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GENERIC ROBUSTNESS
OF SPECTRAL DECOMPOSITIONS

BY FLAVIO ABDENUR

ABSTRACT. – We prove that given a compactn-dimensional boundaryless manifoldM , n � 2, there
exists a residual subsetR of Diff1(M) such that iff ∈ R admits a spectral decomposition (i.e., the n
wandering setΩ(f) admits a partition into a finite number of transitive compact sets), then this sp
decomposition is robust in a generic sense (tame behavior). This implies aC1-generic trichotomy tha
generalizes some aspects of a two-dimensional theorem of Mañé [Topology 17 (1978) 386–396].

Lastly, Palis [Astérisque 261 (2000) 335–347] has conjectured that densely inDiffk(M) diffeomor-
phisms either are hyperbolic or exhibit homoclinic bifurcations. We use the aforementioned results t
this conjecture in a large open region ofDiff1(M).

 2003 Éditions scientifiques et médicales Elsevier SAS

RÉSUMÉ. – Nous montrons qu’étant donnée une variété compacteM de dimensionn, n � 2, il existe un
sous-ensemble résiduelR deDiff1(M) tel que sif ∈ R admet une décomposition spectrale (c’est-à-d
Ω(f) admet une partition en un nombre fini d‘ensembles compacts transitifs), alors cette décomp
spectrale est robuste dans un sens générique. Cela implique une trichotomie générique qui g
certains aspects d’un théorème bi-dimensionnel de Mañé.

Enfin, Palis a conjecturé que dans un sous-ensemble dense deDiff1(M), les difféomorphismes ou bie
sont hyperboliques, ou bien admettent des bifurcations homoclines. Nous utilisons les résultats pr
pour prouver cette conjecture dans une grande région ouverte deDiff1(M).

 2003 Éditions scientifiques et médicales Elsevier SAS

1. Statement of the results

Throughout this paper,M denotes a compact boundaryless manifold of dimensionn � 2
and Diff1(M) is the space ofC1-diffeomorphisms onM with the usual topology. Give
f ∈ Diff1(M), thenon-wandering setof f is given byΩ(f) ≡ {p ∈M : given any open neigh
borhoodU of p there is somek ∈ N such thatfk(U)∩U �= ∅}.

Given an open subsetU of Diff1(M), a subsetR of U is residual inU if R contains the
intersection of a countable family of open and dense subsets ofU ; in this caseR is dense inU .
A setR ⊂ Diff1(M) is said to beresidual if it is residual in all ofDiff1(M). A property (P)
is residualor genericin U if (P) holds for all diffeomorphisms which belong to some resid
subset ofU ; property (P) is said to beresidualor genericif it is residual in all ofDiff1(M).

We begin by defining an object that plays a central role in the theory of hyperbolic syste

DEFINITION 1. – Let f ∈ Diff1(M), p a periodic hyperbolic saddle off . The homoclinic
classof f relative top is given by

H(p, f) = cl
[
W s(p) � Wu(p)

]
,
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214 F. ABDENUR

where� denotes points of transverse intersection of the invariant manifolds.
H(p, f) is a transitive compactf -invariant subset ofΩ(f). H(p, f) is not necessarily

hyperbolic, but whenf is Axiom A, its basic sets (see Definition 2 below) are hyperbolic

enient
oclinic

s”.

perbolic
als [5],
-like”
imilar

d of

mentary

ce
way to
owever,

a
f

om it.

ans,

at
ed

om A
stion
st in a
itions

:

homoclinic classes. In the absence of ambiguity, we may writeH(p) for H(p, f).
Note that the definition above deliberately excludes periodic sinks/sources. This is conv

in the present context, but often it is useful to regard the orbits of sinks/sources as hom
classes.

Remark. – Henceforward we often write “sinks/sources” meaning “periodic sinks/source

Homoclinic classes are the natural candidates to replace hyperbolic basic sets in nonhy
theory. Several recent papers (including Diaz, Pujals and Ures [10], Bonatti, Diaz and Puj
Carballo and Morales [8], and Carballo, Morales and Pacifico [9]) explore their “hyperbolic
properties, many of which hold only for generic diffeomorphisms. This paper adopts a s
viewpoint.

It is well known that there exists a residual subsetR of Diff1(M) such that iff ∈R has a finite
number of sinks/sources, then the number of sinks/sources is constant in aC1-neighborhoodoff .
(See for instance [16].) This means that no “new” sinks or sources arise in a neighborhoof .
Our first goal is to obtain an analogous result for homoclinic classes.

