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Abstract

Résumé

In this Note, we investigate the reduction of complex chemistry in gaseous mixtures. We
consider an arbitrarily complex network of reversible reactions, the equilibrium constant
of which are compatible with thermodynamics, thus providing an entropic structure. We
assume that a subset of the reactions is consituted of fast reactions and define a constant
and linear projection onto the partial equilibrium manifold compatible with the entropy
production. This reduction step is used for the study of a homogeneous reactor at constant
density and internal energy where the temperature can encounter strong variations. We
prove the global existence of a smooth solution and of an asymptotically stable equilibrium
state for both the reduced system and the complete one. A global in time singular
perturbation analysis proves that the reduced system on the partial equilibrium manifold
approximates the full chemistry system. To cite this article: M. Massot, C. R. Acad. Sci.
Paris, Ser. | 335 (2002) 93-98. O 2002 Académie des sciences/Editions scientifiques et
médicales Elsevier SAS

Analyse de perturbation singuliére pour laréduction dela chimie
complexe des mélanges gazeux avec structure entropique

Dans cette Note, nous étudions la réduction des mécanismes chimiques complexes pour
les mélanges gazeux. Nous considérons un réseau de complexité arbitraire de réactions
réversibles dont les constantes d'équilibre sont compatibles avec la thermodynamique
ce qui fournit une structure entropique. En suposant qu'il existe un sous ensemble de
réactions rapides, nous définissons une projection linéaire constante compatible avec la
production d’entropie afin de définir le systéme réduit sur la variété d' équilibre partiel.
Nous considérons un réacteur homogene contenant un mélange gazeux a densité et
énergie interne constante, latempérature pouvant subir de fortes variations. Nous montrons
I’existence globale d'une solution réguliére et I'existence d'un unique état d'équilibre
asymptotiquement stable pour le systéme complet et pour le systéme réduit. Une analyse
de perturbation singuliére globale en temps permet de montrer que le systéme réduit
approxime le systéme avec chimie compl éte. Pour citer cet article: M. Massot, C. R. Acad.
Sci. Paris, Ser. | 335 (2002) 93-98. 0 2002 Académie des sciences/Editions scientifiques
et médicales Elsevier SAS
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La simulation numérique des écoulements de mélanges gazeux réactifs met en ceuvre des mécanismes
chimiques détaill és afin de décrire I’ influence de la chimie complexe sur les écoulements. Ces mécanismes
font intervenir un grand nombre de variables et d’ échelles de temps. L' utilisation de mécanismes réduits
permet de résoudre le probléme de laraideur des systémes obtenus dans le cas ol les plus petites échelles
de temps sont dues a des réactions trés rapides et ot la solution se trouve proche d' une «variété lente». |1
y aeu ces dix derniéres années un effort considérable pour définir et résoudre numériquement les systemes
d’ équations réduits sur la «variété lente» pour des applications telles que la combustion et la pollution
atmosphérique(citonsparmi d autres[6,7,9] et [10]). Danslaplupart des cas, laquestion delacompatibilité
de I’ é&ape de réduction avec la production d’ entropie due aux réactions chimiques n’ est pas abordée, s ce
n'est dans [10] pour un réacteur homogéne isotherme, ol I’ on propose une projection qui ne préserve pas
la structure entropique du systeme dynamique original. Par ailleurs on trouve une analyse de la structure
du systéme d'EDPs régissant les écoulements de mélanges gazeux réactifs a I’ équilibre chimique [3] ou
sur la variété d équilibre partiel dans le cas de la chimie réduite [5] ; dans ces deux travaux, |’ étape de
réduction est linéaire, constante et préserve la structure entropique; cependant elle reste formelle, I'analyse
deperturbation singuliéren’y étant pas menée. Finalement, une analyse de perturbation singuliere est menée
dans [2] dans un cadre mathématique sans lien avec la thermochimie et donc sans la structure entropique
du systéme dynamique d’ origine.

