :=
[1X; + 4;). It is a linear combination of / and f” with coefficients in k[{5;}][X;]. See
[LO2], p. 200-204.) So we can take g =g, - - - g,.

The support of g - O3, is a closed subset of s(Sj), hence proper over Sy. It follows
that fj. (g - O3,) is coherent by [G61], 3.4.2. O
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Theorem 4.6. — Let (Y, D), n, P satisfy Assumptions 3.15, and take D = D, Then
the maps K[P] = §n, O3, and Os, — fn. O3, are not injective, so the generic fibre of fu s
smooth in the sense of Definition 4.2. This also implies that for T = mNT! and N > 0, the map
k[P1/TI = fiOsing(sy s not injective.

Progf. — By Lemma 4.5 there exists 0 # g € k[P] such that Supp(g- Os,,) C s(Sg).
Let E be the subgroup of P$ generated by P\ G, so that U = Speck[P + E] is an open
subset of Speck[P]. Denote by &, the open subset of G isomorphic to the completion
of U along the subscheme defined by G + E. This is the formal thickening of the Gross-
Siebert locus T®. By Proposition 4.3 there then exists 0 # 4 € k[P + E] such that Supp(%-
O3anal (&v,)) 1s disjoint from 5(S¢ N'U). By multiplying / by a monomial whose exponent
lies in P\ G, we can assume that 4 € k[P]. Thus gh - O3, has support in the closed subset
$s(Sc \ (S¢g N'U)). Since this sheaf is coherent, there exists a non-zero element £ € m C
k[P] such that ghk - O3, = 0. Noting by construction that ghk € k[P], we have k[P] —
I'(3c, O3,,) is not injective, hence the composition k[P] — I'(3¢, O3,) = I'(3m, O3,,)
is not injective. Since k[P] C I'(Gy,, Og,,), Os,, = fm:O3,, 1s not injective. 0J

5. The relative torus

The flat deformations Xj e — Speck[P]/I produced by the canonical scatter-
ing diagram have a useful special property: there is a natural torus action on the total
space X pean compatible with a torus action on the base. The meaning of this action
will be clarified in Part II, where we will prove that our family extends naturally, in the
positive case, to a universal family of Looijenga pairs (Z, D) together with a choice of
isomorphism D — D,, where D, is a fixed n-cycle. The torus action then corresponds to
changing the choice of isomorphism.

Fixing the pair (Y, D) as usual, D =D, +--- + D,, let AP = A" be the affine space
with one coordinate for each component D;. Let T be the diagonal torus acting on AP,
i.e., the torus TP whose character group

x(17) =2
is the free module with basis ep,, ..., ep,.

Definition 5.1. — We define a canonical map w : A;(Y) — x (TP) given by
C> ) (C-Dep,.

Suppose P C A;(Y) is a toric submonoid containing NE(Y). We then get an action of
TP OE\SpCC k[P], as well as on Speck[P]/I for any monomial ideal I, and hence also on
Spf(k[P]) for any completion of k[P] with respect to a monomial ideal.
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We can also define a unique piecewise linear map
w:B— x(T°) ®zR
with w(0) =0 and w(v;) = ep,, for v; the primitive generator of the ray p;.

Theorem 5.2. — Let 1 be an ideal for which Xy e — Speck[P1/1 is defined. Then TP
acts equivariantly on Xy pen — SpecK[P]/L. Furthermore, each theta function ©,, ¢ € B(Z), is an
ewgenfunction of this action, with character w(q).

Progf. — It’s enough to check this on the open subset X{ 5 C X pen. We have a
cover of X{ 5.n by open sets the hypersurfaces

U, C A;l_hXM x (G,)x, x SpecRy

given by the equation
D, _Dz?
X Xip =2PIX

where f,, is the function attached to the ray p; in D", If we act on X; with weight w(v;)
and on z with weight w(p) (for p € P), then we note that for every (9, f;) € D", every
monomial in f; has weight zero by the explicit description of f; in Definition 3.3. In par-
ticular, the equation defining U, ; is clearly TP-equivariant, and each of the monomials
is an eigenfunction.

Now X{ pen 1s obtained by gluing U, 5,..,1 C Uy, 1 with U, 6.1 C Uy 1, us-
ing scattering automorphisms of ®“", and these open sets are naturally identified with
(Gm);,XM x SpecR;. The scattering automorphisms commute with the TP action, by
the fact that the scattering functions have weight zero. Thus T acts equivariantly on
X1 oan — Speck[P]/1.

Now we check our canonical global function ¥, is an eigenfunction, with charac-
ter w(g). By construction, given a broken line y, the weights of monomials attached to
adjacent domains of linearity are the same, since the functions in the scattering diagram
are of weight zero. Thus the weight of Mono(y) only depends on ¢. This weight can be
determined by fixing the base point () in a cone o which contains ¢, in which case the
broken line for ¢ which doesn’t bend and is wholly contained in o yields the monomial
222 which has weight w(g). Thus ¥, is an eigenfunction with weight w(g). U

6. Extending the family over boundary strata

Here we prove Theorem 0.1 and Theorem 0.2. Let us review what we know so far.
For any pair (Y, D), we know that ®“" is consistent by Theorem 3.8. Thus, if the number
n of irreducible components of D satisfies n > 3, Theorem 2.28 gives the construction of
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J : Xy — SpecRj of Theorem 0.1. The algebra structure on Aj has structure constants
given by counts of broken lines as in Theorem 2.34. The TP equivariance is given by
Theorem 5.2. If furthermore (Y, D) has a toric model, then the smoothness statement
follows from Theorem 4.6.

We will give a proof of Theorem 0.2 and the remaining cases of 0.1 by first proving
Theorem 0.2 in the case that we know that we have the desired algebra structure on Ay,
and then bootstrap to the general case for both theorems.

6.1. Theorem 0.2 in the case that (Y, D) has a toric model. — As usual, let P be the
toric monoid associated to a strictly convex rational polyhedral cone op C A;(Y)r which
contains the Mori cone NE(Y)r. We have m = P\ {0}. For a monomial ideal I C P we

define
AI = @ RI . 194

q€B(Z)

where Ry = k[P]/I. We take throughout ® = D",

Assumptions 6.1. — For any monomial ideal T with /1=, the multiplication rule of The-
orem 2.34 defines an Ry-algebra structure on Ay, so that Ay g, Ry, = H(V,, Ov,).

Note we have already shown that Assumptions 6.1 hold if # > 3 by Theorems 2.28,
2.34 and 3.8.

Let I' C B(Z) be a finite collection of integral points such that the corresponding
functions ¥, generate the k-algebra H’(V,, Oy,). (Then the 9,, ¢ € T generate A; as an
Ri-algebra if +/T = m and Assumptions 6.1 hold.) Note for n > 3 we can take for I' the
points {v;}, and for n =1, 2, one can make a simple choice for I', see Section 6.2.

Lemma 6.2. — For any monomial ideal ] C P, (,,(J + m¥) =]J.

Proof. — The inclusion D is obvious. For the other direction, as the intersection is
a monomial ideal, it’s enough to consider a monomial in the intersection. But notice that
a monomial is in ] + m* iff it is either in ] or in m*. The result follows since [\ m* = 0. O

Assuming 6.1, let A be the collection of monomial ideals J C P with the following
properties:

(I) There is an Rj-algebra structure on A; such that the canonical isomorphism of
Ryij-modules A; ®g, Riij = Aryy is an algebra isomorphism, for all Vi=m.
(2) ¥, q € I generate A as an Ry-algebra.

By the lemma, the algebra structure in (1) 1s unique if it exists. The algebra struc-

ture on all A; determines such a structure on A :=lim Ar, Ay :=1lim Aryy. Also,
m . <—JI=m .

<—Vi=
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there are canonical inclusions

Ac [ R,
q€B(Z)

KJ C 1_[ f{J . ﬁq
q€B(Z)

where R is the completion of R at m and lA{J = 1(1£1R/ (I +J) the inverse limit over all

ideals I with /T = m. Here the direct products are viewed purely as R, ﬁj modules. We
can also view

AJI: @Rj'ﬁqc 1_[ f{\]'ﬁq.

7€B(Z) q€B(Z)

It is clear that A; C KJ (as submodules of the direct product). Thus (1) holds if and only if
the following holds:

(') For each p, ¢ € B(Z), at most finitely many 289, with C ¢ J appear in the product
expansion of Theorem 2.34 for 9, - #, € A;.

Lemma 6.3. — IfJ€e Aand ] CJ, then ) € A. In addition, A is closed under finite
intersections.

Progf. — The first statement is clear. Now assume J;, J, € A. It’s clear that (1") holds
for J1 N Jo, so Ay, is an algebra. Moreover we have an exact sequence of k-modules

0— AJI“JQ - AJI X AJ2 - AJIHz —0

exhibiting Ay, as the fibre product Ay, X4 ;) Ay, =0 A} Xp Ay =t A. We now show
this fibre product is a finitely generated k-algebra. Indeed, note that since the maps
A}, Ay — B are surjective, so are the maps A — A,. Let {#;} be a generating set for
the ideal ker(A, — B). Since A, is Noetherian, one can find a finite such set. Note
that % := (0, %) € A. In addition, choose finite sets {x;}, {5;} generating A; and A,
as k-algebras. For each of these elements, choose a lift to A, giving a finite set of lifts
{w;, x;,7;}, which we claim generate A. Indeed, given (x, y) € A, one can subtract a poly-
nomial in the x;’s to obtain (0, y'). Necessarily )" € ker(Ay — B), and hence we can write
' =) fu; with f; a polynomial in the y;’s. Let ﬁ be the same polynomial in the »;’s. Then
3 fii; = (0,'), showing generation.

Thus Ay, 1s also a finitely generated Ry, qy,-algebra. Now the generation state-
ment follows from Lemma 6.4, taking R = Ry, y,, S = Aj g, I=J1 /J1 N0, J =Jo/J1 N o,
I'={q,..., ¢u}, and the map R[T, ..., T,] — S given by T, = ¥, O
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Lemma 6.4. — Let 1, ] C R be ideals in a Noetherian ring, with 1 -] =0, and let S be a
finitely generated R-algebra, and R[ T, ..., T, ] = S an R-algebra map which is surjective modulo
L and]. Then the map is surjective.

Progf: — The associated map SpecS — A" x SpecR is proper, as can be easily
checked using the valuative criterion for properness. Indeed, any map S — K for a field
K factors through either S/IS or S/JS. Since this is a map of affine schemes, S is a finite
R[Ty, ..., T,]-module. Now we can apply Nakayama’s lemma. U

Proposition 6.5. — There is a unique minimal radical monomial ideal Ly, C P such that (1)
and (2) hold for any monomial ideal J with 1, C \/J .

Proof. — Certainly any ideal J with \[] = m lies in \A. Note that a radical monomial
ideal is the complement of a union of faces of P, so there are only a finite number of such
ideals. Suppose I}, Iy are two radical ideals such that J; € A for any J; with I; C \/j Note
that any ideal J with I, NI, C \[] can be written as J; N Jo, with I; C \/I (Indeed, we
can use the primary decomposition of J. If J = (1), p; is an intersection of primary ideals,
necessarily the prime ideal ,/p; contains either I; or I, for each k. Then let J; be the
intersection of those p; whose radical contains I, and J, be the intersection of those p;
whose radical contains Iy.) Thus by Lemma 6.3, ] € A. This shows the existence of I;;,. O

Proposition 6.6. — Suppose Assumptions 6.1 hold.

(1) Suppose the intersection matrix (D; - D;) is not negative semi-definite. Then 1, = (0) C
k[P].

(2) Suppose ¥ C op s a_face such that ¥ does not contain the class of every component of D.
Then 1, CP\F.

Progf: — We prove both cases simultaneously, writing I := P in case (1). We claim
there exists an effective divisor W =)~ ¢,D; with support D such that W-D; > 0 for all D;
contained in I and @; > 0 for all z. For case (1), see Lemma 6.9. In case (2), say [D;] ¢ F.
Then we can take a; > a0y > -+ > a, > 0.

The algebra structure depends only on the deformation type of (Y, D). By Propo-
sition 4.1 of [GHK12], we may replace (Y, D) by a deformation equivalent pair such
that any irreducible curve C C Y intersects D.

Let NE(Y)r € A (Y, R) denote the closure of NE(Y)r. Let F' := NE(Y)x N F,
a face of NE(Y)gr. Define A =D — €W, 0 < € < 1. Then (Y, A) is KLT (Kawamata log
terminal).

