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SINGULAR BOHR–SOMMERFELD RULES FOR
2D INTEGRABLE SYSTEMS

BY YVES COLIN DE VERDIÈRE AND SAN VŨ NGO. C

ABSTRACT. – This article gives Bohr–Sommerfeld rules for semiclassical completely integrable sy
with two degrees of freedom with non-degenerate singularities (Morse–Bott singularities) und
assumption that the energy level of the first Hamiltonian is non-singular. The more singular case offocus–
focussingularities was treated in previous works by San Vũ Ngo.c. The case of one degree of freedom
been studied by Colin de Verdière and Parisse.

The results are applied to some famous examples: the geodesics of the ellipsoid, the1 : 2-resonance, an
Schrödinger operators on the sphereS2. A numerical test shows that the semiclassical Bohr–Somme
rules match very accurately the “purely quantum” computations.

 2003 Éditions scientifiques et médicales Elsevier SAS

RÉSUMÉ. – Cet article fournit les règles de Bohr–Sommerfeld pour les systèmes complèt
intégrables semi-classiques à deux degrés de liberté ayant des singularités non dégénérées (à
Bott), sous la condition que le niveau d’énergie du premier Hamiltonien soit non critique. Le ca
singulier des singularités de type foyer-foyer a été traité dans des travaux antérieurs de San Vũ Ngo.c. Le
cas d’un seul degré de liberté a été étudié par Colin de Verdière et Parisse.

Les résultats sont appliqués à quelques exemples célèbres : les géodésiques de l’ellipsoïde, la r
1 : 2 et les opérateurs de Schrödinger sur la sphèreS2. Un test numérique montre que les règles de Bo
Sommerfeld semi-classiques sont en parfait accord avec les calculs “purement quantiques”.

 2003 Éditions scientifiques et médicales Elsevier SAS

Introduction

In this paper, we describe extensions of results of [10] to completely integrable semicl
systems with2 degrees of freedom. If̂H1, Ĥ2 are two commutingh-pseudodifferential operato
on a 2-manifoldX , we introduce themomentum mapF = (H1,H2) :T �X → R2 whereHj

(j = 1,2) is the principal symbol of̂Hj ; we assume thatF is a proper map. Ifo= (0,0) is not a
critical value ofH , the existence and the construction of solutions of the systemĤju=O(h∞)
has a long history and existence of solutions is well known to depend on theBohr–Sommerfeld
rules involving action integrals and Maslov indices of loops generating the homology of the
of F which is a2-torus.

We will assume thato is a critical value and more precisely that the critical points ar
Morse–Bott type. A very simple classification of such points with the corresponding n
forms is given in [25]. Thefocus–focuscase has been described in [27]. We will be intereste
the case where the set of critical points ofH is a 2-dimensional manifold with a transversa
hyperbolic (saddle) singularity: it means that0 is not a critical value ofH1 and thatH2
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restricted to Poincaré sections of the flow ofH1 admits critical points of saddle type. The set
of critical values ofF is then a1-dimensional submanifold ofR2. The main result of our
paper is a description ofsingular Bohr–Sommerfeld rulesin this situation. These rules give
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necessary and sufficient conditions for existence of solutions of the systemĤju = O(h∞),
j = 1,2, and approximations of the solutions. More precisely, we show the existence ne
singular fibreΛo = F−1(o) of a HamiltonianHp with periodic flow which allows toreducethe
classical study to the1-dimensional case on the reduced phase space. This reduced phas
can besingularbecause theS1 action induced by the flow ofHp is not principal in general; non
trivial isotropy group isomorphic toZ/2Z may appear. The possibility of this singularity a
the fact that one is no longer working on a cotangent bundle make the semiclassical “red
more delicate.

We provide a description ofΛo: the topological type can be rather unusual like a Klein bo
The precise description of the quantisation rules is given in Theorem 2.7. There is on

giving a quantum number associated to the periodic orbits ofHp and another rule given in term
of the graphG which is the quotient ofΛo by theS1-action associated withHp. In the spirit of
[27], we interpret these rules as a universalregularisationof the usual Bohr–Sommerfeld rule
for tori as these tori degenerate, leading to our main Theorems 2.19 and 2.20. These sta
in addition to proving the validity of the singular Bohr–Sommerfeld rules, allow us to ha
description of the joint spectrum inside a fixed neighbourhood ofo; however, some technic
difficulties appear which are due to the possible non-connectedness of the fibres ofF , especially
in theC∞ category.

At the end we describe three examples for which we provide explicit calculation and num
checking:

1. High energy limit for eigenvalues of the Laplacian on ellipsoids.
2. Semi-excited states for anharmonic oscillators with a resonance2 : 1.
3. High energy limit for the Schrödinger spectrum on the2-sphere.

For the last two examples, numerical computations of eigenvalues of large matrices are co
with the eigenvalues obtained from the singular Bohr–Sommerfeld rules. We observe a ve
accuracy of the results even for not very big quantum numbers.

1. Classical mechanics

The goal of this section is to give a description of the Lagrangian fibres of a2-degrees-of
freedom integrable system having non-degenerate rank-one singularities of hyperbolic ty
neighbourhood of the critical fibre.

Let (M,ω) be a symplectic manifold of dimension4, and letH1, H2 be two Poisson
commuting Hamiltonian functions inC∞(M,R). The corresponding momentum map will
denoted byF = (H1,H2); we shall always assumeF to be proper,H1 to be non-singular on th
level setΛo := F−1(o) (for some pointo ∈R2). Moreover, we assume thatΛo is connected an
that the critical points ofF onΛo are transversally non-degenerate, in the following sense:

For any Poincaré sectionΣ of the Hamiltonian flow ofH1, the restriction ofH2 to Σ is a
Morse function.

The main results of this section are
• The description of the topology of the fibreΛo (Section 1.2).
• The construction of partial action-angle coordinates in a full neighbourhood ofΛo; we show

in particular that there exists a HamiltonianHp defined in some neighbourhood ofΛo that
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SINGULAR BOHR–SOMMERFELD RULES FOR 2D INTEGRABLE SYSTEMS 3

Poisson commutes withHj , j = 1,2, and all orbits of which are periodic (Theorem 1.6).
Moreover, up to finite covering, a neighbourhood ofΛo is symplectomorphic to a product
of T ∗S1 by a “global” Poincaré section.

of the

the
served

stem is

ld.

ctic for

ré

an

tion
of
ion

c
e will
al

ns
ct
• The construction of normal forms for the system near each connected component
critical set ofF (Theorem 1.13).

The topology ofΛo can in principle be obtained from Fomenko’s description [14], and
first two points appear in Nguyên Tiên Dung [23]. However, we felt that these results de
an independent description with detailed arguments.

1.1. Notation

For convenience of the reader we group here some of our notation: our integrable sy
given by the momentum mapF = (H1,H2) :M → R2. BecauseF is proper, it is a momentum
map for a Hamiltonian action ofR2 on M . o = (ao, bo) is a critical value ofF , U small
disk aroundo in R2. The smooth energy level isSo =H−1

1 (ao). Ω is F−1(U); Λo = F−1(o).
γ =

⋃N
i=1 γi is the critical set ofF in Λo. Γ =

⋃
Γi is the critical set inΩ. Λo \ γ =

⋃
Λk
{i,j}

where Λk
{i,j} is a smooth Lagrangian cylinder whose closure isΛk

{i,j}
⋃
γi
⋃
γj . For any

HamiltonianHsomething we will denote byXsomething the associated Hamiltonian vector fie
G is a graph withN vertices associated toΛo. The Hessian ofH2 restricted toΣ is HΣ(H2).
The absolute value of its determinant (with respect to the density induced by the symple
onΣ) is independent onΣ and denoted by|HΣ(H2)|.

1.2. Topology of Λo

PROPOSITION 1.1. –The critical setγ of F in So is a compact submanifold of dimension1
of Λo which is a finite union of disjoint periodic orbitsγi (i = 1, . . . ,N) of X1. Theγi admits
orbit-cylindersΓi which consists ofγi(a), a close toao.

Proof. –Locally the reduced manifold ofSo := {H1 = ao} is symplectomorphic to a Poinca
sectionΣ of X1. BecauseX1 is transversal toΣ in So, a neighbourhoodV of Σ in So is
diffeomorphic toΣ× I, for a small intervalI, in such a way that the trajectories ofX1 are of the
form {σ} × I, σ ∈ Σ. BecauseH2 is constant under theX1-flow, H2({σ} × I) = (H2)�Σ(σ).
By hypothesis,H2 restricted toΣ admits a non-degenerated critical point atσ := γ ∩Σ. Since
the rank ofF is invariant by the flow ofX1, we must haveγ ∩V = {σ}× I, which says thatγ is
a smooth manifold of dimension1. Because, by definition,γ is closed in the compact setΛo and
hence is compact, it must be a union of circlesγ =

⋃
γi. Then each of these circles must be

X1-orbit, and only a finite numberN of such critical circles arises due to the properness ofF .
The non-degeneracy of(H2)�Σ implies that the isolated critical pointσ = σ(ao) depends

smoothly ona close toao. Therefore the above description extends to any leaf of the folia
H1 = a, a close toao, yielding a smooth family of circlesγi(a). Since a small neighbourhood
So in M is diffeomorphic toSo ×R such thata is a coordinate for the second factor, the un
Γi =

⋃
a close to ao

γi(a) is diffeomorphic to a cylinderS1 × (R, ao). ✷
If the critical pointσ is a local maximum or minimum ofH2, Λo reduces to one ellipti

periodic orbit, a situation which was studied a long time ago by several people (see [7]). W
from now assume thatthis critical point is a saddle point. Then one can have several critic
circles inγ; we show now how they can be connected to each other insideΛo.

PROPOSITION 1.2. – Λo \γ is a union ofR2-orbits that are cylinders. Each cylinder contai
in its closure1 or 2 γi’s. We will denote byΛ{i,j} =

⋃
k{Λk

{i,j}} the set of cylinders that conne
γi andγj .

ANNALES SCIENTIFIQUES DE L’ÉCOLE NORMALE SUPÉRIEURE
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Fig. 1. Image of the momentum map. The set of critical values nearo is a smooth curve parameterised
H1. If the critical point is a saddle point, the regular values are on both sides of the curve of critical v
If it is a maximum or a minimum, only one side is occupied.

Proof. –Sinceγ is R2-invariant,Λo \ γ is a union of orbits, on all of which the action
non-singular. These orbits are therefore2-dimensional quotients ofR2, hence tori, cylinders o
planes. BecauseΛo is connected and contains singular points, any orbit contains critical p
in its closure, which excludes tori. The local structure near eachγi will show independently the
existence of periodic sub-orbits, leading to the non-triviality of the stabilisers of theR2-action,
which excludes planes. Hence all orbits are cylinders.

Now, the closure of such a cylinder consists of singular orbits: there are1 or 2 of them. ✷
DEFINITION 1.1. – We define the graphG as follows:G hasN vertices (whereN is the

number of critical circles inΛo), and there are exactly|Λ{i,j}| different edges connecting th
verticesi andj.

Let Σ be a Poincaré section at a pointm ∈ γi. By hypothesis,Σ ∩ Λo is diffeomorphic to a
“hyperbolic cross”, the union of the local stable and unstable manifoldsW±(m) for the flow of
XH2�Σ

. LetΩ be a small neighbourhood ofγi, and defineW±(γi) as the union of the connecte

components of(Λo \ γi)∩Ω intersectingW±(m). These manifolds do not depend on the cho
of m.

PROPOSITION 1.3. – EitherW+(γi) andW−(γi) are diffeomorphic to the disjoint union o
2 cylinders or both are diffeomorphic to1 cylinder. In the first case the vertexi of G has degree
4 while in the second it has degree2.

Proof. –The2-manifoldW̃+(γi) =W+(γi) ∪ γi is a bundle onγi whose fibre is an interva
There are exactly2 possibilities up to diffeomorphism: the trivial and the Moebius bundle
the first case, removingγi gives2 cylinders, while in the second it gives only1 cylinder. Both
bundles are isomorphic because the sum of their tangent bundle onγi is a R2-bundle that is
orientable as a symplectic bundle.✷

DEFINITION 1.2. – In the first case,γi is called direct, in the second case, it is called reve

4e SÉRIE– TOME 36 – 2003 –N◦ 1
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Fig. 2. The vertices ofG are of degree2 or 4.

Fig. 3. The neighbourhood of a critical circle.

1.3. The classical commutant

LEMMA 1.4. – For any smooth functionK commuting withH1 andH2, the vector fieldXK
can be uniquely written(in a neighbourhood ofΛ0)

XK = aX1 + bX2,

for smooth functionsa, b commuting withH1 andH2.

Proof. –Near any non-singular point ofF , apply the Darboux–Carathéodory theorem wh
makesH1 = ξ andH2 = η in a local symplectic coordinate chart(x, y, ξ, η). ThenK =K(ξ, η),
and the result follows.

Near a critical point in someγi, we use Theorem 1.5 below that reduces the situatio
H1 = ξ + ao andH2 =Φ(ξ, yη), and hence to (H1 = ξ, H2 = yη), for which we use the resu
of [25, Lemme 2.6] ([26, Lemme 2.2.7]).✷

THEOREM 1.5. – Around any pointm ∈ γi, there exists a canonical chart(x, y, ξ, η) in which{
H1 − ao = ξ,

H2 =Φ(ξ, yη),

for some smooth functionΦ defined near the origin, with

∂2Φ(0,0)> 0.(1)

ANNALES SCIENTIFIQUES DE L’ÉCOLE NORMALE SUPÉRIEURE
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Proof. –First construct a Darboux–Carathéodory chart forH1, i.e. a system of symplectic
coordinates(x, y, ξ, η), with canonical formω0, in which ξ =H1 − ao (this implies thatH2 is
independent ofx). In these coordinates, for anyx, the plane{x}×{0}×R2 is a Poincaré section

e

three
for H1, hence by hypothesis(y, η)→ H2(x, ξ, y, η) has, for each smallξ, a non-degenerat
saddle point. The application of the Isochore Morse lemma [11] with parameterξ yields a local
symplectomorphismφξ(y, η) of the(y, η)-space, depending smoothly onξ, such that

H2

(
x, ξ, φξ(y, η)

)
=Φ(ξ, yη),(2)

for a functionΦ with ∂2Φ(0,0) �= 0. Applying the canonical transformation(y, η)→ (−η, y) if
necessary, one can assume thatΦ satisfies condition (1) of the theorem. The map

φ : (x, ξ, y, η) �→ (x, ξ, φξ(y, η))

is a local diffeomorphism but need not be symplectic. A modification ofx shall solve the
problem.

The2-formω1 := φ∗(ω0) splits as follows:

ω1 = ω0 + dξ ∧ β,

for some 1-form β = β(ξ, y, η). From dωj = 0, one getsdξ ∧ dβ = 0, which means
d(y,η)β = 0. Hence there exists a smooth functionf(ξ, y, η) such thatd(y,η)f = β. Let φ1 be
the diffeomorphism:

φ1(x, ξ, y, η) :=
(
x− f(ξ, y, η), ξ, y, η

)
,(3)

so that

φ∗
1ω1 = φ∗

1ω0 + φ∗
1(dξ ∧ β) = φ∗

1ω0 + dξ ∧ β(4)

= ω0 − dξ ∧ df + dξ ∧ β = ω0.(5)

Thus φ ◦ φ1 is symplectic, and because it does not changeH1 = ξ − ao, it answers the
question. ✷
1.4. A periodic Hamiltonian Hp in Ω

The goal of this subsection is to prove the following Theorem 1.6 with the help of the
Lemmas 1.7, 1.8 and 1.9.

THEOREM 1.6 [23]. – There exists a unique(up to additive constant) HamiltonianHp in Ω
that fulfils the following conditions:

1. Hp Poisson commutes withH1 andH2.
2. The flow ofHp is 2π periodic with minimal period2π outsideΓ.
3. OnΓi,

Xp = αi(H1)X1,(6)

with αi a positive function.
Then the flow ofHp is 2π-periodic onΓi if the vertex{i} is direct, andπ-periodic in the

reverse case.

Let us state now the following key lemmas:

4e SÉRIE– TOME 36 – 2003 –N◦ 1



SINGULAR BOHR–SOMMERFELD RULES FOR 2D INTEGRABLE SYSTEMS 7

LEMMA 1.7. – Near eachγi, there exists a unique(up to some additive constant ifao �= 0)
HamiltonianH2,i =H2 − λi(H1)H1 which is critical onΓi.
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Proof. –If dH2 = fi(H1)dH1 onΓi, one gets the differential equation

tλ′
i + λi = fi(t)

which always admits a local solution.✷
DEFINITION 1.3. – A class of pathz→ [γz] (where[ ] means a homotopy or homology clas

is called smooth if there exists locally a representative that smoothly depends onz.