The aforementioned result on sinks/sources is an immediate consequence of an ele
topological fact: given a lower-semicontinuous correspondence fromDiff1(M) to the set of
compact subsets ofM , there exists a residual subset ofDiff1(M) where this corresponden
is also upper-semicontinuous. Unfortunately, this fact cannot be applied in the same
homoclinic classes, since they – unlike sinks/sources – are not necessarily isolated. H
other arguments from general topology yield the following result:

THEOREM A. – There exists a residual subsetR of Diff1(M) such that iff ∈ R only
has finitely many distinct homoclinic classesH(p1, f), . . . ,H(pk, f), then there exists
neighborhoodU of f in R such that ifg ∈ U , then the only distinct homoclinic classes og
are the continuationsH(pg

1, g), . . . ,H(pg
k, g) of the homoclinic classes off .

Theorem A is our central result; all subsequent results in this paper essentially follow fr
Note that it does not require finitude of sinks/sources.

We now state some definitions regarding the structure of the non-wandering set:

DEFINITION 2. – A diffeomorphismf ∈ Diff1(M) admits a spectral decompositionif
Ω(f) = Λ1∪· · ·∪ΛKf

, where theΛi’s are pairwise disjoint compact transitive sets. (This me
roughly, that the dynamic off is “given by the orbits of a finite number of points.”) TheΛi’s are
called thebasic setsof f .

Given a diffeomorphismf ∈ Diff1(M) that admits a spectral decomposition, we say thf
has a dominated splittingif each basic setΛ of f either is hyperbolic or admits a dominat
splitting.

In the hyperbolic context, the Spectral Decomposition Theorem tells us that an Axi
diffeomorphism f always admits a spectral decomposition. If the diffeomorphism in que
is also omega-stable (i.e., if it has no cycles), then this spectral decomposition is robu
C1-neighborhood off . We want to extend the concept of robustness of spectral decompos
to the general, non-hyperbolic setting. We start with the statement of an easy proposition

PROPOSITION A. – There exists a residual subsetS of Diff1(M) such that iff ∈ S then(a)
and(b) are equivalent,

(a) f admits a spectral decomposition,
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GENERIC ROBUSTNESS OF SPECTRAL DECOMPOSITIONS 215

(b) f has finitely many distinct homoclinic classes and finitely many sinks/sources.
Moreover, iff ∈ S satisfies the conditions above, thenf has a dominated splitting and its

spectral decomposition is of the form
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Ω(f) = Λ(p1)∪ · · · ∪Λ(pKf
),

whereΛ(p) = H(p, f) if p is a saddle andΛ(p) is thef -orbit O(p) of p if p is a sink/source.

DEFINITION 3. – LetK1 andK2 be compact subsets ofM . The distance betweenK1 and
K2 in theHausdorff metricis given by

d(K1,K2) = inf
{
ε > 0: K1 ⊂Bε(K2) andK2 ⊂Bε(K1)

}
.

DEFINITION 4. – LetR ⊂ Diff1(M) be a residual set andf ∈ R be a diffeomorphism tha
admits a spectral decomposition of the formΩ(f) = Λ(p1) ∪ · · · ∪ Λ(pKf

) as in Proposition A
This spectral decomposition isR-robust (or, more generally,generically robust) if there exists
an open neighborhoodU of f in R such that ifg ∈ U , theng admits a spectral decompositio
Ω(g) = Λ(pg

1) ∪ · · · ∪Λ(pg
Kf

) of the same form such that ifgi → f in theC1 topology,gi ∈R,
thenΛ(pgi

j )→ Λ(pj) in the Hausdorff topology, for allj ∈ {1, . . . ,Kf}.
(This phenomenon has also been calledtame behavior; in this terminology the case whe

there is a generic neighborhood where there is no spectral decomposition is calledwild behavior;
see for instance [4].)

Omega-stable diffeomorphisms admit generically robust spectral decompositions; i
their decompositions are robust in a much stronger, local, sense. We can think of g
robustness of spectral decompositions as a weak generalisation of omega stability.C1-robustly
transitive diffeomorphisms also trivially admit generically robust spectral decomposition
how common is this phenomenon? Theorem B below provides a very complete answer
question: generically speaking, spectral decompositions are always generically robust.

THEOREM B. – There exists a residual subsetR′ of Diff1(M) such that iff ∈ R′ admits a
spectral decomposition, then this spectral decomposition isR′-robust.

At this point it is relevant to mention a two-dimensional result of Mañé. In [16] he pr
that,C1-generically, surface diffeomorphisms either are omega-stable or have infinitely
sinks/sources. This result does not hold in higher dimensions, because of the existence of
nonhyperbolic and transitive diffeomorphisms in dimensions� 3 (see [15,2], and Bonatti an
Viana [7] for examples). But we may still look for high-dimension analogues of Mañé’s theo
weakening the conclusion as needed.