We claim Ky + A ~ —eW is negative on I\ {0}. By construction (Ky+A)-D; < 0
for [D;] € " and (Ky + A) - C < 0 for C ¢ D. Let N be a nef divisor such that ' =
NE(Y)r NN*. Then aN — (Ky + A) is nef and big for a >> 0, and thus some multiple of
N defines a birational morphism g by the basepoint-free theorem [KM98], Theorem 3.3.
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Thus F' is generated by exceptional curves of g. We deduce that (Ky + A)* NF' = {0}
and (Ky + A) is negative on F' \ {0} as claimed.

Now by the cone theorem [KM98], Theorem 3.7, NE(Y)g is rational polyhedral
near I and there is a contraction p: Y — Y such that F’ is generated by the classes of
curves contracted by p. It follows that we can find NE(Y)r C op C op such that F' is a
face of op. Now the algebra structure for P comes from P’ by base extension, so (replacing
P by P’) we can assume F =F', and thus that W is positive on F \ {0}.

Now let J be a monomial ideal with \[] = P\ F. Consider condition (1). By the
TP-equivariance of Theorem 5.2, any %9, that appears in 9, - ¥, has the same weight
for TP. Thus it is enough to show that the map

w: B(Z) x P\]) = x(T°), (¢.C) > w(g) +w(C)

has finite fibres. It is enough to consider fibres of o (Z) x (P\J) — x(TP) for each o €
Ymax- INote that o (Z) x P is the set of integral points of a rational polyhedral cone, and w
is linear on this set. Thus it is enough to check that ker(w) N (o (Z) x F) = 0. So suppose
we have ¢ € 0(Z), C € F with w(g) + w(C) =0. Say 0 = 0;,11. Then ¢ = av; + bv;4,,
for a, b € Z~,. We have

w(g) + w(C) = aep, + bep,,, + »_(C-D)en;

J

thus if this is zero, we have C - D; < 0 for all ;. In particular, W - C < 0. Since W is positive
on I\ {0}, C = 0. Now necessarily « = b = ¢ = 0. This proves (1').

Yor (2), let Ay C Ay be the subalgebra generated by the ¥, ¢ € I'. Fix a weight
w € x(TP). To show AJ’ = Ay it is enough to show that the finite set

{299, € Aj| (¢, C) € B(Z) x (P\]) of weight w}

is contained in A (since the 299, give a k-basis of Aj). We argue by decreasing induction
on ord, (C) (see Definition 2.21). Since the set of possible (¢, C) is finite, there is an upper
bound on the possible ordy,’s. So the claim is vacuously true for large ord,,. Consider
2L ¥, with ordg, (C) = A. Since the ¥, generate A; modulo m, we can find a € Aj such
that

19[,=a+m

with m € m - A;. Moreover, we can assume a, and thus m, is homogeneous for the TP
action. Now

299, =2"a+m.
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Clearly 2%m is a sum of terms 2z 1, of weight w and ord, (D) > £, so me AJ’ by induc-
tion. ]

Remark 6.7. — Suppose p: Y — Y’ is a contraction such that some component
of D is not contracted by p. Let I be the face of NE(Y)gr generated by classes of curves
contracted by p. Then NE(Y)g is rational polyhedral near F. (This follows from the cone
theorem, cf. the proof of Proposition 6.6.) In particular there exists a rational polyhedral
cone op C A;(Y, R) such that NE(Y)r C op and op coincides with NE(Y)g near F.

Corollary 6.8. — Theorem 0.2 holds if D has n > 3 irreducible components.

Progf: — Immediate from Proposition 6.6. U

6.2. Proof of Theorems 0.1 and 0.2 in general. — We now consider an arbitrary
Looijenga pair (Y, D), along with a toric monoid P with NE(Y) C P C A|(Y,Z). Let
7:(Y',D') = (Y, D) be a toric blowup such that (Y’, D’) has a toric model p : (Y', D") —
(Y, D). We have the map T, : A (Y',Z) - A (Y, Z). We can find a strictly convex ratio-
nal polyhedral cone op with

NE(Y')g Cor CA(Y,R)

which has a face I spanned by the t-exceptional curves, and which surjects under 7,
onto op C A;(Y, R). For any monomial ideal I C P with VI=m, let I C P be the in-
verse image of I under 7,. Then /T’ is the prime monomial ideal associated to the face F.
Since the exceptional curves are a proper subset of D’ we have /T’ € A(Y’) by Proposi-
tion 6.6. Note that Speck[P]/I is naturally a closed subscheme of Speck[P']/T’, via the
map induced by the surjection 7, : P" — P. Now restrict the family Xy — Speck[P']/I
to Speck[P]/I. This gives an algebra structure on

A= @B (k[P1/1)2,.

7€B(Z)

We now verify Assumptions 6.1. First, we show that the multiplication rule of this algebra
is the one described in Theorem 2.34. The argument is just as in the proof of Proposi-
tion 3.12: We have By’ ) = By p) and take ¥ := 7, : P’ — P. Note ¥ (Dy' 1)) = DFp,
(i.e., the rays are the same, and we apply ¥ to the decoration function). This does not
literally give a bijection on broken lines (because different exponents in the decoration of
aray in D(y ) could map to the same exponent under ¥r). However, by Equation (3.4),
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with z a point close to g,

Yoo = Y | Y dr) |v | D e)

) 1,¥2) i€y, V3€ép,
Limits(y;)=(gi,2) Limits(y;)=(gi,2)
s(yD)+s(ya)=¢ s(y)+s(ya)=¢

Limits()/l-/)=(l]i,»€)
sy +s(v9)=q

where &, denotes the set of all broken lines y/ for D(§ 1,/ such that ¥ o y/ = y; as paths
and the monomials attached to ¥ (/) differ from those attached to y; only in the k-valued
coeflicients (see the proof of Proposition 3.12). This implies the claim.

Next we need to check that the fibre over the zero stratum of Speck[P] is V,. In
case n > 3, this is straightforward from the multiplication rule. Indeed, modulo m, every
broken line contributing to the multiplication rule is a straight line, and furthermore it
cannot cross any ray of 2. From this one sees that A, = Ry, [X].

The cases n =1 and 2 require special attention. We will do the case of n =1, as
n =2 is similar (and simpler). We cut B = By p) along the unique ray p = p; € X, and
consider the image under a set of linear coordinates ¥ on B\ p. This identifies B \ p
with a strictly convex rational cone in R?. Let w, w’ be the primitive generators of the
two boundary rays. Modulo m the decoration on every scattering ray is trivial, so every
broken line is straight. Moreover, no line can cross p (or the attached monomial becomes
trivial modulo m by the strict convexity of ¢). Now it follows for any x € B(R) \ p and any
q € (B\ p)(Z) there is a unique (straight) broken line with Limits = (¢, x), while there are
exactly two (straight) broken lines with Limits = (v, x), v = v;—under ¥ these become
two distinct straight lines with directions w, w’. Performing a toric blowup of (Y, D) to
get 7’ = 3 can be accomplished by subdividing the cone generated by w and w’ along the
rays generated by w + w’ and 2w 4 w’. Then by Theorem 0.2 in the case n = 3, we see
that Ay, 1s generated over k by

ﬁv = ﬁw = ﬁw% ﬂw—i—w” 192w+w’

where we abuse notation and use the same symbol for an integer point in the convex
cone generated by w and w’, and the corresponding point in B(Z). Now applying the
multiplication rule of Theorem 2.34 one checks easily the equalities:

191) : ﬁw+w’ - 02w+w’ + ﬁw—i—Qw’

— 93
ﬁ2w+w/ : ﬁw+2w’ - ﬁ3w+3w’ - ﬁw+w/~
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It follows that
ﬁ2w+w’ : 7-91) . 19w+w’ = ﬂ§w+w’ + ﬁzier/

and thus A, = K[x, », 21/ (xpz — ¥* — 2°), which is isomorphic to the ring of sections

B H'(C. O@m)

m=>0

for a line bundle O(1) of degree one on an irreducible rational nodal curve C of arith-
metic genus 1. Thus SpecA,, =V,.

Combining this with Propositions 6.5 and 6.6, this proves Theorems 0.1 and 0.2
hold for all (Y, D) except for the smoothness statement of Theorem 0.1.

To show smoothness, note that if m’ denotes the maximal monomial ideal of P’,
X, — Gy the formal deformation provided by Theorem 0.1 for the pair (Y', D) with
the toric model, we know that k[P'] — H°(3.v, Os,_,) is not injective by Theorem 4.6.
Now choose (see the beginning of the proof of Proposition 6.6) a divisor A =) _. ;D! with
a; > 0 for all 7 and A relatively T-ample, so that A - D} > 0 for any D’ contracted by 7.
This determines a one-parameter subgroup T* = G,, of TP via the map x (T?) — Z
given by ep: > a;.

LetJ =P\ F, so that [C] € ] ifand only if C is not contracted by 7. Thusif [C] € F,
T acts on 2! with weight C.A > 0, and for ¢ € B(Z), T* acts with non-negative weight
since a; > 0 for all ¢. It then follows that the map

H'(3), O3) - H 3w, O3,,)

is injective because every component of 3; has a limit point in 3, under the T* action.
So we conclude that k[P'] — H° 3y, (93]) is not injective.

Now F# is generated by the classes of the D! contracted by 7. Let T" :=
Hom(F, G,,). The composition F** C A (Y',Z) — x (T") is a primitive embedding, be-
cause the intersection matrix of F C (D}, ..., D) is unimodular, where D}, ..., D’ are
the irreducible components of the boundary of Y'. So the corresponding composition
TP — Hom(A(Y',Z), G,) — T' admits a splitting T" — T, By T"-equivariance,
the restriction of the family X/ to the open subscheme of &) defined by TF C Sy is
isomorphic to a direct product of Xy, /S, (coming from (Y, D), P) with T*. In particular,
Xm/6n has smooth generic fibre.

6.3. The case that (Y, D) s positive.

Lemma 6.9. — The following are equivalent for a Looyenga pair (Y, D):

(L.1) There exist integers ay, . . ., a, such that (3_ a;D;)* > 0.
(1.2) There exist positive integers by, . . ., b, such that (Y_ b;D;) - D; > 0 for all .
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(1.3) 'Y \ D s the minimal resolution of an affine surface with (at worst) Du Val singularities.
(1.4) There exist O < ¢; < 1 such that —(Ky + Y ¢D;) is nef and big

If any of the above equivalent conditions hold, then so do the following:

(2.1) The Mori cone NE(Y)r s rational polyhedral, generated by finitely many classes of
rational curves. Every nef line bundle on Y s semi-ample.

(2.2) The subgroup G of Aut(Pic(Y), (-, -)) fixing the classes [D;] is finite.

(2.3) The umion R C'Y of all curves disjoint from D s contractible.

Definition 6.10. — We say a Looyenga pair (Y, D) s positive if it salisfies any of the
equivalent conditions (1.1)—(1.4) of the above lemma.

Progf: — We have

Ky+ eDi=(Ky+D) =Y (1—¢)D;==> (1—¢)D;

so (1.2) implies (1.4), and (1.2) obviously implies (1.1).

If(1.1) holds then (D%, (-, -)), where D* = {H € PicY |H-D; =0 Vi}, is negative
definite, by the Hodge Index Theorem, and this implies (2.2) and (2.3).

Suppose (1.4) holds. By the basepoint-free theorem [KM98], 3.3, the linear system

(S00) oo )

defines a birational morphism for m € N sufficiently large, with exceptional locus the
union R of curves disjoint from D. Adjunction shows R is a contractible configuration of
(—2)-curves, which gives (1.3). (2.1) follows from the cone theorem [KM98], 3.7.

