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Abstract

We characterize the spin pseudo-Riemannian manifolds which admit parallel pure spinors by their holonomy groups. In
particular, we study the Lorentzian ca3e.citethisarticle: A. Ikemakhen, C. R. Acad. Sci. Paris, Ser. | 337 (2003).
O 2003 Académie des sciences. Published by Editions scientifiques et médicales Elsevier SAS. All rights reserved.

Résumé
Spineurs purs paralleles et holonomieNous caractérisons les variétés pseudo-riemanniennes spinorielles qui admettent
des spineurs purs paralléles par leurs groupes d’holonomie. En particulier, nous étudions le cas des variétés lor&ataiennes.

citer cet article: A. Ikemakhen, C. R. Acad. Sci. Paris, Ser. | 337 (2003).
O 2003 Académie des sciences. Published by Editions scientifiques et médicales Elsevier SAS. All rights reserved.

Version frangaise abrégée

Soit (M, g) une variété pseudo-riemannienne connexe spinorielle de dimemsiende signaturdp, q).
NotonssS son fibré spinoriel associé efa multiplication de Clifford associée. Soiefy , I'algébre de Clifford de
R4 = (R™, (),.4) €tCS , sa complexification. Soient , , = CI*/?! le module des spineurs deet 0£u € A 4.

Puisque on peut injecter canoniquerr(éf’?tdanscgq, on peut définir
Vu ::{XE(C’"; X-u:O} et T, ::{XER’"; X-u:O}.

Si on note()}‘f,q I'extension linéaire complexe dg§, ,, alorsV,, et T, sont respectivement des sous-espaces

totalement isotropes d€"™, ()}C,,q) etR’9,

Définition 0.1. u € A, , est dit un spineur pur (resp. spineur pur réel), si @ = n := [m/2] (resp. si
dimg T,, = n).

Définition 0.2.Un spineur parallele € I'(S) est dit pur, si il est pur en un point (donc en tout point)de
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Dans ([7], Chapitre 1V, §9), Lawson et Michelsohn ont caractérisé I'existence d’un spineur pur paralléle (sous
forme abrégée s.p.p.) sur une variété riemannienne spinorielle par des restrictions sur son groupe d’holonomi
restreint. Plus précisement ils ont démontré le résultat suivant :

Théoréeme 0.3.Une variété riemannienne spinorieli@/, g), de dimensiom:, admet un s.p.p., si et seulement si,
son groupe d’holonomie restreint est contenu dans le gr@\ig~ 1), sim est pair ou contenu darfd} x SU([5])
sim estimpair.

Le but de cette Note est de généraliser ce résultat pour les variétés pseudo-riemanniennes spinorielles. Dans [E
Kath a associé a l'existence d’'un s.p.p. sur une variété pseudo-riemannienne spinorielle une structure dite
«structure optique orthogonale paralléle » et elle a caractérisé cette existence par des restrictions sur la courbul
tensorielle de la variété. En utilisant ce résultat et le théoréme d’holonomie d’Ambrose-Singer (voir [1]) nous
caractérisons ce type de variétés par leurs groupes d’holonomie et nous obtenons le résultat suivant :

Théoréeme 0.4.Soit (M, g) une variété pseudo-riemannienne connexe, simplement connexe, spinorielle. Alors
(M, g) admet un s.p.p. si et seulement si, il existd enN tel que I'algébre d’holonomié{ est contenue dans
I'algébre

(sl(l, R) & su([%_l}, [%})) x (RI"=2D)  A2RY).

Si (M, g) est une variété riemannienries O et nous déduisons du Théoreme 0.4, le Théoréme 0.3. Pour le cas
lorentzien indécomposable (c.a.d., la représentation d’holonomie ne laisse invariant aucun sous-espace propre Nnc
dégénérée) nous obtenons le corollaire suivant :

Soit(M, g) est une variété lorentzienne indécomposable, connexe, simplement connexe, spinorielle de signature
(1, 1+ n). Alors (M, g) admet un s.p.p. si et seulement si, son groupe d’holonomie est contenu dans le groupe
SU([5]) x Nn, OU N, est le groupe