It was in this spirit that [5] asked whether generic diffeomorphisms either admit sp
decompositions or have infinitely many sinks/sources. (The actual statement in [5], reg
generic diffeomorphisms that are “far from Newhouse’s phenomenon”, looks less gener
is easily seen to be equivalent to the statement in the previous sentence.) The example i
a locally residual subset ofDiff1(M) where there are only3 sinks/sources but infinitely man
homoclinic classes (and no spectral decomposition), gives a negative answer to this ques
we can obtain aC1-generic trichotomy in high dimensions by adding a third alternative:

COROLLARY B.1. – There exists a residual subsetR+ ⊂ Diff1(M) such that iff ∈ R+,
n� 3, thenf satisfies one and only one of the following conditions:

(a) f admits anR+-robust spectral decompositionΩ(f) = Λ(p1) ∪ · · · ∪ Λ(pKf
) with a

dominated splitting,
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216 F. ABDENUR

(b) f has an infinite number of sinks/sources(and therefore admits no spectral decomposi-
tion),

(c) f admits no spectral decomposition, has only a finite number of sinks/ sources, and has
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an infinite number of pairwise disjoint homoclinic classes.

Corollary B.1 is currently the best high-dimensional analogue of Mañé’s theorem
dimension2, Mañé’s theorem says that we generically have either a pathology (infinite nu
of sinks/sources) or a robust spectral decomposition with a hyperbolic splitting; in dime
� 3, Corollary B.1 says that we generically have either a pathology (infinite number of pa
disjoint homoclinic classes or infinite number of sinks/sources) or a generically robust sp
decomposition with a dominated splitting. Furthermore, in [1] it is shown that this domin
splitting exhibits a weak form of hyperbolicity called volume partial hyperbolicity (see [5
the definition).

We remark that examples in [3] and [8] respectively show that neither alternativ
nor alternative (c) can be removed from the statement of Corollary B.1 for dimen
n � 4. Alternative (a) of course cannot be removed due to the existence of omega
diffeomorphisms. In this sense the trichotomy above is optimal: none of the three altern
may be removed from the statement.

The next corollary is a simple but useful consequence of Theorem B and the gener
cycles” result of [9]:

COROLLARY B.2. – There exists a residual subsetR+ ⊂ Diff1(M) such that iff ∈ R+

admits a spectral decompositionΩ(f) = Λ(p1) ∪ · · · ∪Λ(pKf
) as in PropositionA, then given

pairwise disjoint open neighborhoodsW1, . . . ,WKf
of Λ(p1), . . . ,Λ(pKf

) respectively, there
exists an open neighborhoodU of f in Diff1(M) with the following properties:

(i) if g ∈ U , thenΩ(g) ⊂ (W1 ∪ · · · ∪WKf
),

(ii) if g ∈ (U ∩R+), then(Ω(g)∩Wj) = Λ(pj
g) for all j ∈ {1, . . . ,Kf}.

Palis [17] has conjectured that there exists a dense subsetD of Diffk(M) such that iff ∈D,
thenf either is hyperbolic or exhibits homoclinic tangencies or heterodimensional cycle
heterodimensional cyclewe mean a heteroclinic cycle between periodic saddles of diffe
stability indices. Homoclinic tangencies and heterodimensional cycles are both exampl
broader class of phenomena called homoclinic bifurcations (see [20], pp. 133 and 134). R
speaking, Palis has conjectured that, globally, homoclinic bifurcations are the only obstru
to hyperbolicity.

The 2-dimensionalC1-version of this conjecture has been completely proven by Pujals
Sambarino [19], but results in higher dimensions have been restricted to special cas
robustly transitive diffeomorphisms (in which case it essentially follows from results by M
[16] and from Hayashi’s Connecting Lemma [13]; see also Bonatti, Diaz, Pujals and Roch
The last goal of this paper is to prove this conjecture in a large region ofDiff1(M), whereM
has arbitrary dimension.

In this paper we work towards the followingC1-generic version of the conjecture (which
actually somewhat stronger than the form above):

CONJECTURE(Palis). –There exists a residual subsetR of Diff1(M) such that iff ∈R, then
f is either omega-stable or approached by diffeomorphisms exhibiting homoclinic tangen
heterodimensional cycles.

