
b

eneous
tes if
c case for
question.
ures. As
t
different
known

ost the
odel

umber of

rande
tenus dans
t suffisante

the Göran
Ann. I. H. Poincaré – PR 42 (2006) 223–243
www.elsevier.com/locate/anihp

Stochastic domination: the contact process, Ising models
and FKG measures✩

Thomas M. Liggetta, Jeffrey E. Steifb,∗

a Department of Mathematics, University of California, Los Angeles CA 90095, USA
b Department of Mathematics, Chalmers University of Technology, S-412 96 Gothenburg, Sweden

Received 25 August 2004; received in revised form 11 March 2005; accepted 8 April 2005

Available online 22 June 2005

Abstract

We prove for the contact process onZd , and many other graphs, that the upper invariant measure dominates a homog
product measure with large density if the infection rateλ is sufficiently large. As a consequence, this measure percola
the corresponding product measure percolates. We raise the question of whether domination holds in the symmetri
all infinite graphs of bounded degree. We study some asymmetric examples which we feel shed some light on this
We next obtain necessary and sufficient conditions for domination of a product measure for “downward” FKG meas
a consequence of this general result, we show that the plus and minus states for the Ising model onZd dominate the same se
of product measures. We show that this latter fact fails completely on the homogeneous 3-ary tree. We also provide a
distinction betweenZd and the homogeneous 3-ary tree concerning stochastic domination and Ising models; while it is
that the plus states for different temperatures onZd are never stochastically ordered, on the homogeneous 3-ary tree, alm
complete opposite is the case. Next, we show that onZd , the set of product measures which the plus state for the Ising m
dominates is strictly increasing in the temperature. Finally, we obtain a necessary and sufficient condition for a finite n
variables, which are both FKG and exchangeable, to dominate a given product measure.
 2005 Elsevier SAS. All rights reserved.

Résumé

On démontre que pour les processus de contact surZd la mesure invariante supérieure domine une mesure produit à g
densité si le taux d’infection est suffisamment grand. Des exemples et des contre-exemples de domination sont ob
divers contextes : mesures FKG, modèle d’Ising et sur différents graphes. On donne enfin une condition nécessaire e
pour qu’une famille finie de variables échangeables et FKG domine une mesure produit donnée.
 2005 Elsevier SAS. All rights reserved.
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1. Introduction

There has been a significant amount of interest in determining whether important random fields perco
large values of some parameter. Part of the motivation for such an interest is that some results have been p
parameter values above the “percolation transition”, and one wants to make sure that such results are not
An example is a result for the contact process in the recent paper by Broman and Steif [5]. Another mo
involves the study of the Gibbsian nature of certain dependent random fields – see Maes, Redig, Shlosma
Moffaert [15], for example.

Häggström [7] provides one large class of examples in which percolation occurs. He proves that ifµ is any
automorphism invariant probability measure on the bonds of thed-regular homogeneous tree, thenµ percolates
(i.e., there is an infinite connected component with positive probability), provided that the marginalµ-probability
that an edge is present is at least 2/d . Such a general result does not hold onZd . Similar results are proved fo
measures on the sites of the tree. For extensions to nonamenable transitive graphs, see Benjamini, Lyons,
Schramm [2]. Another situation in which percolation has been proved for strongly correlated random fields
found in Bricmont, Lebowitz and Maes [4].

One way of proving that a measure percolates is to show that it stochastically dominates a product mea
a density that is greater than the critical probability for independent Bernoulli percolation. (This is not the ap
taken in the examples in the previous paragraph.) Our first result is the following; precise definitions will b
in the relevant sections. For any graphG = (S,E), we letνρ denote product measure on{0,1}S with densityρ and
ν̄λ be the upper invariant measure for the contact process onG with parameterλ.

Theorem 1.1.Consider the graphZd . For all ρ < 1, there existsλ such thatν̄λ stochastically dominatesνρ .

Remarks. It is easy to see that the result ford = 1 implies the result ford > 1. (One sees this by comparing t
contact process onZd with the contact process with the sameλ on the graph that has the same vertices asZd , but
only edges in a particular coordinate direction.) This result is the one that is relevant to Broman and Steif [5
known results for the critical parameter for site percolation, it will follow thatν̄λ percolates ifd � 2 andλ � 6.25.