We show (1.1) implies (1.2). By the Riemann-Roch theorem, if W is a Weil divisor
(on any smooth surface) and W? > 0 then either W or —W is big (i.e., the rational map
given by [#W] is birational for sufficiently large ). So, possibly replacing the divisor by its
negative, we may assume W = Y ¢,D; is big. Write

W'=Y "4D;=W+ ) (—a)D,

;>0 —a;>0

Thus W’ is big, and replacing W by #W’, we may assume all ¢; > 0 and |W| defines a
birational (rational) map. Subtracting off the divisorial base-locus (which does not affect
the rational map) we may further assume the base locus is at most zero dimensional. Now
W =) 5D, is effective, nef and big, and supported on D. We show we may assume that
in addition 4; > 0 and W - D; > 0 for each . If W - D, > 0, then we may assume b; > 0
(by adding €D; to W if necessary). Now consider the set S C {1, ..., n} of components
D; of D such that W - D; = 0. By connectedness of D we find 4, > 0 for each : € S.
Thus Supp(W) = D. By the Hodge index theorem the intersection matrix (D; - D;); jes is
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negative definite. Hence there exists a linear combination E = ZieS o;D;, with o; € Z for
each : € S, such that E - D; < 0 for each ¢ € S. Now replacing W by W — €E, we obtain
W-D;>0{foreach:=1,...,n

Finally we show (1.3) implies (1.1). Since U =Y \ D is the resolution of an affine
variety U’ with Du Val singularities, we have U’ =Y’ \ D’ where Y’ is a normal projective
surface and D’ is a Weil divisor such that D’ is the support of an ample divisor A. Let
7: Y — Y be a resolution of singularities such that 7 | ;-1 : 7' (U") — U’ is the reso-
lution U — U’. Furthermore, we can assume the inclusion U C Y extends to a birational
morphism f: ¥ — Y. Let D be the inverse image of D’ under 7, so Y \ D = U. The
divisor 77*A has support D. So we can write 7*A = /*(34D,) + 3 w;E; where the E,
are the f-exceptional curves and ;, ; € Z. Then (3 aD;)? > (m*A)?> = A? > 0. [

Corollary 6.11. — Let (Y, D) be a positive Looyenga pair. Let P = NE(Y). The multi-
plication rule Theorem 2.34 applied with ® = D™ determines a_finitely generated T -equivariant
R = k[P]-algebra structure on the free R-module

Furthermore, Spec A — Spec R s a flat affine family of Gorenstein semi-log canonical (SLC) surfaces
with central fibre 'V, and smooth generic fibre. Any collection of ¥, whose restrictions generate A/m =
H(V,, Oy,) generate A as an R-algebra. In particular the ¥, generate for n > 3.

Proof. — Everything but the singularity statement follows from Theorem 0.2. The
Gorenstein SLC locus in the base is open, and TP-equivariant. Taking a big and nef divi-
sor H=Y 4D, with ¢; > 0 and H- D; > 0 for all ¢, we obtain a one-parameter subgroup
of TP given by the map x(TP) — Z, ep. +> a;. By definition of the weights, the weights
of 21! for C € NE(Y) and ¥, for p € B(Z) are all non-negative. Thus the corresponding
torus Ty = G,, gives a contracting action. In particular, since V, is Gorenstein and SLC,
all fibres are Gorenstein and SLC. Moreover, the map

HO(Z9 OZ) - H0(3mv O:")m)

is injective, where Z is the singular locus of the family X — S. But since R —
H°(Os3,,, O3,) is not injective, as shown in the proof of Theorem 0.1, we deduce that
the map R — H%(Z, Oy) is not injective. Letting f be in the kernel of the map, the fibres
over Spec R \ V(f) are smooth. U

In Part II we will prove that when D is positive, our mirror family admits a canon-
ical fibrewise TP-equivariant compactification X C (Z, D). The restriction (Z, D) —
Ty := Pic(Y) ® G,, comes with a trivialization D — D, x Ty. We will show that (Z,D)
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is the universal family of Looijenga pairs (Z, D) deformation equivalent to (Y, D) to-
gether with a choice of isomorphism D, — D,. Now for any positive pair (Z, D7) to-
gether with a choice of isomorphism ¢: D, — D, our construction equips the com-
plement U =7 \ D with canonical theta functions ¥,, ¢ € Bz p)(Z). We will give a
characterisation in terms of the intrinsic geometry of (Z, Dz). Changing the choice of
isomorphism ¢ changes 9, by a character of T” = Aut’(D,.), the identity component of
Aut(D,). Here we illustrate with two examples:

Example 6.12. — Consider first the case (Y, D) a 5-cycle of (—1)-curves on the
(unique) degree 5 del Pezzo surface, Example 3.7. In this case TP = Ty = Pic(Y) ®z G,
and thus by the TP-equivariance, all fibres of the restriction X — Ty are isomorphic. We
consider the fibre over the identity ¢ € Ty, thus specializing the equations of Example 3.7
by setting all z% = 1. It’s well known that these equations define an embedding of the
original U = Y\ D into A’—if we take the closure in P° (for the standard compactification
A’ C P°) one checks easily we obtain Y with D the hyperplane section at infinity.

Now it is easy to compute the zeroes and poles:

(M) =E;+D; —D;po — D

(indices mod 3). In particular {9,, = 0} = E; N U C U, which characterizes ¢,, up to
scaling,

Example 6.13. — Now let (Y,D = D, 4+ Dy 4+ D3) be (the deformation type of)
a cubic surface together with a triangle of lines. Let X C Spec(K[NE(Y)]) x A% be the
canonical embedding given by ¢; := ¢, 1 = 1, 2, 3. In this case, as we shall see in Part II,
the scattering diagram is particularly beautiful, with every ray 9 of rational slope occur-
ring, with precisely six curves on the cubic surface contributing to f,. We will also show
in Part II that the mirror is given by the equation

i i J T

Here the E; are the interior (—1)-curves meeting D;, and the sum over 7 is the sum over
all possible toric models 7: Y — Y of (Y, D) to a pair (Y, D) isomorphic to P? with its
toric boundary. (Such 7 are permuted simply transitively by the Weyl group W(D,) by
[L81], Prop. 4.5, p. 283.) The same family, in the same canonical coordinates, was discov-
ered by Oblomkov [Ob04]. As we learned from Dolgacheyv, after a change of variables (in
A%), and restricting to Ty (the locus over which the fibers have at worst Du Val singular-
ities) this is identified with the universal family of affine cubic surfaces (the complement
to a triangle of lines on projective cubic surface) constructed by Cayley in [C1869]. The
universal family of cubic surfaces with triangle is obtained as the closure in A*> C P°. In
particular, as in the first example, our mirror family compactifies naturally to the universal
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family of Looijenga pairs deformation equivalent to the original (Y, D). There is again a
geometric characterisation of ; (up to scaling): The linear system | =Ky —D,| = |D;+ D]
(here {7, 7, k} = {1, 2, 3}) is a basepoint free pencil. It defines a ruling 7 : Y — P' which
restricts to a double cover D; — P'. Let {a, b} C P' be the branch points of 7 |p,. Let
p=m(D; + D) € P'. There is a unique point ¢ € P'\ {a, b, p} fixed by the unique in-
volution of P! interchanging a and & and fixing p. Let Q = 7*(¢) € |D; + Dy be the
corresponding divisor. The curve Q C P? is a smooth conic. In Part IT we will show

Proposition 6.14. — (%) = Q — D; — Dy.

7. Looijenga’s conjecture

In this section we apply the main construction of this paper to give a proof of
Looijenga’s conjecture on smoothability of cusp singularities, Theorem 0.5. The simple
conceptual idea is explained in the introduction. Here we give the rather involved details.

7.1. Duality of cusp singularities. — We review the notion of dual cusp singularities.
By definition, a cusp is a normal surface singularity for which the exceptional locus of
the minimal resolution is a cycle of rational curves. The self-intersections of these ex-
ceptional curves determine the analytic type of the singularity, see [L.73]. Cusps have a
quotient construction due to Hirzebruch [Hi73] which we explain here. See also [L81],
III, Section 2 for this point of view.

Let M =Z? and let T € SL(M) be a hyperbolic matrix, i.c., T has a real eigen-
value A > 1. Then T determines a pair of dual cusps as follows: Let w;, wy, € Mg be
eigenvectors with eigenvalues A; = 1 /A, Ay = A, chosen so that w; A wy > 0 (in the stan-
dard counter-clockwise orientation of R?). Let C, C be the strictly convex cones spanned
by w;, wy and wy, —wy, and let C, C’ be their interiors, either of which is preserved by
T. Let Ug, Ue be the corresponding tube domains, 1.e.,

Uc:={z€Mg| Im(z) e C}/ M CMc/M=M®G,.

T acts freely and properly discontinuously on Ug, Uer. Write Y, Y for the holomor-
phic hulls of U¢/T', Uy /T, where T is the group generated by T. These each have one
additional point, p € Y, p' € Yo, and (Y, p), (Yo, p') are normal surface germs of
cusps.

Definition 7.1. — (Y¢, p) and (Y, p') are dual cusp singularities.
All cusps (and their duals) arise this way.

Remark 7.2. — If M is identified with its dual by choosing an isomorphism /\* M ==
Z, the cone C is identified with the dual cone of C. In this way C'/T and C/ T are dual
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integral affine manifolds, which suggests that the duality between the corresponding cusps
is a form of mirror symmetry.

To resolve the cusp singularities of Y, say, one considers the convex hull & of
integral points in C, and let v;, ¢ € Z, be the integral points in d &, listed so that v;_,
and vy, are the integral points adjacent to v; on d&. Let X be the infinite fan with two-
dimensional cones generated by v;_;, v; for ¢ € Z. Note that T acts on &, and thus acts by
translation T'(v;) = v;y, for some integer 7, which we can take to be positive by reversing
the ordering of the v; if necessary. Then Xy is a toric variety with an infinite chain of P'’s,
and T acts on X. There is a tubular neighbourhood N of this infinite chain of P'’s on
which the group generated by T acts properly discontinuously, see [AMRT75], p. 48.
Then N/ T is a minimal resolution of singularities of a neighbourhood of the singularity
of Y¢. Note the exceptional divisors D, ¢ taken modulo n, with D; corresponding to the
ray of ¥ generated by v;, satisfy (1.2). Thus if there is a Looijenga pair (Y,D’) with
D' =D + .-+ D/ and (D})? = D? for each i, the corresponding affine manifold with
singularities is precisely B= |2 |/ T by Example 1.10, and By = C/T.

In fact, the dual cusp singularity can be described directly from the cone C and
the polyhedron E:

Lemma 1.3. — Let T, C, E and the v; be as above, giving a cusp singularity p € Y. Let 7.
be the toric variely (only locally of finite type) associated to E. Let ¥ C Z. be the toric boundary of Z., an
infinate chain of smooth rational curves corresponding to the boundary of E. Then there exists a tubular
neghbourhood £ C N C 7 such that the I action on B induces a properly discontinuous I action on
N. Let ¥ C X denote the quotient of . C N by T'. So F is a cyele of smooth rational curves. Then
F C X can be contracted to a singularity p' € X, which ts a copy of the dual cusp p' € Y cr. Moreover,

X is obtained from the minimal resolution of p' € X by contracting all the (—2)-curves.

Proof. — Let ¥’ be the normal fan for the polytope E and C the closure of its
support. We observe that C" coincides with the dual of C, together with the induced
[-action. By Remark 7.2, it follows that X is a partial resolution of a copy of the dual
cusp.

The surface X has Du Val singularities of type A. Indeed, v; is a vertex of & iff
m; := —D? > 2. The corresponding point of Z is smooth if m; = 3 and a singularity of
type A,,_s if m; > 3 (by direct calculation using v;_; + vy = m;v;). Also Ky is relatively
ample over X by Lemma 7.4 below. Indeed, the vectors «; := v; — v;_; are the primitive
integral vectors in the direction of the edges of &, and

Uipr — U = Vig + Vim) — 20, = (m; — 2)v;,

so the lines v; +R - (4;4; — #;) = R-v; all meet at the origin. We deduce that X is obtained
from the minimal resolution of X by contracting all (—2)-curves as claimed. O
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Lemma 7.4. — Let P C R? be a rational convex polygon and X the associated toric surface.
Fix an orientation of the boundary of P and let ey, e, ey denote oriented consecutive edges of the boundary
of P. Let C C X denote the component of the toric boundary associated to the bounded edge ¢, C P. Let
Vo = ey N ey and vy = e, N ey be the vertices of e. Let uy, uy, ug € Z* denote the primitive integral
vectors in the direction of ey, e1, €. Then Kx - C > 0 if and only if the lines vy + R(uy — up) and
vy + R(uy — uy) meet on the opposite side of e, to P.