Dans cette Note, nous considérons un réacteur homogeéne contenant un mélange gazeux a densité et
énergie interne constante, la température pouvant subir de fortes variations. L’ évolution de la composition
et de latempérature est donnée par un systéme dynamique en les concentrations des espéces et en |’ énergie
interne totale (1). La chimie est décrite par un réseau arbitrairement complexe de réactions éémentaires
réversibles (3) dont les constantes d’ équilibre sont compatibles avec la thermodynamique ce qui permet
I’ obtention d'une structure entropique [4]. Nous étendons les travaux [3] et [4], établis a température
constante, en montrant I’ existence globale d’ une solution réguliére, I’ existence d’ un unique état d’ équilibre
asymptotiquement stable ainsi que d’un compact invariant pour le systéme dynamique (Proposition 1 et
Théoréme 2).

Nous supposons que les échelles de temps associées au taux d’avancement des réactions peuvent étre
partitionnées en échelles rapides et échelles lentes (7). Cette partition repose en pratique sur une étude de
sensibilité qui sort du contexte de la présente Note. La structure entropique associé au réseau de réactions
réversibles (3) permet alors de définir un modéle réduit sur la variété d’ équilibre partiel en utilisant une
projection linéaire constante, compatible avec la production d’ entropie due aux réactions chimiques. Le
systéme dynamique réduit conserve la structure entropique et reste bien posé (Proposition 4). Finalement
nous estimons la distance entre la solution du systéme compl et et la solution réduite en menant une analyse
de perturbation singuliére globale en temps (Théoréme 5). Le détail de cette étude se trouve dans [8] et ces
résultats sont un outil important pour mener I’ analyse numérique de la séparation d’ opérateurs en présence
d'échellesrapides[1].

1. Introduction

Numerical simulations of multicomponent reactive flows raise several difficulties created by the large
number of unknowns and the wide range of temporal scales due to large and complex detailed chemical
kinetic mechanisms. One way to adress the problem of the stiffness and to reduce the range of time scalesto
be solved, isto use reduced mechanismsfor the complex chemistry. It isvalid when the quickest time scales
are due to very fast reactions and when, most of the time, the solution is on the so-called ‘ low manifold’.
There has been atremendous effort in creating efficient and predictive numerical methodsin order to define
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and solve reduced system of equations for combustion and air pollution modeling applications (among
other studies [6,7,9] and [10]). Most of the time, the question of the the compatibility of the reduction step
on the ‘dow’ manifold with the entropy production due to chemical reaction is not investigated, except
in [10] for an isothermal homogeneous reactor, where a nonlinear and nonconstant projection onto the
partial equilibrium manifold is proposed, but it does not preserve the original entropic structure. Besides,
the structure of the system of partia differential equations governing multicomponent reactive flows at
chemical equilibriumis providedin [3] and the one at partia equilibrium for areduced chemistry in [4]; in
these two studies, the reduction step islinear, constant and compatible with the entropy production, however
itisformal sincethe singular perturbation analysisisnot conducted. Finally, asingular perturbation analysis
is performed in [2] in a mathematical framework without thermochemical assumptions and thus without
entropic structure for the original dynamical system.

In this Note, we investigate a homogeneous reactor contai ning a gaseous mixture at constant density and
internal energy, where the temperature can encounter strong variations. We consider an arbitrarily complex
network of reversible reactions, the equilibrium constant of which are compatible with thermodynamics
thus providing an entropic structure [4]. We extend [3] and [4] and prove the existence of a global in time
solution and of an asymptotically stable equilibrium state.

We assume that the time scales associated with the reaction rates can be partitioned into fast scales and
slow scales (7). The choice of this partition reliesin practice on sensitivity analysis and is beyond the scope
of the present Note. The entropic structure associated with the network of reversible reactions (3) then
alows to define a linear and constant projection, compatible with the entropy production due to chemical
reactions, in order to obtain the reduced system on the partial equilibrium manifold for the fast reactions.
The well-posedness and the entropic structure of the reduced system is proved and the distance between
the full system and the reduced one is evaluated through a singular perturbation analysis, globaly in time.
Details of this study can be found in [8] and its application to the numerical analysis of operator splitting
techniquesin the presence of fast scales can befoundin [1].