The following question is suggested by Theorem 1.1. Consider the independent flip processζt on {0,1}Z in
which flips occur from 0 to 1 at raterρ and from 1 to 0 at rater(1− ρ), wherer > 0. Thenνρ is invariant forζt .
Now let ζt be the stationary version of this process, chosen so thatζt has distributionνρ for all t and letηt be the
stationary contact process with distributionν̄λ at all times. Theorem 1.1 says that the two processes can be co
with ζt � ηt at a fixed time, provided thatλ is sufficiently large. Is it possible to construct a coupling so thatζt � ηt

for all times? The next proposition says that the answer to this question is no for any choice of the para
exceptρ = 0. The main idea is that a certain space-time large deviation probability is exponential in the ar
space time box forζt , but exponential in the perimeter of the box forηt .

Proposition 1.1.For no parameter values exceptρ = 0 can{ηt } and{ζt } be coupled so thatP [ηt (x) � ζt (x)] = 1
for all t � 0 and allx ∈ Z.

Remark. This proposition easily extends toZd .

The method of proving Theorem 1.1 will allow us to prove the following result. We first need the follo
definition.
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Definition 1.1.A measureµ on {0,1}S is downward FKGif

for any finiteA ⊂ S, the conditional measureµ{· | η ≡ 0 onA} is associated. (1

In other words, ifB andC are two increasing (resp. decreasing) subsets of{0,1}S , then

µ{B ∩ C | η ≡ 0 onA} � µ{B | η ≡ 0 onA}µ{C | η ≡ 0 onA}.
It can be shown that the FKG lattice condition ([9], page 78) is equivalent to the fact that no matter ho

conditions the configuration onA, the conditional distribution is associated. The word “downward” now refe
the fact that this is only assumed to be true when one conditions on all 0’s inA.

Theorem 1.2.Let µ be a translation invariant measure on{0,1}Z which is downward FKG. Then the followin
are equivalent.

(1) µ dominatesνρ .
(2) µ{η ≡ 0 on [1, n]} � (1− ρ)n for all n � 1.
(3) For all disjoint, finite subsetsA andB of {1,2, . . .}, we have

µ
{
η(0) = 1 | η ≡ 0 onA, η ≡ 1 onB

}
� ρ.

Remarks. First, we mention that it is essential here that we are dealing with an infinite number of variabl
that the process is stationary; see also remarks after Theorem 1.3. Next, the implications(3) → (1) and(1) → (2)

do not require the downward FKG property. As far as the two corresponding reverse implications, they a
false for general stationary processes; for the first, see Remark 5.12 in Lyons and Steif [14] and for the sec
Example 1.6 in Lyons and Steif [14]. In this latter paper, the equivalence of (1) and (3) for all conditionally
tively associated measures is also shown as well as (although implicitly) the fact that, for the family of pro
studied in the Lyons and Steif paper, domination ofνρ is equivalent to

µ
{
η ≡ 1 on[1, n]} � ρn for all n � 1.

In addition, Proposition 2.1 will show that condition (3) in this theorem cannot be modified so that one con
on both sides of the origin. Finally, there is an extension of this result toZd which we will provide. This extensio
will yield the following result for the Ising model, which we think is of independent interest.

Proposition 1.2.Fix an integerd and letµJ,+ and µJ,− be the plus and minus states for the Ising model w
nearest neighbor pair interactions onZd with interaction parameterJ > 0. Then for anyρ, µJ,+ dominatesνρ if
and only ifµJ,− dominatesνρ .

Interestingly, the last statement fails completely for the homogeneous 3-ary tree; the latter graph, which
denote byT , is the unique tree where every vertex has degree 3. (Similar results will of course hold forr-ary trees
for r � 4.) By the free measure onT , we mean the Gibbs stateµJ,f for the Ising model obtained by using fre
boundary conditions.

Proposition 1.3.Consider the homogeneous3-ary treeT and letµJ,+, µJ,− andµJ,f be the plus, minus and fre
measures for the Ising model with interaction parameterJ > 0. If µJ,+ �= µJ,−, then there exists0 < ρ′ < ρ such
thatµJ,+ dominatesνρ butµJ,f does not dominateνρ andµJ,f dominatesνρ′ butµJ,− does not dominateνρ′ .

We describe here another stochastic domination result for the Ising model where the behavior is com
different depending on whether we are onZd or on T . The first result we attribute to folklore but as we can
find a reference, we include a proof here. While we have not seen this proof elsewhere, we make no clai
originality.
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Proposition 1.4.If J1 �= J2, then onZd , µJ1,+ andµJ2,+ are not stochastically ordered.