LEMMA 1.8. – Let us denote byLz the orbit ofz by theR2-action. There exists a uniqu
mappingz → [γz ] that is a smooth map fromΩ into H1(Lz,Z) and such that, ifz ∈ γi,
[γz] = ν[γi] whereγi is oriented accordingX1 andν = 1 (resp.2) if γi is direct(resp. reverse).

Proof. –(a) The main point for this proof is to construct such a smooth family[γz] nearγi. By
the Morse–Bott lemma (see Appendix 1.7) applied to the HamiltonianH2,i of Lemma 1.7, there
are a coordinatex1 on the circleγi = (R/Z) and a fibre bundleF± of dimension2 onγi defined
as quotient of the trivial bundle onR by identifying(x1,w) ∈ γi ×R2 with (x1 + 1,±w) such
thatH2,i = x3x4. We can assume thatX1 has the same orientation as∂/∂x1 onγi.

The above Morse–Bott lemma can be applied with the parameterH1. Therefore, one get
coordinates(x1, x2, x3, x4) on a full neighbourhood ofγi in M by lettingx2 =H1.

We choose thenγz to be the path given in these coordinates byt → (t, x2, x3, x4) with
t ∈ R/Z (direct case) andt ∈ R/2Z (reverse case). These paths are drawn on the
(H1,H2,i) = const, and hence on a leaf ofF = (H1,H2). The last assumption of Lemma 1
follows from Proposition 1.3.

(b) Far fromγi, we constructγz on Λo by taking the cylinder equator with the orientati
which in the affine structure ofΛk

{i,j} is given by projectingX1. Then we extend to the nearb
Lagrangian leaves by local triviality of the foliation by orbits. Because theseγz are homotopic
to the ones constructed in a) and lying on the same Lagrangian leaf, it is easy to real
homotopy as an isotopy, thus yielding a smooth family of loops inΩ. ✷

(c) It remains now to use theseγz in order to define the action variable.

LEMMA 1.9. – The symplectic formω is exact inΩ, i.e. there existsα, 1-form in Ω with
dα= ω.

Proof. –The setΛo is Lagrangian and any2-cycle can be deformed insideΛo. ✷
Proof of Theorem 1.6. –PutHp(z) = (1/2π)

∫
γz

α. Hp is smooth and commutes withH1 and

H2 (because it is constant onR2-orbits). Moreover onR2-orbits that are tori the orbits ofXp
are2π-periodic with orbits homotopic toγz (by usual action-angle coordinates). On theγi’s, the
period is2π in the direct case andπ in the reverse case.

The affine structure on the Lagrangian cylindersΛk
{i,j} and condition (3) imply the uniquene

of Xp onΛo. Now supposeH ′
p is another Hamiltonian with the same properties, and letz be a

point inΛo \ γ. Since the orbits underXp andX ′
p of z are equal, the orbits of points nearz in a

same level set ofF (different fromΛo) are homotopic. But these level sets are Liouville tori
which we know thatXp andX ′

p must be equal. ✷
Remark1.1. – Step (a) of the proof does not use the nature ofΛk

{i,j}. Therefore, (a)+ (c)
gives a HamiltonianHp verifying the conditions of Theorem 1.6 but in a neighbourhood oγi

ANNALES SCIENTIFIQUES DE L’ÉCOLE NORMALE SUPÉRIEURE
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only. This suffices to prove that theR2-action has non-trivial stabilisers, whenceΛk
{i,j} must be

cylinders, thus finishing the proof of Proposition 1.2.
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1.5. S1 reduction

The flow ofXp yields a locally free Hamiltonian action ofS1 onΩ, which is free outsideΓ.
The goal of this subsection is to complete the geometric description of our singular fibratio
the help of this action. It is useful for the understanding of Section 2, but since our semicla
framework will be based upon standard pseudodifferential quantisation, which requires co
bundles as phase spaces, some results of this section stand on their own and will not hav
any semiclassical analogue. Note that our proof of the reduction Theorem 1.11 is new a
be used again for Theorem 1.13 (which will be quantised).

Let co =Hp(m) =Hp(Λo). We denote byW the reduced space

W =H−1
p (co) ∩Ω/S1.

W is a symplectic orbifold (see e.g. [3]). It is a smooth manifold if and only if the actio
free, that is if and only if no vertex of reverse type are present in the graphG. Otherwise, it has
singularities at the critical orbitsγi. Since these critical orbits come in families depending
the value ofH1, yielding local orbit cylinders, and becausedHp(m) = λdH1(m), λ �= 0, only
one orbit of each local cylinder meetsH−1

p (co), ensuring that the critical orbits give isolat
singularities inW .

Let

Hq =−b(H1 − ao) + a(H2 − bo),(7)

wherea > 0 andb are the real constants such that, onΛo, Xp = aX1 + bX2 (cf. Lemma 1.4).
ThenΛo =H−1

p (co) ∩H−1
q (0). (This still holds of course for a generic choice of(a, b).) Since

Hq is S1-invariant, it defines a smooth Hamiltonian functioñHq on W . The graphG can be
viewed as the quotient ofΛo by S1, and thus is identified to the level setH̃−1

q (0).

PROPOSITION 1.10. – If the S1-action is free(i.e. all vertices ofG of degree4), then a
neighbourhoodΩ of Λo in M is diffeomorphic to the direct productS1 × R ×W (henceΛo

is diffeomorphic to the direct productS1 × G – these diffeomorphisms are equivariant w
respect to the natural action ofS1 on itself).

Remark1.2. – In this case,W can be regarded as a “global” Poincaré section forXp.

Proof. –We choose nowΩ to be of the formΩo × I whereI is some open interval aroun
0, Ωo is a small invariant neighbourhood ofΛo in H−1

p (co), andHp(Ωo × {ξ})− co = ξ. If the
action is free,Ωo is a principalS1-bundle overW . It is topologically classified by its holonom
class inH1(W,S1

d), whereS1
d is the sheaf of germs of smooth functions onW with values inS1

(see [19]). Using the short exact sequence0→ Z→ R→ S1 → 0, and the fact that the sheafRd

is fine, one gets an isomorphism

H1
(
W,S1

d

)
�H2(W,Z),

yielding the so-called Chern class of the bundle. ButW retracts ontoG andG is 1-dimensional,
soH2(W,Z) = 0, andΩo is a trivial bundle. ✷
4e SÉRIE– TOME 36 – 2003 –N◦ 1
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THEOREM 1.11 [23]. – If the S1-action is free, then(Ω, ω) is symplectomorphic to a
neighbourhood ofS1 × {0}×W in
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(
T ∗S1 ×W, dξ ∧ dx+ π∗ωW

)
,

with Hp − co = ξ. Hereπ is the projection ontoW andωW is the symplectic form ofW .

Proof. –First apply Proposition 1.10 and letξ =Hp−co be a coordinate for theR factor. Then
choose the conjugate angle variablex (pick up some coordinateθ in S1, an originθ0, and letx(θ)
be the time required to go fromθ0 to θ under the Hamiltonian action ofξ), so that{ξ, x} = 1.
Becauseω is S1-invariant, it does not depend onx; using the equivariant Darboux–Weinste
theorem [28], one can assume thatω = ω�ξ=0, and so does not depend onξ either.

Because for anyξ, Xp is ω-orthogonal toS1 × {ξ} ×W , one easily checks by taking loc
coordinates onW that

ω = dξ ∧ dx+ dξ ∧ π∗β + π∗ωW ,

whereβ is a one-form onW , andωW a non-degenerate2-form onW . The closedness ofω (and
its independence onξ) impliesdωW = 0 anddβ = 0, the latter yieldingd(ξπ∗β) = dξ ∧ π∗β.
Let us now apply Moser’s path method to get rid of this term. We let

ωt := dξ ∧ dx+ π∗ωW + td(ξπ∗β),

and wish to construct an isotopyϕt of diffeomorphisms ofΩ such thatϕ∗
tωt = ω0. ϕt is then

given as the flow of the vector fieldXt defined byiXtωt + ξπ∗β = 0. It is easy to check tha
ωt is non-degenerate for allt so thatXt is uniquely defined. Moreover, because of its defin
equation,Xt is of the formξι∗Yt (ι is the inclusionW ↪→ T ∗S1×W ), whereYt is a vector field
onW satisfyingiYt(ωt)�W + β = 0. Thereforeϕt is of the form

(x, ξ,w)→
(
x, ξ, φξt(w)

)
(whereφt is the flow ofYt) and hence preservesx andξ. If Yt can be integrated up to the tim
t0 > 0, thenXt can be integrated up to the time1 for ξ � t0. The diffeomorphismϕ1 then
answers the question.✷

Remark1.3. – The formulaω = dξ ∧ dx+ π∗ωW ensures thatωW is the natural symplecti
form onW obtained by the reduction process.

THEOREM 1.12. – In the general case, there exists a smooth double coveringΩ∗ of Ω in
which the action is free. The reduced manifoldW ∗ is a covering ofW that is ramified of degre
2 at the critical orbitsγi.

Proof. –ChooseΩ to be a relatively compact invariant neighbourhood ofΛo in M . Then
H−1
p (co) ∩Ω has a smooth non-empty invariant boundary, and because this boundary d

meet any critical orbit, the closureW =H−1
p (co)∩Ω/S1 is a relatively compact surface with

non-empty smooth boundary. Letpi, i= 1, . . . , 6, be the images under reduction of the criti
circlesγi and letW̌ be the surfaceW after removal of small disksDi around eachpi. It is
still a smooth surface with boundary, whose fundamental group is free [1], and genera
someµ1, . . . , µk, δ1, . . . , δ�, with δi = ∂Di. LetD ⊂ π1(W̌ ) be the free subgroup generated
µ1, . . . , µk, δ

2
1 , . . . , δ

2
� , and letW̌ ∗ be the corresponding smooth covering ofW̌ . Gluing back the

disksDi defines a covering spaceW ∗ of W that is ramified of degree two at eachpi. Define now

ANNALES SCIENTIFIQUES DE L’ÉCOLE NORMALE SUPÉRIEURE
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Ω∗ ⊂Ω×W ∗ such that the following diagram commutes:

Ω∗ W ∗

r the
f
les

,

e of a

d

Ω W

Since the local structure nearγi (see Theorem 1.13 in the next section) gives a model fo
coveringΩ∗→ Ω, Ω∗ is naturally endowed with a smooth structure compatible with that oΩ.
The lifts ofγi are critical circles inΩ∗ that become of direct type. As a result, all critical circ
in Ω∗ are of direct type, which means that the liftedS1 action is free. ✷
1.6. Normal forms near γi

Choose any Hamiltonian functionHq nearγi that commutes withH1 andH2 and such that
for anyo in the local curve of critical values ofF ,
• Hq(Λo) = 0;
• onΛo \ γi, Xp andXq are linearly independent, and the automorphism

(X1,X2)→ (Xp,Xq)

is orientation preserving.
For instance, the previously definedHq (Eq. (7)) is a good choice, which is independent oni, but
any generic linear combinationHq = α(H1 − ao) + β(H2 − bo), β > 0 would also do.

Then the following theorem states a simple normal form nearγi for the new system(Hp,Hq).
It will be the main tool for the semiclassical analysis, for it reduces the situation to the cas
cotangent bundle.

THEOREM 1.13. – There exist coordinates(x, y) on R = R × ]A,B[ that give local
coordinates oñW+(γi) by taking the quotient by

(x, y)→ (x+ 2π, y)

in the direct case and

(x, y)→ (x+ π,−y)
in the reverse case and a canonical diffeomorphism of a neighbourhood ofγi into a
neighbourhood of the “ξ = co-section” of T ∗(W̃+(γi)) (recall that co = Hp(Λo)) such that
with respect to canonical coordinates we get{

Hp = ξ,
Hq =Φ(ξ, yη),

for some smooth functionΦ defined near the origin, with∂2Φ(0,0)> 0.

Proof. –1. We first wish to prove that the restriction ofHq to the locally reduced manifol
W :=H−1

p (co)/ exp tXp has a non-degenerate saddle point. Letm ∈ γi and let(s, σ, u, v) be
local coordinates nearm such thatσ =H1 − ao and the flow ofX1 is just translation on thes
variable. Then becausedHp(m) = λdH1(m) with λ �= 0, the map

(s, σ, u, v)→ (s,Hp − co, u, v)

4e SÉRIE– TOME 36 – 2003 –N◦ 1
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is a local diffeomorphism of(R4,0) that sends(s,0,0,0) to (s,0,0,0). Therefore one can take
(u, v) as local coordinates forW , and we wish to prove that(Hq)�W (u, v) has a non-degenerate
saddle point at(0,0).

y
of

y
is

olic

s

em 1.5.

nctions

ations,
LetM= ( a b
c d ) be the matrix of smooth functions such that

(dH1, dH2) =M· (dHp, dHq).

SinceH2 is of the formH2 = F (H1, u, v), one has

dH2 =K.dH1 +A,

whereK = ∂1F andA = A(H1, u, v) is a one-form on{0} × {0} × R2 depending smoothl
on H1, that vanishes atm and whose differential atm is a non-degenerate quadratic form
hyperbolic type. UsingM one gets

(c−Ka)dHp = (Kb− d)dHq +A.

The claim is that(Kb − d)(m) �= 0. Indeed,(c − Ka) and (Kb − d) cannot simultaneousl
vanish becauseM is invertible. It suffices then to see thatA(m) = 0 whereas by hypothes
dHp(m) �= 0.

Therefore, we have, onTW ⊂ kerdHp,

d(Hq)�TW =− 1
Kb− d

A,

which implies thatd(Hq)�TW possesses, asA does, a non-degenerate differential of hyperb
type.

2. Now, we consider a neighbourhood of the whole critical circleγi and use Weinstein’
theorem withS1 action to reduce to the cotangent space ofW̃+(γi) with (Hp − co = ξ,
Hq = Hq(ξ, y, η)). In these coordinates (we consider first the direct case),W is naturally
identified with{0} × {0} × R

2, so the previous point shows that(y, η)→Hq(ξ, y, η) has, for
each smallξ, a non-degenerate saddle point. Then the proof goes exactly as that of Theor
Eqs. (2)–(5) are valid ifH1 andH2 are replaced byHp andHq , andω0 is the canonical2-form
of T ∗(W̃+(γi)).

In the reverse case, the proof is the same but we need the Isochore Morse lemma for fu
that are invariant by the involutionσ(x) =−x: it it then possible to choose the diffeomorphismF
commuting withσ. This fact follows easily from the proof given in [11]: in thelemme principal
p. 283, we chooseη such thatσ�(η) =−η. It implies thatXt commutes with the involution. ✷

Remark1.4. – We decide to give to the graphG the orientation of the flow ofHq defined by
(7). Near a vertexγj , it is also given by the flow of the normal formyη.

1.7. Appendix: Morse–Bott lemma

DEFINITION 1.4. – Letf :X → R be a smooth function. A submanifoldW of X is called a
Morse–Bott critical manifoldif every pointw ∈W is a critical point off and if the restriction
of f ′′(w) to the normal bundleTwX/TwW is non-degenerate.

Morse–Bott critical manifold arises in many situations especially whenf is invariant by a
Lie group action. An extension of the Morse lemma is available in that case. In some situ

ANNALES SCIENTIFIQUES DE L’ÉCOLE NORMALE SUPÉRIEURE
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there is global topological problem with the subbundlesN± of the normal bundle generated by
eigenspaces off ′′ associated with> 0 (resp.< 0) eigenvalues.

ical

f a

les for
revious

m

fit for
usual
should

which

to-
f a
d

us strip

e

LEMMA 1.14 (Morse–Bott lemma). –Assume we have a Morse–Bott connected crit
manifoldW for a functionf :X → R. Let N be the normal bundle ofW andF the Hessian
of f which is a non-degenerate quadratic form onN . Then there exists a diffeomorphism o
neighbourhood ofW on a neighbourhood of the0-section inN which conjugatesf to F + c.

If W is connected, a complete set of invariant off , up to smooth conjugacy nearW , is given
by the pair(N+,N−) of bundles onW up to isomorphism.

2. Semiclassical analysis

The aim of this section is to express the singular Bohr–Sommerfeld quantisation ru
quantum integrable systems whose classical counterpart fulfils the hypothesis of the p
section.

Let X be a2-dimensional differential manifold, and let̂H1(h), Ĥ2(h) be commutingh-
pseudodifferential operators, with real principal symbolsH1, H2. Assume that the momentu
mapF = (H1,H2) satisfies the hypothesis of Section 1. In all of this section, the1-form α of
Lemma 1.9 is taken to be the canonical Liouville 1-form of the cotangent bundleT ∗X . ThenHp

(Theorem 1.6) is uniquely defined as the action integral with respect toα. For anyE in the image
of F , the sub-principal formκE is the closed differentiable1-form onΛE := F−1(E) defined at
its regular points byκE(Xj) =−rj , whererj is the sub-principal symbol of̂Hj .

