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Abstract We investigate the sensitivity of hydrostatic pressure of flows through porous media with
respect to the position of the soil layers. Indeed, these induce discontinuities of the porosity
which is a piecewise constant coefficient « of the partial differentia equation satisfied by
the pressure u and it leads to the computation of the derivative of u with respect to changes
in position of discontinuity surfaces of «. The analysis relies on a mixed formulation
of the problem. Preliminary numerical simulations are given to illustrate the theory. An
application to a simple inverse problem is aso given. To cite this article: C. Bernardi,
O. Pironneau, C. R. Acad. Sci. Paris, Ser. | 335 (2002) 661-666.
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Dérivée par rapport aux discontinuités du coefficient de porosité

Résumé Nous étudions la dérivabilité de la solution de I’ équation de Darcy par rapport ala porosité
dans le cas ou celle-ci est constante par morceaux. La variable est donc la position de
la ligne de discontinuité de la porosité. Nous montrons que la dérivée existe et que pour
la calculer le probléme doit ére posé sous forme variationnelle mixte. La dérivée est
solution d’ un probléme identique avec une masse de Dirac au second membre. Des calculs
numériques préliminaires sont donnés pour illustrer le résultat théorique et un probleme
d’identification de porosité discontinue est résolu par une méthode de gradient. Pour citer
cet article: C. Bernardi, O. Pironneau, C. R. Acad. Sci. Paris, Ser. | 335 (2002) 661-666.
O 2002 Académie des sciences/Editions scientifiques et médicales Elsevier SAS

Version francaise abrégée

Lapression hydrostatique u dans un milieu poreux de porosité « peut étre obtenue, dans les cas simples,
en résolvant I équation de Darcy :

—V - (kVu) = f. (1)

Lorsgue le milieu poreux est fait de couches de matériaux quasi-homogeénes, ce qui est souvent le cas
en géologie, « est presgue constant dans chaque couche mais discontinu d'une couche a I’ autre. Pour
I'identification de paramétre en géologie par des méthodes d' optimisation différentiable, il est donc
important de savoir calculer la variation de u lorsque « varie tout en restant constant par morceaux.

E-mail addressesbernardi @ann.jussieu.fr (C. Bernardi); pironneau@ann.jussieu.fr (O. Pironneau).

O 2002 Académie des sciences/Editions scientifiques et médicales Elsevier SAS. Tous droits réservés
S1631-073X(02)02534-7/FLA 661



C. Bernardi, O. Pironneau / C. R. Acad. Sci. Paris, Ser. | 335 (2002) 661-666

Ce probléme pourrait étre traité par les méthodes d’ optimisation topologique (cf. [2]), mais celles-ci ne
prennent pas en compte le fait que les discontinuités de « sont sur des lignes/surfaces X bien définies. Par
ailleurs tout résultat de différentiabilité de u par rapport &« dans une topologie autre que L1(2), (comme
dans[5]) ne permet pas de résoudre le probléme.

Le résultat central de cette Note est le Théoréme 1.1. Pour I'obtenir il faut remplacer (1) par la
formulation mixte (3), et utiliser le fait que U - n est continu aux discontinuités de «. Ensuite, et ¢’ est
la principale difficulté technique, il faut montrer que U - n admet une trace assez réguliére sur X.

Pour les tests numériques, une discrétisation par € émentsfinis mixtes standard est utilisée. On acomparé
la solution de (5) avec une différence finie entre deux solutions pour deux paramétres a voisins faisant
varier X. Enfin un calcul inverse montre qu’on peut retrouver les discontinuités de la porosité par une
méthode de moindres carrés associée a un algorithme d’ optimisation de type gradient.

Problem statement. More precisely, consider abounded open set Q of R? and afamily of closed curves
a+— X(a) strictly inside € and function of ascalar parameter a separating €2 into two nonoverlapping sets
Q;(a), i =1, 2, with Lipschitz continuous boundaries:

Q=Qi1(a)UQ2a), Qia)NQa)=0, X(a)=Q1(a)NQ2(a).
Notethat we do not allow X (a) to touch 92. Thisisfor mathematical convenienceonly and it isconjectured
that the following results apply also to the general case both in R2 and R3.