2. System of equations, thermochemistry and mathematical assumptions

The equations modeling a homogeneous reactor at constant density and energy express the conservation
of species mass densities and internal energy of the mixture and can be written:

du = Q(U), U(t =0) = Up, 1)
U=(o".¢), Uo=(0h ), £=(Maw,0), )

where d; is the time derivative operator, U the conservative variable, o' = (p1, ..., png) the vector of
species mass densities; ng is the number of species, S = [1, ns] the set of speciesindices, p = ;g ok =
{0, U), the total density, { , ) the Euclidean scalar product, 24! = (1, ..., 1), the unit vector, m; the molar
mass of the kth species, M = diag(my, . .., my) the mass weights matrix, o = (w1, ..., wsg)’, the vector
of molar chemical production rates. The internal energy & can aso be expressed as a function of the
natural variable Y' = (o, T): € = (g, ¢), With e = (e1, ..., ens)", Where ex(T), T > 0, is the specific
internal energy of the kth species. The system (1) can aso be written in terms of the natural variable
dY=(Mow,—(Mw,e)/{o,cy)), so that the temperature may vary; ¢, = (cy1. . .., cuny)’, IS the vector of
specific heats at constant volume of the species.

The (physical) entropy & can bewritten & =", ¢ pxsk, and the reduced chemical potential of the kth
species, ur(ox, T)/T =er/T + ry — sk, T > Tres > 0, Where sy, is the specific entropy of the kth species,
rr = R/my, the specific gas constant of the kth species, R the universal gas constant and Ty a positive
reference temperature chosen such that minges{ex (Tref)} > MaXies{ex (T =0)} [4].

We consider a system of Ng reversiblereactionsfor ng species

D vuSi=) viSk. ieR, (3)

keS keS
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where S is the chemical symbol of the kth species, v;; and v; the stoichiometric coefficients of the kth
speciesin the ith reaction and R = [1, Ng] the set of reaction indices. The chemical species are assumed
to be constituted by elements and we denote by &; the number of /th element in the kth species. We
also denote by € = [1, Ng] the set of element indices and by Ng the number of elements. The vector
of molar production rate is given by w; = ;¢ vi i, Where the global stoichiometric coefficients are
vki = v; — v, k€S, i € R, and where 7; are the rates of progress, of the ith reaction. We make the
following assumptions on the thermochemistry:

(C1) The specific heats ¢k, k € S, are C* functions of T € [0, co0). Moreover there exists a positive
constant a wWithO < a < cyi(€),foré > 0andk € S.

(C2) The element vectors &, [ € €, defined by & = (€, ..., Eqng)’, and the reaction vectors v;, i € R,
defined by v; = (v1i, ..., v, satisfy the element conservation relations: (v;,&) =0, i € R,
I € €, which can be rewritten R ¢ £1, where R = span{v;, i € R} is of dimension ng, and where
E=gpan{&;, | € A}, with A = €, isassumed of dimensionng = Ng.

(C3) Therates of progress ; are given by the law of mass action [4] with a compatibility condition of the
equilibrium constants: log K,; (T) = > ;e vii Fi(T), where Fi = i (my, T)/ri T . The direct rate
constants are C* positive bounded functionsof T € [0, co).

(C4) The initid internal energy verifies €g > ayef, With ot = Maxges{er(Tref)} SO that the reaction
simplex, where ¢ lives, is the affine subspace (o, + MR) N (0, 00)"s. There is no boundary point
of the closure of the reaction simplex where the source term vanishes[3].

We define MRO™M = (MR)* N (M~1E)L so that:

ns ~1¢ & 4 pOrth &
RS =MESGMR™OMR, (4)
Mo € MR and the mass conservation relations Y, . g mxwy = 0 can also be written/ € M~1€.