2.1. The microlocal normal form

We will prove here a semiclassical analogue of Theorem 1.13, which was particularly
this purpose since it reduced the situation to that of a cotangent bundle, for which the
pseudodifferential quantisation can be used. A semiclassical analogue of Theorem 1.11
also be interesting, but would involve symplectically reduced cotangent bundles, for
Toeplitz quantisation is needed, a theory that we do not want to enter here.

In this section a critical circleγj ⊂ Λo is fixed. Theorem 1.13 identifies, via a symplec
morphismψ, a neighbourhood ofγj in T ∗X with a neighbourhood of the zero section o
cotangent bundle of the formT ∗(R2/σ), whereσ(x, y) = (x + 2π, y) in the direct case, an
σ(x, y) = (x+ π,−y) in the reverse case.

It is easy to check that Weyl quantisation satisfies, for a symbola ∈C∞
0 (R2):

σ∗OpWh (a) =OpWh (a ◦ T ∗σ)σ∗,

whereσ∗ is the adjoint operatoru �→ u ◦ σ, andT ∗σ is the cotangent lift ofσ. Therefore, if
a= a◦T ∗σ, thenOpWh (a) acts on the space of functionsu that are invariant underσ: u ◦σ = u,
which is the space of functions defined on a cylinder in the direct case, and on the Moebi
in the reverse case. In particular,Q1(h) = OpWh (ξ) andQ2(h) = OpWh (yη) are well-defined
differential operators onR2/σ:

Q1(h) =
h

i

∂

∂x
, Q2(h) =

h

i

(
y
∂

∂y
+

1
2

)
.(8)

Let Ψ0 be the algebra of operators of the formOpWh (a(h)) for classical symbolsa(h) on
T ∗(R2/σ), modulo those whose symbol isO(h∞). Before stating the result of this section, w
introduce the following spaces:
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DEFINITION 2.1. – The classical and semiclassical commutantsCcl(γj) and Ch(γj) are
defined as follows: { ∞( ∗( 2

)) }

r

nd

n

.

ted
serves
t

Ccl(γj) = f ∈C T R /σ , {f, ξ}= {f, yη}= 0 nearγj ;

Ch(γj) =
{
P (h) ∈Ψ0, [P,Q1] and[P,Q2] areO

(
h∞) nearγj

}
.

(Recall that in our coordinates,γj = ((R × {0})/σ) × {co} × {0}, whereco = Hp(Λo).)
Because the symbols ofQ1 andQ2 are polynomials of degree� 2, the operators inCh(γj) are
exactly the Weyl quantisations of symbols of the form

∑
hkak with ak ∈ Ccl(γj).

THEOREM 2.1 (Microlocal normal form). –There exists an elliptic Fourier integral operato
U(h) associated to the canonical transformationψ of Theorem1.13, an invertible2× 2 matrix
M(h) of pseudodifferential operators inCh(γj), and complex-valued functions ofh: ε1(h) and
ε2(h) admitting an asymptotic expansion inC[[h]]:

ε1(h)∼
∞∑
�=0

ε
(�)
1 h�, ε2(h)∼

∞∑
�=0

ε
(�)
2 h�

such that, microlocally nearγj :

U−1(Ĥ1 − ao, Ĥ2 − bo)U =M.(Q1 − ε1,Q2− hε2) +O
(
h∞).(9)

If Ĥ1 andĤ2 are formally self-adjoint, thenU(h) can be chosen to be microlocally unitary, a
the functionsεj are real-valued.
• The first terms ofε1(h) (of order respectivelyh0 andh1) are given by the formulae:

ε
(0)
1 = co =

1
2π

∫
δ

α;(10)

ε
(1)
1 =

1
2π

∫
δ

κo + µ(δ)/4,(11)

whereµ is the Maslov index of any regular part ofΛo, and δ is any cycle associated to a
S1-orbit onΛo \ γ (and recall thatκo is the sub-principal form of the system).
• The first term ofε2(h) is given by the formula:

ε
(0)
2 =

(
λr1 − r2

|HΣ(H2)|1/2

)
�γj

,(12)

whereλ is defined in Lemma1.7 (recall thatri is the sub-principal symbol of̂Hi andHΣ(H2)
is the transversal Hessian ofH2). Note thatHΣ(H2) is also equal to the(y, η)-Hessian ofH2,j

(the latter was defined along withλ in Lemma1.7).

Remark2.1. – Recall that there is a choice of sign in the canonical chartψ of Theorem 1.13
If the other sign is chosen, thenε2 becomes−ε2.

Proof. –Consider the direct case first. First takeU as any Fourier integral operator associa
to ψ (note that by construction this symplectomorphism is exact in the sense that it pre
the action integral). SinceH1 andH2 commute withHp andHq , Theorem 1.13 implies tha
the principal symbols ofU−1Ĥ1U andU−1Ĥ2U are in the classical commutantCcl(γj). The
following division lemma is easily proved as in [25]:

ANNALES SCIENTIFIQUES DE L’ÉCOLE NORMALE SUPÉRIEURE



14 Y. COLIN DE VERDIÈRE AND S. VŨ NGO. C

LEMMA 2.2. – Any functionK ∈ Ccl(γj) that vanishes onγj can be written (in a
neighbourhood ofγj ):

g

as

,

ns that
g
n each
ential
K(x, ξ, y, η) =K(ξ, y, η) = a(ξ − co) + byη,

for some smooth functionsa andb in Ccl(γj).

Applying this lemma toH1 ◦ ψ andH2 ◦ ψ solves the principal part of Eq. (9).
The next steps are obtained by conjugatingU by elliptic pseudodifferential operators, yieldin

transport equations of the form:

LEMMA 2.3. – Given any functions(r1, r2) such that

{r1, yη}= {r2, ξ},

there existK1, K2 ∈ Ccl(γj) and a functionf such that

{ξ, f}=K1 − r1 and {yη, f}=K2 − r2.

Proof. –Let

K1(ξ, y, η) =
1
2π

2π∫
0

r1(x, ξ, y, η)dx.

Of course,{ξ,K1}= 0, and using the hypothesis of the lemma, one has

{K1, yη}=
1
2π

2π∫
0

{r2, ξ}dx=
1
2π

2π∫
0

−∂r2

∂x
dx= 0.

Now, let

f1(x, ξ, y, η) =

x∫
0

(
K1(ξ, y, η)− r1(x′, ξ, y, η)

)
dx′.

Thenf1 is a smooth function onT ∗(R2/σ) that satisfies – using the same kind of calculation
above:

{f1, yη}(x, ξ, y, η) = r2(x, ξ, y, η)− r2(0, ξ, y, η).

Then the wanted functionf is sought under the formf = f1 + f2, which leads to the system

{ξ, f2}= 0 and {yη, f2}=K2 − r2(0, ξ, y, η).

It suffices to seeξ as a parameter and apply a known lemma in the(y, η)-variables (see e.g. [18
Theorem 2]). ✷

In the reverse case, the proof of the theorem is the same provided we deal with functio
are invariant underT ∗σ. But if K(ξ,−y,−η) = K(ξ, y, η), Lemma 2.2 still applies, yieldin
functionsa andb with the same properties. The same is true for the transport equation. The
step of the proof can be quantised via Weyl’s formula to yield well-defined pseudodiffer
operators onR2/σ. Thus the result still holds for the reverse case.
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The proofs for formulae (10), (11) and (12) are given in Section 2.4, but the formula forε1

is apparent in the proof of Theorem 2.4 below, and the formula forε2 can be directly checked
using the fact that the subprincipal symbol is preserved under conjugation by an elliptic Fourier

all
r

ts

n,
s

a

n

or
lo
t

f
ns of

or
integral operator at a critical point of the principal symbol.✷
2.2. Microlocal solutions

We investigate here the solutions of the system(
Ĥ1(h)− ao

)
u=O

(
h∞), (

Ĥ2(h)− bo
)
u=O

(
h∞),(13)

microlocally on a neighbourhood of the critical LagrangianΛo. If the operatorsĤj depend
smoothly on some additional parameterE ∈Rd that leaves the principal symbols intact, then
the results presented here depend smoothly and locally uniformly onE. This applies in particula
to the investigation of the joint spectrum in a window of sizeO(h) around(ao, bo), whereĤj is
to be replaced bŷHj − hEj .

Theorem 2.1, applied to all critical circlesγj , yields a finite set of semiclassical invarian
(ε1,j(h), ε2,j(h)). We show here how these quantities are related to the solutions of (13).

THEOREM 2.4 (The global quantum number). –
• The asymptotic seriesε1(h) = ε1,j(h), modulohZ, depend neither onj, nor on the

particular way to achieve the normal form of Theorem2.1.
• The system(13) admits a microlocal solution near any(and then all) S1-orbit (including

critical circles) if and only if the following condition holds:

ε1(h) ∈ hZ+O
(
h∞).(14)

Remark2.2. – Sinceε1(h) is determined byĤ1(h) andĤ2(h), the fulfillment of Eq. (14)
seems to impose a quantisation condition onh. While we can stick here to this interpretatio
another possibility would be to recall that everything (and in particularε1(h)) smoothly depend
on the pointo in the curve of critical values ofF . Then Eq. (14) can be interpreted as
quantisation condition ono, which leavesh free to vary in a full neighbourhood of0. This
viewpoint is made clear in Section 2.4 (cf. Corollary 2.14).

Proof of Theorem 2.4. –We introduce the sheaf(L,Λo) of germs of microlocal solutions o
Λo, as a sheaf ofCh-modules, whereCh is the ring of all complex functions ofh, c(h), such that

|c(h)|� C.h−N ,

for some constantsC,N , modulo those functions that areO(h∞). Note that the vector operat
F̂ = (Ĥ1, Ĥ2) acts on the huge sheaf overΛo of germs of all admissible distributions modu
microlocal equivalence, and(L,Λo) can be seen as the kernel ofF̂ . The question is to find ou
how local germs can be glued together to form a non-trivial global section of(L,Λo), i.e. a
solution of (13) nearΛo.

It was shown in [26] that the restriction(L,Λo \ γ) to the non-singular points ofF is a
locally constant sheaf, and the germsL(p) at any non-singular pointp form a free module o
rank1, generated by a standard WKB solution. The existence of non-trivial global sectio
(L,Λo \ γ) is then characterised by the nullity (modO(h∞)) of the associated holonomy (
“Bohr–Sommerfeld cocycle”):

λ(h) ∈H1(Λo \ γ,R/2πZ).
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SinceΛo \ γ is a disjoint union of cylindersΛk
{i,j}, whose homologyH1(Λk

{i,j}) is generated

by the cycle represented by any orientedS1-orbit, we get a finite set of holonomiesλk{i,j}(h)

g

.
fficient
refore
roof of
.

n

global
t

characterising(L,Λo \ γ).
Apply now Theorem 2.1. The system (13) is then, on a neighbourhoodΩ of γj , equivalent to

the following standard system:

Q1u= ε1,ju, Q2u= hε2,ju.(15)

At any non-singular pointp ∈ Λo ∩ Ω \ γj , the standard WKBu solution generatingL(p) is
therefore of the form

u(p) = ei
ε1,j

h xv(y), (x, y)∼ p ∈R
2/σ.

This implies that

1
2π

∫
δ

λ(h)≡ ε1,j(h)
h

+O
(
h∞) (modZ),

whereδ is the cycle onΛo \ γ associated with the orbitS1(p). This proves
1. thatε1,j(h) does not depend on the particular way to achieve the normal form;
2. that

∫
δ
λ(h) remains invariant ifp is chosen on another Lagrangian cylinder connectinγj

– which in turn proves
3. thatε1 = ε1,j does not depend on the choice of the critical circleγj (sinceΛo is connected)

The first part of the theorem is now proved. Moreover, condition (14) is necessary and su
for the existence of a (non-trivial) solution near a regular orbit. This condition remains the
necessary for the existence of a solution near a critical circle. We are thus left with the p
the sufficiency of this condition for critical circles, which is achieved by the next proposition✷

PROPOSITION 2.5. – Letγj ⊂ γ be a critical circle. Letd= 2 or 4 be its degree inG(Λo). If
the condition(14) is fulfilled, then the setL(γj) of germs of microlocal solutions onγj is a free
Ch-module of rankd/2.

Proof. –Let n = n(h) ∈ Z be such thatε1 = hn + O(h∞), and letp ∈ γj . We know from
[8, Proposition 17] that the module of microlocal solutions of (15) atp is free of rank2, generated
by

u±
def= einx

(
1±y>0

1√
|y|

eiε2 ln |y|
)
.(16)

If γj is direct, this immediately implies that the moduleL(γj) of microlocal solutions of (13) on
the whole circleγj is also free and of rank2.

In the reverse case, the distributionC+u+ +C−u− onT×R is invariant under the involutio
σ if and only if it has the parity ofn in the variabley, which reads here

C− = einπC+.

L(γj) is in this case a free module of rank1, and its generator depends on the parity ofn. ✷
2.3. The abstract Bohr–Sommerfeld rules

We assume here that the first condition (14) is fulfilled, and show that the existence of
solutions of (15) can be read on the graphG=G(Λo). As before, letn= n(h) ∈ Z be such tha
ε1 = n+O(h∞).
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Fig. 4. Propagation of solutions at vertices of degree4 and2.

Because of Theorem 2.4, for any pointp ∈ Λo, there exists a microlocal solution on
neighbourhood of the orbitS1(p). We shall use this fact to construct from the sheaf(L,Λo)
a new sheaf(L̄,G) onG⊂W (recall thatW is the symplectic orbifold of Section 1.5) that w
encode whether(L,Λo) has a global section (see Theorem 2.7). Generalising the construct
[10], to each pointp ∈G we associate the free moduleL̄(p) generated by the germs ofstandard
basisat p, which will be of rank 1, as follows.

Denote bȳγj the vertex ofG corresponding to the orbitγj , and letγ̄ =
⋃
γ̄j .

• At a regular orbit inΛo \ γ, a standard basis is just any basis of the space of solutions
γj , so we letL̄(p) =L(S1(p)).
• At a vertexγ̄j of degree4, a standard basis is defined in the following way.
The edges connectinḡγj are oriented according to the flow ofyη. Moreover, near̄γj , W is

a smooth oriented surface (the orientation is given by minus the symplectic form). It is s
in [8] that Proposition 2.5 in the direct case can be restated as follows: letI1I2 (resp.I3I4)
be the disjoint union of the two local edges leavingγ̄j (resp. arriving at̄γj ) with cyclic order
(1,3,2,4) – with respect to the orientation ofW nearγ̄j . L̄(I1I2) andL̄(I3I4) are free module
of rank2. Then there exists a linear mapTj : L̄(I3I4)→ L̄(I1I2) such thatu is a solution in a
neighbourhood ofγj if and only if its restrictions satisfyuL̄(I1I2) = TjuL̄(I3I4). In other words,
if we “feed” the system with two functions on the entering edgesI3 andI4, then these function
are propagated on the leaving edgesI1 andI2 in a unique way (see Fig. 4). One can cho
a basis element for each̄L(Ii), i = 1, . . . ,4, and expressTj as a2 × 2 matrix ( a b

c d ) (defined
moduloO(h∞)). Moreover, one can show that the entries are all non-vanishing. It is then
to check that a new choice for the basis elements does not change the cross-ratioρj = ad

bc . In our
situation,ρj can be explicitly calculated: using a simple model yielding Eq. (18) below, one
([8]):

ρj = ρj(h) =−e2πε2,j(h).(17)

The choice of a matrixTj fixes the basis elements up to their multiplication by a same facto
shall call the choice of the basis elements ofL̄(Ii), i = 1, . . . ,4, a standard basiswheneverTj
has the following expression:

Tj =
1√
2πh

Γ(β)eβ lnh

(
e−iβ π

2 eiβ
π
2

eiβ
π
2 e−iβ π

2

)
,(18)

with β = 1
2 + iε2,j ; or with the notations of [10]:

Tj = T
(
ε2,j(h)

)
= e−iπ

4 Ej
(

1 ie−ε2,jπ

ie−ε2,jπ 1

)
,(19)
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18 Y. COLIN DE VERDIÈRE AND S. VŨ NGO. C

with

Ej = E
(
ε2,j(h)

)
=

1√ Γ
(
1
+ iε2,j

)
eε2,j( π

2 +i lnh).(20)

ched to

or
nd
ar in
given

n
ngular”
dance

ts

nomy:
2π 2

Remark2.3. – In [10] the factore−iπ
4 was absent in the definition ofTj (19). Its introduction

here will greatly simplify the treatment of Maslov indices (see also [5]).