The result forT is very different.

Proposition 1.5.Consider the Ising model onT and letJc be the critical value forJ .

(i) If Jc < J1 < J2, thenµJ2,+ dominatesµJ1,+.
(ii) For all J2 � Jc, there existsα(J2) such that{

J ∈ [0, Jc]: µJ2,+ dominatesµJ,+} = [
α(J2), Jc

]
.

((i) implies thatα is a decreasing function ofJ2). Moreover, the smallestJ2 > Jc for whichα(J2) = 0 (which
corresponds to the smallestJ2 > 0 for which the plus state dominates all plus states at lower values ofJ ) is
log(r) wherer is the unique real root of the cubic polynomial

x3 − x2 − x − 1.

(iii) For everyρ < 1, there existsJ such thatµ+,J dominatesνρ .

Remark. On T , the fact that forJ1, J2 � Jc, µ+,J1 andµ+,J2 are not stochastically ordered follows immediat
from the fact that they both have mean 1/2 (see for example page 75 of Liggett [9]).

Our next result concerning the Ising model and stochastic domination compares the set of product meas
the plus state dominates at different parameter values forZd .

Proposition 1.6.For the Ising model onZd , if 0< J1 < J2, then

sup{ρ: µJ1,+ dominatesνρ} > sup{ρ: µJ2,+ dominatesνρ}.

Remark. Observe that Proposition 1.5(i) immediately tells us that such a result is false on trees.
The last part of the paper gives the equivalence of the first two conditions of Theorem 1.2 in the context

exchangeable random variables which are FKG.

Theorem 1.3.Assume thatη = (η1, . . . , ηn) is FKG and exchangeable. Thenη dominates the product measu
with densityρ if and only if

P(η1 = η2 = · · · = ηn = 0) � (1− ρ)n. (2)

A large collection of examples satisfying these properties can be obtained by taking finite pieces of an
exchangeable Bernoulli sequenceη1, η2, . . . (It is easy to check the FKG property for such sequences; see P
sition 2.22 on page 83 of Liggett [9].) For such a sequence, there is a “mixing” random variableW taking values
in [0,1] as given in de Finetti’s Theorem:

W = lim
n→∞

1

n
(η1 + · · · + ηn) a.s.

One can ask for a given 1� n � ∞, what is a necessary and sufficient condition for the distribution of(η1, . . . , ηn)

to dominate the product measure with densityρ? It is easy to see that the answer is

(a) EW � ρ if n = 1,

and
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(b) W � ρ a.s. ifn = ∞

but Theorem 1.3 immediately yields, after observing that

P(η1 = η2 = · · · = ηn = 0) = E
[
(1− W)n

]
,

the following corollary.

Corollary 1.1. Let η1, η2, . . . be an infinite exchangeable Bernoulli sequence with mixing random variableW as
above. Then, for eachn, the distribution ofη = (η1, . . . , ηn) dominates the product measure with densityρ if and
only if

ρ � 1− ‖1− W‖n (3)

where‖ · ‖n denotes theLn norm.

Remarks. Note that this condition interpolates between the easy casesn = 1 andn = ∞. We mention that since
Theorem 1.2 requires an infinite number of variables, Theorem 1.3 does not follow from Theorem 1.2. In a
the natural analogue of condition (3) in Theorem 1.2 is in fact not the correct condition for stochastic dom
for finite exchangeable FKG sequences or even for sequences from an infinite exchangeable process. Fo
letting W be such thatP(W = 3/4) = 1/2 andP(W = 1/4) = 1/2 and takingn = 2, then one dominates
product measure with density 1− (5/16)1/2 but the analogue of condition (3) only holds for densities up to/8
(<1− (5/16)1/2).