We note that by Pugh’s General Density Theorem [18] combined with item 6 of Theor
of [9], generically a diffeomorphism is omega-stable if and only if its non-wandering s
hyperbolic. The next result proves the conjecture above in the case of diffeomorphism
finitely many homoclinic classes.
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GENERIC ROBUSTNESS OF SPECTRAL DECOMPOSITIONS 217

THEOREM C. – There exists a residual subsetR of Diff1(M) such that iff ∈R has finitely
many homoclinic classes and finitely many sinks/sources, thenf satisfies(1) or (2) but not both:

(1) f is omega-stable(i.e., AxiomA with no cycles),
sional
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t

(2) f is nonhyperbolic and approached by diffeomorphisms which exhibit heterodimen
cycles.

This result follows from Corollary B.2 combined with results from [12] and from [13].
We note that the analogues of Theorems A and B hold forC1-vector fields on manifolds o

dimensions three and higher, with the same proofs.

2. Technical preliminaries I

We now state some results that will be used in the next section.

THEOREM 0 [5]. – There exists a residual subsetR∗ ⊂ Diff1(M) such that iff ∈ R∗ has
finitely many sinks/sources, then every homoclinic class(which is not the orbit of a sink/source)
of f has a dominated splitting.

THEOREM 1 [18]. – There exists a residual subsetR1 ⊂ Diff1(M) such that iff ∈ R1,
thenΩ(f) = cl(Per(f)) andPer(f) = Perh(f), wherePerh(f) denotes the set of hyperbo
periodic points off .

THEOREM 2 [9]. – There exists a residual subsetR2 ⊂ Diff1(M) such that iff ∈ R2, then
given any two saddlesp, q ∈ Per(f), we have either

H(p, f) = H(q, f) or H(p, f)∩H(q, f) = ∅.

That is, for diffeomorphisms inR2, distinct homoclinic classes are disjoint. Furthermore
f ∈R2 then there are no cycles among homoclinic classes off .

THEOREM 3 [3]. – There exists a residual subsetR3 ⊂ Diff1(M) such that iff ∈ R3 and
p, q ∈ Per(f) are saddles that belong to the same transitive setΛ, thenH(p, f) = H(q, f).

3. Proof of Proposition A

We prove a slightly more general statement than Proposition A:

PROPOSITION A′. – There exists a residual subsetR0 ⊂ Diff1(M) such that iff ∈R0, then
f satisfies one and only one of the following conditions:

(a) Ω(f) = Λ(p1) ∪ · · · ∪ Λ(pKf
), wherepi ∈ Perh(f) and theΛ’s are compact transitive

pairwise disjoint sets given byΛ(p) = H(p, f) if p is a saddle andΛ(p) = θ(p) if p is a
sink/source.

(b) f has an infinite number of sinks/sources(and therefore admits no spectral decompo
tion).

(c) f admits no spectral decomposition, has only a finite number of sinks/ sources, a
an infinite number of pairwise disjoint homoclinic classes.

Proof. –Let R∗,R1,R2, andR3 respectively be as in Theorem 0, Theorem 1, Theorem
and Theorem 3 above. Consider the residualR0 given byR0 = R∗ ∩ R1 ∩ R2 ∩ R3. Assume
f ∈ R0 has only a finite number of distinct (and therefore disjoint, by Theorem 2) homo
classes and a finite number of periodic sinks/sources. That is, letf satisfy neither (b) nor (c). Le
H(p1), . . . ,H(pk) be the distinct homoclinic classes off , and letθ(q1), . . . , θ(qs) be the orbits
of its periodic sinks/sources.

ANNALES SCIENTIFIQUES DE L’ÉCOLE NORMALE SUPÉRIEURE



218 F. ABDENUR

Then by Theorem 1 we have

H(p1) ∪ · · · ∪H(pk)∪ θ(q1)∪ · · · ∪ θ(qs)

t
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= cl
[
H(p1)∪ · · · ∪H(pk) ∪ θ(q1)∪ · · · ∪ θ(qs)

]

= cl
(
Per (f)

)
= cl

(
Perh(f)

)
= Ω(f),

where the unions are pairwise disjoint. Thereforef satisfies (a).
What we must prove now is that iff ∈ R0 does not satisfy (a), thenf does not admi

a spectral decomposition. Letf ∈ R0 satisfy (b). Thenf has an infinite number of period
sinks/sources and therefore clearly does not admit any spectral decomposition. Iff has infinitely
many pairwise disjoint homoclinic classes and only a finite number of sinks/sources, a
f has infinitely many pairwise disjoint homoclinic classes but admits a spectral decomp
Ω(f) = Λ1 ∪ · · · ∪ Λk. Then each homoclinic class off is contained in one of theΛ’s, which
are by assumption transitive. But by Theorem 3 if two periodic saddles off are contained in th
same transitive set, then their homoclinic classes coincide. Thereforef has at mostk distinct
homoclinic classes, a contradiction. We conclude thatf ∈R0 admits a spectral decomposition
and only iff satisfies (a). ✷

4. Technical preliminaries II

Again, some technical preliminaries:

DEFINITION 5. – Let p be a periodic saddle off ∈ Diff1(M). ThenH(p) variesC1-con-
tinuously atf if the map g → H(g, pg) is continuous with respect to theC1 topology on
Diff1(M) and to the Hausdorff topology in the space of compact subsets ofM .