Remark2.4. – Eq. (17) proves thatε2,j is a semiclassical invariant (moduloiZ) of the critical
circleγj : it does not depend on the particular way the normal form is achieved.

Remark2.5. – As it is presented here, the notion of a standard basis seems to be atta
the graphG endowed with a specific labelling at vertices of degree4. The form of the matrix
Tj shows that the different possible labellings of the four hyperbolic branchesIi, i= 1,2,3,4,
yield the same set of standard basis, providedI1 andI2 are the local unstable manifolds (f
the flow ofyη – which means for the flow ofHq), I3 andI4 are the local stable manifolds, a
on the oriented manifoldW (which is smooth at vertices of direct type) the branches appe
cyclic order(1,3,2,4). Furthermore, it can be easily checked using the standard basis (25)
below and the fact thatF2

hf = f̌ (wheref̌(y) = f(−y)) thatT (ε)T (−ε) = ( 0 1
1 0 ). Therefore,

exchanging the local un/stable manifolds just amounts to changing the sign ofε2,j .

• At a vertexγ̄j of degree2, the space of solutions has dimension1, so we could just, as i
the regular case, call any solution a standard basis. However, in order to isolate the “si
components of the holonomy, we prefer the following convention which is more in accor
with the previous case (degree4).

Let Iu andIs be the local unstable and stable manifolds ofγ̄j . A choice of basis elemen
(eu, es) for L̄(Iu) andL̄(Is) will be called a standard basis if

eu = Cjes,(21)

with

Cj = C
(
n, ε2,j(h)

)
= e−iπ

4 e−in π
2 Ej
(
1+ i(−1)ne−ε2,jπ

)
=

√
2
πh

Γ(β)eβ lnh cos
(
π

2
(β + n)

)
.(22)

Notice thatCj depends onn mod4.

Remark2.6. – If ε2,j ∈R, one has

Ej =
1√

1+ e−2πε2,j
eiarg Γ(1/2+iε2,j )+iε2,j ln(h).(23)

ThereforeTj is unitary and|Cj |= 1.

(L̄,G) is a locally flat sheaf of rank-one modules, and hence is characterised by its holo

hol :H1(G)→Ch.

In terms ofČech cohomology, ifγ is a loop inG, andΩ1, Ω2, . . . , Ω� = Ω1 is an ordered
sequence of open sets covering the image ofγ, eachΩi being equipped with a standard basisui,
then

hol(γ) def= x1,2x2,3 . . . x�−1,�,
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itical
t

s) and
Fig. 5. Regularization ofκo.

wherexi,j is defined inCh by ui = xi,juj onΩi ∩Ωj .

DEFINITION 2.2 (The singular invariants). –
1. The “principal value”κ̃o of the sub-principal formκo is the cocycle onΛo defined as

follows:
• If [A,B]⊂ Λo \ γ is a non-singular path, then∫

[A,B]

κ̃o :=
∫

[A,B]

κo.

• If [A,B] ⊂ Λo is a path intersecting once and transversally a unique critical circleγj , and
oriented according to the flow ofHq (i.e.A is on the local stable manifold andB is on the local
unstable manifold) then∫

[A,B]

κ̃o := lim
a,b→m

( ∫
[A,a]

κo +
∫

[b,B]

κo + ε
(0)
2,j ln

∣∣∣∣ ∫
Ra,b

ω

∣∣∣∣),
whereRa,b is the parallelogram (defined in any coordinate system) built on the vectors−→ma and
−→
mb (m= [A,B] ∩ γj – see Fig. 5).

2. The “regularized” Maslov index̃µ onΛo is defined as follows:
• The contribution from a regular path inΛo \ γ is the usual Maslov index of the path.
• Let δ = [A,B] ⊂ Λo be a small path intersecting once and transversally a unique cr

circleγj , such thatA belongs to one of the hyperbolic branches(1,3,2,4) andB to an adjacen
branch (i.e.δ makes a turn of angle±π

2 ). δ can be continuously deformed into a pathδt drawn
on a regular leaf ofF . Then the usual Maslov index for this path is constant fort small enough
(δ0 = δ), and we define

µ̃(δ) := µ(δt)±
(
1
2
+ χ{dj=2}n

)
,(24)

where±=“+” if δ turns in the direct sense (with respect to the cyclic order of the branche
“−” otherwise, andχ{dj=2} = 1 if γj is of degree2 andχ{dj=2} = 0 otherwise.

ANNALES SCIENTIFIQUES DE L’ÉCOLE NORMALE SUPÉRIEURE



20 Y. COLIN DE VERDIÈRE AND S. VŨ NGO. C

two
will be

s

mulae

2.1),

lutions,
Fig. 6. The local Maslov correction (for a vertex of degree2, replaceπ
4

by π
4

+ nπ
2

).

Remark2.7. – The sign in (24) is negative ifδ is oriented according to the flow ofHq and
δt belongs to a region in phase space whereHq > 0, and changes whenever one of these
conditions changes. Of course the rule of Fig. 6 is simpler to use, but this correspondence
used for the proofs of Section 2.4.

PROPOSITION 2.6. –
1. The holonomy of the sheaf(L̄,G) has the formhol = ei[θ(h)]/h, where [π∗θ(h)] ∈

Ȟ1(Λo, (C,+)) admits an asymptotic expansion in non-negative powers ofh. (π :Λo→G
is the projection associated to theS1-reduction.)

2. Let
∑

��0[θ̃�]h
� be the asymptotic expansion of[θ̃(h)] := π∗[θ(h)]. Then the first two term

are given by the following formulae:
• [θ̃0] = [α] (the Liouville1-form onΛo);
• [θ̃1] = [κ̃o] + µ̃π

2 .

Proof. –We just prove here the existence of the claimed asymptotic expansion. The for
for θ̃ will follow from our refined analysis in Section 2.4 (Corollary 2.21).

For this purpose, it suffices to show that one can choose local sectionsuα of (L̄,G) for which
the transition constantscα,β have the required form. On the edges ofG, this follows from the
regular theory of WKB solutions. At a critical circle, we apply the normal form (Theorem
and choose the following standard basis (uε2± is defined in Eq. (16)):
• in the direct case, 

e1 = uε2+ ,
e2 = uε2− ,

e3 =F−1
h (u−ε2

+ ),
e4 =F−1

h (u−ε2
− );

(25)

• in the reverse case, {
eu = e1 + (−1)ne2,
es = ine3 + (−i)ne4.

We see then that the restrictions of these solutions to any edge are standard WKB so
whose phases admit an asymptotic expansion in powers ofh. ✷

The dimensionb1 = dimH1(G) is given by Euler–Poincaré formula:

b1 =#{edges ofG} −N +1
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(recall thatN is the number of vertices ofG). Moreover, if we writeN = p+q with p the number
of tetravalent vertices andq the number of divalent vertices, then it is easy to see that

ar

ing

s
ze
e

e

d

3)

nds on
#{edges ofG}= 2p+ q,

so thatb1 = p+ 1.
We can now cutb1 edges ofG, each one corresponding to a cycleδi in a basis(δ1, . . . , δb1) of

H1(G), in such a way that the remaining graph is a treeT (H1(T ) = 0). Then the sheaf(L̄, T )
has a non-trivial global section, i.e. there exists a standard basisuα on each edgeeα such that
they extend to a standard basis at each vertex.

THEOREM 2.7. – (L,Λo) has a non-trivial global section if and only if the following line
system of3p+ q + 1 equations with the3p+ q + 1 unknowns(xα ∈ Ch)α∈{edges of T} has a
non-trivial solution:

1. if the edges(α1, α3, α2, α4) connect at a tetravalent vertexγj (with the prescribed
orientation), then

(xα3 , xα4) = Tj(xα1 , xα2);

2. if the edges(αu, αs) connect at a divalent vertexγj (with the prescribed orientation), then

xαs = Cjxαu ;

3. if α0 andα1 are the extremities of a cut cycleδi, then

xα0 = hol(δi)xα1 .

Here we assume the following orientation: δi can be represented by a closed path start
on the edgeα0 and ending onα1.

Remark2.8. – When solving the system, it is immediate (ifp �= 0) to replace the equation
of type (2) and (3) into those of type(1), in order to finally obtain a linear system of si
(2p) × (2p). If p = 0 then equations of type(2) and (3) combine together to yield a uniqu
equation in one variable.

Proof. –Any global sectionu of (L,Λo) can be characterised by the set of constantsxα ∈Ch

such thatu�L̄(eα) = xαuα. By definition of the standard basis(uα), conditions (1) and (2) ar
necessary and sufficient for(xαuα) to extend to a solution near every critical circleγj . It remains
to check that the solutions at the extremitiesα0, α1 of a cut cycleδi can be consistently glue
back together. Since(uα) is a global section of(L̄, T ), uα1 is the parallel transport ofuα0 along
δi, which means that, as local sections of(L̄,G) (or (L,Λo)), they satisfyuα1 = hol(δi)uα0 .
Therefore the solutionsxα0uα0 and xα1uα1 can be glued back if and only if condition (
holds. ✷
2.4. The spectral problem

The goal of this section is to investigate uniform estimates for our system when it depe
spectral parameters. Specifically, we look now at the system(

Ĥ1(h)−E1

)
u=O

(
h∞), (

Ĥ2(h)−E2

)
u=O

(
h∞),(26)

whereE1 andE2 are real numbers. Here we shall assume thatĤ1 andĤ2 are formally self-
adjoint. If we are only interested in studying the spectrum in a window of sizeO(h) around
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the origin, we can letEi = hεi and there is nothing more to be done: Theorem 2.1 holds
uniformly for (ε1, ε2) varying in a compact set ofR2, so that all the results of the previous
sections apply. However, Theorem 2.1 doesnot apply to the system (26) with uniform estimates

e

n
ian

e
et

ly

in the
for E = (E1,E2) in a compact. Indeed, it would imply thatHp has a unique value on th
local level set(H1,H2) = (E1,E2) nearγj ; if E is a regular value ofF , this level set may
fail to be connected and it is easy to construct a situation whereHp has different values o
each component. Actually,Hp by definition is a function on the set of leaves of the Lagrang
foliation defined byF ; and the following diagram is in general non-commutative:

Ω
F

Hp

U

??

R

(27)

Instead, we need to work with the space of leavesΩ̄, equipped with the momentum map̄F .
For anyE ∈ U ⊂ (R2,0), let ΛE = F−1(E). If U is a sufficiently small ball around som

critical value, the curveCc ⊂ U of critical values of the momentum mapF separates the s
of regular values inU into two simply connected open setsU+ andU−. UsingHq defined in
Section 1.6, we take the following convention:U± := {±Hq > 0}. Let D± := U± ∪ Cc. Let
N+ andN− be the sets of connected components of the open setsF−1(U+) andF−1(U−)
respectively. In each ofU+ andU−, the level sets ofF have a unique topological type, name
they are unions of a finite number̃N± of Liouville tori. The smooth family of tori in the
componentk± is denoted byTk±(E): for any E ∈ U±, F−1(E) =:

⊔
k±∈N± Tk±(E). Of

course,Ñ± = |N±|.
PROPOSITION 2.8. – A smooth functionK commuting withH1 andH2 in Ω is characterised

by the data of|N+| functionsfk+ ∈C∞(D+) and|N−| functionsfk− ∈C∞(D−) such that
1. For all k± ∈N±, K�k± = fk± ◦ F�k± ;
2. For all k+ ∈ N+ and k− ∈ N−, the function equal tofk+ in D+ and tofk− in D− is

smooth onU .

DEFINITION 2.3. – The space of smooth functions inΩ commuting withH1 andH2 will be
denoted byC∞F (Ω). The space of leaves together with the smooth structure described
above proposition will be called theReeb graphof F .

Fig. 7. The Reeb graph ofF .
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Proof. –(a) GivenK , the condition (1) uniquely defines the functionsfk± . Their smoothness
is given by the Darboux–Carathéodory theorem that states that near every non-singular point of
ΛE , there is a canonical chart(x, y, ξ, η) in whichH1 = ξ andH2 = η. The fact that such non-

s to

s
ness at

to

n

lts of
owing
e with
nd, the
e of the

lassical

on
singular points exist even on a singular leafΛEc , Ec ∈ Cc, shows that the smoothness extend
D±. The same argument shows that condition (2) holds wheneverk̄+ ∩ k̄− �= ∅. Then condition
(2) without this restriction holds becauseΛEc is connected.

(b) Conversely, the data of all the functionsfk± defines a unique functionK . The smoothnes
of K outside of the critical points comes from the same argument as above; its smooth
critical points comes from Theorem 1.5 and the following Lemma 2.9.✷

LEMMA 2.9. – Each functionK commuting withξ andyη near(x,0,0,0) is characterised
by two functionsf+, f− ∈C∞(R2,0) satisfying

f−(ξ, t)− f+(ξ, t) = O
(
t∞
)
,(28)

locally uniformly inξ, such that

K(x, y, ξ, η) =
{
f+(ξ, yη) if y � 0,
f−(ξ, yη) if y < 0.

Proof. –The existence of the functionsf+ and f− is equivalent to the fact thatK is
independent ofx and locally constant on the fibersyη = const. Eq. (28) is then equivalent
the smoothness ofK around the axisy = 0 andη = 0. ✷

Remark2.9. – The distinction between the functionsf+ andf− is of course irrelevant whe
all the data is analytic. Neither has it any impact forsemi-excitedregions, i.e. forE = O(hγ),
0 < γ < 1 (see [26, Chapter 5]). In these cases, no further modification of the resu
the previous sections is required (diagram (27) is always commutative), and the foll
Section 2.4.1 becomes rather straightforward. We have laid down all the details to cop
theC∞ case, which makes the statements and proofs more technical. On the other ha
statements in Section 2.4.2 are non-trivial even in the analytic case, and represent som
most crucial results of this article.

2.4.1. The “global” quantum number
In this section, the issue is to generalise the “global” quantum numberε1(h) of Theorem 2.4. In

the smooth, non-analytic category, this leads to a subtle repartition property for the semic
spectrum.

For anyE ∈ U \ Cc, denote by(L,ΛE) the sheaf of germs of microlocal solutions of (26)
ΛE . We know from the regular theory of Bohr–Sommerfeld rules on Liouville tori that(L,ΛE)
is just a flat bundle of rank1 characterised by its holonomyλh ∈ H1(ΛE ,R/2πZ). WhenE is
restricted to any compact subsetK ⊂ U±, andλh is restricted to some connected componentk±,
hλh has a uniform asymptotic expansion inC∞(K)[[h]]. This isno longer true onD±. However,
the following statement holds:

THEOREM 2.10. – The function that assigns to a leafTk±(E) the integral

h

2π

∫
δ

λh,
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where δ is any S1-orbit in Tk±(E), defines an elemente1(h) ∈ C∞F (Ω) that admits an
asymptotic expansion of the form:

l

lor
n
e

e

a
-
1.

o
near a

tead of

t

e1(h) =
∞∑
�=0

h�e
(�)
1 ∈C∞F (Ω)[[h]],

with e
(0)
1 =Hp, ande

(1)
1 =− a

2π

∫
δ r1 − b

2π

∫
δ r2 + µ(δ)/4, whererj is the sub-principal symbo

of Ĥj , anda, b in C∞F (Ω) are the functions defined byXp = aX1 + bX2, andµ is the Maslov
cocycle ofTk±(E).

Remark2.10. – Fixk± ∈ N± and realise(e1)�k± as a smooth functionE → e1(E;h) in
C∞(D±). Now letE = (ao, bo) + h(e1, e2), whereej varies in a compact (recall that(ao, bo)
is a critical value ofF ); thene1(E;h) admits an asymptotic expansion in powers ofh whose
coefficients are smooth functions of(e1, e2). But these coefficients are made out of the Tay
series ofE→ e1(E;h), and therefore, in view of the definition ofC∞F , they do not depend o
the componentk±. We obtain this way an elementε1(h) ∈ C∞[[h]] that is nothing else but th
global quantum number of Theorem 2.4.

Notice that, in order to compute the principal term inε1(h), it is not interesting to use th

formulaε1(h) = e1(E;h), since it would involve the derivative ofe(0)
1 . Instead, apply the formul

of the theorem above to a system whose principal symbol is independent ofE, and whose sub
principal symbol is(r1 − e1, r2 − e2). We obtain this way the claim (10)–(11) in Theorem 2.

Proof of the theorem. –The fact thate1(h) ∈ C∞F (Ω) is obvious form the construction. T
prove the existence of the claimed asymptotic expansion, it suffices to microlocalize
critical circleγj .