The rest of the paper is organized as follows. In Section 2, we prove both Theorem 1.1 and Proposition
the asymmetric contact process onZ and also prove a result justifying a remark after Theorem 1.2. In Secti
we discuss examples, counterexamples and extensions to more general graphs includingZd . In Section 4, we
prove Theorem 1.2 and an extension toZd as well as prove Propositions 1.2, 1.4 and 1.6. In Section 5, we p
Propositions 1.3 and 1.5. In this way, the results concerning domination and Ising models onZd are all in Section 4
while the analogous results for trees are all in Section 5. In Section 6, the proof of Theorem 1.3 is gi
Section 7, we provide a simple example of random variablesX1,X2,X3,X4 which are exchangeable and FKG b
do not extend to an infinite exchangeable process. This shows that Theorem 1.3 is stronger than just the
holding for finite pieces of an exchangeable sequence. Finally, in Section 8, we state some open question

2. The one dimensional contact process

For some of the examples we have in mind, it is useful to treat first the asymmetric contact process onZ. This is
the continuous time Markov processηt on {0,1}Z in which flips at sitex occur from 1 to 0 at rate 1 and from 0
1 at rateβ[pη(x − 1) + (1− p)η(x + 1)], whereβ > 0 and 0� p � 1. Thus the usual symmetric contact proc
with parameterλ corresponds to the caseβ = 2λ andp = 1/2. Let ν̄ be the upper invariant measure for this proc
(see page 135 of Liggett [9] for this definition) andνρ be the product measure on{0,1}Z with densityρ. Recall
that given two probability measuresµ1,µ2 on {0,1}S , µ1 is said to dominateµ2 (writtenµ1 � µ2) if∫

hdµ1 �
∫

hdµ2

for all increasing continuous functionsh on {0,1}S . This is equivalent to the existence of a probability measuγ
on {0,1}S × {0,1}S with marginalsµ1,µ2 that concentrates on{(η, ζ ): η � ζ )}. (See Theorem 2.4 on page 72
Liggett [9].)

One way to show that̄ν � νρ is to show that the conditional probabilities ofν̄ satisfy

ν̄
{
η(x) = 1 | η(y), y �= x

}
� ρ a.s. (4)
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(A generalization of this criterion is given in Liggett, Schonmann and Stacey [13].) We begin by showing t
is false ifρ > 0, so that a somewhat different approach is required. In this and later arguments, we will ne
following property ofν̄:

ν̄ satisfies the downward FKG property as defined in the introduction.

This statement is proved for the contact process on a general graph in van den Berg, Häggström and K
The special case in whichB andC is each of the form{η ≡ 0 onD} was proved by Belitsky, Ferrari, Konno an
Liggett [1]. It should be noted that (1) is not correct if the conditioning on{η ≡ 0 onA} is replaced by conditioning
on {η(0) = 1}. (See Liggett [10].) In particular,̄ν does not satisfy the FKG lattice condition (Liggett [9], page 7
since the FKG lattice condition implies that all such conditional measures are associated.

Proposition 2.1.For anyβ andp,

lim
k,l→∞ ν̄

{
η(0) = 1 | η ≡ 0 on [−k, l]\{0}} = 0. (6)

Proof. For k, l � 0, let

f (k, l) = ν̄{η(0) = 1 andη ≡ 0 on[−k, l]\{0}}
ν̄{η ≡ 0 on[−k, l]}

and

a(l) = ν̄
{
η ≡ 0 on[0, l]}.

By (5), f (k, l) is decreasing ink andl. To see this, note for example thatf (k, l) � f (k, l + 1) is equivalent to

ν̄
{
η(0) = η(l + 1) = 0 | η ≡ 0 on[−k, l]\{0}}

� ν̄
{
η(0) = 0 | η ≡ 0 on[−k, l]\{0}}ν̄{

η(l + 1) = 0 | η ≡ 0 on[−k, l]\{0}}.
Sinceν̄ is invariant for the process,∫

Lg dν̄ = 0

for all cylinder functionsg. HereL is the generator of the process. Applying this to the indicator functio
{η(y) = 0 for 0� y � n} and using the shift invariance ofν̄ gives

n∑
k=0

f (k,n − k) = β
[
pf (0, n + 1) + (1− p)f (n + 1,0)

]a(n + 1)

a(n)
� β. (7)

By the monotonicity off , the limit in (6) exists. Call itγ . By (7),

γ (n + 1) � β.

It follows thatγ = 0 as required. �
Next, we show that the situation is quite different if one conditions on the configuration on one side

origin rather than on both sides. This will enable us to prove domination of a product measure by construc
coupling measure sequentially. Another class of processes for which domination of nontrivial product mea
proved via bounds on one sided conditional probabilities, while (4) fails, are the measuresP f studied by Lyons
and Steif [14], in which the functionf has a positive geometric mean, but 0 harmonic mean.