Let x(a) be piecewise constant and equal to «; on ©;(a) and consider (1) with Dirichlet or Neumann
conditionson I' = 2. We wish to compute the derivative u’ of u(a) with respecttoa at a = 0.

1. The result

From now on we work with curves ¥ (a) which depend on a via a given function « of C1(X) and the
following local variation in the “direction” « around X (0) taken as areference curve:

E(a):{x—i—aa(x)n(x):xe E(O)}, 2
wheren isthe unit normal to 3 (0) which points outside ©21. Let LS(Q) = L%(Q)/R and
H(div, 2) = {W e L3()?: V- W e L%Q)}, X={VeHdv,Q):V-n=00n3Q}.

Let f € L2(S2). Consider the mixed formulation with U = k Vu.

Find (U, u) € X x L3(22) with

1
Vw € L3(RQ) /(V~U)w=/fw, YW e X /—U-W+/uV~W=0. ©)
Q Q QK Q

Thisisadight departurefrom the standard mixed formulation (see Azaiez et al. [3]) in that we have divided
by «.
Next we observe that with a piecewise constant «

i(x) _ = + F] I, therefforeE <%) =ady E}

Kk (a) K1 K da

with 85 defined by V f € HY/?+¢(Q) / féx = / f. So differentiating (3) yields
Q )

/(V-U’)wzo, /(EU’-W+M’V-W):—/01FU]-W, (4
Q Q\K ) K

assuming that the trace of U - W on X exist. Note, however, that if s, n denotes a tangent vector and a
normal vectorto X, U - n/k jumpsacross T but U - s/x = du/ds does not because [u]x, = 0. Hence

[%U~W} = [lU} -nW-n= [%]U~nW~n

K
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and so it seems that U - n € L?(X) could be sufficient. We can justify this computation and prove the
following result:
THEOREM 1.1.—The derivativeV, v) = (U’, ') of (U, u) solution of(3) is given by

1 ) 2 .
Letg=—oa|—|U -n. Find (V,v) € X x L§(2) with
K

VweL%(Q) /(V-V)w:O, YW eX /(EV-W—i-vV-W):/gW'n. (5)
Q Q\K b

Remark 1. —Inthedistribution sense (5) isV - V =0, %V — Vv =246xggn, V- n|r =0. Notethen that it
isnot possible to eliminate V and write asingle equation for v because x 8y has no meaning on account of
the discontinuity of « on X.

Remark 2. — Note also that (5) can be obtained by differentiating directly the partial differential equation
written in strong form and the jump condition at the interface. Such a computation is of course quite formal
and requires more regularity than used here.

2. Existence and unigueness

AssumeI” = 32 of classCLL. Let © beasmooth closed curveinside 2. Let « > 0 be piecewise constant
discontinuous across X only. Then, provided thatW — fz gW . n is continuous onX. Existence and
uniqueness can be shown by adapting the proof of Theorem 2.1in[3] to the casex # 1.

3. Regularity

In(5) U - n|y appearsin an integral. We need to show that the integral exists. Functions of V have their
normal component traces V - n on ¥ in H=1/2(%). So we need to show that U - n € HY2(%).

PrOPOSITION 3.1.—If X is regular andf is in H1(Q2) thenU - n belongs taHY/2(%).

For clarity the proof is given in dimension 2. Assume that ¥ is sufficiently regular so that in a
neighborhood O of X we can define a coordinate system o, v in which the equation of X isv =0, n the
normal to X, istangent to the curves o = constant and o isits curvilinear abscissa. By taking suppw’ C O,
w=dw’/do in(3) in variational form, and by integrating by partin o we find that

d d
vu' € H(O) / P vaad VY :/ —fw’ (6)
o do o do

because « isnot afunction of o. Thisshowsthat if f isregular all partial derivativesin o of u arein H1(0).
Therefore U - 5 has the same regularity. Now dU - s/d0 = kd%u /902 belongsto L%(0). Soby V- U =0

we seethat 222 isin L2(0;) for any open set O; C O not intersecting X.