PrROPOSITION 1.—Let us assume, € (0,c0)"s and properties(C1)—Cy). Then there exists &
global in time solution of the dynamical systéthsuch that the species densities are positive and boynded
there exists two positive temperatur@s,and 7>, such thatlye < 71 < T(t) < To.

Proof. —The expression of wy allowsto provethat o can not approach the frontier of the reaction simplex
in finite time and that a global solution exists. The reaction simplex is bounded from i/ € (MR)"; (C4) and
the fixed internal energy provide the bounds on the temperature. O

3. Global asymptotic stability of equilibrium states

For system (1), we define the mathematical entropy function o as the opposite of the physical mixture

entropy density per unit volume o = —& and consider the entropic variables [4]:

V=odyo'= (V. -YT),  V=u/T,....1ns/T), (5)
where ) is the vector of reduced chemical potential. The maps U — V and U — Y are C*®
diffeomorphisms from O, onto O, and O, [4], where O, = {u € (0,00)"S x (0,00); upg41 >
Oref Y _kes Uk}, With Oy, C (0, 00)"S x (—o0, =1/ Tref) and O C (0, 00)"S x (Tref, 00).

Using decomposition (4), we define PO™ and P2, two matrices of dimension ng x (ns —ng —ng) and
ns x ng which are the coordinates of two bases of MRO and 1€ in the canonical base. We define
08 = (P¥?p, 0Ot = (PO, which are invariant through (1). Making use of the entropic structure,
extending [3,4], we prove the following theorem.

THEOREM 2.—Assume propertie€C1)—Ca). There exists a unique equilibrium poiti = (¢, €g) €
Oy, Wherep® is in the reaction simplex, such that
o (U®) =0, keS, 7(U®)=0, ieR,  Y(U®)eMR)". (6)
0%=0°(0§, gg"h, &p) is a smooth function of its arguments. The linearization of the source tetrfi has
nonpositive eigenvalues and exactly negative real eigenvalues. The entropy production due to chemical
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reactions at&; admits0 as a strict maximum ap® over the reaction simplex. Givety, there exists a
closed convex polyhedrdti, a compact subset of the reaction simplex contaigifydnvariant by(1), such
that for anygpg € K, the equilibrium pointl/€, is asymptotically stable.

4. Fast and Slow chemistry

Let us now introduce the ‘ Fast’ and ‘ Slow’ scalesin the system :

QFast
Q:QS“)W—FT, Q“:(Ma)‘x,O)t, a)a:ZIf‘Uf‘, o = Fast, Slow, @)

ie8«
where o™ relates to the subset of ‘Fast’ reactions, the reaction vectors of which are spanning R
of dimension n%® and are given by v/, i € RF, and w3, to the subset of ‘Slow’ reactions, the
reaction vectors of which are spanning RS of dimension vl.S"’W and are given by vis'o“"’, i € RSwW,
We define MRO™ — (MRFS)* 0 MR, denote n®™ = nz + vS and assume that nO™ 4+ nf = g,
for the sake of simplicity. In order to take into account the internal energy variable, which is invariant
through the dynamical system, we extend the previous spaces to R"st1 by considering R”s , R#s+1
and adding e, ;41 of the canonical basis to the element conservation subspace. We get the same orthogonal
decomposition as (4), with obviousnotations: R*s+1 = (M ~1€)* @1 (MRO™M)* @1 (MRF&)* and define
A* =AU {ns + 1}.
DEFINITION 3.—A partial equilibrium point UP® € O, and the associated VP° € O,, are defined by

oS (UP) =0, orequivalently, VP®e ((MR™)")". (8)
We define P+ = (P2, POty and P2, two matrices which are the coordinates of two bases of (MRFaSt)L

and MRF and o+ = (P1) o = (03, 0O, oFest = (PFaty  where o2 isthe element density vector [3].
In order to use the previous decomposition on U, we define the basis matrices:

F
HJ— — Pl O"SX]- l—IFaSt — P o On;asxl
01, ,;0rth 1 ’ 0, s 1 ’
where the metric matrices J+ and J ™ are defined by (JL);} = (I, 105), i, j € A* Ulng + 1, nOrthy,
and (77} = (P, 117, i, j € (19" + 1, ns].