Proposition 2.2.For all β � 4,0� p � 1, and all l � 0,

ν̄
{
η(0) = 1 | η ≡ 0 on [1, l]} � β − 4

β
. (8)
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Proof. The idea of the proof is to use the known fact that the probability of havingn consecutive 0’s is exponen
tially small with some definite rate. To translate this into a statement about conditional probabilities, we nee
monotonicity. Letf (l) = ν̄{η(0) = 0 | η ≡ 0 on[1, l]}. Now f (l) is increasing inl by (5). Note that

n∏
l=0

f (l) = a(n) (9)

wherea(n) is defined as in the previous proposition. Forβ � 4, letµ be the stationary renewal measure on{0,1}Z
defined by saying that the numbers of 0’s between successive 1’s are i.i.d. random variablesξi with tail probabilities
given by

P(ξi � k) = (2k)!
k!(k + 1)!β

−k, k � 0. (10)

Holley and Liggett [8] proved

a(n) � µ
{
η ≡ 0 on[0, n]}, n � 0. (11)

(This statement forn = 0 is (2.1) in their paper; for generaln it comes from (2.2) applied to the setA = {0, . . . , n}.)
Combining (9), (11) and the monotonicity off , we see that

lim
n→∞f (n) = lim

n→∞
[
a(n)

]1/n � lim inf
n→∞

[
µ

{
η ≡ 0 on[0, n]}]1/n

. (12)

By (10),

µ
{
η ≡ 0 on[0, n]} = µ

{
η(0) = 1

} ∞∑
k=n+1

(2k)!
k!(k + 1)!β

−k.

This, together with (12) and Stirling’s formula, implies

lim
n→∞f (n) � 4

β
.

This proves (8), sincef (n) is increasing. �
Remarks.Exponential decay ofa(n) has been proved for symmetric contact processes onZd for all λ strictly above
the critical value. (See (1.8) on page 36 and Theorem 2.30(b) on page 57 of Liggett [12].) (ForZd , a(n) refers
to the probability that there are 0’s atn specified locations; while this probability depends on then locations, the
exponential rate is uniform over all such sets.) The advantage of using (11) instead is that it works for asy
processes as well, and that it gives an explicit decay rate.

Now, we need to show that the conditioning in (8) on having all 0’s at sites adjacent to the origin is the
case.

Proposition 2.3.SupposeA andB are disjoint, finite subsets of{1,2, . . .}. Then

ν̄
{
η(0) = 1 | η ≡ 0 onA, η ≡ 1 onB

}
� β − 4

β
. (13)

Proof. By (5),

ν̄
{
η(0) = 1, η ≡ 1 onB | η ≡ 0 onA

}
� ν̄

{
η(0) = 1 | η ≡ 0 onA

}
ν̄
{
η ≡ 1 onB | η ≡ 0 onA

}
so

ν̄
{
η(0) = 1 | η ≡ 0 onA, η ≡ 1 onB

}
� ν̄

{
η(0) = 1 | η ≡ 0 onA

}
.
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Using (5) again, we see that

ν̄
{
η(0) = 1 | η ≡ 0 onA

}
� ν̄

{
η(0) = 1 | η ≡ 0 on[1, l]}

for any l such thatA ⊂ [1, l]. So, (13) follows from (8). �
The following statement follows immediately from Proposition 2.3, since one can construct the require

pling measure sequentially.

Theorem 2.1.If β � 4 and0� p � 1, then

ν̄ � νρ

for ρ = (β − 4)/β.

Remark. In Theorem 2.1, one can equally well consider the stationary distribution for oriented percolation,
is a discrete time version of the contact process. The main ingredients of the proof of the theorem in con
time are (5) and (11). Van den Berg, Häggström and Kahn [3] is mainly devoted to the discrete time sett
the continuous time results are deduced from them. The discrete time analogue of (11) is given in Liggett

We now turn to the

Proof of Proposition 1.1. If the couplingζt � ηt were possible for all times, then for allN,T ,

P
(
ζt (n) = 0 for all 1� n � N and all 0� t � T

)
(14)

� P
(
ηt (n) = 0 for all 1� n � N and all 0� t � T

)
. (15)

To see that this is not possible, first compute (14):

P
(
ζt (n) = 0 for all 1� n � N and all 0� t � T

) = (1− ρ)N e−rρT N .

To see this, note that the event in question occurs if and only if the configuration is≡ 0 on{1, . . . ,N} at time 0 and
none of these sites flips to a 1 in timeT . Note that the right side above is exponentially small in the “area”NT of
the space–time rectangle{1, . . . ,N} × [0, T ].