Similarly, U -5 € HY(O) implies £ U -5 € L2(0)), i.e. 1 % € L2(0). Therefore 202 — ¢ 2 jsin
L2(O;). Hence U isin HY(0)).

COROLLARY 3.2.—If = isregular andf € W-°() thenU is continuous ir2\ £ andU is in L®().

This is because (6) shows that g—j; satisfies a partial differential equation of the same type as the one
of u. So by the proposition above k V2% . n isin HY2(X). Therefore U.n isin H¥2(%), henceit is also
continuous and bounded. By the maximum principle (in Q\ X, AU isbounded), U is bounded everywhere.

4. Continuity
In order to study the changesdu, sU of u, U, whena — 0, let
n=«"t Su=u(a)—u©), SU=U(a)—UQO), &yp=rna)—n0).
1. Thefirst equationin (5) is easy to establish because
/(V-U)sz, /(V~(U+8U))w=0z>/(V-8U)w=0. @)
Q Q Q

2. For the second equation we have
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/((77+877)(U+8U)-W—nU-W—i—(SuV-W) =0 whichisaso
Q

/((7)+8n)8U-W+8uV-W):—/8r]U~W. 8
Q Q

Take W =68U in (3), and use w = du in (3), then with xkmax = Max(k1, k2), kmin = MiN(k1, k2)

1
/(n+5n)l5UI2=—/ dnU -8U < |I8U]jollU llocllénllo = ——I18Ullo < [IU [l lId7llo-
Q Q Kmax

The support S(a) of 8y isathin strip around = of width aa, and i + 87 is either Ky, or kL therefore
16771lo < C1][1/k]|+/alla ]l fOr SOme constant C1.

So we have the following result,

PrRoOPOSITION 4.1.— If U € L*°(R), the changddu, U} in {u, U} due toa is bounded iri_g(Q) X

H (div, ), verifiesV - §U = 0and ||dullo + 16U || v, < C2v/lalloca|U lloo [k 11/ kmin.

5. Differentiability

LEMMA 5.1.— LetO be a neighborhood of containingS(a) but sufficiently thin neak so as to be
able to extend:,, in O. If U, W are continuous irO\X andU - n, W - n are continuous irO then, fora

small enough,
8
/ (nY) -W—/ (¥|:E:|U~VZW'I’1
Q a s LK
Proof. —See[4].

THEOREM 5.2.—The solution of(3), {u(a),U(a)}, with Z(a) = {x + ax(x)ng(x) : x € X} IS
differentiable ina in the sense that = lim,_.o (u(a) — u(0))/a V =lim,_o (U (a) — U(0))/a is solution
of (5) where the jumpl/k]is: x € T[1](x) = limy ok (x + aa(@)n(x) ™ — k(x — aa(x)n(x) ™).

lim

a—0

—0. 9)

6. Discretization and numerical test
6.1. Discretization

Consider a regular family of triangulations of € of maximum edge length # and two finite element
spaces X, and L, to approximate H (div, ) and LS(Q). Although precision is increased when the
triangulations approximate ¥ as an internal boundary, the theory works also without this hypothesis. The
numerical discretization of problem (5) can be expressed: find (Vj,, vy) € X, x Ly, with

1
Vgely /(V'Vh)qzo, YW e Xy, /(—Vh~W+th~W>=/gW'n. (10)
Q Q\K =

Among the various admissible choices, we have selected the Raviart—Thomas element for X; and the
piecewise constant functionsfor L. This couple satifies the discrete inf-sup condition as shown in Achdou
et a. [1], Proposition 3.14, when (V, v) € (H*(2))% x H5(2),0< s < 1:

IV = Villo+ v — valo < ch* (IV llns + 0]l ).