Proof: — Write M = Z? C R? for the lattice of characters of the torus of X. Choose
an orientation /\°M ~ Z and use it to identify M with its dual lattice N. Let U ¢ X
denote the union of the two toric affine open subsets corresponding to the vertices vy and
v; of P. Then U is a toric open neighbourhood of C C X. Then, under this identification
and up to a sign, the fan X of U in Ng consists of the two cones (uy, u1)r.,, (1, #2)r.,
and their faces. The condition on the lines vy + R(u; — ug) and vy + R(uy — u;) in the
statement is equivalent to the condition that the primitive generator %, of the central ray
of the fan X lies on the same side of the affine line spanned by the primitive generators
and uy of the two outer rays of ¥ as the origin 0 € N. Now by [R83], 4.3, this condition
1s equivalent to Kx - C > 0. UJ

Because this quotient construction is analytic we will have to deal with convergence
issues to show that our construction extends to this analytic situation.

7.2. Cusp family. — In this subsection, we fix the following. Let (Y, D) be a rational
surface with anti-canonical cycle, now over the field k = G. We obtain (B, X), with ¥
having one-dimensional cones p; and two-dimensional cones o; ;41 as usual.

We assume that the intersection matrix (D; - D))<, is negative definite. Let
S Y — Y be the contraction (in the analytic category) of D C Y to a cusp singular-
ity ¢ € Y'. We assume that f is the minimal resolution of Y’, that is, D} < —2 for all 7. We
further assume that n > 3 to avoid additional technical issues of the flavour dealt with in
Section 6.2. The case of Looijenga’s conjecture with n < 2 is in fact trivial, see the proof
of Theorem 7.13.

Let LL be a nef divisor on Y such that

NE(Y)r_, NL"=(Dy,...,D,)r.,-

Here the subscript R-( denotes the real cone in A, (Y, R) generated by the given elements
or set. (Indeed, if Y’ is projective we can take L. = #*A for A an ample divisor on Y'.
In general, let A be an ample divisor on Y. There exist unique a; € Q such that L :=
A+ )" aD; is orthogonal to D; for each j. By negative definiteness of (Dy, ..., D,), we
have g; > 0 for each :. It follows that L is nef.)

Let op C A (Y, R) be a rational polyhedral cone containing NE(Y), P=o0p N
A, (Y, Z) the associated toric monoid. We assume that op is strictly convex and op N Lt
is a face of op. Let m =P\ {0} and ] =P\ PN L C P, the radical monomial ideal
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associated to the face op N L+ of op. We will write S = Speck[P], and for any monomial
ideal I, we write S; = Speck[P]/I.

We take the multivalued piecewise linear function ¢ as usual to have bending pa-
rameter k, , = [D,] € P. We wish to build a deformation of the n-vertex over S; with
V1=]. However, this is already a problem over Sy because none of the «, , lie in J. Thus
we can’t apply the results of Section 2 directly as the standard open sets U, j will not glue
compatibly because of issues involving triple intersections. To deal with this, we need to
shrink these open sets. This procedure is carried out as follows.

Theorem 7.5. — Fix R > 1. There exisis an analylic open neighbourhood Sj of O € Sy and an
analytic flat famaly fj: Xy — Sj logether with a section s: Sy — Xy satisfying the following properties:

(1) The general fibre Xj, of f; is a Stein analytic surface with a unique singularity s(t) € Xj,
wsomorphic to the dual cusp to g € Y'.

(2) For each ray p; € X there is an open analytic subset V ,, 5 C Xy and open analytic embed-
dings

V,gC {(Xz'—l’ X Xir1) € Uy g | Xz | < RIXG|, [Xigi] < R|Xi|} C U,y

where

2
D/’i

U,OiJ = V(XFIXA] _ Z’[Dﬂi]Xi_ ) C Aii_l’xﬂ_] X (Gm)X,- X SJ

such that
(@) X7 :=X5\s(S) =, cx Voy-
(b) V, 3NV g ="0 unless p = p" or p and p" are the edges of a maximal cone o € 2.
(3) The restriction of Xy /Sy to Symn+1 is identified with an analytic neighbourhood of the vertex
. the restriction of the family Xy~+1 /Sys+1 given by Theorem 2.28, (1) with ® = D",
Jor each N > 0.

Progf: — (1) We use the notation of Example 1.10, so that the pair (Y, D) deter-
mines an infinite fan ¥ in Mg with the primitive generators of the rays being the v; for
i € Z. We also have T € SL(M) acting on the fan ¥. We have B =|X|/ T, where I is the
group generated by T.

Now as in Section 7.1, let & C Mg be the convex hull of the points v; € M. Thus
E is an infinite convex polytope. Let £’ be the subdivision of & induced by ¥. In what
follows, we will build a Mumford degeneration Z/S; with special fibre Z, the stable toric
variety associated to Y. In other words, Z, will be the union of the toric surfaces associ-
ated to the maximal polytopes in %'

Sy is the affine toric variety associated to the face 01,4, := 0p N L* of op, and Ppgy :=
obay N A1 (Y, Z) contains the classes of the components of the boundary of Y. We define
a piecewise linear convex function @: |X/| — Pﬁgy ®z R by restriction of a piecewise
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linear convex function ¢ on |2 |. This function is the single-valued representative for ¢
on the universal cover of By, and as such, is defined up to an integral linear function by
specifying its bending parameter

Kpg,q? = [Dz mod n] S Pbdy

if 0; = RZO v;.
Then ¢ determines a Mumford degeneration: this is a slight generalization of Sec-
tion 1.3. One defines

E:={(m.r)|meE,red(m)+on} C Mr @ (P}, ®zR).
Let C(é) be the closure of
{Gm, s,9) | (m,7) € E,5>0} CMr ® (P, ®zR) ®R.

Then C[C(E)N (M & P;?;Y @ Z)] has a natural grading given by the last coordinate, and
the degree zero part of this ring is easily seen to contain G[P}q,]. Thus we obtain the
Mumford family determined by ¢ as

Z:=ProjC[C(E) N (M @ P{}y, @ Z)] — Spec C[Ppy,] = S;.

One sees easily that the fibre over 0 € S; of Z — §; has infinitely many compo-
nents indexed by the 2-cells of the subdivision £’ of &, each of which is a copy of the
blowup of A? at the origin. The general fibre is a toric surface (only locally of finite type)
containing an infinite chain of smooth rational curves, which specializes to the union of
the exceptional curves of the blowups in Z. By construction I' acts on Z over Sy (because
@ is I'-invariant modulo integral affine functions). Let E C Z/S; be the family of curves
described above (the relative toric boundary). The group I' acts properly discontinuously
on a tubular neighbourhood N of E C Z (cf. [AMRT75], p. 48). Let p: (F ¢ X) — S
denote the quotient of (E C N) — S5; by I'.

The divisor F C X is Cartier and the dual of its normal bundle is relatively ample
over a neighbourhood of 0 € S;. Indeed, the special fibre X, is a union of 7 irreducible
components each isomorphic to a tubular neighbourhood of the exceptional locus in
the blowup of A%, and Fy C X, is the cycle of z smooth rational curves formed by the
exceptional curves of the blowups. Hence the normal bundle of F; in X, has degree
—1 on each component of F,. Moreover, we have Rlp*(./\fFv/X)@k = 0 for each £ > 0.

Indeed, by cohomology and base change it suffices to show that H'(( FVU /X))@k) =0,
and this follows from Serre duality. Now by a relative version of Grauert’s contractibility
criterion [F75], Thm. 2, taking global sections of the structure sheaf defines a contraction
P X — X;/Sy to a family of Stein analytic spaces with exceptional locus F. The general
fibre Xy, of Xj/S; is the dual cusp by Lemma 7.3. The section s : S; — X takes x € Sj to

the cusp of Xj ..
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We now show that Xj/Sy is flat and the special fibre is the neighbourhood of the
n-vertex obtained by contracting Fy C X,. The key point is that R'p,Ox is a locally free

Os;-module, cf. [W76], Theorem 1.4(b). Indeed, we have
R'p,O05(=F) =0
by cohomology and base change, the theorem on formal functions, and the vanishing
H' ((/\/‘FVO /5(0)®k) =0 for £ > 0 used above. So, pushing forward the exact sequence
0= Ox(=F) > Ox—> Or— 0
we obtain

Rlp*(/))z = RIP*OF ~ OSI

Recall that S; is a toric variety, so in particular Cohen-Macaulay. Let ¢, . .., ¢, be a regular
sequence at 0 € Sy of length dim Sy and write

Sj:V(l(],...,ti) CSJ?

Xi= X|Sj , and let Xj / Sj be the family over Sj defined by Oxj = p.Ox:. Arguing as above
we find that R'p, O, >~ OSj . Pushing forward the exact sequence

lit1
0 — Oxi—> Ogzi—> Ogin —>0

we deduce that the natural map

is an 1somorphism. Hence by the local criterion of flatness [Ma89], Ex. 22.3, p. 178, it
suffices to show that Xj/S; is flat with special fibre the n-vertex. But Sj 1s the spectrum of
an Artinian C-algebra, so this follows from [W76], Theorem 1.4(b).

(2) Write Z° = Z \ E, and m; = —D? a; = 7Pimedsl for ; € Z. We have an open

¢ mod n>

covering
7= Juy.
i€Z
where

Uiy = V(Xi—lxiH - az-xl-"i) CA X (G X 5.

Xi—1,X+1
Similarly, we have an open covering

z=J0y.

1€Z
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where
& / / m;— 3
Uy :V(xz;lxm — a;x; ) CA, iy, X Sy,
EN GZJ = V(XZ) C [_Ji\]’
and [_Ji,.] \ E= UiJ via Xi—1 = XZ'X;_D Xi+1 = XiX;+l. (NOtC that m; = —])l2 > 2 by assump-
tion.)

Recall that the infinite cyclic group I' acts on Z/S;, there is a I'-invariant tubular
neighbourhood N € Z of E C Z on which the action is properly discontinuous, and F ¢ X
is obtained as the quotient of E. C N by I'. In terms of the open covering above the action
is given by U;j — U, , % — x4, Note that the map U;; NN — X is not an open
embedding (because, for example, U, contains the general fibre of Z°/Sy). Fix R > 1.
We define W; C U;; NN by

Wi = {(xie1, %, xi01) € Uiy AN [ximy| < Rlil, x| < Rlxg}
and similarly define W; € U;j NN by
Wi={(x_y. %, #y,) € Uy AN [ | <R, |, | <R}

Then W; \E=W.

The W; cover the special fibre E; of E/S;y (using R > 1). The open set UW C
N is I'-invariant, the quotient (N, E) — (X F) by I'' is a covering map, and p: X —
Xj is proper with exceptional locus F. Hence we may assume (passing to an analytic
neighbourhood S of 0 € Sy and 5(0) € X)) that N = UW..

By Lemma 7.6 below there exists § > 0 such that

Wi 0 { Gzt i xi) |l < 8} € {Ix] < 1V}

for each i. We replace W, by W, N {|x;] < 8}, and modify W, similarly. Then as above we
may assume that N = [ JW;,, and N C {|x;| < 1 Vi}. We claim that W; N W, = 0 for all
J > ¢+ 1. It suffices to work on the general fibre of Z°/S}, which is an algebraic torus.
The coordinate functions x; are characters of this torus (up to a multiplicative constant).
By construction we have |x;| < 1 for each 7 on N. Hence, shrinking the base S}, we may

assume that || < 1/R? for each i. The relation
m;
Xi—1Xi41 = QiX;
gives the inequality

i1 /x| < (1/R) |/ xi1].
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Combining such inequalities we obtain
(7.2) /3] < (1/R?) i /] forj > i,

Now [x:41 /%] < Ron W;and |x_1/x] <R on W}, so [x/x;_i| > (1/R?)|x;41/x;| on W; N
W;. Forj > 1+ 1 this contradicts the inequality (7.2), hence W; N W; = J as claimed.

It follows that W; embeds in X, using the fact that we have assumed n > 3. Let
V; denote its image, with indices now understood modulo n. Thus Xj = [ JV; and the
inverse image of V; is the (disjoint) union of W; such that j = ¢ mod n. We have V,NV; =
@ for j#1—1,4,1+ 1 by our claim above. So, writing V,; :=V, for p the ray of X
corresponding to D;, the condition (2)(b) is satisfied.

(3) We have the open covering X! = (JV; and open embeddings V; C U,;, and
an open covering X! ,; = [JU; mx+1. The restrictions of U;j/Sy and Uj my+1 /Sy to
Sj+my+1 are identified, and the gluing maps coincide. It follows that the restriction of
X;/Sy 1s identified with a neighbourhood of the vertex in the restriction of Xyn+1 /S
using Lemma 2.10. 0J

Lemma 7.6. — We use the notation of the proof of Theorem 7.5(2). Let x; be the coordinate
Sunctions on 7" = U.j. There exists 8 > O such that on each open set Uy if |x;] <8, [xi—1] <
Rlx;|, [xip1 | < Rlx;|, and |2| < 1 for all p € Prgy then |x;| < 1 for ally.