The next theorem is a well-known property of homoclinic classes. It follows from the
following facts: (i) any given homoclinic classH(p, f) varies lower semi-continuously in th
Hausdorff topology whenf is perturbed; and (ii) generically any set-valued map that is lo
semi-continuous in the Hausdorff topology is also upper semi-continuous.

THEOREM 4. – There exists a residual subsetR4 ⊂ Diff1(M) such that iff ∈R4 andp is a
saddle off , thenH(p) variesC1-continuously atf .

THEOREM 5 [16]. – There exists a residual subsetR5 ⊂ Diff1(M) such that iff ∈ R5 has
finitely many sinks/sourcesq1, . . . , qkf

then there exists a neighborhoodU of f in Diff1(M)
such that ifg ∈ U , then the only sinks/sources ofg are the continuationsq1g, . . . , qkf

g of the
sinks/sources off .

DEFINITION 6. – A subsetS of a topological spaceX is meagerif Sc is residual inX . Note
that if R⊂X is residual andS ⊂X is non-meager, thenR ∩ S �= ∅.

TOPOLOGICAL LEMMA. – Let X be a Baire topological space andΓ :X → N a lower
semicontinuous map. Then there exists a residual subsetN of X such thatΓ is locally constant
at each point ofN .

5. Proof of Theorem A

Theorem A follows from Propositions 1 and 2 below.

PROPOSITION 1. – LetU ⊂ Diff1(M) be open andR be a residual subset ofU such that if
f ∈R, thenf only has finitely many distinct homoclinic classesH(f, p1), . . . ,H(f, pkf

). Then
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GENERIC ROBUSTNESS OF SPECTRAL DECOMPOSITIONS 219

there exists a residual subsetN of U such that givenf ∈N , there exists an open neighborhood
W of f in U such that ifg ∈ (W ∩N) then the only distinct homoclinic classes ofg are the
continuationsH(g, p1

g), . . . ,H(g, pkf
g) of the homoclinic classes off .

r
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.

Proof. –Let R be as in the statement,R2 as in Theorem 2, andR4 as in Theorem 4. Conside
S = R2 ∩ R4 ∩ R. S is generic inU . If f ∈ S, thenf ∈ R, and thereforef only has finitely
many homoclinic classesH(f, p1), . . . ,H(f, pkf

), which are pairwise disjoint by Theorem
By Theorem 4, each such homoclinic class varies continuously at eachf ∈ S.

Consider now the mapΓ :S → N given by

Γ(f) ≡#{distinct homoclinic classes off}.

Note that given anyf ∈ S, then f only has a finite number of distinct homoclin
classesH(f, p1), . . . ,H(f, pkf

), which must be pairwise disjoint by Theorem 2. Theref
for g ∈ S sufficiently close tof the periodic saddlesp1, . . . , pkf

have continuations, an
since their corresponding homoclinic classesH(p1), . . . ,H(pkf

) are pairwise disjoint an
vary continuously atf , it follows that for g sufficiently close tof , the homoclinic classe
H(g, p1

g), . . . ,H(g, pkf
g) are still pairwise disjoint. ThusΓ is a lower semi-continuous ma

on S: elements ofS which are sufficiently close tof must have at least as many distin
homoclinic classes asf .

We can now apply the Topological Lemma toΓ, obtaining a residual subsetN of S (and
therefore ofU ) whereΓ is locally constant, which is the property we wanted.✷

We now state and prove a lemma that will be used to prove Proposition 2.

LEMMA 1. – Consider an open setU in Diff1(M) such thatD = {f ∈ U : f has an infinite
number of pairwise disjoint homoclinic classes, all of which vary continuously atf} is dense
in U . ThenD∗ = {f ∈ U : f has an infinite number of pairwise disjoint homoclinic classes} is
residual inU .

Proof. –Let Dj = {f ∈ U : f has at leastj disjoint homoclinic classes}. Thenint(Dj) con-
tainsD (because of the continuous variation of the homoclinic classes at elements ofD) and is
therefore open and dense inU . ThereforeD∗ ⊃

⋂
j∈N

int(Dj) is residual inU . ✷
PROPOSITION 2. – There exists a residual subsetR6 ⊂ Diff1(M) such that iff ∈ R6 only

has finitely many distinct homoclinic classes, then there exists a neighborhoodU of f in R6 such
that if g ∈ U theng only has finitely many homoclinic classes.