Using Lemma 2.9 in the coordinates of Theorem 1.13, one sees that the functionsf+ andf−
of Lemma 2.9 are the same if the degreed= 2. In this case, Theorem 2.1 generalises to

U−1(Ĥ1 −E1, Ĥ2 −E2)U =M.(Q1 − e1,Q2 − e2) +O
(
h∞),

whereM, e1, ande2 depend smoothly onE, which gives the result.
The cased= 4 is more intricate, and follows from Proposition 2.12 below.✷
We shall need the following slightly weaker version of Theorem 2.1.

PROPOSITION 2.11. – There exists an elliptic Fourier integral operatorU(h) associated to
the canonical transformationψ of Theorem1.13such that, microlocally nearγj :

U−1ĤjU = K̂j ,

whereK̂j ∈ Ch(γj).

Proof. –The same proof scheme as that of Theorem 2.1 applies, using Lemma 2.9 ins
Lemma 2.2. ✷

PROPOSITION 2.12. – Letγj be a critical circle of degree4. For eachE close to zero, the se
of microlocal solutions of(26)on a small neighbourhood of any point ofγj is a freeCh-module
of rank2. In the coordinates of Theorem1.13, it has a basis of the form

u±
E = eie

±
1 x/h

(
1±y>0

1√
|y|

eie
±
2 ln |y|/h

)
,
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where e
±
j = e

±
j (E;h) admits an asymptotic expansion in non-negative powers ofh whose

coefficients are smooth functions ofE. For this basis, the system(26) is solved locally uniformly
with respect to(E1,E2) near(0,0). Moreover, the functions(E1,E2)→ e

+
j − e

−
j are flat on the

s of
n

k
cted

,

setCc of critical points ofF .

The proof of this proposition relies on the following lemma:

LEMMA 2.13. – Let p ∈C∞
0 (T ∗S1 × T ∗

R) be a Hamiltonian satisfying

p(x, ξ, y, η) = 0 for y � 0

(i.e.p= 1y�0p). Then

OpWh (p) =OpWh (p) ◦ 1y�0 = 1y�0.OpWh (p)
(
modO

(
h∞)).

Of course the symmetric result (with respect toy = 0) holds.

Proof. –Recall that Weyl quantisation ofp is defined by:

v(x, y) =OpWh (p)u(x, y)

=
1

(2πh)2

∫
e

i
h ((x−x′)ξ+(y−y′)η)p

(
x+ x′

2
, ξ,

y+ y′

2
, η

)
u(x′, y′)dx′ dy′ dξ dη.

We prove the first estimate by showing that‖v‖ = O(h∞) wheneveru = 1y�0u. For this, we
consider the two regions|y|� hδ1 and|y| � hδ2 , with 0 < δ2 � δ1 < 1. If |y|� hδ2 , then only
the domain|y+y′

2 | � hδ2 contributes to the integral; and the result follows from the flatnes
p with respect to its third variable: for allN ∈ N, |v|=O(hNδ2). Let us now look at the regio
|y|� hδ1 . Sincev(·, ·, y � 0, ·) = 0, one can assume thaty �−hδ1 , which implies|y−y′|� hδ1 .
Now the usual trick applies: a repeated integration by parts with respect to the operatorh

i(y−y′)
∂
∂η

(or standard estimates for the Fourier transform) gives|v|=O(hN(1−δ1)) for any integerN .
The same method can be applied to show that‖1y�0v‖=O(h∞) wheneveru= 1y�0u, thus

proving the second estimate.✷
Proof of Proposition 2.12. –The fact that the set of solutions is a free module of ran2

is due, forE /∈ Cc, to the regular theory (the local Lagrangian manifold has two conne
components, on each of which the set of solutions is a free module of rank1), and, forE ∈ Cc,
to Proposition 2.5.

We prove the rest of the proposition foru+
E ; the same argument applies tou−

E . First apply
Proposition 2.11 to assume in what follows thatĤj ∈ Ch(γj). Sinceyη is a quadratic function
every element ofK̂ ∈ Ch(γj) can be writtenK̂ = OpWh (Kh), with Kh ∼

∑
��0 h

�K(�) and

K(�) ∈ Ccl(γj). Because of Lemma 2.9, eachK(�) is defined by two functionsf (�)
± . Let

Fh(x, ξ, y, η)∼
∑
��0

h�f
(�)
+ (ξ, yη),

andRh =Kh−Fh. Let us prove now that there is a unique symbolgh(ξ, t)∼
∑

��0 h
�g(�)(ξ, t)

such that

OpWh (Fh) = gh(Q1,Q2) +O
(
h∞)
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(Qj is defined in Eq. (8)). Indeed,g(0) is necessarily equal tof (0)
+ ; therefore,

OpW (F ) = g(0)(Q ,Q ) + hŜ,

is

nt

sis

is

h
lds

in
h h 1 2

where Ŝ ∈ Ch(γj) and is of order0. Then Ŝ is similarly decomposed – and the claim
proved by induction – provided we show that its Weyl symbol is, as forFh, a function of
(ξ, yη). This is achieved by applying Lemma 2.9 and remarking thatOpWh (Fh), as well as
g(0)(Q1,Q2), commute with the involutiony→−y (and thus their Weyl symbols are invaria
under(y, η)→ (−y,−η)). Summing up, we have proved so far that any operatorK̂ ∈ Ch(γj)
can be written:

K̂ = gh(Q1,Q2) +OpWh (Rh),

where all the coefficients in the expansion ofRh are smooth functions verifying the hypothe
of Lemma 2.13.

Applying this toĤj , we obtain the existence of two symbolsg1,h andg2,h such that

Ĥju
+
E = gj,h(e+

1 , e
+
2 )u

+
E +O

(
h∞).

The independence ofH1 andH2 implies that the principal term:

(ξ, t)→
(
g

(0)
1 (ξ, t), g(0)

2 (ξ, t)
)

is local diffeomorphism; therefore the symbol(g1,h, g2,h) is invertible, and the proposition
proved with

(e+
1 , e

+
2 )∼ (g1,h, g2,h)−1(E1,E2). ✷

COROLLARY 2.14. – Fix k± ∈N± and realise(e1)�k± as a smooth functionE→ e1(E;h)
in C∞(D±). Then the condition

e1(E;h) ∈ hZ+O
(
h∞)(29)

is necessary and sufficient for the existence of a uniform solution of(26) microlocalised in a
neighbourhood(in k̄±) of anyS1-orbit in k̄±.

DEFINITION 2.4. – For any natural integers6+ and6−, we call an(6+, 6−)-curvethe union
of 6+ smooth curves inD+ and6− smooth curves inD− that are transversal toCc and infinitely
tangent to each other onCc.

These curves are just the image byF of a level set of a smooth functionK on the Reeb grap
of F , if XK �= 0 on the critical leavesΛEc (this is a consequence of Proposition 2.8). This ho
for instance forK =Hp (Fig. 8).

COROLLARY 2.15. –There exists a fixed neighbourhoodU in R2 = {(E1,E2)} of any
critical value ofF in which the joint spectrum ofH1 and Ĥ2 is distributed(moduloO(h∞))
on the union of(|N+|, |N−|)-curvesLn(h) (n ∈ Z) defined as the image byF of the level sets
e1(h) = hn. The principal part of these curves is thus given by the level sets ofHp.

Proof. –Fix k± ∈ N±. Then Proposition 2.8 says that the restriction(e1(h))�k̄± is equal to
fh ◦ F�k̄± for some smooth functionfh ∼

∑∞
�=0 f�h

� admitting an asymptotic expansion
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C∞(R2,0)[[h]]. Sincef0 ◦ F�k̄± = (Hp)�k̄± , the hypothesis (6) of Theorem 1.6 implies that
foliation fh = const is transversal toCc, and we can define the projectionNh :R2 →Cc such that
Nh(f = const) is a point. The pre-image of{fh = const}∩D± byF�k̄± is a leaf of the foliation
{e1(h) = const} in k̄±. The value ofHp on Cc can be taken as a coordinate onCc, and via this
identification, it is natural to viewe1(h) as a function with values inCc. By Corollary 2.14,
any microlocal eigenfunction of(Ĥ1, Ĥ2) microlocalised in̄k± defines a joint eigenvalue th
belongs toN−1

h (hZ +O(h∞))

k̄±
F

Hp

U
30 Cc

�

R . ✷

(30)

2.4.2. Regularization of λh(E)
This section contains some of the most central results of this article (Theorems 2.19 an

They give a new interpretation of the holonomy of Section 2.3 and provide for the proofs
various formulae claimed before.

To eachk± ∈ N± andEc ∈ Cc we associate the subsetTk±(Ec) = k̄± ∩ ΛEc which is the
“limit” of the torus Tk±(E) asE→Ec. Suppose we are given a continuous family of piecew
differentiable loops(δE)E∈D± onTk±(E) that are everywhere transversal to theS1-orbits (such
a family can be constructed using for instance the normal form of Theorem 1.13), and a
that they are oriented by the flow ofHq . For non-singular values ofE, δE together with anS1-
orbit form a basis ofH1(Tk±(E)), andE→

∫
δE

λh is a smooth function. To complete the res
of Theorem 2.10, it is natural to investigate here the behaviour of that function asE approaches
a critical value.

To eachEc ∈ Cc corresponds a real numberx via the diffeomorphism (30);Tk±(Ec) is an
S1-invariant subset ofH−1

p (x), and hence can be reduced to a cycleGk± (Ec) of the graph
G(Ec) :=G(ΛEc) in the reduced manifoldW (Ec). The second goal of this section is to sh
how the asymptotic behaviour of the functionE →

∫
δE

λh is related to theholonomyhol of
Section 2.3. Actually we shall prove that

∫
δE

λh diverges asE approaches a critical valu
but there is a universal way ofregularizingthis divergence. The regularized value is precis
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hol(δ̄E) – modulo some Maslov corrections in presence of vertices of degree2 – whereδ̄E is
the projection ofδE onto the reduced manifold and is actually equal toGk± (Ec).

Unfortunately, the set of cyclesGk± (Ec) does not necessarily generate the groupH1(G(Ec),Z)
– see e.g. Fig. 9 – (but it does indeed ifG(Ec) is planar). So there is a little bit more to it th
just taking the limit of regular cycles.

To computehol of all possible cycles ofG(Ec), we have to replace the “natural” objectδE
with a local path near a critical circle. In order to give some sense to the expression

∫
δE

λh,
whereδE is not closed, we could abstractly choose a smooth family of closed1-forms onΛE ,
E ∈ U±, whose cohomology class is[λh(E)] – which is always possible asH1(ΛE)→ U± is
a trivial bundle ifU is small enough. However, this does not allow us to have a local contr
the divergence of the holonomy. Instead, we interpretλh as the phase of the multiplicativěCech
holonomy of the sheaf(L,ΛE), as follows:

DEFINITION 2.5. – Near eachΓj , we letAj(E) andBj(E) in C∞(D±, k̄± \Γj) be families
of points such that for a critical valueEc, A(Ec) and B(Ec) lie respectively in the loca
stable or unstable manifold. We endow a small neighbourhood ofAj (or Bj ) with a standard
WKB microlocal solutionuAj (resp.uBj ) whose phase admits an asymptotic expansio
h−1C∞(D±)[[h]].

Then the integrals
∫ Bj′
Aj

λh are defined as the phase of theČech holonomy of(L,ΛE) for paths
joiningAj andBj′ with the sectionsuAj anduBj′ fixed.

In other words, if the pathδ betweenAj andBj′ is covered by open setsΩ0, . . . ,Ω�, each of
which being endowed with a microlocal solutionuα with u0 = uAj andu� = uBj′ , then∫

δ

λh =−i ln(c0,1c1,2 . . . c�−1,�),

whereci,j is the transition constantui = ci,juj onΩi ∩Ωj .

Note that if another admissible choice for the local sectionsuA/B is made, then the holonom
is modified by an additive term admitting an asymptotic expansion inh−1C∞(D±)[[h]].
Therefore the singular behaviour of the holonomy at a critical value is fully preserved.
also that this additive term is necessarily aČechcoboundary, and hence has no influence on
value of the holonomy along aclosedloop.

DEFINITION 2.6. – In what follows,(δE)E∈D± designates a continuous family of paths
Tk±(E) such that:
• for eachE ∈ U±, δE is smooth;
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• either for allEc ∈ Cc, δEc does not meet the critical setΓ (then(δE) is calledregular) or for
eachEc, δEc meets uniquely a unique critical circleγj (in which case(δE) is calledlocal);
see Fig. 10;

• the end pointsAj(E) andBj′(E) are one of those defined in Definition 2.5, and we w
write δE = [Aj(E),Bj′ (E)];

• δE is always transversal to theS1-orbits.

Here again, the normal form of Theorem 1.13 proves the existence of such a family of pat
any critical circleγj .

The goal of this section is finally to investigate the behaviour of the functionE →
∫
δE

λh
asE tends to a critical value, and to relate it to the holonomy of the sheaf(L̄,G(Ec)). The
previous case whereδE was a loop can always be recovered by composing paths of the ty
Definition 2.6. Moreover, the regular theory implies that the so-called “local” paths can in
be restricted to paths that are local in small neighbourhoods of the critical circles, sin
following proposition holds:

PROPOSITION 2.16. – If δE = [Bj(E),Aj′ (E)] is a regular family of paths(in the sense
of Definition2.6), thenE →

∫
δE

λh is smooth inD± and admits an asymptotic expansion
h−1C∞(D±)[[h]]. The first terms of this expansion are the following:∫

δE

λh =ΦBj (Bj)−ΦAj′ (Aj′ ) +
1
h

∫
δE

α+
∫
δE

κ+ µ(δE)
π

2
+O(h),(31)

whereΦBj (resp.ΦAj′ ) is the phase of the principal symbol(viewed as a section of the Kelle
Maslov bundle over the Lagrangian manifoldΛE \Γj – see e.g.[13] or [4]) of the fixed solution
uBj (resp.uAj′ ).

To study the neighbourhood of a critical circle, we shall use Theorem 1.5 to generali
semiclassical invariantε2,j(h) of Eq. (17) in a better way than Proposition 2.12 would
That theorem still holds ifH1 andH2 are replaced byH1 − E1 andH2 −E2, for a paramete
E = (E1,E2) varying near(ao, bo). If we fix a critical circleγj andm ∈ γj , the theorem yield
a canonical change of coordinates(x, y, ξ, η) nearm, depending smoothly onE, and a function
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ΦE ∈C∞(R2,0) depending smoothly onE, such that

H1 −E1 = ξ, H2 −E2 =ΦE(ξ, yη).(32)

y

at
f
al

an

the
(We have still∂2ΦE(0,0)> 0.) This leads to yet another semiclassical normal form:

PROPOSITION 2.17. – Let γj be a critical circle andm ∈ γj . There exists a microlocall
unitary Fourier integral operatorU(h) associated to the canonical coordinates(x, y, ξ, η),
elliptic pseudodifferential operatorsM1(h), M2(h) commuting(moduloO(h∞)) with Q1 and
Q2, and a real-valued function ofh (independent onm, U , Mi):

e2 = e2,j(E;h)∼
∞∑
�=0

e
(�)
2,j(E)h�,

such that, microlocally nearm:

U−1(Ĥ1 −E1)U =Q1 +O
(
h∞),

U−1(Ĥ2 −E2)U =M1Q1 +M2.(Q2 − e2) +O
(
h∞).

Mi, U ande2 depend smoothly onE.
• e

(0)
2,j(E) is equal to the value ofyη onΛE . In particular, e(0)

2,j > 0 if E ∈ U+ ande
(0)
2,j < 0 if

E ∈U−.
• If E =Ec ∈ Cc,

e
(1)
2,j(E) =

(
λr1 − r2

|HΣ(H2)|1/2

)
�Γj∩ΛE

,

whereri is the subprincipal symbol of̂Hi, λ= λ(Ec) is the unique real number such th
H2 − λH1 is critical onΓj ∩ΛE (see Lemma1.7), and|HΣ(H2)| is the absolute value o
the determinant of the transversal Hessian ofH2. Note also that this denominator is equ
to ∂2ΦE(0,0), andλ= ∂1ΦE(0,0).

Remark2.11 (see Remark2.10). – IfE is restricted to a domain of the form

E = (ao, bo) + h(e1, e2),

where (ao, bo) ∈ Cc, then Theorem 2.1 applies withe1 and e2 as parameters, and yields
invariantε2,j , which can be recovered frome2,j by the following formula:

ε2,j(e1, e2) =
1
h

e2,j

(
(ao, bo) + h(e1, e2)

)
+O

(
h∞),

or merely by viewing−(e1, e2) as a correction of the subprincipal symbols and applying
formulae of the proposition. This proves the claim (12) of Theorem 2.1.