It remains to check that (15) is bounded below by a quantity that is exponentially small in the perimeterN + T

of this rectangle. In doing so, we will use the graphical representation of the contact process – see pages
of Liggett [9] or pages 32–33 of Liggett [12] for its description. LettingAN,T denote the event that there are
arrows in the graphical representation from 0 to 1 or fromN +1 toN during the time period[0, T ], (15) is bounded
below by

P
({

η0(n) = 0 for 1� n � N
} ∩ AN,T

)
. (16)

This, in turn, is bounded below by

P
(
η0(n) = 0 for 1� n � N

)
e−2λT �

[
ν̄
{
η: η(0) = 0

}]N e−2λT ,

where the inequality comes from the unconditioned version of (5). TakingN = T , we see that (14), (15) cann
hold for allN,T . �

3. Examples, extensions, and counterexamples

One can deduce from Theorem 2.1 domination of product measures, and hence percolation, in many s
when the corresponding product measures percolate. Here are some examples:
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(a) The upper invariant measureν̄ for the symmetric contact process onZd with parameterλ dominatesνρ

with ρ = (λ − 2)/λ if λ � 2. (This gives us Theorem 1.1.) Therefore, using the upper bound of 0.679492 for the
critical value of site percolation onZ2 (Wierman [18]), we conclude thatν̄ percolates ifλ � 6.25 andd � 2. The
domination statement ford = 1 is just Theorem 2.1 withp = 1/2 andβ = 2λ.

(b) The upper invariant measureν̄ for the symmetric contact process on{0,1, . . .} with parameterλ dominates
νρ with ρ = (λ − 4)/λ if λ � 4. To see this, compare this process with the asymmetric contact process onZ with
β = λ andp = 0.

(c) LetG be any graph with the property that after deleting a set of edges (but no vertices), the resulting
a union of disconnected copies of{0,1, . . .}. Then the upper invariant measureν̄ for the symmetric contact proce
onG with parameterλ dominatesνρ with ρ = (λ − 4)/λ. An example is the graph in whichn semi-infinite spokes
meet at a common vertex. Another is any infinite tree with no leaves. Note that in these examples, the vaρ

does not depend on the complexity of the graph.

Remark. Of course, percolation for largeλ on homogeneous trees follows from Häggström’s 1997 result. Ex
ple (c) in the case of homogeneous trees gives domination of a product measure of large density as well.

Based on example (c) above, one might think that the stated domination holds for any graph that contain
of {0,1, . . .}. We cannot show this to be the case for the symmetric contact process; see Section 6. The rem
this section is devoted to studying certain examples of asymmetric contact processes; we feel that these
shed some light on what might be the difficulties in proving the above.

Let G be the graph consisting of a copy of{0,1, . . .}, together withn other verticesv1, . . . , vn that have edge
only to 0. The infection rate at vertexk is λη(k + 1) for vertices in{0,1, . . .}, and isλη(0) for v1, . . . , vn. Let ν̄ be
the upper invariant measure for the process. Note thatν̄ restricted to{xk,0,1, . . .} dominatesνρ for ρ = (λ − 4)/λ

by example (b) above. However, for anyλ, the largest value ofρ so thatν̄ � νρ tends to zero asn → ∞:

Proposition 3.1.Let

ρ(λ,n) = sup{ρ: ν̄ � νρ}.
Then, withG as in the previous paragraph,

(a) lim
n→∞ρ(λ,n) = 0

for eachλ, and

(b) lim
λ→∞ρ(λ,n) = 1

for eachn.

Proof. To prove part (a), fixλ andρ and chooseM such that

e−M = ρ/2.

Let A be the event thatηt (0) = 0 for all t ∈ [0,M], B be the event thatηM(vk) = 0 for k = 1, . . . , n andC be
the event that in the graphical representation, for allvk , k = 1, . . . , n, there is a death during[0,M]. Observe tha
P(A) is independent ofn because of the 1-way nature of the infection. Now

P(B) � P(A ∩ B) � P(A ∩ C) = P(A)
(
1− e−M

)n = P(A)
(
1− [ρ/2])n

,

sinceA andC are independent. If̄ν did dominateνρ , then we would have(1− ρ)n � P(B), which gives

(1− ρ)n � P(A)
(
1− [ρ/2])n

.