Proof. –Let S be the residual subset ofDiff1(M) given byS = R4 as in Theorem 4 above
We can writeS = Sfin ∪ S∞, whereSfin denotes the elements ofS which have finitely many
homoclinic classes andS∞ ≡ S \ Sfin .

If cl(S∞) ∩ Sfin is a meager subset ofS, where cl denotes closure relative toS, then
Proposition 2 clearly holds, since in this case

R6 ≡ S \
(
cl(S∞)∩ Sfin

)

is residual and has the desired property. Let us now prove the meagerness ofcl(S∞)∩ Sfin .
We have

cl(S∞)∩ Sfin =
[
int

(
cl(S∞)

)
∩ Sfin

]
∪

[(
cl(S∞) \ int

(
cl(S∞)

))
∩ Sfin

]
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220 F. ABDENUR

whereint denotes interior relative toS. Now, (cl (S∞) \ int(cl(S∞)))∩Sfin is meager because
cl(S∞) \ int(cl (S∞)) is a closed set with empty interior. Therefore we must only show that
int(cl(S∞)) ∩ Sfin is meager.
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s

By definition int(cl (S∞)) is an open subset ofS whereS∞ is dense. Therefore there exis
someU open inDiff1(M) such thatU ∩S = int(cl(S∞)). S∞ is dense inU , and by Theorem 4
homoclinic classes vary continuously at members ofS∞. Therefore applying Lemma 1 toU , we
have thatS∞ is residual inU .

Assume thatint(cl (S∞)) ∩ Sfin is non-meager. Then there must be nonempty interse
betweenS∞, which is residual inU , andSfin , which is non-meager inU ; this is of course
absurd. Henceint(cl(S∞)) ∩ Sfin is meager, as we wished to show.✷

We can now prove Theorem A:

Proof of Theorem A. –Consider the residual subsetR6 of Diff1(M) given by Proposition 2 an
letS6 ≡ {g ∈R6: g only has a finite number of homoclinic classes}. Then for eachg ∈ S6 there
is some open neighborhoodUg of g in R6 such that every element ofUg also has a finite numbe
of homoclinic classes. Now by Proposition 1 eachUg contains some smaller neighborhoodWg

of g such that the homoclinic classes of each element ofWg are precisely the continuations
the homoclinic classes ofg. Now the setR given by

R≡ (R6 \ S6)∪
⋃

g∈S6

Wg

is residual inDiff1(M) and clearly satisfies the desired conditions.✷

6. Proof of Theorem B and its corollaries

We now obtain Theorem B as a consequence of Theorem A:

Proof of Theorem B. –Consider the residual subsetsR5 as in Theorem 5,R0 as in
Proposition A′, andR as in Theorem A. LetR′ be the residual set given byR′ = R0 ∩R ∩R5.

Givenf ∈R′ with a spectral decomposition, by Proposition A′ we have

Ω(f) = Λ(p1) ∪ · · · ∪Λ(pKf
)

as in Proposition A. Let us rename this spectral decomposition by writing

Ω(f) = H(p1)∪ · · · ∪H(pLf
)∪ θ(qLf+1) ∪ · · · ∪ θ(qKf

),

wherepi is a periodic saddle withH(pi) its homoclinic class ifi ∈ {1, . . . ,Lf} and qi is
a sink/source with orbitθ(qi) if i ∈ {Lf + 1, . . . ,Kf}. We want to show that this spectr
decomposition persists in a neighbourhood off in R′.

By Theorem A there exists a neighborhoodU1 of f in R (and therefore inR′) such that if
g ∈ U1 then the only homoclinic classes ofg are the continuationsH(p1

g), . . . ,H(pLf
g) of the

classes off . By Theorem 5 there is a neighborhoodU2 of f in Diff1(M) such that ifg ∈ U2 then
the only sinks/sources ofg are the continuationsθ(qLf +1

g), . . . , θ(qKf
g) of the sinks/source

of f .
Let U ≡ U1 ∩ U2. If g ∈ U it follows that the only homoclinic classes ofg areH(p1

g), . . . ,
H(pLf

g) and the only sinks/sources areθ(qLf +1
g), . . . , θ(qKf

g). By Proposition A′, g admits
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the spectral decomposition

Ω(g) = H(p1
g)∪ · · · ∪H(pLf

g) ∪ θ(qLf +1
g)∪ · · · ∪ θ(qKf

g).

the

d

.

es
ts of
t there

o

t

f

s

Moreover, the basic sets of this decomposition vary continuously atf sinceR′ is contained inR
of Theorem A, which in turn is contained inR4 of Theorem 4. Hence we have proven that
spectral decomposition off is R′-robust. ✷