Progf: — The points v;_;, v;, and v;; are consecutive integral points on the bound-
ary of the infinite convex polytope E with asymptotic directions w;, wy. It follows that
wi = a;V;+ B (vio1 — v;) and wy = Apv; + Bip(viy1 — v;) for some o1, Bi1, dio, Bio € Re.
Note that the ratios f;; /a1, Bin/a» only depend on ¢ modulo 7 (because w,, wy are eigen-
vectors of T and T'(v;) = v;y,). Let  be the maximum of the ratios B, /a1, Bio/atio for
t=1,...,n Let § =R If j > 1 then v; = av; + B(vy1 — v;) with B/a < Bio/aj.
The coordinate function x; can be written as 2/x%(x;1/x,)f on V,, where p € Pyqy. Thus

J
;| < 8“RP < 1 for |x| < 8 and |2#| < 1. The same is true for j < i by symmetry. U

7.3. Thickeming of the cusp family. — We continue to work with the setup at the be-
ginning of Section 7.2, with (Y, D), L, op, P, m and J as given there.

Theorem 7.7. — Let py: Xy — Sy be the analytic family of Theorem 7.5. Possibly afler
replacing Sy by a smaller neighbourhood of 0 € Sy and Xy by a smaller neighbourhood of s(Sy) C X,
independent of the choice of 1 below, the following holds. Let 1 C P be a monomial ideal such that
VI1=] and let S| C Sy denote the induced thickening of S} C Sy. There is an infinitesimal deformation
Ji: Xi = Spof fi: Xy — Sy such that for each N > 0 the restriction to Spec k[P]/(I+ mYt) s
identafied with an analytic neighbourhood of the vertex in the restriction of the family XyN+1 /SyN+1 given
by Theorem 2.28, (1) applied with D = D"

Proof. — As usual, " is the canonical scattering diagram on B associated to the
pair (Y, D). Note that the hypotheses (I) and (II) of Theorem 3.8 are satisfied for the
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ideal J (but not (III)). This is because we can take L = A+ ) 4D, with A ample on Y and
a; > 0, and any A'-class B intersects the D, non-negatively. Then for any £ there are only
a finite number of A!-classes B such that L. - B < £. In addition, there are no A'-classes 8
with 8- L=0.

Let © be the scattering diagram obtained by reducing ®** modulo I as follows.
For each ray 0 of ©®°*", we truncate the attached function f, by removing monomial terms
lying in I - k[P, ], and we discard the ray if the truncated function equals 1. Because of
(II), ® has only finitely many rays 9 and the attached functions f; are finite sums of
monomials. Because of (I), ® is empty if [ =].

We use the scattering diagram ® to define a complex analytic space X{/S| as
follows. Recall from (2.7) the description of the schemes U, /S| for p = p; € X

—D?
Upf’I = V(Xi_IXi‘H - z[Dp]Xi pj;’) - A?(i—l,xﬁl X (Gm)X,: X Sy

We have open subsets Uy, 5., .1, Uy, ..., 1 C Up.1 defined by X;_; # 0 and X;y; # 0 re-
spectively. We have canonical identifications

<7'3> Upiﬂi.z‘ﬂ,l = UUz’.iJrl’Ui,iJrle =U

Pi+1,0i,i+1,1

where

_ 2
UUi,i+1»<7i,i+1 = (Gm)Xi,X X Sy

i+1

Recall that we have an open covering Xy = U
V,5CU,j. Write

pcx Vpy and open analytic embeddings

vV = (VPZ‘J n Upz,tfi,i+1J) N (sz+1J N Uﬂi+1,m.z’+1J) C Utfz,z+1ﬁlgi+1J

04,i+1,07,i+14) *

where we use the identification (7.3). Let V5., C Vg, Vo009 C Vg denote
oy under (7.3). Let V, 1, V,, 5. 1, etc., be the
infinitesimal thickenings of these open sets determined by the thickenings U, 1 of U, ;.
Let 97»@ : Uﬂi+1s(7i,i+lal - Uﬂiﬂz,ﬁ-],
Note that as the canonical scattering diagram D" is trivial modulo J, 6, » restricts to

the open subsets corresponding to V,,
1 be the gluing isomorphism defined as in Section 2.2.

the identification (7.3) modulo J, and thus restricts to an isomorphism
Vpi+1sf71,i+1yl - Vpuaz',m,l'

Gluing the V,, | via these isomorphisms we obtain an infinitesimal deformation X{/S; of
Xj/8S;. Note that there are no triple overlaps of the V, j by Theorem 7.5(2)(b), hence no
compatibility condition for the gluing automorphisms. It is clear from the construction
that the families X{/S; and X,x+1/Spx+1 are compatible.

We define sections ¥, € I'(X], OX‘;) for ¢ € B(Z), compatible with the sections
of Theorem 2.28, (2). We proceed as in the algebraic case: we first define a local sec-
tion Liftg(¢) for each choice of basepoint Q) € By, \ Supp(®) on a corresponding open
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patch of X{ using the broken lines construction. The new difficulty here is that the func-
tions Liftg(g) are not algebraic, even over the unthickened locus S;. Indeed, by definition
Lifty(¢) = Y Mono(y) is a formal sum of monomials corresponding to broken lines y
for ¢ with endpoint Q. Note that with our current choice of ideal J, this sum is always
infinite, as is already evident in Example 2.18. So we must prove convergence. This is
done in Section 7.3.1, see Propositions 7.10 and 7.11.

Once this convergence 1s proved, we observe that these patch to give well-defined
global sections. This follows from the consistency of D" and compatibility of X{/S; with
X! not /Syt for N > 0.

We define an infinitesimal thickening X;/S; of Xj/ Sj by Ox, = z'*(')xrf where
12 Xj C Xj is the inclusion. Then X;/S] is flat by Lemma 2.29 and the existence of the
lifts 9,. O

7.3.1. Convergence of lifis. — Let C C My be the closure of the support |Z| of the
fan fl, a closed convex cone. Let w;, wy be generators of C. Then w,, wy are eigen-
vectors of T with eigenvalues 17!, A for some A € R. We may assume that A > 1. Let
T BO — B, denote the universal cover of By. So BO 1s identified with C = Int(C), with
deck transformations given by the action of I' = (1) on C. Let 77 ¢, and BQ(Z) denote
the pullbacks of P, ¢, and B, (Z). Let D denote the scattering diagram on B, induced
by ©. We fix a trivialization of P as the constant sheaf with fibre P# @ M.

The behaviour of the broken lines y is best studied by passing to the universal
cover Bo of By. Let Q € By, ¢ € Bo(Z), and choose lifts Qe Bo, qe Bo (Z) Then a broken
line y on By for ¢ with endpoint Q lifts uniquely to a broken line 7 on By for TN(§) with
endpoint Q, for some N € Z, and the attached monomials are identified via P=n*P.
Note that TN(§) approaches R.g - wy as N — 0o and Rxg - w; as N — —o0.

If y is a broken line for a point qe 1~30 (Z) with endpoint Qe 1~30 then y : (—o0, 0]
— By isa piecewise linear path in B, = C with initial direction —¢, ending at Q and
crossing all the rays of D between R.(q and R>0Q in order. Let #,...,4 € (—90, 0)
denote the points where y is not affine linear. Each point y () lies on a ray 0; of ® and
the change y'(4;,+€) — y'(¢; — €) in the direction of y as it crosses ; is an integral multiple
of the primitive generator of 9;. Moreover this multiple is positive because each ray of the
canonical scattering diagram is an outgoing ray in the terminology of Definition 2.13. So
the path y is “convex when viewed from the origin”.

It is convenient for the convergence calculation to decompose the monomials for
broken lines as follows. Let y : (—o0, 0] — By be a broken line, ¢ € (—o0, 0] a point such
that y is affine linear near ¢ and y (¢) lies in the interior of a maximal cone o of ¥, and
¢z! the monomial attached to the domain of linearity of y containing ¢. Here ¢ € k and
q € P; C PP dM. We write ¢z/ = az% ™ where m = 7(qg) € M and a = cZ1 %M {5 g
monomial in k[P]. We also use the same decomposition for the monomials occurring in
the scattering functions f, for 0 € ©. Let 0 be a ray in © with primitive integral generator
m € M and T = 1, the smallest cone of & containing 9. Then_f; — 1 is a sum of monomials
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¢z where ¢ e k and ¢ € P;_, 0 # —r(¢) € 0. We write ¢z! = az?™ where m = r(¢) and
a=¢z7"%" is a monomial in k[P].

The scattering diagram ® on B is finite (because we have reduced modulo I), and
D is its inverse image under 7: By — By. Thus © has only finitely many I'-orbits of
rays. Moreover, the I'-action on the scattering functions f; 1s induced by the given action
on Mg and the trivial action on k[P] as follows: writing o =1 + Y_ 4,277 as above,
Sr =1+ 2 g,

Lemma 7.8. — Let Q € By \ Supp(@) be a pont contained i the interior of a maxumal
cone & € X We consider broken lines y on By for TN(G), some N € Z, with endpoint Q, such that
Mono(y) ¢ 1-k[Pg 1. Let k> 0 be such that (k+ 1)] C L.

(1) The number of bends of y s at most k.

(2) The number of broken lines for T~ () with endpoint Q is O(IN|H).

(3) Fory a broken line for TN(q) with endpoint ante Mono(y) = a, 2% 0%) where ay is
a monomial in K[P]. Assume that |7'| < € < 1 for all p € P. Then

|dy| =O< 1_[ |z[Dp]‘|N|>.

dim p=1

Proof: — (1) At a bend ¢ € (—00, 0] of y the attached monomial ¢;z% 1s replaced by
the monomial ¢;4)27*" = ¢z? - ¢;z% where ¢z7 is a term 1n a positive power of the scattering
function f, associated to the ray 0 containing y (4). In particular ¢z’ € J - k[P;,_ ]. Since
Mono(y) ¢ 1-k[Pg ] and (k+ 1)J C I it follows that there are at most £ bends.

(2) Such a broken line crosses O(|N]) scattering rays. If y is a broken line for TNG)
then the initial attached monomial is specified, equal to D At a scattering ray 0,
let « denote the primitive generator of 9, / = f; the attached function, and let ¢z? be
the monomial attached to the incoming segment of the broken line. Then the possible
continuations of the broken line past d correspond to the monomial terms in f*, where
d = |r(q¢) A u| 1s the index of the sublattice of M generated by 7(¢) and u. Note that
since / = 1 mod]J - k[P%] the number of monomial terms in /¢ not lyinginI- k[P%]
1s bounded independent of d. Further, since there are a finite number of I'-orbits of
scattering rays, and the I"-action preserves monomials, there is a bound on the number
of monomial terms independent of the ray d. Thus for a broken line y for TN(3) there
are (O(lk‘\”)) = O(IN|") choices of how it may bend by (1). So the total number of broken
lines is O(|N|¥). _

(3) By symmetry we may assume that N > 0. Let 0 € ® be a scattering ray, / = f,
the attached function, and y a broken line that crosses 9. Suppose first that 0 is contained
in the interior of a maximal cone o of ¥. Let az%™ be the monomial attached to the
incoming segment of y near 0. Let « be the primitive generator of 0. Then the outgo-
ing monomial @' z% " is obtained from the incoming monomial by multiplication by a
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monomial term in /¢, where d = |m A u|. Write f = 1 +f; + - - - + f,, a sum of monomials.
Since / = 1 mod] - k[P, ] we have

(7.4) fi= 23(@

Qi <k

d : .
; )/1“ - f" modl-Kk[P, ].

l

The multinomial coefficient

d . d!
Hyeost ) i d =4 — e —3))

is bounded by @*. The direction of the scattering ray 9 is u = T°(8) where 0 < s <N and
B € M is chosen from a finite set.
The vector m € M 1s of the form

[
m=TNG@ - ) T,
i=1

where [ < k, 0 <s5; <N for each ¢, and the a; € M are chosen from a finite set. Indeed, as
in the proof of (2), for the monomial terms ¢z? occurring in the powers /* of the function
J =/o attached to a given scattering ray 0, only finitely many exponents ¢ € Py, occur
(working modulo I-k[P;, 1). So there are only finitely many possible changes of exponent
q for the attached monomial ¢z of a broken line at a scattering ray modulo the action
of I".