5. Reduced chemistry at partial equilibrium and singular perturbation analysis

The algebraic constraints of partial equilibrium are linear in the variable V (8). We then take as a
new variable on the partial equilibrium manifold Vg, the coordinates of V = [T+ Vg, in the basis of
((MRFaS‘)*)l. We also define Ugy = (TTH)' U = (02, 0O, €)'. We provethat Vag istheentropic variable
of Ug; through o and derive the reduced system in the next proposition [4,8].

ProrPoSITION 4.—The reduced dynamical system on the partial equilibrium manifold is defined by
dUg= ()" Q% (U (Ugq)).  U(Ugq) = T Ugq + PP (0™59%(Ugy). 0)'. (10)
The entropy - = a(U(U;(t)) is aC> convex function oU;d; the corresponding entropic variable on the

partial equilibrium manifold is such that

Var=(0g00) s V=D Ve Ve ((MR™))" (12)
The mapUg; — Va is a C* diffeomorphism from the open convex @&L ={u € p x (Trg, );
ext

Orth . . .
U,orh, 1 > Oref Y c.4 Ui}, Wherep C (0, 00)" ™ is the convex set of element conservation and slow variable,
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onto(’)vL . The entropy production on the partial equilibrium manifold is negative and there exists a unique
ext
asymptotically stable poirigg which is the full equilibriumQ (U (U&#)) = 0.

We can reformulate system (1) using the projections (UL, UF) of U and Q((U) = QU*, U™ and
compare this system with full chemistry to the reduced system (10) in the following theorem.

THEOREM 5. —Let us define the internal layer by
d U = (M7 Q7 (Ug, ), Ul =0 = U™, (12)

int
with T = /¢, and the external layer by EL0) with the initial conditionUg, (t = 0) = Uoi.

AssumingC1)—(Cy), there exists a convex compact polyhedkbnk C (gy + MR) N (0, 00)"S x {&p},
invariant by both systemd), (10) and (12). System(12) admits a unique asymptotically stable partial
equilibrium stateoP®(Uy ) in (0g + MR™)N (0, co)s.

Besides, there exists® an asymptotically stable equilibrium point for both the complete syét¢and
for the exterior solutior{10).

Finally, for ¢ sufficiently small, there exisjs > 0 such that forr € [0, +00):

t
URS (1, ) = UFRR(U L (1) + O(exp(—yg>) 106, UNte)=Uk®) +06). (19
Proof. —The interna layer problem is related to a regular perturbation problem, the study of which
relies on Theorem 2. For a given u > 0, it insures that, after atime interval [0, 7o] as small as we want
depending on ¢, the solution is at a small distance of the partial equilibrium manifold; it can be rewritten
in terms of the entropic variable V = M+ v+ + Fsty Pt through [T v < 4. The asymptotic
stability of the unique full equilibrium point V€ providesthe existence of atime ¢1 such that for all ¢ > 11,
ITTH(VE — Ved)| <, and TIPS Ve < We first prove that there exists a neighborhood of ¢ = 1o,
say [to, 12) Where [T V| < 4 il holds and thus, for sufficiently small e, [TTH (VY — Vag)| < w1,
also. In order to prove that 1o > 11, we assume that there exists r3 < 71 such that TIPS VFa| =, and use
the dynamical system in the entropic variable V. Indeed, it can be proved that there exists a symmetric
positive definite matrix D(V+) suchthat d, (VFes, p vFasty — (vFest (it (U (v))) /e + W, where W
is bounded and (VP (ITF)! Q (U (V))) < 0 is the entropy production due to fast chemical reactions.
For sufficiently small e, one can prove that the distance of v from 0 has to decrease at 13 such that
|TTFety Fast| can not reach w at this point. Finally the asymptotic expansion is obtained through a proof
whichisclosetotheonein[11l]. O
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