Proof of Corollary B.1. –Let R+ = R∗ ∩ R0 ∩ R′, with R∗ as in Theorem 0,R0 as
in Proposition A′, and R′ as in Theorem B. ThenR+ immediately satisfies the desire
conditions. ✷

Proof of Corollary B.2. –LetR+ = R′∩R2, withR′ as in Theorem B andR2 as in Theorem 2
Assume thatf ∈ R+ admits a spectral decompositionΩ(f) = Λ(p1) ∪ · · · ∪ Λ(pKf

). By
Theorem 2 there are no cycles among homoclinic classes off . Since there can be no cycl
involving the orbits of sinks/sources, it follows that there are no cycles among the basic sef .
By a well-known result (see for instance Theorems 2.3 and 3.11 of [21]), this implies tha
are noΩ-explosions atf . Also, sinceR+ ⊂R′ ⊂R4 of Theorem 4, all homoclinic classes off
vary continuously atf .

LetW1, . . . ,WKf
be pairwise disjoint open neighborhoods ofΛ(p1), . . . ,Λ(pKf

) respectively.
ThenW = W1 ∪ · · · ∪ WKf

containsΛ(p1) ∪ · · · ∪ Λ(pKf
) = Ω(f), so since there are n

Ω-explosions atf , it follows that there exists an open neighborhoodU of f in Diff1(M) such
that if g ∈ U thenΩ(g)⊂W . Condition (i) is proven.

We now prove condition (ii). Ifg ∈ (U ∩R+) then given anyi ∈ {1, . . . ,Kf}, we have tha
(Wi ∩Λ(pi)) containsΛ(pi) but does not intersect any otherΛ(pj), therefore

(Wi ∩Λ(pi)) = Λ(pi). ✷
7. Technical preliminaries III

We now list some properties and results that will be used in the next section.

DEFINITION 7. – Given a periodic hyperbolic pointp, its stability indexis the dimension o
its stable manifoldW s(p). We denote the stability index ofp by ind(p).

FRANKS’ L EMMA [11]. – Considerf ∈ Diff1(M), anf -invariant finite setF , and anε-per-
turbation A of Df |F . Then there exists anε-perturbationg of f such thatg|F = f |F and
Dg|F = A.

Note that in the special case whereF is the orbit of a nonhyperbolic periodic point off ,
this means that for allε there exist twoε-perturbationsg′ andg′′ of f such thatF respectively
becomes the orbit of hyperbolic periodic pointsp′ andp′′ with different indices.

THEOREM 6 [12]. – Let�1(M) = {f ∈ Diff1(M): there exists an open neighborhoodU of
f in Diff1(M) such that ifg ∈U , then all periodic points ofg are hyperbolic}. Then all member
of �1(M) are omega-stable.

CONNECTING LEMMA [13]. – Considerf ∈Diff1(M) with hyperbolic periodic pointsp and
q. Assume that there are sequences of points(xj) and natural numbers(kj) such that

(xj) → ps ∈W s(p) \ {p} and fkj (xj)→ qu ∈Wu(q) \ {q}.

Then given anyε > 0 there exists anε-perturbationg of f such thatW s(pg) ∩Wu(qg) �= ∅.

ANNALES SCIENTIFIQUES DE L’ÉCOLE NORMALE SUPÉRIEURE



222 F. ABDENUR

8. Proof of Theorem C

We first prove a lemma, whose proof follows that of Lemma 3.3 of Diaz, Pujals and Ures [10],

en

s

ain

ore

.
rces.
e

ter an

f

and then use it to prove Theorem C.

LEMMA 2. – Let Λ(p) be the homoclinic class of a periodic saddlep of f ∈ Diff1(M).
Assume that there exist a neighborhoodU of f in Diff1(M), a residual subsetR of U
containingf , and a periodic saddleq of f with ind(q) �= ind(p) such that ifg ∈R, thenΛ(pg)
contains the continuationqg of q. Then, given anyε > 0, there exists anε-perturbationf ′ of f
such that there is a heterodimensional cycle betweenpf ′

andqf ′
.

Proof. –By hypothesisq andp have different indices. Assumeind(p) > ind(q); the other
case is identical if we switch the roles ofp andq. We first want to create an intersection betwe
W s(p) andWu(q).

Let f be as in the statement andε > 0. By transitivity, there exists some pointx in Λ(p) whose
orbit is dense inΛ(p). This means that there are sequences of increasing natural number(mj)
and(dj) with dj >mj such that

fmj (x) → p and fdj(x) → q.