6.2. Numerical simulation

The numerical solution is calculated with f r eef em++ [6]. To illustrate the theory we have solved the
problem

—V-«Vu)=0 inQ, ulr=xy, (11)

where Q = (-5,5) x (—2.5,2.5), « is 6 inside an €llipse in the middle of the rectangle and 1 outside
(Fig. 1). Thenthe ellipse is changed by ¢ according to

{(x,y):x=@2+e)(V2+e)cost, y=(V2+e)sint, t € (0,27)}
yielding a new solution u, of (11). Then u), = (u, — u)/e is compared to the numerical solution of (10).
Theresultsare displayed in Fig. 1. Decreasing both ¢ and the mesh size gives convergence:
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7. ldentification of a discontinuity

Consider an “observed” data u, on an observation set S and the problem of finding the best « (i.e., the
best T) to fit this data. A least square approach leads to min,cx {J (k) = fs lu —ugl?: =V - (kVu) =
0, u|lr = x + y}. Inthisexamplethe problem is driven by a boundary condition rather than by aright-hand
side f. Obviously anormal change a« inthe position of T inducesachangein J and itisnot hard to show
that the derivative J' = dJ/da is given by

1 ad ad . .

J’(;«):-/ ol 2| (22 (22 with p solution of — V- (V' p) = 2(u — ug)ds, plr = 0.
s |k on on

Assume that o = a(r1,72,...,rm). A gradient method on the position of ¥ with step size p, via the

parameters {r; }7' would be to change r; according to

PR / da [1 ou ap
ri ri — | — K— K— |.
P s Or | K on on

() Weran apreliminary test by taking

Q=(-55)x(-2525), D={(x,y:(x+2>+y*<1},
2(r1,r2) = {(x,y) :x = (r1 + r2€ost) cost, y = (ry+r2Ccost)sint}

Figure 1. — The coefficient « is constant on 21 and constant on 22 and discontinuous across . When X becomes
3 (a), the distance from X (a) to ¥ isa||a|l«o,the solution of the partia differential equation changes. We wish to find
the derivative with respect to a for a given function «.

Figure 2. — Left «’. Right u when & = 0.0125. Observe that both solutions are clearly discontinuous across .
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3+cos(t), sin(t)
-2+1.414*cos(t), 1.414*sin(t) -------
2F aemmmmtmeteeL L -24(2.01+0.5%cos(1))"cos(1), (2.01+0.5°cos(1))*sin(t) --------
“2+(1.67-0.17"cos(t))*cos(t), (1.67-0.17"cos(t))*sin(t) -
1k
o}
1k
2+ T
4 2 o 2 a

“resullxt’ using :3 ——
resultit’ using :4 -------
resULtXt using 35«

'r using :1
" using :2
r using 3
" using 4
" using ;5

01 F

4 0001 F

0.001 4 0.0001

0.0001 L L L L L L L L L 1e-005
0 0 [

Figure 3. — Center up Geometry of the second example showing the observation set (right circle), the exact and
computed solution (inner circle and middle curve) and theinitial shape (outer curve). Bottom left Convergence curves
for the identification problem: curve 1 and 2 arerp — V2, rp,curve3and 4 are d.J /drq, dJ/drp and curve5is J; all

tend to zero; the x-axis isthe iteration count (from 1 to 20 here). Bottom right Convergence curves showing the two
gradients and the cost function for 10 iterations.

and the reference surface £ = ©(+/2,0). As before x = 1 outside ¥ and 6 inside. We chose u, to be
the solution of the PDE for « given by = (+/2, 0). Then we apply the steepest descent method with p = 4
starting from X (0.3, 0.1). Fig. 3 shows the convergence curves.

(b) In the previous configuration D intersects . Now we move D to the right and X to the left (Fig. 2)
and ran the same test with r1 = 0.3 and r» = 0.5 initially. The method convergesbut the final shapeis close
to but different from = (v/2, 0). Thisis because the numerical approximation does not “see” the right part
of ¥ whichistoo far.

(c) Inthird test where r1 = 0 and the descent is only on r, the exact solution was reached in 4 iterations.
Thisindicates that the method is sound but a conjugate gradient is needed for test (b).
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