Now identify M = Z? and let || - || denote the standard norm on Mg = R?. Then

d=lmAul < llmll - ul = O().

So, the coefficient @' € k[P] of the outgoing monomial is given by ' = ¢ - 2 - a where
c€C, peP, and || = OA*™N). Thus |d| = OA*™) . |q| for || < 1.

Next, let p € Y be a ray and o, o_ the maximal cones containing p. Suppose ¥
is a broken line that crosses p, travelling from o_ to 0. Let a_z%- be the monomial
attached to the incoming segment of y near p and a, z%~+ @) the monomial attached to
the outgoing segment. By the definition of ¢,

Fo_(m) _ ( [Dp])—w’m) s ()

< <

where 7, € N is primitive, annihilates p, and is positive on o.. Write d := —(n,, m); note
d = |u N m| >0 where u € M is the primitive generator of p. If y does not bend at
o then a; = (zP)? . a_. In general a, = (z°)? - ' where d_z%- @) is obtained from
a_z%-™ as above (by applying the scattering automorphism associated to p and selecting
a monomial term).

We need to show the exponent d = |u A m| > 0 of 2!
is large for some lift § of any given ray p € X. This will allow us to absorb the O(A*Y)

Dol in the previous paragraph
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factors coming from bends of ¥ and obtain the estimate (3). Let ¥ be a broken line for
TN(7). Then

l
m, =T - ) T'e
=1

as above, where 0 <[ <k, N>y > ... >4 >0, and the o; lie in a finite set. Write
so =N and 5,1, = 0. Choose j such that 5; — 5;.; > N/(k+1). Now consider the exponent
d=|unm| form=TN(G) — ‘71::1 T o; given by the monomial attached to the segment
of the broken line between bends j and j + 1. Let 5 € X be the lift of p € £ between
bends j and j + 1 which is closest to bend j + I (such a lift exists if N is sufficiently
large). Let u = T%'B be the primitive generator of p. Then |u A m| = |B A T 91n|
where m' = T7%(m). Writing m’ = pjw; + pywsy, we see that |u)| is bounded since w
has eigenvalue 1~! < 1. Also, i}, is bounded away from zero by Lemma 7.9. Now

uAm=B AT m =) (BAw)IAI™H) + 1l (B A wy) AT,
where s5; — 5,41 > N/(k+ 1), so
lu Am| > ¢ AN/ED

for some constant ¢ > 0.
Combining our results now gives, when [z/P?/| < I for all p € Pyq,, the estimate

ay — O(()\‘QkN)k . l_[ ‘z[Dp] ‘K')‘N/(kJrl)) ,

pPEX
dim p=1

where the first factor bounds the contribution associated to bends of ¥ and the second
factor bounds the contribution associated to rays p of the fan crossed by y, as described
in the preceding two paragraphs. This implies the estimate (3) in the statement, using
|2P)| < 1. Indeed, the above expression is of the form

N
)\’aN . XL A

where a, b, ¢ > 0 and A > 1 are constants, and x = [ |2!P#!|. This is bounded by Cx™ for
0 <x <€ < 1, for some constant C (depending on €). (To see this, we may assume x 7 0,
take logarithms, and establish an inequality

(7.5) aNlog A + cA"™Nlogx <log C + Nlog .
We have —logx > —loge > 0. Rearranging (7.5), we require that, for some choice of C,

aNlog A <logC + (—logx) (c)»}’N - N)
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for all N. This holds because
aNlogA < (—logx) (CAbN — N)
for N sufficiently large.) ]

Lemma 7.9. — Let A C R be a finite set and A € R, L > 1. For k € N let S; C R be the
set of real numbers s of the form s = Zle A" where | < k and ¢; € A, n; € L~ for each i. Then Sy
us discrete for each k.

Progf: — Proof by induction on £. We have Sy = {0}. Suppose S; is discrete. We
have S, = Unzo A'(S; + A). Since A > 1 we deduce that S;,; discrete. O

For Propositions 7.10 and 7.11 below, the assertions hold after possibly replacing
Xj by a smaller neighbourhood of s(0) € X (independent of I, Q and ¢).

Proposition 7.10. — Let Q) € By \ Supp(®) be a point contained in the interior of @ maximal
cone o of X. Each term of the formal sum Liftg(¢) = Y Mono(y) is an analytic function on Vo, g1
and the sum defines an analytic function on Vy 4 1.

Progf: — Recall that V, ;1 1s an infinitesimal thickening of the reduced complex
analytic space Vg ;. Write

Voo 1= {(leXQ) [1X] < RIXqf, [Xo| < R|X1|} C (Gm)il,XQ X S.

Then V,, is a reduced complex analytic space containing V, .1 as a locally closed sub-
space. We show that the sum Liftg(¢g) converges (uniformly on compact sets) to an ana-
lytic function on a neighbourhood of V, ;1 1n V, ;.

Let Q € By be alift of Q and & the lift of o containing Q. Let u;, us be the primitive
generators of 0 (a basis of M) such that the orientation of u;, uy agrees with that of w;, wy.
Let X; = 2% =1, 2, be the associated coordinate functions on V.01, s0 that

Voo C{(X1, Xo) [ 1Xi] < RIXsl, [Xo| < RIXi[} C (G5, x, X St

For m € M, writing m = auy + @iy, we have 2% ™ = X1 X732,

As already noted, broken lines y on By for ¢ with endpoint Q lift uniquely to
broken lines on By for TN(7) with endpoint Q for some N € Z, and the attached
monomials are identified. Write Mono(y) = «, 2%5m) and m, = au; + asuy. Clearly
Mono(y) = ¢, X{' X5 € k[P] [XI—L1 , X;tl] is an analytic function on V, ,. Also write m, =
i w; + powsy. By Lemma 7.12, (1), ) and py are bounded below (using the symmetric
statement interchanging w; and w, if T~(7) € (Q W1)R,,)- The points u; and uy are ad-
jacent integral points on the boundary of the infinite convex polytope & with asymptotic
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directions wy, wo. It follows that w; = Bius + Y1 (w1 — uo) and we = Bouy + Yo (uy — uy),
for some By, Bo, 1, o > 0. Hence

§‘~7Fr (my )

297000 | = XX = (11X /3o 7)) (1K 12K /X 72) 2,

Now |X;/Xy| <R, |Xy/X,| < R on V,,. Thus, as we have chosen § in Lemma 7.6 so
that 0 < § < min(R™"/F1 R77/82) 'if 11), 1y are both positive, 2% | is bounded for
1Xi], [Xg| < 8. On the other hand, suppose (1, say, is negative. Then if |Xy| > 8’ > 0, we
have

(|X2|ﬁ‘ |X1/X2|y')“' < (8/)ﬂlul IXo /X, |77 < (8/)51MIR,MM'

Since B, and y; are fixed and p, is bounded below, the above quantity is bounded.
Similarly, if  is negative, (|X;|#*|Xy/X;]")** is bounded provided |X;| > 8’ > 0. Thus
in any event, |295m)| is bounded for 0 < 8" < |X], |Xs| < 8. (We will only obtain uniform
convergence of the series Liftg(¢) on compact subsets of V,,.) By Lemma 7.8, (3), if
|| <€ <1 for all p € P we have |q,| = O(eN). By Lemma 7.8, (2), the number of
broken lines for TN(7) is O(|N|*). Combining, we deduce that Lift,(Q) = >~ Mono(y)
is convergent on the open analytic subset V = of V,, defined by |X], |X,| < § and
|| < 1 for all p € P, for some § > 0 (independent of I and ¢). After replacing Xj by an
analytic neighbourhood of the vertex s(0) € Xy, we may assume that V,,; CV, .. U

Proposition 7.11. — Let Q) € By \ Supp(®) be a point contained in the interior of @ maximal
cone o of X and let p be an edge of . Consider the formal sum Liftg(¢q) = D Mono(y). For Q
sufficiently close to p each term of the sum is an analytic function on'V , 1 and the sum defines an analytic
JSunction on'V 1.

Proof: — Write p = p;, without loss of generality assume o = 0, 41, so that o, ; €
¥ is the other maximal cone containing p;. Let Q Pis 0iit1, 0,—1.; be compatible lifts to
I~30. Let w;, u;—y, ;41 be the primitive generators of p; and the remaining edges of 6, ;
and 0, 1, and write X;, X;_, X;4, for the corresponding coordinates on V,, ;. So

_DQ
V,1C {(Xz—l, X, X)) Xz < RIX], X | < R|Xi|} C V(Xi—IXi_H B Z[D”]Xi pfp)
C A?(,-,l,XZ-H X (Gm)Xl- X S;
Define
(D, 1x¢ P
Vo= {(Xi_l’ Xis Xig) [ IXima | < RIXG[, [Xig| < R|Xi|} - V(Xi—lxi+l — 27X, pﬁ))
C Agiv?—l,XH.[ S (Gm)Xi X S.

We assume that the orientation of #;_, u;4 is the same as that of w;, ws.
We first consider broken lines y lying in the cone generated by «; and w,. Write
Mono(y) = ayz(p‘}iviﬂ(m”, and m, = au; + o U = W) + pows. By Lemma 7.12, (1),
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|ie1] 1s bounded, and wy > 0 for all but finitely many y. By Lemma 7.12, (2), ;. > 0, so
Mono(y) = ayX?‘X?L e k[P] [Xiﬂ, Xi—1, X411 1s analytic on V, for each y. In particular
we may assume in what follows (discarding finitely many terms Mono(y)) that wy > 0.
Writing w) = —Bui1 + i and wy = Bou; + yo(uipy — u;), we have By, Bo, y1, 2 > 0
and

‘z(ﬁg(m;/)} — (lXi+l|7ﬂ] |Xi|y1)m (|Xi|ﬂ2|XH—1/XZ‘|y2)M2.

Recall that [X;,/X|, |X;=1/X;| < R on V,. Note then that for 0 < § < R7/P2 the
second factor on the right is bounded for |X;| < § as we are taking po > 0. If u; <O,
then we have

_ I _ _
(lXi+1| ﬂllXi|V1) <R ﬁ”“|Xi|( Bty

which is bounded for § < |X;| < § for any small §' > 0. Finally, if ¢; > 0, we use the
equation for V,, which gives

—1 D2 -1 —[D
Xl ™= X |- X2 A 71 .

The function f, on V, restricts to the constant function 1 over ;. Hence we may impose
the condition |f,| > &' for any small 6" > 0. Note that

_ 2 —1] - B 2 - —B
|Xi+l| B :(|Xi71||Xi|Dp]]fo| 1|Z [Dp]|) 111 <Rﬂ1#l|Xi|ﬂlﬂl(l+Dp)lf;0| ﬂlﬂllz[Dp]| 1#1.

Thus we see that in any event, if 8’ < |X;| <8, |f,| > & and || <€ < | for all p € P,
then

‘z@}(my)} . |z[Dp] |"
1s bounded, where ¢ = B, - sup({t,}, 0) is a constant. Now by Lemma 7.8, (3), again using
|7/| <€ < 1forall p€P, then

[Mono(y)| = |a, 27| = O(e™).

Recall that the number of broken lines for TN () is O(|N|*) (Lemma 7.8, (2)). We deduce
that the sum )  Mono(y) over broken lines y lying in (x;, ws)r_, is uniformly convergent
on compact sets for |X;| <8, f, #0,and || < 1 for all p € P, where § > 0 is independent
of I and ¢.