By considering fundamental domainsDs of p in W s
loc(p) andDu of q in Wu

loc(q), we can
suppose (after changing the values of the sequences(mj) and(dj)) that we have instead

fmj (x) → ps ∈W s(p) \ {p} and fdj(x) → qu ∈Wu(q) \ {q}.

By settingxj = fmj(x) andkj = dj −mj we can now apply the Connecting Lemma to obt
anε/4-perturbationg of f with W s(pg)∩Wu(qg) �= ∅.

Since

dim
(
W s(p)

)
+ dim

(
Wu(q)

)
= ind(p) +

(
n− ind(q)

)

> ind(q) + n− ind(q) = n,

where n is the dimension ofM , it follows that after anotherε/4-perturbation we obtain
g′ ∈ U such that the intersectionW s(pg′

) ∩Wu(qg′
) is transversal at some point, and theref

persistent. Now, making anotherε/4-perturbation if necessary, we can assume thatg′ belongs
to R, and therefore thatqg′

belongs toΛ(pg′
).

Finally, to obtain an intersection betweenWu(p) andW s(q) after anε/4-perturbationf ′

of g′, we use the same argument as above. The end result is anε-perturbation off that has a
heterodimensional cycle between the continuations ofp andq, as desired. ✷

Proof of Theorem C. –SetR = R+∩R5 with R+ as in Corollary B.2 andR5 as in Theorem 5
Considerf ∈R with finitely many homoclinic classes and finitely many periodic sinks/sou
Let Ω(f) = Λ(p1)∪ · · · ∪Λ(pk) be the spectral decomposition off as in Proposition A. Assum
that f is not omega-stable. By Theorem 6 this implies thatf does not belong to�1(M).
Choose someε > 0. To prove the theorem we must create a heterodimensional cycle af
ε-perturbation off .

Choose pairwise disjoint open neighborhoodsW1, . . . ,Wk of Λ(p1), . . . ,Λ(pk) respectively.
Then there exists a neighborhoodU of f in Diff1(M) that satisfies conditions (i) and (ii) o
Corollary B.2. SinceU is an open neighborhood off andf does not belong to�1(M), it follows
that there exists someg in U , ε/4-close tof , with some nonhyperbolic periodic pointq. Sinceq
is periodic, it is a nonwandering point ofg, and thereforeq belongs toW1 ∪ · · · ∪Wk.
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Let Wj be the neighborhood that containsq and lets be the stability index ofpj . Sinceq is
nonhyperbolic (i.e., at least one of its eigenvalues has norm 1), we can apply Franks’ Lemma to
the orbit ofq, creating after anε/4-perturbationg′ ∈ U of g a hyperbolic periodic pointq′ of

s

ood

s

ing the
lso to

.
urces,

of

nal

ion is

on
g′ whoseg′-orbit coincides with theg-orbit of q and whose stability index is�= s. This “new”
hyperbolic periodic pointq′ cannot be a source/sink by Theorem 5; henceq′ is a saddle.

Now q′ is a hyperbolic periodic point ofg′, so it persists and varies continuously nearg′.
In particular, forg∗ close enough tog′, the continuationq∗ of q′ still belongs toWj . So after
an ε/4-perturbationg∗ of g′ we haveg∗ ∈ (U ∩ R) and q∗ still in Wj . Since by hypothesi
(Wj ∩Ω(g∗)) = Λ(pj

g∗
), it follows thatq∗ belongs toΛ(pj

g∗
). But remember that

ind(q∗) �= s= ind
(
pj

g∗)
,

soΛ(pj
g∗

) cannot be the orbit of a sink/source, hencepj
g∗

is necessarily a saddle andΛ(pj
g∗

)
is its homoclinic class.

ThusΛ(pj
g∗

) contains periodic saddles of different indices atg∗. Moreover, this occurs in
a locally residual neighborhood ofg∗. To see this, taking if necessary a smaller neighborh
of g∗, we can assume thatq∗ has a continuation in all ofU . Again shrinkingU if necessary, we
can assume that the continuation ofq∗ belongs toWj for all diffeomorphisms inU . Then for
all h ∈ (U ∩R) we have that(q∗)h ∈ (Wj ∩ Ω(h)) = Λ(pj

h), soΛ(pj
h) contains two periodic

saddles of different indices (namely,(q∗)h andpj
h). ThereforeΛ(pj

g∗
) satisfies the hypothese

of Lemma 2 above.
We now apply Lemma 2 toΛ(pj

g∗
) to create, after yet anotherε/4-perturbation, a

heterodimensional cycle between the continuations ofq∗ and pj
g∗

. Having gone through4
successiveε/4-perturbations off , we have obtained a heterodimensional cycle via anε-per-
turbation off , as desired. ✷
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