11‘
1 'X 3 X-X
— . n
Nn-— 0 In —X 5 XeR
0 O 1

1. Introduction

Parallel spinors occur in several contexts. They are special solutions of the Dirac and twistor equation of
a pseudo-Riemannian spin manifold, they occur as a technical tool in the construction pseudo-Riemannian
spin manifolds that admit Killing spinors and they have applications in supergravity and string theories. The
characterization of pseudo-Riemannian spin manifolds that admit parallel spinors by their holonomy groups is
not known, except in the irreducible case [2] and partially in the Lorentzian case [6]. In this note we study the
case of pseudo-Riemannian spin manifolds that admit parallel pure spinors. In [7], Chapter IV, §89), Lawson and
Michelsohn proved that:

Theorem 1.1[7]. A m-dimensional spin Riemannian manifold admits a non-trivial parallel pure spiimor
abbreviate form p.p.»if and only if its restricted holonomy group is a subgroupSid([75]) if m is even, or a
subgroup off1} x SU([7]) if m is odd.

Our aim is to generalize this result for the spin pseudo-Riemannian manifolds. In [5], Kath associated to
every parallel pure spinor on a spin pseudo-Riemannian manifold a parallel orthogonal optical structure (see
Definition 2.3) and she characterized a spin pseudo-Riemannian manifolds that admit p.p.s. by their curvature
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tensor. In this Note, we will investigate pseudo-Riemannian spin manifolds that admit p.p.s. Using the result of
Kath (see Theorem 2.4) and the Ambrose—Singer holonomy theorem [1], we characterize this kind of manifolds
by their holonomy groups.

2. Parallel pure spinors and holonomy
2.1. Parallel totally isotropic distribution and holonomy

Let (M, g) be a pseudo-Riemannian manifold of signat(yeg), (p < ¢) and dimensiom =p + ¢ > 3. In
the whole paperM, g) is supposed to be connected and simply connected. We denéielig holonomy group
of (M, g) at a pointd € M. We suppose the holonomy representatibipreserves a totally isotropic subspate
of Ty M of dimension/ < min(p, ¢). At the pointd, we can suppose the metgdcas the following form:

I
(\)=go=2) dedy+g
i=1

whereg’ is the canonical scalar product of signatgpe— [, ¢ —I) on EL+/E. If we denote by the Lie algebra
of H, thenH is a subalgebra of $ )). Let L; be the connected subgroup of Q)) which is the full stabilizer
of E. Then the Lie algebrd&; of L; containsH and consists of the following matrices:

U 'X B
(U,A, X,B) :=<0 A —G’—1X>, (1)
0 0 —'y

wherelU € M(l), the space af x [ real matricesA e so(p —1,q —1), X € M(l, m — 2]) the space of x (m — 2])
real matrices, an® € sa(l). G’ is the matrix ofg’ written in a orthonormal basis &+ /E.

We remark thatl; = U & 71) x (N, p—1,q—1) XBr), whereB; ={(0,0,0, B); B € sa(l)} is in abelian ideal
of L1, Ny, p—1,q—1y B ={(0,0, X, B); X e M(l,m —2I), B €sal)}is anideal of£;, 7, ={(0,A,0,0); A€
so(g’)} is a subalgebra of; isomorphic to sep — I, — ) andif; = {(U,0,0,0); U € M(l)} is a subalgebra
of £;.

Now, letT c T M be al-dimensional parallel totally isotropic distribution, thEr is also a parallel distribution.
In particular the Levi-Civita connectioP of g induces a connectiol’ on the bundle’- /T defined by:

D'[X]=[DX], forXer(Th).
Furthermore the metrig’ induced byg on T /T is D’-parallel: D’g’ = 0. From this we deduce

Proposition 2.1.The holonomy algebra’ of the connectioD’ at the point) is precisely the projection df in
the algebraz;.

2.2. Parallel pure spinors and holonomy

In this subsection, we characterize the existence of a parallel pure spinor on a pseudo-Riemannian by the
holonomy. We suppose tha, g) is a spin manifold and we denote I its spinor bundle, the Clifford
multiplication by-. Let () be a scalar product oR™ (m = p + ¢) of signature(p, q). LetC,, , be the Clifford
algebra ofR”% = (R™, (), ) and C}Eq its complexification. LetA, , = C["/2] the spinor module of§ and
0#u e Ap 4. Since there is a natural embedding®f in C5 , we can define

pr.q’
Vi={XeC"; X-u=0} and T,:={XeR"; X -u=0}.
If we denote by()}‘f,q the complex linear extension @f, , on R™, thenV, is a totally isotropic subspace of
cm, ()gq). Also T, is a totally isotropic subspace &#-7.
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Definition 2.2. u € A, , is said to be a pure spinor (resp. real pure spinor), ifdip=n := [5] (resp., if
dimc T, = n). A parallel spinorp € I'(S) is said to be a pure (resp. real pure), if it is pure (resp. real pure) at one
point (then at every point) of/.