Symmetrically, if we choose a basepoint Q' € o;_; ; sufficiently close to p, we can
use the same argument for broken lines lying in (#;, w)r., ending at Q'. Such a broken
line will have Mono(y) = 4, X", X% with &_ > 0. The same argument as above shows
that the sum ) Mono(y) over all such broken lines y is uniformly convergent on com-
pact sets for [X;| <4, f, #0, and || < 1 for all p € P, where § > 0 is again independent
of I and ¢. However, the statement we are trying to prove involves the lift at Q, not Q'. For
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this purpose, we will omit terms coming from broken lines with «_ = 0 from the above
sum, as such terms will also arise in the above analysis at Q,

To deal with this issue, note that given such a broken line y ending at Q' with
a_ > 0, we get a finite number of broken lines y;, 1 <j <5, ending at a point Q" €641
sufficiently close to p; as follows. Extend y until it reaches p; (which can be done since
o_ > 0). Then applying the automorphism associated to crossing p; to Mono(y) gives
a, X X% '/, which we write as Z:;Zl ayJ.X?__lX(;‘" . The jth monomial in the sum gives a
new broken line y; bending at p; (unless o; = o, in which case we just extend the final line
segment of y), with new attached monomial a},jX?:IX?" = ay/.z@&fﬁ' ) As long as Q/ lies
in the cone generated by p; and —m,,, by extending or shortening the last line segment
of y; and applying a homothety, one can obtain a broken line y; ending at Q’. Thus for
Q” sufficiently close to f;, we obtain broken lines y1, . .., ¥, ending at Q”. However, the
choice of Q" may depend on y. To see there is a choice of Q" which works for all y,
note that for all but a finite number of y, m, lies in the half-space R5o - w; + R - wy
by Lemma 7.12, (1). Further, since y; bends at p;, m, € Z - u; + Z_ - u;,. Thus m, =
Bui+ Byuii for B >0, By <0,and m, = (B — Du; + By uiyy for some [ > 0 with a bound
only depending on f,, mod I. From this it follows that there cannot be a sequence of y and
¥; constructed from y as above so that the cones generated by »; and —m,, get smaller
and smaller.

Thus we see that taking qufﬁciently close to p;, the broken lines ending at Q

contained in (w;, Q')r., with «_ > 0 give in the above fashion broken lines ending at
Q contained in (w), @sz and every such broken line ending at Q clearly arises in this
way. Furthermore, there are no broken lines contained in (w, Q)Rzo with o_ =0, and
thus all broken lines ending at Qhave been accounted for.

Now consider again a broken line y contained in (w, Q>Rzo with o > 0. By
construction, ijl Mono(y;) = Mono(y )fp"‘*. We wish to understand the contribution of

Z;Zl Mono(y;) to Liftg(¢), and to do so, we write Mono(y;) in terms of X, X,y using

. -D2 .. .
the relation X;_ X, = z[Dﬂ]XZ- ”in k[P@S] (see Proposition 2.5). So we can write
—a,Dﬁ-Hx Q.

Z Mono(y) = 4,2 X X, Jo
I

This defines a (possibly rational) function on V,. On the other hand, Mono(y) =
a, X7, X% defines a holomorphic function on V,,, and using the equation
D,y D
<7.6> Xi_1Xi+1 = Z[ ’O]XZ- p\ﬁ)
which is satisfied on V,, we have

_ —a,D%—Q—

Mono(y) =a, za’[D”]Xifl‘ X, aj;“*
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as a function on V,. Thus we see that Mono(y) and Zj Mono(y;) coincide as func-
tions on V,, in the above interpretation. (Essentially we are just using the fact that the
relation (7.6) encodes the automorphism associated to crossing p). Thus the fact that
>, Mono(y) defines an analytic function on V,, 1 for broken lines y ending at Q' con-
tained in (u;, w)r., implies that the sum Zy Mono(y) over all broken lines y ending at

0 and contained in (C w1 )R, 1s analytic. This implies Lift 1s analytic on V, 1.
d din )R- lytic. Th plies Liftg (¢) ly V,. ]

Lemma 7.12. — Let Q € By \ Supp(@) be a point contained in the interior of a maximal
cone & € X. Consider broken lines y on By Sor TN(G) with endpoint Q Jor all N € Z such that
TG € Q Wo)R.,. Write Mono(y) = a .z“’“(’”V), and m, = Wy + WLoWs.

(1) 1| s bounded, and iy is positive for all but finitely many y . In particular, i, Lo are
bounded below.

() Let uy, uy be generators of & with the same orientation as wy, wy. Then_for Q sufficiently
close to p := R - uy, my, lies in the half space R - u; + Rx - uy for each y .

Proof. — (1) We may assume the lift § of ¢ is chosen so that TN(3) € (Q, W9)R.,
if and only if N > 0. Note that the rays spanned by w,, wy are irrational so p, o # 0.
Suppose for a contradiction that there is an infinite sequence of broken lines y such
that m, = pu,w; + powsy with ey < 0. Each broken line has at most £ bends and there
are a finite number of I'-orbits of possible changes & € M of the derivative of y at a
bend; see Lemma 7.8 and its proof. So, passing to a subsequence, we may assume that
the bends (in order of increasing ¢ € (—o0, 0]) of each y are of types T"«y, ..., T
for some fixed oy, ..., € M, [ <k,and N > 5y > 50 > --- > 5, > 0 (depending on y).
Say N — §; is bounded for ¢ < /" and unbounded otherwise. Passing to a subsequence,
we may assume that N — s; is constant for < /. Let y’ be the broken line obtained by
truncating y after the first // bends, and moving by a homothety so that (extending its
final line segment) y’ ends at Q, Then m, = TN(m) for some fixed m € M. Furthermore,
m,, 1s obtained from m,, by adding a positive linear combination of w; and w,. But since
to < 0 and w, wy are eigenvectors of T with eigenvalues A 7!, A, it follows that we must
have m = v;w, + vyw, with vy < 0. But then for sufficiently large N, T~ (m) does not lie
in the half-space R - Q + R - wy. This is a contradiction because m,, always lies in this
half-space.

To see that || is bounded, recall that m, = TG) — Zle TYia; where 0 < [ <k,
0 <5 <N, and the «; are selected from a finite set. Now since Tw, = A~ w; it follows
that || 1s bounded.

(2) Let u be the connected component of By \ Suppl(@) contained in ¢ and
Contammg p in its closure. Let Q' € u be a point such that Q' € (5, @R>o Then if
TNG) € (Q, wy) Rr., and ¥’ is a broken line for TV () with endpoint Q’, we obtain a bro-
ken line y for TN(7) with endpoint Qand m, = m, as follows. First apply a homothety
to obtain a broken line passing through Q then truncate at Q This gives an injective
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map between the set of broken lines for TN(3) € (Q, wWs)R., ending at Q' with the set of
such broken lines ending at Q,

Now suppose y is a broken line for TN(3) with endpoint Q and m, not lying in
the half-space R - u; + R - uy. Since m, lies in the half-space R - Q+R.y - wy we
find m, lies in the cone generated by —Q, —u;. In particular, m,, does not lie in the half-
space R - w; 4+ Rsowy, so by (1) there are only finitely many such y. Now by the above

construction it follows that for Q sufficiently close to / there are none. 0J

7.4. Smoothness. — We will now complete the proof of:

Theorem 7.13 (Looyenga’s conjecture). — Suppose that k = G and the intersection matrix
(D; - D)) 1<ij<n ts negative definite, so that D C'Y can be contracted to a cusp singularity g € Y'. Then
the dual cusp to ¢ € Y' is smoothable.

We continue to work with the setup at the beginning of Section 7.2, with L, op, P,
m and J as given there. By Theorem 7.7, if I is a monomial ideal with /I =], we obtain
a deformation X; — S} of Xj — SJ’. For the remainder of the section, we shall write S;
for Si. Let fj: X; — &; denote the formal deformation determined by the deformations
Xjn+1 = Syvt for N > 0. Thus, Gy is the formal complex analytic space obtained as the
completion of S along Sy, X; is a formal complex analytic space, and X; — &j is an adic
flat morphism. We similarly have the family X, = G, of formal schemes already studied
in Section 4. We refer to [G60] and [B78] for background on formal schemes and formal
complex analytic spaces.

We have a section s: Sy — Xj such that, for ¢ € Sy general, the point s(?) € X,
on the fibre is the cusp. We write XJ” =X5\ 5(Sy) C Xj and Xj C X, %J” C X; for the
induced open embeddings.

Let Z; := Sing(fj) C X; denote the singular locus of f;: X; — Sy, see Definition-
Lemma 4.1. Thus Z; C X is a closed embedding of schemes or complex analytic spaces.
Since the singular locus is compatible with base-change, the singular loci Zj» C Xj. deter-
mine a closed embedding 3; C X which we refer to as the singular locus of fj: Xj — &;.

Lemma 7.14. — In the above situation, there exists 0 # g € K[P] such that Supp(g - O3,)
is contained in 5(Sy). In particular, fy. (g - O3,) is a coherent sheaf on &;.

Progf. — The proof is essentially the same as that of Lemma 4.5. Let i, ; be defined
as in (4.1). Then Xj is a union of open subspaces U;j, 1 =1,..., n, such that ¥, is an
analytic open subspace of ;j for each i. We then take g =4, --- 4, as in the proof of
Lemma 4.5, so that Supp(g - O3) is contained in s(S;). So the support of g - O3, is a
closed subset of s(Sj), hence proper over Sy. It follows that fj.(g - O3,) is coherent by
(B78], 3.1. O
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Let u(J) denote the natural map
u(]): Os; = :(O3)),
and u(m) similarly the natural map
u(m): Og,, = fm(O3,,).
Lemma 7.15. — u(]) is igective if and only if u(w) is inyectuve.

Proof. — Let 0 # g € k[P] be the element given by Lemma 7.14. Let K be the
kernel of «(J) and Kj the kernel of g - u(J). Thus Ky, K} are ideal sheaves in Og,; and
g+ K € Ky C K. The local rings of &y are domains by Lemma 7.16, so Kj = 0 if and
only if Kj = 0. The sheaf K is coherent because the image of g - u(J) is contained in the
coherent subsheaf fj, (¢ - O3,) C fjO3,.

We claim that the natural map

K; ®oq, Os,, — Ky

is an isomorphism. Let z € &, be the unique point, coinciding with the zero-dimensional
torus orbit of S, and let Oy , denote the completion of Os_, at its maximal ideal. Note that

Os. coincides with O, . and the completion of Og; . at its maximal ideal. It suffices to
show that the map

ICj’Z ®OGJ,z OS,z —> IC:‘nz
is an isomorphism. We have an exact sequence of coherent sheaves
0— lCJ/ — Og, = fj(g- O3)
and so an exact sequence of (’A)s, .-modules
0— ’Cjz ® OS,z d OS,z - fj*(g ’ O3J)Z ® OS,&'
Now
fie(g-O3): ® Os. = (g~ 030 ® Os.. = (g- O3) , =g O30

where the hats denote completion with respect to the maximal ideal of O .. Thus /CJ/’ .®

@s, . 1s the kernel of the map

Os.— g OSJ»S(Z)'

By the base-change property for the singular locus, this map coincides with the corre-
sponding map for m. This proves the claim.
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The support of the ideal sheaf K is either empty or S (because the local rings of
Sy are domains and Sy is connected). So K} = 0 if and only if | = 0 by the claim. [

Lemma 7.16. — The local rings of Sy are integral domains.

Progf. — The completion of the local ring of Gy at a point z € S; is identified
with the completion of the local ring of the toric variety S at z. By Serre’s criterion for
normality, the completion of a normal Noetherian ring at a maximal ideal is a local
normal Noetherian ring; in particular, it is a domain. Since Og;. is a local Noetherian
ring, it is contained in its completion. We deduce that Og;. is a domain. O

Proof of Theorem 7.13. — Let f: Y — Y’ be the contraction of D C Y. We may
assume f is the minimal resolution of Y'. We may further assume n > 3. Indeed, the
embedding dimension of the dual cusp equals max(#n, 3) by [N80], Corollary 7.8, p. 232
and [KMO98], Theorem 4.57, p. 143, see also [L81], p. 307. So in particular for n < 3 the
dual cusp is a hypersurface and thus smoothable. Let L. be a nef divisor on Y such that
NE(Y)r., N Lt =(Dy,..., D,)r.,- Let op C A (Y, R) be a strictly rational polyhedral
cone containing NE(Y) such that op N L* is a face of op. Let P = o0p N A(Y, Z) and
J=P\PNL* By Lemma 7.15 and Theorem 4.6, «(]) is not injective.