Using this proposition, we letβ = 1
2 + ie2/h andζ±j be theh-dependent functions inC∞(U)

defined by

ζ+
j :=

1√
2πh

Γ(β)eβ lnhe−iβ π
2 = e−iπ

4 Ej(e2,j/h);(33)

ζ−j :=
1√
2πh

Γ(β)eβ lnheiβ
π
2 = ei

π
4 e−e2,jπ/hEj(e2,j/h).(34)
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(Ej was defined in (20).) Next lemma, which directly follows from Stirling’s formula, will be
crucial for our analysis.

±

s

LEMMA 2.18. – For anyE ∈ U ,

1
i
lnζ±j =

1
h

(
e
(0)
2,j ln

∣∣e(0)
2,j

∣∣− e
(0)
2,j

)
+ e

(1)
2,j ln

∣∣e(0)
2,j

∣∣∓ π

4
+OE(h).

THEOREM 2.19. – Fix a componentk±, and let δE = [Aj(E),Bj(E)] be a local path
near the critical componentΓj (see Definition2.6). Assume moreover thatδE is oriented
according to the flow ofHq (otherwise just take the opposite of the holonomy!). Then there exist
an h-dependentR/2πZ-valued functiongδ(h) :E → gδE (h) ∈ C∞(D±) admitting a uniform
asymptotic expansion of the form

gδ(E;h)∼
∞∑

�=−1

g
(�)
δ (E)h�, g

(�)
δ ∈C∞(D±),

such that

∀E ∈ U±, gδ(E;h) =
∫
δE

λh − i ln
(
ζ±j (E)

)
(mod2πZ).(35)

The principal terms ofgδ(h) are given by the following formulae, forE ∈U±:

g
(−1)
δ (E) =

∫
δE

α+
(
e
(0)
2,j ln

∣∣e(0)
2,j

∣∣− e
(0)
2,j

)
+Φ(−1)

Aj
(Aj)−Φ(−1)

Bj
(Bj);(36)

g
(0)
δ (E) =

∫
δE

κE + µ(δE)
π

2
+
(
∓π

4
+ e

(1)
2,j ln

∣∣e(0)
2,j

∣∣)+Φ(0)
Aj

(Aj)−Φ(0)
Bj

(Bj),(37)

whereΦAj =
1
hΦ

(−1)
Aj

+Φ(0)
Aj

is the phase of the principal symbol of the fixed solutionuAj (and
similarly for uBj ).

THEOREM 2.20. – Let Ec = (ao, bo) ∈ Cc. Let δ̃Ec be a loop inΛEc oriented according to
the flow ofHq and of the formδ̃Ec = δloc

1 · δreg
1 · δloc

2 · δreg
2 · · ·δloc

q · δreg
q , whereδloc

� and δreg
�

are respectively “local” and “regular” paths in the sense of Definition2.6. (The componentsk±

used for these paths may vary – see e.g. Fig9.) Let

g(Ec;h)∼
∞∑

�=−1

g(�)(Ec)h�, g(�) ∈C∞(Cc)

be defined as the sum

g(Ec;h) := (gδloc1
+ gδreg1

+ · · ·+ gδlocq
+ gδregq

)�E=Ec ,

wheregδloc
k

is given by Theorem2.19andgδreg
k

def=
∫
δreg

k

λh (see Proposition2.16). Then, under

the hypothesis of Section2.3,

hol(δ̄Ec) := eig(Ec;h)ei
π
2 n(N−

2 −N+
2 ) +O

(
h∞),(38)
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whereδ̄Ec is the projection of̃δEc onto the graphG(Ec) in the reduced orbifoldW (Ec), n is
the “global quantum number” of Theorem2.4, andN±

2 is the number of local paths through
vertex of degree2 and defined by a componentk ∈N±.

Proof of Theorem 2.19. –Fix a critical valueEc ∈ Cc. Let m be the intersection of the cyc
δEc with γj , andΩm an open set in which Proposition 2.17 applies. We can assume th
pathsδE , E ∈D± all entirely lie inΩm (using Proposition 2.16, this will only modify

∫
δE

λh
by an additive term entering ingδ(E;h)). As before, label the local un/stable manifolds w
cyclic order I1, I3, I2 and I4. δEc entersΩm on a local stable manifoldIs, s = 3,4, and
leaves it on a local unstable manifoldIu, u = 1,2 (u is the indexprecedings in the cycle
(1,3,2,4) if k± = k+ ∈N+ and the indexfollowings if k± = k− ∈N−). As before, we endow
a neighbourhood of eachIα with the distributioneα:

e1 := u
e2,j/h
+ := 1±y>0

1√
|y|

eie2,j ln |y|/h,

e2 := u
e2,j/h
− := 1±y<0

1√
|y|

eie2,j ln |y|/h,

e3 :=F−1
h

(
u
−e2,j/h
+

)
,

e4 :=F−1
h

(
u
−e2,j/h
−

)
.

These distributions are classical Lagrangian distributions whose phases admit an asy
expansion in1

hC
∞(D±)[[h]]. Moreover, they are microlocal solutions of (26) inΩm uniformly

for E ∈D±, and hence constitute an admissible choice in view of Definition 2.5. Note tha
choice possibly implies another additive term entering ingδE . In a small ball aroundAj(Ec),
the space of solutions has dimension1 and we must have a constantC±(E,h) such that
eu ∼C±(E,h)es. Now Definition 2.5 says that, with respect to the fixed solutionseu andes,

C±(E,h) = e
−i
∫

δE
λh (

modO
(
h∞)).

The expression of the Fourier transform involved ines shows – as in [8] – that

C±(E,h) = ζ±j
(
modO

(
h∞)).(39)
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This proves the existence of the claimedgδ satisfying Eq. (35). The formulae (36) and (37) now
follow from Stirling’s formula (Lemma 2.18) and from the fact that the asymptotic expansion
for gδ is uniform in D±, and hence is given for any fixedE ∈ U± by the difference of the

la
of

pe, for

f

n
e

nse of

ced”

ice of
(non-uniform) asymptotic expansions of
∫
δE

λh andi ln(ζ±j (E)). We have also used the formu
(31) which holds only for non-criticalE, and which comes from the definition of the bundle
principal symbols.

Note that we do not see here any difference between critical circles of direct/reverse ty
the statement is purely local near a point ofγj . ✷

Proof of Theorem 2.20. –To eachδloc
� are associated a unique componentks� , s� = ±, a

unique critical circleγj�
, and a (non-unique) local family of pathsδloc

� (E) (in the sense o
Definition 2.6) such thatδloc

� = δloc
� (Ec). Let Is�

h be the set ofE ∈ Ds� such that(e1)�ks� ∈
hZ+O(h∞) (i.e.Is�

h =N−1
h [hZ+O(h∞)] in the notation of the proof of Corollary 2.14). The

the (assumed) hypothesis of Section 2.3 “ε1 = n” says thatEc ∈ Is�

h . Using Proposition 2.12 on
can construct smooth families(uE)

1,2,3,4

E∈Is�
h

of solutions on a neighbourhood ofγj�
in ks� such that

(
u1
E, u

2
E, u

3
E , u

4
E

)
(40)

– in the direct case – or {
u1
E + (−1)nu2

E ,

ei
π
2 nu3

E + e−iπ
2 nu4

E

(41)

– in the reverse case – form atE =Ec a standard basisfor the graphG(Ec) at the vertexgj�
.

Since these solutions are smooth WKB solutions and hence admissible in the se
Definition 2.5, we shall use them to define the local holonomies

∫
δ
loc/reg
�

(E)
λh; since they are

standard basis atE = Ec, we shall in the same way use them to define the local “redu
holonomieshol(δ̄loc/reg

� ). But then by definition of the sheaf(L̄,G(Ec)) we have{
hol
(
δ̄loc
�

)
= 1 and

hol
(
δ̄reg
�

)
= exp

(
i
∫
δreg

�
(Ec) λh

)
= exp

(
igδreg

�
(Ec)

)
.

(42)

On the other hand, we know from the proof of Theorem 2.19 that for such a cho
microlocal solutions, we have (modulo2π){

gδloc
�
(E) = 0 if γj�

is of degree 4;

gδloc
�
(E) = s�

π
2n if γj�

is of degree 2.
(43)

Therefore, if we decompose

hol
(
δ̄Ec

)
=

∏
�/degγj�

=2

hol
(
δ̄loc
�

)
×

∏
�/degγj�

=4

hol
(
δ̄loc
�

)
×
∏
�

hol
(
δ̄reg
�

)
,

we obtain by (42) and (43):

hol
(
δ̄Ec

)
= exp

(
i

∑
�/degγj�

=2

(
gδloc

�
(Ec)− s�

π

2
n

)
+

∑
�/degγj�

=4

gδloc
�
(Ec) +

∑
�

gδreg
�

(Ec)
)
,

which proves the theorem.✷
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COROLLARY 2.21. – Theorem2.20 together with formulae(36) and (37) finally prove the
second point of Proposition2.6.

cal

n

Proof. –
1. The principal action. Sincee

(0)
2,j(Ec) = 0, it is clear from (36) that for any6= 1, . . . , q,

g
(−1)

δloc
�

(Ec) =
∫
δloc

�

α+Φ(−1)
Aj�

(
Aj�

(Ec)
)
−Φ(−1)

Bj�

(
Bj�

(Ec)
)

and from (31) that for any6= 1, . . . , q (identifying6= q+ 1 with 6= 1),

g
(−1)

δreg
�

(Ec) =
∫
δreg

�

α+Φ(−1)
Bj�

(
Bj�

(Ec)
)
−Φ(−1)

Aj�+1

(
Bj�+1(Ec)

)
.

Therefore,

g(−1)(Ec) =
∫
δ̃Ec

α.

2. The sub-principal action and the Maslov index. Fix 6 = 1, . . . , q and letγj = γj�
. Let

m = m(Ec) be the point whereδloc
� meetsγj . As in Proposition 2.17, we shall use the lo

canonical coordinates atm given by Theorem 1.5.
Recalling the notation of Proposition 2.17, (32) implies that

(X1,X2) =
(

1 0
∂1ΦE ∂2ΦE

)
· (Xξ,Xyη).

Since∂2ΦE �= 0, there exists a smooth functionρ2 = −∂1ΦEr1+r2
∂2ΦE

(depending also smoothly o
E) such that the subprincipal formκE is given by

κE .(Xξ,Xyη) =−(r1, ρ2).

Note that for a critical valueE = Ec, (ρ2)�y=η=0 = −e
(1)
2,j . The closedness ofκE on eachΛE

implies that

{r1, yη}= {ρ2, ξ}.
Using a local analogue of Lemma 2.3, we can decompose(r1, ρ2) in the following way:

(r1, ρ2) = (0,K)−
(
{Xξ, f̃},{Xyη, f̃}

)
(44)

for some smooth functions̃f , K whereK commutes withyη andξ. Therefore the function

f := f̃ −K ln |y| (or f̃ +K ln |η| wherey = 0),

restricted toΛE , satisfiesdΛE f̃ = κE . We can now compute∫
δloc

�

κE = f(Bj)− f(Aj) = f̃(Bj)− f̃(Aj)−K ln |yBjηAj |+K ln |yAjηAj |.
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SinceAj(E) andBj(E) are inΛE , yAjηAj = e
(0)
2,j and we have∫

(1) ∣∣ (0)∣∣ ˜ ˜ ( (1) ) ∣∣ (0)∣∣

could
y their

s. The
of the
δloc
�

κE + e2,j ln e2,j = f(Bj)− f(Aj)−K ln |yBjηAj |+ e2,j +K ln e2,j .

Because of (44),ρ2−K vanish aty = η = 0, henceK =−e
(1)
2,j +O(yη) and(e(1)

2,j +K) ln |e(0)
2,j |

tends to zero asE tends to a critical valueEc. Sinceg(0)

δloc
�

is smooth atEc, the formula (37)

implies thatµ(δloc
� (E)) is continuous atEc and hence constant; let us denote it byµ(δloc

� (Ec)).
Suppose now thatE = Ec and leta, b be points onδloc

� (Ec) located respectively in[Aj ,m]
and[m,Bj ]. Then

f̃(Bj)− f̃(Aj)−K ln |yBjηAj |= lim
a,b→m

(
f̃(a)− f̃(Aj) + f̃(Bj)− f̃(b)−K ln |yBjηAj |

)
.

The term in the limit is equal to∫
[Aj ,a]

κEc +
∫

[b,Bj]

κEc + e
(1)
2,j ln |ybηa|.

Therefore, by Definition 2.2, the limit is equal to
∫
δloc

�

κ̃Ec , and (37) yields:

g
(0)

δloc
�

(Ec) =
∫
δloc

�

κ̃Ec + µ
(
δloc
� (Ec)

)π
2
− s�

π

4
+ dΦ(0)

Aj

(
Aj(Ec)

)
−Φ(0)

Bj

(
Bj(Ec)

)
.

Then as before, if we sum up all the contributions from regular and local paths, we obtain

g(0)(Ec) =
∫
δ̃Ec

κ̃Ec + µ(δ̃Ec)
π

2
+
∑
�

−s�
π

4
.

Using Definition 2.2 of the regularized Maslov cocycle, we finally obtain

g(0)(Ec) +
π

2
(N−

2 −N+
2 ) =

∫
δ̃Ec

κ̃Ec + µ̃(δ̃Ec)
π

2
,

and Eq. (38) concludes the proof.✷
3. Examples

We propose in this section several examples for which our theory applies. Many other
probably be found; the ones presented here are interesting by their simplicity and yet b
rich structure and behaviour.

3.1. The recipe

Let us recall here briefly the recipe for obtaining the semiclassical quantisation rule
first thing to do is to locate the critical value of transversal hyperbolic type in the image

ANNALES SCIENTIFIQUES DE L’ÉCOLE NORMALE SUPÉRIEURE



36 Y. COLIN DE VERDIÈRE AND S. VŨ NGO. C

momentum mapF = (H1,H2). Then choose one of these pointso and describe the singular
level setΛo = F−1(o), in order to have: (a) the graphG, (b) a formula for the vector fieldsX1

andX2 onΛo – and if it is not one of these, for the periodic vector fieldXp.
– this
.4 up

m of a

rules

l
s,

al

nalysis
ssical

s of one

cobi

e

o-

f

t

Compute the semiclassical invariants (action integral, Maslov index) for a periodic cycle
implies only regular tools – in order to derive the first quantisation condition of Theorem 2
to O(h), and fix the quantum numbern.

From the graph, apply Theorem 2.7 to obtain the second quantisation rule in the for
determinantal equation. It remains to compute the holonomyhol up toO(h), which involves the
singular semiclassical invariants of Definition 2.2. The fulfillment of these quantisations
determine the spectrum up to an error of orderO(h2) in a window of sizeO(h) (in fact, it is
easy to determine the smooth dependence of the semiclassical invariants ino, and the spectra
window can be extended to a rectangular domain of sizeO(1) along the curve of critical value
and of sizeO(h) in the transversal direction).

Notation. – The reader must be warned that the symbole (italic) is used as a subprincip
spectral parameter (as in “E = he”), while the exponential is denoted byea = exp(a).

3.2. Laplacians on ellipsoids

The geodesic flow on the ellipsoid gives a natural example where our geometrical a
applies and for which all objects are explicit. However we give no detail about the semicla
treatment since a separation of variables shows that our formula reduces to two problem
degree of freedom, which can be solved as in [10].

Let us consider the ellipsoid in the Euclidian spaceR3 defined by:

E =
{
x2

1

a2
1

+
x2

2

a2
2

+
x2

3

a2
3

= 1
}

with 0< a1 < a2 < a3. The geodesic flow onE has been discovered to be integrable by Ja
in 1838 using Abelian integrals. For a recent presentation, one can read [21,2,24] or [22].

3.2.1. Classics
Let us denote byP,Q,P ′ = −P,Q′ = −Q the four umbilics ofE which are located on th

ellipse{x2 = 0}. If

X1 =
√

a1(a2 − a1)(a3 − a1) and X3 =
√

a3(a3 − a2)(a3 − a1) ,

we have

P = (X1,0,X3), Q= (−X1,0,X3).

We will consider the (unique up to global dilatation) conformal representationΦ of
E+ = E ∩ {x2 > 0} on a rectangleR = ]0, T1[ × ]0, T2[ such that the four umbilics are g
ing on the four vertices ofR, according to Fig. 15. Using such coordinates(x, y) ∈ R, we get
(see [12] (Vol. 2, p. 308 and Vol. 3, p. 13) or [20]) the following expression for the metric oE:

ds2 =
(
a2(x) + b2(y)

)(
dx2 + dy2

)
(45)

wherea, b are given in terms of hyperelliptic integrals and extend to smooth functions onR which
satisfy:a is > 0 on ]0, T1[, vanishes exactly at the pointskT1, k ∈ Z, and is odd with respec
to T1Z andb satisfies the same properties with respect toT2. Moreovera′(0) = b′(0) > 0. Let
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Fig. 12. A geodesic passing throughP andP ′.