Definition 2.3. If the dimensiorw of (M, g) is even,(T, J) is called a parallel orthogonal optical structure on
(M, g), if T is a parallel totally isotropic distribution oM andJ a parallel orthogonal almost complex structure
onT+ /T (i.e., orthogonal with respect to the metgicinduced byg andD’J = 0).

If misodd,(T, F, J) is called a parallel orthogonal optical structure(@#, g), if

— T is a parallel totally isotropic distribution oM ;
— F is a parallel section of the bundle of the nondegenerate subspaces of codimensioff 6néraf
— andJ a parallel orthogonal almost complex structurefon

In [5], Kath associated to every parallel pure spigoon a spin pseudo-Riemannian manifold a parallel
orthogonal optical structur@’, J), or (T, F, J), whereT ={X € I'(TM), X - ¢ =0} and she proved:

Theorem 2.4[5]. Let (M, g) be a connected, simply connected, spin pseudo-Riemannian manifold of signature
(p,q) and dimensiom: = p + q. Then(M, g) admits a non-trivial parallel pure spinor if and only if there exists

a parallel orthogonal optical structur€r, J) (if m is evenor (T, F, J) (if m is odd on (M, g) which satisfies the
following conditions

(i) the trace of the restriction aR(X, Y) to T equals0:
trR(X,Y)r =0, forall X,Yel(TM), (2)

whereR is the curvature tensor of the metrgc
(i) the curvaturer’ of the induced connectioR’ on T+ /T, if m is even and orF if m is odd, satisfies

tr(JoR'(X,Y))=0, forall X,Y elI'(TM). (3)

From Theorem 2.4, we will deduce the following theorem which gives a relation between the existence of a
parallel pure spinor and restrictions on the holonomy group.

Theorem 2.5.Based on the assumptions of Theorgrh and with the notation introduced in Subsecti®ri.
(M, g) admits a non-trivial parallel pure spinor if and only if there exists an integerN and a decomposition
R4 =R @ RP—4-1 @ R! such that its holonomy algebr is contained in£; and satisfies the following
conditions

(i) the projection ofH in U is contained irsl(/, R);
(i) the projectiorfH’ of H in 7; satisfies
If m is even,

/ p—1 qg—1
H csu(—2 R ) (4)

If m is odd, there exists a nonisotropic vecigre R4~ such that

H'xo=0 and H’csu([pT_l} [q—;lD (5)

Said otherwise, a:-dimensional, connected, simply connected, spin pseudo-Riemannian manifold of signature
(p, q) admits a parallel pure spinor if and only if there exists an inteerN such that its holonomy algebra is
contained in the algebrésl(, R) & su( 221, [4511)) x (RI"=2D x AZR)).
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Remark 1.Let W be a vector bundle over a manifald equipped with a pseudo-Riemannian megfiof signature
(r, s) and a linear connectioh’ such thatD’g’ = 0. LetJ : W — W be aD’-parallel orthogonal complex structure
on W. Then, necessarily the index gfis even (r, s) = (2p’, 2¢")). At a pointd,

u(p'.q)={Aeso2p'.2q'); Joo A=AoJp},
then the holonomy algebfid’ of D’ at the poin® satisfies:
H culp',q). (6)

We also have syp’, ¢') ={A e u(p’, q’); tr(Jy o A) =0}.
Conversely, if we have (6), there existdaparallelJ orthogonal complex structure 6#.