Let x € Sy be a point lying in the interior of the toric variety Sy and / € O, a
nonzero element of the kernel of «(J) near x. By Lemma 7.17 there is a morphism

v: SpecClt]/ (M) — &

taking the unique point of the domain to x and 0 # v*(k) € C[¢]/ (") Let Y/ Spec(C[¢]
/(N*1)) be the pullback of X;/&; by v and Z C Y its singular locus. Then Y/ Spec(C[¢]/
(*1)) is a deformation of the dual cusp singularity. Furthermore, O, is annihi-
lated by v*(%), and the ideal generated by v*(4) must contain ¥, so O is annihi-
lated by . By [A76], Theorem 5.1, there is an algebraic finite type deformation
Y’/ Spec C[[£]] whose restriction to Spec(C[]/ (")) is locally analytically isomorphic to
Y/ Spec(C[t]/(Y1)). Let Z’ C Y’ denote the singular locus of Y’/ Spec C[[¢]]. Then O
is a finite G[[¢]]-module because the fibre Yj, has an isolated singularity (using [Ma89],
Theorem 8.4, p. 58). Now Oy = O, /N Oy and 8O, =0, so 8Oy = N0, and
thus YO, = 0 by Nakayama’s lemma. Hence the general fibre of Y’/ Spec C[[{] is
smooth, and Y’/ Spec C[[/]] is a smoothing of the dual cusp. U

Lemma 7.17. — Let A be the completion of a_finitely generated normal Cohen-Macaulay G-
algebra at a maximal ideal. Let O # a € A. Then there exists N > 0 and a G-algebra map f : A —
C[11/ (T such that f (a) # 0.
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Proof. — Extend a to a regular sequence q, {1, ..., of length dimA. Then the
normalization of A/(¢, ..., ) is a finite direct sum of copies of G[[¢]l. Now the result is
clear. O

Acknowledgements

An 1nitial (and ongoing) motivation for the project was to find a geometric com-
pactification of moduli of polarized K3 surfaces. We received a good deal of initial inspi-
ration in this direction from conversations with V. Alexeev. The project also owes a great
deal to the first author’s collaboration with B. Siebert. We learned a great many things
from A. Neitzke, especially about the connections of our work with cluster algebras and
moduli of local systems. Our thinking about Looijenga pairs was heavily influenced by
conversations with R. Friedman and E. Looijenga. Many other people have helped us
with the project, and discussions with D. Allcock, D. Ben-Zvi, V. Fock, D. Freed, A. Gon-
charov, R. Heitmann, D. Huybrechts, M. Kontsevich, A. Oblomkov, T. Perutz, M. Reid,
A. Ritter, and Y. Soibelman were particularly helpful. We would also like to thank THES
for hospitality during the summer of 2009 when part of this research was done. The first
author was partially supported by NSF grants DMS-0805328 and DMS-0854987. The
second author was partially supported by NSF grant DMS-0968824 and DMS-1201439.
The third author was partially supported by NSF grant DMS-0854747.

REFERENCES
[AC11] D. AsraMovicH and (), CHEN, Stable logarithmic maps to Deligne-Faltings pairs II, arXiv:1102.4531.
[A02] V. ALEXEEV, Complete moduli in the presence of semiabelian group action, Ann. Math. (2), 155 (2002), 611—
708.
[A76] M. ARTIN, Lectures on Deformations of Singularities, Lectures on Mathematics and Physics, vol. 54, Tata Inst. Fund.
Res, Bombey, 1976.
[A07] D. Auroux, Mirror symmetry and T-duality in the complement of an anticanonical divisor, 7. Gokova Geom.

Topol., 1 (2007), 51-91.

[AMRT75] A. AsH, D. Mumrorp, M. Rapoport, and Y. Tar, Smooth Compactification of Locally Symmetric Varieties, Math. Sci.
Press, Brookline, 1975.

[B78] J. BingeneR, Uber formale komplexe Raume, Manuscr. Math., 24 (1978), 253-293.
[C1869] A. CayLEY, A memoir on cubic surfaces, Philos. Trans. R. Soc. Lond., 159 (1869), 231-326.
[CPS] M. Cari, M. PumperrLa, and B. SieBerT, A tropical view of Landau-Ginzburg models, available at

http://www.math.uni-hamburg.de/home/siebert/preprints/ LGtrop.pdf.

[CO06] C.-H. CHo and Y.-G. OH, Floer cohomology and disc instantons of Lagrangian torus fibers in Fano toric
manifolds, Asian . Math., 10 (2006), 773-814.

[E95] D. E1sensup, Commutative Algebra with a View Toward Algebraic Geomelry, Graduate Texts in Mathematics, vol. 150,
Springer, New York, 1995.

[FM83] R. FriEDMAN and R. MIRANDA, Smoothing cusp singularities of small length, Math. Ann., 263 (1983), 185-212.

FP84 R. FriEDMAN and H. PINkHAM, Smoothings of cusp singularities via triangle singularities, Compos. Math., 53
g P sing g g b
(1984), 303-324, With an appendix by H. Pinkham.
75 A. Fujiki, On the blowing down of analytic spaces, Publ. Res. Inst. Math. Sci., 10 (1974/1975), 473-507.
g yuc sp
[Giv] A. GiventaL, Homological geometry. 1. Projective hypersurfaces, Sel. Math., 1 (1995), 325-345.

[G09] M. Gross, Mirror symmetry for P? and tropical geometry, Ads. Math., 224 (2010), 169-245.


http://arxiv.org/abs/arXiv:1102.4531
http://www.math.uni-hamburg.de/home/siebert/preprints/LGtrop.pdf

[G11]
[GHK12]
[GHK13]

[GHKK]
[GHKII]
[GHKS]

[K3]
[GPS09]
[GS06]

[GS07]

[GS11]
[GSTheta]

[G60]

[G61]

[HO4]
[Hi73]
[H77]
[IP03]
[KMO98]

[KS06]
(LO2]
[L73]
[Li00]

[Li02]
[LT98]

[LRO1]

[L81]
[Ma89]
[Mum]
[N80]
[Ob04]
[R83]
[SYZ96]

[Ty99)]
[W76]

MIRROR SYMMETRY FOR LOG CALABI-YAU SURFACES I 167

M. Gross, Tropical Geometry and Mirror Symmetry, CBMS Regional Conf. Ser. in Math., vol. 114, AMS; Provi-
dence, 2011.

M. Gross, P. HACKING, and S. KEEL, Moduli of surfaces with anti-canonical cycle, Comp. Math., to appear,
Preprint, 2012.

M. Gross, P. HACKING, and S. KEEL, Birational geometry of cluster algebras, Algebr. Geom., to appear Preprint,
2013.

M. Gross, P. HACKING, S. KiEL, and M. KoNTSEVICH, Canonical bases for cluster algebras, Preprint, 2014.

M. Gross, P. HACKING, and S. KEEL, Mirror symmetry for log Calabi-Yau surfaces II, in preparation.

M. Gross, P. HackiING, S. KEeEeL, and B. SieBerT, Theta functions on varieties with effective anticanonical
class, in preparation.

M. Gross, P. HACKING, S. KEEL, and B. SieBeRT, Theta functions for K3 surfaces, in preparation.

M. Gross, R. PANDHARIPANDE, and B. SieBeRT, The tropical vertex, Duke Math. 7., 153 (2010), 197-362.

M. Gross and B. SieBERT, Mirror symmetry via logarithmic degeneration data, I, 7 Dyffer. Geom., 72 (2006),
169-338.

M. Gross and B. SieBERT, From real affine geometry to complex geometry, Ann. Math., 174 (2011), 1301—
1428.

M. Gross and B. SieBerT, Logarithmic Gromov-Witten invariants, . Am. Math. Soc., 26 (2013), 451-510.

M. Gross and B. SieBerT, Theta functions and mirror symmetry, arXiv:1204.1991 [math.AG].

A. GROTHENDIECK, Eléments de géométrie algébrique I. Le langage des schémas, Inst. Hautes Etudes Sci. Publ. Math.,
No. 4.

A. GROTHENDIECK, Eléments de Géométrie Algébrique III, Etude Cohomologique des Faisceaux Cohérents 1, Inst. Hautes
Etudes Sci. Publ. Math., vol. 11, 1961.

P. HackinG, Compact moduli of plane curves, Duke Math. 1., 124 (2004), 213-257.

E. HirzeBrucH, Hilbert modular surfaces, Enseign. Math., 19 (1973), 183-281.

R. HARTSHORNE, Algebraic Geometry, Grad. Texts in Math., vol. 52, Springer, Berlin, 1977.

E.-N. IoNEL and T. PARKER, Relative Gromov-Witten invariants, Ann. Math., 157 (2003), 45-96.

J. KoLLAR and S. Mor1, Birational Geometry of Algebraic Varieties, Cambridge Tracts in Math., vol. 134, CUP,
Cambridge, 1998.

M. KontskvichH and Y. SoiBELMAN, Affine structures and non-Archimedean analytic spaces, in P. Etingof]
V. Retakh, and 1. M. Singer (eds.) The Unity of Mathematics, Progr. Math., vol. 244, pp. 321-385, Birkhzuser,
Basel, 2006.

S. LaNG, Algebra, 3rd ed., Grad. Texts in Math., vol. 211, Springer, Berlin, 2002.

H. LAuUrER, Taut two-dimensional singularities, Math. Ann., 205 (1973), 131-164.

J- L1, Stable morphisms to singular schemes and relative stable morphisms, 7. Differ. Geom., 57 (2000), 509~
578.

J- L1, A degeneration formula of GW-invariants, 7. Differ. Geom., 60 (2002), 199-293.

J. Lt and G. TiaN, Virtual moduli cycles and Gromov-Witten invariants of algebraic varieties, 7. Am. Math.
Soc., 11 (1998), 119-174.

A.-M. Li and Y. RuaN, Symplectic surgery and Gromov-Witten invariants of Calabi-Yau 3-folds, I, Znvent.
Math., 145 (2001), 151-218.

E. Looyenca, Rational surfaces with an anticanonical cycle, Ann. Math. (2), 114 (1981), 267-322.
H. Marsumura, Commutative Ring Theory, CUP, Cambridge, 1989.

D. MumFORD, An analytic construction of degenerating Abelian varieties over complete rings, Compos. Math.,
24 (1972), 239-272.

I. NakaMURA, Inoue-Hirzebruch surfaces and a duality of hyperbolic unimodular singularities, Math. Ann.,
252 (1980), 221-235.

A. OBLoMKov, Double affine Hecke algebras of rank 1 and affine cubic surfaces, Int. Math. Res. Not., 2004
(2004), 877-912.

M. Rem, Decomposition of toric morphisms, in Arithmetic and Geometry, Vol. II, Progr. Math., vol. 36, pp. 395—
418, Birkhiuser, Basel, 1983.

A. STROMINGER, S.-T. Yau, and E. ZasLow, Mirror symmetry is T-duality, Nucl. Phys. B, 479 (1996), 243-259.
A. TYURIN, Geometric quantization and mirror symmetry, arXivimath/9902027.
J- WanL, Equisingular deformations of normal surface singularities I, Ann. Math. (2), 104 (1976), 325-356.


http://arxiv.org/abs/arXiv:1204.1991
http://arxiv.org/abs/arXiv:math/9902027

168

MARK GROSS, PAUL HACKING, AND SEAN KEEL

M. G.

DPMMS,

Centre for Mathematical Sciences,
Wilberforce Road,

Cambridge CB3 OWB, UK
mgross@dpmms.cam.ac.uk

P H.

Department of Mathematics and Statistics,
Lederle Graduate Research Tower,
University of Massachusetts,

Amberst, MA 01003-9305, USA
hacking@math.umass.edu

S. K.

Department of Mathematics,
1 University Station G1200,
Austin, TX 78712-0257, USA
keel@math.utexas.edu

Manuscrit regu le 12 avril 2013
Manuscrit accepté le 10 janvier 2015
publié en ligne le 25 mars 2015.


mailto:mgross@dpmms.cam.ac.uk
mailto:hacking@math.umass.edu
mailto:keel@math.utexas.edu

	Mirror symmetry for log Calabi-Yau surfaces I
	Introduction
	The main theorems
	The symplectic heuristic
	Outline of the proof
	Further directions

	Basics
	Looijenga pairs
	Tropical Looijenga pairs
	The Mumford degeneration and Givental's construction

	Modiﬁed Mumford degenerations
	The uncorrected degeneration
	Scattering diagrams on B
	Broken lines
	The algebra structure

	The canonical scattering diagram
	Deﬁnition
	Consistency: overview of the proof
	Consistency: reduction to the Gross-Siebert locus
	Step V: the proof of Theorem 3.25 and the connection with [GPS09]

	Smoothness: around the Gross-Siebert locus
	The relative torus
	Extending the family over boundary strata
	Theorem 0.2 in the case that (Y,D) has a toric model
	Proof of Theorems 0.1 and 0.2 in general
	The case that (Y,D) is positive

	Looijenga's conjecture
	Duality of cusp singularities
	Cusp family
	Thickening of the cusp family
	Convergence of lifts

	Smoothness

	Acknowledgements
	References