Fig. 13. Associated graph forE.

us denote byΓ the latticeT1Z⊕T2Z. Thends2 extends into a smooth metric onR2 \Γ, which is
Γ-periodic. Let us consider the torusT = R2/2Γ. Then the mapσ :T → T defined byT (z) =−z
defines an isometric involution ofT with four fixed points and we get a natural identificati
of E with T/σ as a2-sheeted branched coveringΠ of T overE with automorphismσ. The
metric ds2 admits conical singular points of total angle4π at the umbilics which makes th
metric onE smooth. More precisely, it follows from the formulae of [20] that there exist
analytic functionG defined near0, with G(0) = 0,G′(0) > 0 such that near(0,0) we have
ds2 = (G(x2) − G(−y2))(dx2 + dy2). It is rather easy to check that there exists an ana
functionA(u, v) with A(0,0)> 0 such thatG(x2)−G(−y2) = (x2 + y2)A(x2 − y2,2xy) and,
if locally Z =Π(z) = z2, we have:ds2 =Π�(4A(X,Y )(dX2 + dY 2)).

We will use the fundamental domainD = [0,2T1] × [0, T2]. E can be recovered from th
rectangle by gluing edges as indicated on Fig. 15.

If a, b were non-vanishing,ds2 would be called aLiouville metriconT . Our case correspond
to a degenerate Liouville metric on the sphere. It is well known that Liouville metrics
integrable. Let us denote by

H1 =
ξ2 + η2

a2(x) + b2(y)

the geodesic flow and by

H2 =
b2(y)ξ2 − a2(x)η2

a2(x) + b2(y)
.

The manifoldLE,F = {H1 =E, H2 = F} is given by:

LE,F =
{
ξ2 = F + a2(x)E, η2 = b2(y)E − F

}
which is obviously Lagrangian.

We are interested in the singular valueo = (E = 1, F = 0) of the moment map(H1,H2)
and the correspondingΛo. Geodesics passing throughP (resp.Q) contain alsoP ′ (resp.Q′) and
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t

s

Fig. 14. The ellipsoid.

Fig. 15. Fundamental domain.

vice-versa.Λo is the set of unit covectors corresponding to geodesics passing throughP orQ. We
haveΛo =

⋃
L±,± whereL±,± = {ξ =±a(x), η =±b(y)}. In particularLP = L+,+ ∪ L−,−

andLQ = L+,− ∪ L−,+ are smooth Lagrangian tori whose intersection isγ+ ∪ γ−. Hereγ+

(resp.γ−) is the lift of the ellipsex2 = 0 with orientation(P,Q,P ′,Q′) (resp. opposite).LP

(resp.LQ) is the set of unit covectors of geodesics ofE containingP andP ′ (resp.Q andQ′).
LP (resp.LQ) is the stable manifold ofγ− (resp.γ+) and the unstable manifold ofγ+ (resp.
γ−).

The associated graphG is the union of2 circles corresponding toLP andLQ intersecting a
2 points corresponding toγ±.

3.2.2. Quantum
We now introduce the quantum Hamiltonian̂H1 = h2∆E which is given in the coordinate

(x, y) by:

Ĥ1 =−
h2

a2 + b2

(
∂2
x + ∂2

y

)
and the operator

Ĥ2 =−
h2

a2 + b2

(
b2∂2

x − a2∂2
y

)
.
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It is possible to check directly that[Ĥ1, Ĥ2] = 0 outside of the latticeΓ which is the set of
singular points. We need a stronger form of commutation, namely if

f

d

an

a

Ĥ1ϕ= λϕ,(46)

we need to prove that̂H2ϕ is in the domain ofĤ1 andĤ1(Ĥ2ϕ) = λĤ2ϕ, so thatĤ1 andĤ2

have a commun eigenbasis.
For that, we need a characterisation of the functionsϕ̃= ϕ ◦Π whereϕ is an eigenfunction o

the Riemannian Laplacian∆E onE.

LEMMA 3.1. –ϕ̃ :T → C is of the formϕ̃ = ϕ ◦ Π with ∆Eϕ = λϕ if and only if ϕ̃ is σ
invariant and satifies

−ϕ̃′′
x2 − ϕ̃′′

y2 = λ
(
a2 + b2

)
ϕ̃.(47)

Proof. –Starting fromϕ an eigenfunction of∆E and using smoothness ofΠ gives the trivial
direction. For the other, using the fact thatϕ̃ ◦ σ = ϕ̃, we get a boundedϕ with ϕ̃ = ϕ ◦Π and
(∆E − λ)ϕ = T whereT is supported inside the (finite) set of umbilics. We deduce thatT is 0
or thatϕ (and hencẽϕ) is unbounded. ✷

It is easy to check that̂H2ϕ̃ is smooth using Eq. (46). Then̂H2ϕ̃ satisfies Eq. (47) outsideΓ
and hence everywhere onT and we get a commun eigenbasis forĤ1 andĤ2.

We prefer to rewrite the eigenvectors equations

Ĥ1ϕ̃= λϕ̃, Ĥ2ϕ̃= µϕ̃

in the following simpler way:

P̂ ϕ̃ := h2 ∂
2ϕ̃

∂x2
+
(
a2(x)λ+ µ

)
ϕ̃= 0,

Q̂ϕ̃ := h2 ∂
2ϕ̃

∂y2
+
(
b2(y)λ− µ

)
ϕ̃= 0.

We are interested in solutions of this system which areσ invariant. If we denote by
σ1(x, y) = (−x, y) andσ2(x, y) = (x,−y), we getσ = σ1 ◦ σ2 and becauseσj commutes with
P̂ andQ̂ we are reduced to find solutions of the form̃ϕ(x, y) = f(x)g(y) with f a2T1-periodic
solution of P̂ f = 0 andg a 2T2-periodic solution ofQ̂f = 0. We ask moreover thatf andg
are both even or both odd. We assumeλ= 1 which corresponds to quantizeh andµ= εh. The
associated fiber of the momentum map is thenΛo.

This way we are reduced to2 one-dimensional problems and becauseP̂ and Q̂ are
semiclassical stationary Schrödinger operators with potentials−a2 and−b2, we are reduce
to the computations of [10, pp. 489–490] for periodic double wells.

3.3. 1 : 2-resonance

3.3.1. Birkhoff normal forms
Consider a HamiltonianH :T ∗R2 →R with a non-degenerate minimum at the origin. We c

assume using a symplectic linear change thatH(z1, z2) =K2(z) +O(|z|3) with

K2(z) = ω1|z1|2 +ω2|z2|2,

andωj > 0. Herezj = xj + iξj , where(x1, x2, ξ1, ξ2) are canonical coordinates forT ∗R2. We
will say that the quadratic part is resonant ifω1/ω2 is a rational number. It is possible to derive
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Birkhoff normal formH of the following form

H =K2 +R+O(|z|)∞

ter 5
m
omain

th.
.
onical
ation

points,

on
with R=O(|z|3) and{K2,R}= 0. The same result is true on the quantum level (see Chap
of [26]) with commuting operatorŝK2 and R̂ . If we are able to analyse the joint spectru
of the operatorŝK2, R̂ we can deduce some sharp results for eigenstates in the energy d
E =O(hα) with α > 0. In the case of the1 : 1 resonance – i.e.ω1 = ω2 – the flow ofK2 induces
a free circle action on the energy hypersurfaceK2 = const and the reduced space is smoo
Then, via the use of Toeplitz operators, the problem is fully reduced to a1-dimensional one
This is no longer the case for the1 : 2 resonance, where the reduced phase space has a c
singularity. For this simple example, we will show that our analysis applies. Another applic
would be thenear1 : 2 resonance withR= ε|z1|2 +R′.

3.3.2. 1 : 2 resonance
We consider the following Poisson commuting Hamiltonians onT �R2:

H1 =
1
2
|z1|2 + |z2|2, H2 =

(
x2

1 − ξ2
1

)
x2 + 2x1ξ1ξ2 =$

(
z2

1 z̄2

)
(48)

with zj = xj + iξj , j = 1,2. The image of the momentum mapF = (H1,H2) is

F
(
T ∗

R
2
)
=
{
(X,Y ) | 16X3 � 27Y 2

}
.

The singular values consist of the boundary (which corresponds to transversal elliptic
except for the origin which is degenerate) and the half lineCc = {(X,0), X > 0}, whose points
are transversally hyperbolic (see Fig. 16). Here we shall be interested in the critical valuesCc.
Because of the homogeneity ofHj , it is sufficient to consider the pointo= (1,0).

The corresponding commuting quantum Hamiltonians are:

Fig. 16. Image of the momentum map for the1 : 2 resonance.
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Fig. 17. The manifoldΛo.

Ĥ1 =
1
2

(
−h2 ∂2

∂x2
1

+ x2
1

)
+
(
−h2 ∂2

∂x2
2

+ x2
2

)
,(49)

Ĥ2 = x2

(
h2 ∂2

∂x2
1

+ x2
1

)
− h2 ∂

∂x2

(
2x1

∂

∂x1
+ 1
)
.(50)

3.3.3. Classical description
Here we are interested in the singular Lagrangian leafΛo defined byH1 = 1,H2 = 0. The

singular part ofΛo is the closed trajectoryγ0 = {z1 = 0} ∩ {|z2| = 1}. From its defining
equations, it is easy to find a parameterisation that shows thatΛo is a Lagrangian immersio
of a Klein bottleK with γ0 as a double loop:

Φ:K% (θ,ϕ) �→
(√

2eiθ sinϕ,−ie2iθ cosϕ
)
∈ Λo,(51)

whereK is the quotient ofT2
(θ,ϕ) =R2/Z2 by the equivalence relation

(θ+ π,−ϕ)∼ (θ,ϕ).

A fundamental domainD is given byD = {(θ,ϕ) | 0 � θ � π,−π � ϕ � π}. The singular
line γ0 corresponds to{ϕ= 0} ∪ {ϕ=±π} and we have there the identifications

Φ(θ,0) = Φ(θ+ π/2,±π).

The graph

G=

corresponding toΛo has just one vertexγ0 and one edge.

Remark3.1. – Although we do not really need it, it can be helpful to have a represen
of the reduced phase spaceW =H−1

1 (1)/S1 – where theS1-action is the flow of the harmon
oscillatorH1. Using an a priori argument, one can show thatW is a 2-sphere with a conica
singular point; however, one can find an explicit equation forW . The algebra ofS1-invariant
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Fig. 18. Parameters set forΛo.

polynomials – that is, those that commute withH1 – is generated by

π1 = |z1|2, π2 = |z2|2, π3 = R
(
z2

1 z̄2

)
, π4 = I

(
z2

1 z̄2

)
,

which are subject to the relationπ2
3 + π2

4 = π2
1π2. One can show (see the book [3]) that t

relation together withπ1 � 0 andπ2 � 0 define the orbit spaceT ∗R2/S1 in terms of the variable
πj . The energy level set is the section{π1 � 0} ∩ {π2 � 0} of the 3-dimensional hyperplan
π1 + 2π2 = 1. Therefore,W is defined in the spaceR3 = (π1, π4, π3) by the equation

π2
3 = π2

1(1− π1)/2− π2
4 , with π1 ∈ [0,1].

W is a surface of revolution around theπ1-axis, homeomorphic to a2-sphere, with a conica
singularity at the origin. Note thatH2 = π3 so that the restriction(H2)�W is just the heigh
function (see Fig. 19) and is a Morse function onW \ {0}. The manifoldΛo reduces to the
singular equatorπ3 = 0.
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l

Fig. 19. The singular reduced phase spaceW . Here the function(H2)�W is equal to theπ3 coordinate.

3.3.4. Semiclassical computations
We consider the solutions of the system

(Ĥ1 − 1)u= 0, (Ĥ2 − eh)u= 0,(52)

for boundede. The microsupport of the solutions isΛo.
If we denote byXj the Hamiltonian vector fields ofHj we get onΛo:

X1 =−
∂

∂θ
, X2 =−2 sinϕ

∂

∂ϕ
,(53)

which leads to the following sub-principal formκ for F̂ = (Ĥ1, Ĥ2 − eh):

κ=
−e

2 sinϕ
dϕ.(54)

Note also that, since the flow ofX1 is 2π-periodic outsideγ0, we haveXp = X1. The canonica
1-formα= ξ1 dx1 + ξ2 dx2 is given by:

α=−2
(
sin2 θ sin2 ϕ+ cos2 2θ cos2 ϕ

)
dθ+

1
2
(
sin 2θ(1 + cos2θ) sin2ϕ

)
dϕ.

Finally, the caustic setC of Λo is given by

C = {cosθ= 0} ∪
{
tan2 θ = cos2 ϕ

}
.

In order to compute the quantisation rules, let us introduce the following loops onΛo:

δp(π− s) = Φ(−s,±ϕ0), s ∈ [0, π] for someϕ0 �= 0(π),(55)

δq

(
π

2
− s

)
=Φ(−s,−2s), s ∈ [0, π/2].(56)

δp is an orientedS1-orbit, andδq is a loop which is everywhere transversal to theS1-action and
oriented according to the flow ofX2.
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The first quantisation condition:

1
∫ (

2
)

iscrete

to

x
x is

o the
lly, it

can be

or the

eadily
2π
δp

α+ hµ(δp)/4∈ hZ+O h

is actually exact sincêH1 is a harmonic oscillator, and therefore reads:

1− 6
4
h= hn or h=

1
n+ 3/2

.(57)

Because of the homogeneity property, we choose here to view this condition as a d
quantisation ofh (see Remark 2.2).

Assuming now that (57) holds, we can compute the semiclassical invariants associatedδq:
The action integral is easily computed to be∫

δq

α=
π

2
,

and the invariantε given by (12) is equal toe/2. The sub-principal actionIδq of Definition 2.2
is given by

Iδq :=
∫
δq

κ̃= 3ε ln2.

Finally, we can show by slightly shiftingδq to the right (in theθ direction) that its Maslov inde
is −2. Moreoverδq turns aroundγ0 in the direct sense, hence the regularised Maslov inde
−2+ (1

2 + n).
We can now write down the second quantisation condition:C0 = hol(δq), which reads:

e−iπ
4 −inπ

2
(
1+ i(−1)ne−επ

)
Γ
(
1
2
+ iε

)
eε(

π
2 +i lnh)(58)

= ei(
π
2h +3ε ln 2+ π

2 (−2+( 1
2 +n))+O(h)).(59)

Using (57) andε= e/2, we obtain the equation ine andn:

(
1 + i(−1)ne− eπ

2
)
Γ
(
1
2
+

ie

2

)
e

e
2 ( π

2 −i ln(n+3/2)) = ei(
3
2 e ln 2−π

2 n+ π
4 +O(h)).(60)

Remark3.2. – The semiclassical invariants were computed explicitly; this is related t
fact that Λo admits a parameterisation as a “rational” variety. Somewhat paradoxica
would be more technical to compute the WKB invariants attached toregular tori, since no
rational parameterisation of these tori exists. On the other hand, the regular invariants
asymptotically recovered from the singular ones using Stirling’s formula (35).

Remark3.3. – The obtained formula (60) yields easily the fact that the level spacings f
eigenvalues in a region of boundede are of orderO(1/n lnn) = O(h/ lnh) – while they are of
orderO(h) in a regular region. Moreover, the precise shape of the spacing function is r
derived and involves the log-derivative of the Gamma function.

4e SÉRIE– TOME 36 – 2003 –N◦ 1



SINGULAR BOHR–SOMMERFELD RULES FOR 2D INTEGRABLE SYSTEMS 45

3.3.5. Matrix form for Ĥ2

The goal here is to study the restriction ofĤ2 to the eigenspaceEn of Ĥ1 corresponding to
the quantum numbern (i.e. to the eigenvalueh(n+ 3/2)).

ity
e know

f

able to
will be

ectrum
nt

antum
retically
In analogy with formulae (52), the operators (49) and (50) can be written

Ĥ1 = h

(
a1(h)b1(h) + 2a2(h)b2(h)−

3
2

)
,(61)

Ĥ2 =
√
2h3/2

(
a2(h)b1(h)2 + a1(h)2b2(h)

)
,(62)

with a1(h) = (2h)−1/2(h ∂
∂x + x) andb1(h) = a1(h)∗ = (2h)−1/2(−h ∂

∂x + x) (and similarly
for a2(h) andb2(h) with the variabley). Using the unitary transform inL2(R2)

f(x)→
√
hf(

√
hx),

the operatorŝH1 and Ĥ2 are transformed into those given by Eqs. (61) and (62) withaj(h)
andbj(h) replaced byaj := aj(1) andbj := bj(1). Note that this shows that the homogene
argument used for the classical analysis has an analogue in the quantum setting: if w
the spectrum for some value ofh > 0, then the spectrum for any other value ofh immediately
follows.