Proof of Theorem 2.5. Ambrose—Singer holonomy theorem asserts that the holonomy afggehirthe poin® of
alinear connectiol is generated bR,y (X,Y) := t(y) Lo R(t(y)X, t(y)Y) o T(y), WwhereRr is the curvature
tensor ofD, y runs through all piecewis€* paths starting fron# and X, Y run throughZ, M (see [1]). Now, if

T C TM is a parallel distributionR; ,) (X, Y) stabilizesTy andR(z(y)X, t(y)Y) stabilizesT,, wherey is the

end of the curvey. Hence the traces of the restrictionsRf,)(X, Y) andR(z(y)X, t(y)Y) respectively taly

and7, are equal. Consequently the condition (i) of Theorem 2.4 is equivalent to the condition (i) of Theorem 2.5.
SinceJ is D’-parallel, we have

JooR. (X, Y)=1(y) o JyoR'(t() X, t(¥)Y)ot(p).

(¥)
Consequently, with the same argument as above, condition (ii) of Theorem 2.4 is equivalent to the condition:
tr(JooA)=0, forallAcH csolp—1I,q-—1. (7

Then, if m is even, from Remark 1 and Proposition 2.1, the second condition of Theorem 2.4 is equivalent
to (4). If m is odd, from Theorem 2.4, there exists a parallel optical strugtlré’, J), i.e., there exists &’'-
parallel nonisotropic vector fieldle T+ /T such thatF = £+ andJ : F — F is a D’-parallel orthogonal complex
structure or¥. Then, according to the principle of holonomy, condition (ii) of Theorem 2.4 is equivalent to (b).

For the case of the parallel real pure spinors, we get from Theorem 2.5 the following:

Corollary 2.6. Based on the assumptions of Theo2f If g is of signature(n, n) or (n,n + 1), then(M, g)
admits a parallel real pure spinor if and only if

HC (g _?U>;Uesl(n,R),Beso(n)}, if m is even

and

U 'X B
HC (0 0 —X);Uesl(n,R),Beso(n),XeR”], if m is odd.
0O 0 -'U

Now, if we suppose thatM, g) is irreducible or Riemannian, the distributidh= 0. Then/ = 0 and from
Theorem 2.5 we deduce Theorem 1.1 and the following corollary:

Corollary 2.7. Let (M, g) be a connected, simply connected, spin irreducible pseudo-Riemannian manifold of
signature(p, ¢) and dimensiom: = p + q. If (M, g) admits a non-trivial parallel pure spinor, then necessarily
the dimension oM and the integergp, ¢) are even and

P 4q

HC SU<§, E)’ i.e., (M, g) is Kahler and Ricci flat
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Conversely, it c SU(5, %), (M, g) admits a non-trivial parallel pure spinor.

From Theorem 2.5, if we denote B, the subgroup
11‘
1 'X —--XX
No=1lo 1 2 | xer}cLy,

0 O 1
we also deduce:

Corollary 2.8. Let (M, g) be am-dimensional connected, simply connected, spin indecomposable Lorentzian
manifold of signaturgl, 1+ n). Then(M, g) admits a non-trivial parallel pure spinor if and only if its holonomy
group H is contained irSU([5]) x N, C L.

Proof. To show this corollary, according to Theorem 2.5, it is sufficient to showhhatabilizes necessarily one
nontrivial isotropic vector. Let us suppose the opposite. Then, from Theorem 2.5, Bithed} x SU([5]) if m

is odd, orH C SU([7]) if m is even. SincéM, g) is indecomposable, the first case cannot occur. Also, the second
case cannot occur, since the merits not of even index. O

Remark 2. (a) In [3], Bernard Bergery and Ikemakhen describe the possible holonomy groups of simply connected
indecomposable-reducible Lorentzian manifolds. From this result and Corollary 2.8, we can get easily the list of
the possible holonomy groups of simply connected indecomposable Lorentzian spin manifolds, of dirg@nsion
which admit parallel pure spinors.

(b) Another similar list can be gotten from another classification of Bergery and lkemakhen (see [4]), for the
case of a spin 4-dimensional pseudo-Riemannian manifolds of sign@i@e

Remark 3. Based on the assumptions of Corollary 2.8, Leistner proved in [6)(fHag) admits a parallel spinor
if and only if H and™’ satisfy:

(i) H c son) xR",

(i) Vi :={ve A, A;l(H/) -v = 0} # 0, wherel, is the differential of the twofold covering: Spin(n) —

SO(n).
SinceVsyin/2p) # 0, then the Corollary 2.8 is a particular case of this result.
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