Now, using the Bargmann representation, we identifyaj (respectivelybj ) with the operator
∂
∂zj

(respectivelyzj ), and let them act on the monomialsz
k
1 z

�
2

k!�! which form a Hilbert basis o

eigenvectors of̂H1 (corresponding to the eigenvaluesE1 = h(k + 26+ 3/2)). Then it is easy to
find the matrix ofĤ2 in this basis ofEn (n= k+26):

Ĥ2�En
=
√
2h3/2



0 An,1

An,1 0 An,2 0
An,2

0

0


,(63)

with An,� =
√

6(n− 26+ 1)(n− 26+2), 6= 1,2, . . . ,E
[
n

2

]
.

3.3.6. Numerical computations
Sinceh is of order1/n, one sees that the coefficients of (63) are bounded asn→∞. Moreover,

since no coefficientAn,� vanishes, the spectrum is simple. For these reasons, it is reason
expect a good accuracy of numerically computed eigenvalues. The resulting spectrum
called the “quantum” spectrum.

On the other hand, numerically solving Eq. (60) in the variablee – assuming thathe
remains in the bounds of the momentum map – yields the so-called “semiclassical” sp
for E1 = 1 andh = (n + 3/2)−1. If we wish now to fixh and compute the rest of the joi
spectrum, the same formulae (58) and (59) can be used if one letsε= e

2
√
E1

and replacesh by

h̃= h/E1.
The results are displayed in the following figures. In Fig. 20 we have superposed the qu

and the semiclassical joint spectra. The differences are hardly noticeable (they are theo
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6] and
Fig. 20. A comparison between semiclassical and quantum results. Hereh = 2/63 (so thatE1 = 1
corresponds ton = 30).

of orderh1 – which meansh2 for the unscaled spectrum – and experimentally much better a
critical valueH2 = 0), even for a very largeh and very smallE1’s – both of these conditions a
supposed to reach the limitations of our analysis.

In the other Figs. 21 and 22 we focus on one spectrum (here atE1 = 1) around the critica
valueE2 = 0 – which is the most interesting feature.

3.4. Schrödinger operators on S2

3.4.1. Setting of the problem
We consider now the operator̂H = ∆ + V where ∆ is the canonical Laplacian o

S2 = {(x, y, z) ∈ R3 | x2 + y2 + z2 = 1} whose spectral theory is given by the spher
harmonics andV :S2 → R is a smooth potential. We introduce the pseudodifferential ope
Ĥ2 on S2 which is obtained by averagingV using the2π-periodic quantum unitary flow
U(t) = exp(it

√
∆+1/4):

DEFINITION 3.1. –

Ĥ2 =
1
2π

2π∫
0

U(−t)V U(t)dt.

The following results have been obtained by Weinstein and Guillemin (see [29,15,17,1
also [6,7]):

4e SÉRIE– TOME 36 – 2003 –N◦ 1



SINGULAR BOHR–SOMMERFELD RULES FOR 2D INTEGRABLE SYSTEMS 47

The
fference

s very
of size
Fig. 21. The spectrum atE1 = 1, n = 30 (quantum and semiclassical are indistinguishable). (a)
spectrum sorted in increasing order and displayed versus the eigenvalue number. (b) The di
“quantum-semiclassical”. (c) The energy spacings.

Fig. 22. Contrary to the numerical diagonalisation of the matrix (63), the semiclassical formula allow
small values ofh – and the results are supposedly even more accurate. Here is displayed a window
[−10h,10h] for the spectrum and the corresponding eigenvalue spacings, where we have letE1 = 1 and
n = 1015 (h � 10−15 !! of course we have not tried the matrix diagonalisation !).

THEOREM 3.2. –
• Ĥ2 commute with∆.
• Ĥ2 is aPDO of order0 whose principal symbol is the Radon transform ofV :

H2(z) =
1
2π

2π∫
0

V
(
ϕt(z)

)
dt,
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whereϕt is the geodesic flow with unit speed. The sub-principal symbol ofĤ2 vanishes.
• There exists an unitaryFIO Ω such that

f

cs

t
lies
ways

c
r

Ω−1ĤΩ=∆+ Ĥ2 +R

whereR is aPDO of order−2.•

Ĥ2 =
∞⊕
l=0

ΠlVΠl

where theΠl ’s are the orthogonal projections on the spacesHl of spherical harmonics o
degreel.

Proofs can be found in [15] and [17].
In such a way, we get a quantum integrable systemĤ1 = h2∆, Ĥ2. The spectrum of̂H is

related to the joint spectrum(
h2l(l+ 1), µl,m

)
, l= 0, . . . ,∞, −l � m � l

of (Ĥ1, Ĥ2) by λl,m = l(l + 1) + µl,m + O(l−2) and high energy asymptotics (l → ∞)
correspond in the usual way to semiclassical asymptoticsh2.l(l+ 1) = 1, h→ 0. We will study
the system:

Ĥ1ϕ= h2l(l+ 1)ϕ= ϕ, Ĥ2ϕ= ehϕ,

assuming that0 is a critical value of saddle type ofH2.
The Radon transformH2 of V is a function on the manifoldGeod of oriented closed geodesi

of S2. Geod is a global Poincaré section forH1 and can be identified withS2 ⊂ R3
X,Y,Z by

associating to the circlet→ γ(t) = u cos t + v sin t the unit vectoru ∧ v. Then reversing the
orientation ofγ corresponds to antipodal symmetryσ onGeod = S2 andH2 is even with respec
to that symmetry. We can then interpretH2 as a function on the projective plane. This fact imp
that, ifH2 is a Morse–Bott function, it cannot have only local maxima and minima: it has al
saddle points for which our analysis is needed.

We will from now assume that we are in the simplest situation whereH2 :Geod → R has
only 2 maxima,2 minima and2 non-degenerate saddle points. The singular manifoldΛ0 is then
the union of2 tori which intersect along2 circles. The projection ofΛ0 on Geod = S2, i.e.
the reduction ofΛ0, is the union of2 circles which are invariant byσ and which intersect at2
antipodal points.

3.4.2. Semiclassical computations
We will complete the computations in the simplest case whereV itself is a generic harmoni

polynomial of degree2. Using SO(3) invariance, we have only to consider the2-paramete
family given by

Va,b,c(x, y, z) = 2
(
ax2 + by2 + cz2

)
,

with a+ b+ c= 0 anda < c < b.
Because the Radon transform commutes with theSO(3) action, by Schur’s lemma,H2 itself

is an harmonic polynomial of degree2 onGeod which is given by

H2 = aX2 + bY 2 + cZ2.
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e

nt
ion
ns
Fig. 23.G in Geod .

The critical values ofH2 area < c < b andH2 − c = B2Y 2 − A2X2 with A =
√
c− a and

B =
√
b− c. It is clear that the singular value(1, c) of (H1,H2) is of hyperbolic type, so that w

can apply the previous tools.
Let us denote byG the projection ofΛ0 on Geod by the mapπ which associates to a poi

m ∈ U�S2 the geodesic to whichm belongs;G is the graph introduced in the general situat
and is the union of the two circlesCτ = {AX = τBY, τ =±1}. We can compute the projectio
onG of the vector fieldX2 and of the sub-principal formκ onΛ0 (becauseκ(X1) = 0). We will
use spherical coordinates(θ,ϕ),0 � θ � 2π,0� ϕ � π, onGeod :

X = sinϕ cosθ, Y = sinϕ sinθ, Z = cosϕ.

The symplectic form onGeod is SO(3) invariant and of total area4π. We will assume that:

ω = sinϕdθ ∧ dϕ.

By direct computation we get onCτ :

X2 = 2τAB sinϕ
∂

∂ϕ

and

κ=
τe

2AB sinϕ
dϕ.
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Let us denote byγj , j = 1, . . . ,4, the four cycles ofG oriented byX2, consisting of the union of
one arc ofC1 and one arc ofC−1 and bounding a topological disk inGeod . γ1 andγ2 are defined
on Fig. 23 andγ3 = σ(γ1), γ4 = σ(γ2). It is then easy to check using the explicit formula for the

ds

ctra.
oreover,

critical
e

integral
∫
dϕ/ sinϕ that

∀j = 1, . . . ,4, Iγj =
e

AB
log

8AB

A2 +B2
.(64)

Moreover, we find easily, using formula (12), that

ε2 =
e

2AB
.(65)

We put α = atanAB and β = atanBA = π
2 − α. Action integrals areA1 = A3 = −4β and

A2 =A4 = 4α.
Let τj = hol(γj). We observe first, using the fact thath(l+ 1

2 ) = 1, the relationsτ1 = τ3 and
τ2 = τ4 (moduloO(h)). We get

τ1 = ei(−(4l+2)β+I+π+O(h))(66)

and

τ2 = ei((4l+2)α+I+O(h)).(67)

It follows that H := τ1 = τ2 = τ3 = τ4. It would be nice to prove that this relation hol
modO(h∞).

Using the computations of [10] p. 493 and puttingT = T (ε) with ε= ε2 +O(h) we get the
following quantisation rule:

det
(
Id−T

(
0 1
1 0

)
T

(
0 H−1

H−1 0

))
= 0.(68)

Putting

T = E
(
1 ω
ω 1

)
,

we get:

H = (1± ω)2E2

and the quantisation rule:

ei((4l+2)α+I+O(h)) =
1
2π

Γ
(
1
2
+ iε

)2

eε(π−2i log(l+ 1
2 ))
(
1± ie−επ

)2
,(69)

which has to be solved ine wheree enters inI and inε.

Remark3.4. – Because of the± sign in (60), the spectrum can be separated in two spe
For each of these, the spacings of eigenvalues are easily computed as in Remark 3.3. M
formula (60) shows that far from the critical value (i.e.e→±∞), the “+” and “−” eigenvalues
associate in doublets, and that there is a universal transition happening when crossing the
value (e= 0), where a doublet “++” becomes a doublet “−+”. The details for these formula
are similar to [9] and left to the reader.
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3.4.3. Matrix form for Ĥ2

SinceV is a harmonic polynomial of degree2, the Toeplitz operator̂H2 is given by

he
Ĥ2 =Π2VΠ2,

whereV here is just the multiplication byV andΠ2 is the orthogonal projector on the spaceH2

of spherical harmonics of degree2. We shall first determine the explicit formula for̂H2 with a
genericV ∈H2 and then apply it to the specific formV = 2ax2 + 2by2 + 2cz2.

The spacesHl are seen as the spaces of the irreducible representation ofso(3) on L2(S2),
acting via the differential operators

Lx = y
∂

∂z
− z

∂

∂y
,

Ly = z
∂

∂x
− x

∂

∂z
,

Lz = x
∂

∂y
− y

∂

∂x
,

which are subject to the relation

[Lx,Ly] = Lz (and cyclic permutations of(x, y, z)).

These operators commute with∆ and thus preserveHl. As usual (see e.g. [30]), we use t
coordinatesζ = x+ iy andz, and let

Ω± = iLx±Ly,

so thatΩ+ = −ζ̄ ∂
∂z + 2z ∂

∂ζ andΩ− = Ω∗
+ = ζ ∂

∂z − 2z ∂
∂ζ̄

. A natural basis ofHl is then the
following:

Bl =
(
ζl,Ω+ζ

l,Ω2
+ζ

l, . . . ,Ωm
+ ζl, . . . ,Ω2l

+ζl
)
.(70)

We shall use the convenient equivalent representation given by the action ofsu(2) on the
spacesP2l of homogeneous polynomials of degree2l in C2 = (ξ, η). Using the following
identification

Lx =
1
2i

(
η
∂

∂ξ
+ ξ

∂

∂η

)
,

Ly =
1
2

(
−η ∂

∂ξ
+ ξ

∂

∂η

)
,

Lz =
1
2i

(
ξ
∂

∂ξ
− η

∂

∂η

)
,

we getΩ+ = ξ ∂
∂η , and a natural basis ofP2l is the following:(

η2l,Ω+η
2l,Ω2

+η
2l, . . . ,Ωm

+η2l, . . . ,Ω2l
+η2l

)
.

In the rest of the argument, this basis together with the basis (70) will be used to identifyHl and
P2l. With this identification,V assumes the form:

V =
a− b

2
(
η4 + ξ4

)
− 3(a+ b)η2ξ2.
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Up to a multiplicative constant (depending onl), there exists, for eachl, a unique equivariant
morphismΠ :H2 ⊗Hl→Hl. HenceΠ is a multiple ofD2, where

ion

deed,
d usual
with
space
metry

ix
D =
∂

∂η
⊗ ∂

∂ξ
− ∂

∂ξ
⊗ ∂

∂η
.

(A subsequent composition by the multiplicationf ⊗ g→ fg is always assumed.)
On the other hand, using the fact that every element of the formfg, f ∈H2 andg ∈Hl splits

into

fg= fl+2 + r2fl + r4fl−2,

wherer is the radial distance andfj ∈Hj , one easily computes

fl = Π(f ⊗ g) =
1

6 + 4l

(
∆R3(fg)− r2

2(2l− 1)
∆2

R3(fg)
)
.

Testing this formula andD2 with, for instance,f = x2 − z2 andg = (x+ iy)l, one gets

Π=− 1
6(2l− 1)(3 + 2l)

D2

=− 1
6(2l− 1)(3 + 2l)

(
∂2

∂ξ2
⊗ ∂2

∂η2
− 2

∂2

∂ξ∂η
⊗ ∂2

∂ξ∂η
+

∂2

∂η2
⊗ ∂2

∂ξ2

)
.

Now it is easy to let this operator act onVHl, and one finally obtains the matrix representat
of Ĥ2 in the basisBl

Ĥ2�Hl
=− 1

3(2l− 1)(3 + 2l)



A0 0 B0

0 0
B2l−2

B2l−2

0 0
B0 0 A2l


,(71)

with {
Am = 6(a+ b)(3m(2l−m)− l(2l− 1)),
Bm = 3(a− b)(m+ 1)(m+2).

Notice the symmetry of the matrix:Am =A2l−m.

3.4.4. Numerical computations
As it is, the matrix (71) is very badly prepared for being numerically diagonalised. In

the spectrum exhibits near degeneracies – as is expected from tunneling effects – an
algorithms will rapidly fail asl increases. Fortunately, there is an easy way to cope
this, for two commuting transformations can split the matrix: the projection onto the sub
spanned by the vectors from the basis (70) having even index, and the central sym
(m→ 2l−m) of the matrix. We arrive at the following4-blocks decomposition for the matr
−3(2l− 1)(3 + 2l)Ĥ2�Hl

, each block being a tridiagonal matrix:
• if l= 2k+1 is odd:

4e SÉRIE– TOME 36 – 2003 –N◦ 1



SINGULAR BOHR–SOMMERFELD RULES FOR 2D INTEGRABLE SYSTEMS 53

ctrum of

uantum

oublets
Fig. 24. A comparison between semiclassical and quantum computations. Here is displayed the spe
H2�Hl

in increasing order versus the eigenvalue number, forl = 40 and the potentialV defined bya = −1
andb = 1. The light crosses linked by line segments are the semiclassical computations while the q
eigenvalues are the dark diamonds. We observe a very good accuracy (of mean orderO(h) = O(1/l)
predicted by the theory, but much better near the critical value). Notice also how the eigenvalue d
reassociate when passing through the critical value.


A0 B0

B2l−2 A2 B2 0
B2l−4

0 A2k−2 B2k−2

B2k+2 (A2k +B2k)

⊕


A0 B0

B2l−2 A2 B2 0
B2l−4

0 A2k−2 B2k−2

B2k+2 (A2k −B2k)



⊕


A1 B1

B2l−3 A3 B3 0
B2l−5

B2k−3

0 A2k−1 2B2k−1

B2k+1 A2k+1

⊕


A1 B1

B2l−3 A3 B3 0
B2l−5

0 B2k−3

B2k+3 A2k−1

 ;

• if l= 2k is even:
A0 B0

B2l−2 A2 B2 0
B2l−4

B2k−4

0 A2k−2 2B2k−2

B2k A2k

⊕


A0 B0

B2l−2 A2 B2 0
B2l−4

0 B2k−4

B2k+2 A2k−2
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⊕


A1 B1

B2l−3 A3 B3 0
B2l−5



s

.
iques,

toutes

tion

de

s,

.,

,

 0 A2k−3 B2k−3

B2k+1 (A2k−1 +B2k−1)



⊕


A1 B1

B2l−3 A3 B3 0
B2l−5

0 A2k−3 B2k−3

B2k+1 (A2k−1 −B2k−1)

 .
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