SinceP(A) does not depend onn, the above fails for largen.
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For part (b), we will show that̄ν � νρ if

4n � λ(1− ρ)n. (17)

To do so, takeη to beν̄ distributed andζ to beνρ distributed. By Proposition 2.3,

P
(
η(vk) = 1 | η(j), j � 0

)
� λ − 4

λ
a.s.

for eachk = 1, . . . , n. Therefore,

P
(
η(vk) = 1 ∀1� k � n | η(j), j � 0

)
� 1− 4n

λ

� 1− (1− ρ)n = P
(
ζ(i) = 1 for some 1� i � n

}
a.s., (18)

where the second inequality comes from (17). By Theorem 2.1 and (17), the distribution of(η(j), j � 0) dominates
νρ . Combining this with (18) gives̄ν � νρ as required. �

We next letG be the graph{0,1, . . .}, to which are addedn neighbors to vertexn for eachn � 1. The infection
rate isλη(n + 1) at vertexn and isλη(n) at then neighbors that were added to vertexn.

Corollary 3.1. For the graphG in the last paragraph,̄ν does not dominateνρ for anyρ > 0.

Proof. The result follows from part (a) of Proposition 3.1, since for eachn, the process restricted to{n,n+ 1, . . .},
together with then vertices that were attached ton, is a copy of the process considered in Proposition 3.1.�

4. Domination characterization and the Ising model

Since the extension of Theorem 1.2 toZd is slightly messy, we choose to first prove this result forZ and
afterwards state the result forZd and outline the proof.

Proof of Theorem 1.2. (1) implies (2) is trivial. For (2) implying (3), (2) says that for alln

µ
{
η(0) = 0

} n−1∏
i=1

µ
{
η(0) = 0 | η ≡ 0 on[1, i]} � (1− ρ)n.

The assumption of downward FKG easily gives thatµ{η(0) = 0 | η ≡ 0 on[1, i]} is increasing ini and hence
converges to a limitL. By the above, we must haveL � 1 − ρ. It follows that µ{η(0) = 0 | η ≡ 0 on[1, i]} is
� 1−ρ for eachi and (3) follows as in the proof of Proposition 2.3 using the downward FKG assumption. F
(3) implies (1) by constructing the coupling measure sequentially as in Theorem 2.1.�

The extension to generald requires the notion of a lexicographical order. For simplicity, we do this o
for d = 2; the reader can easily extend to generald . Let P (for past) be the subset ofZ2 given by {(i, j):
{i < 0 andj � 0} or j < 0}. (This is the set of vertices below thex-axis or to the left of 0 on thex-axis.) For
x ∈ Z2, letPx = P + x.

Theorem 4.1.Let µ be a translation invariant measure on{0,1}Z2
which is downward FKG. Then the followin

are equivalent.

(1) µ dominatesνρ .
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(2) µ{η ≡ 0 on [1, n]2} � (1− ρ)n
2

for all n.
(3) For all disjoint, finite subsetsA andB of P , we have

µ
{
η
(
(0,0)

) = 1 | η ≡ 0 onA, η ≡ 1 onB
}

� ρ. (19)

Proof. (1) implies (2) is trivial. (3) implies (1) as in the previous proof after one observes that on a squar
one can order the vertices(a1, a2, . . .) in such a way that for alli, {a1, a2, . . . , ai−1} ⊂ Pai

; this allows one to do
the coupling sequentially. (The ordering is of course just going from left to right starting on the bottom ro
working upwards.) For (2) implies (3), we proceed as follows. For anyn � 1 andx ∈ [1, n]2, letAn

x = [1, n]2 ∩Px .
From the order used above, (2) immediately implies that for alln � 1∏

v∈[1,n]2
µ

{
η(v) = 0 | η ≡ 0 onAn

v

}
� (1− ρ)n

2
. (20)

Let

L = lim
n→∞µ

{
η
(
(0,0)

) = 0 | η ≡ 0 onP ∩ [−n,n]2}.
The downward FKG condition easily implies, as before, that (a) the terms in the above limit are nondecre
n and hence the limitL exists and (b) for all disjoint, finite subsetsA andB of P , we have

µ
{
η
(
(0,0)

) = 0 | η ≡ 0 onA, η ≡ 1 onB
}

� L. (21)

(To see, for example, (a), one takesA = P ∩ [−n,n]2, B = {(0,0)} andC = P ∩ [−n − 1, n + 1]2\[−n,n]2.)
(3) will therefore be proved if we show thatL � 1−ρ. To show this, first note that, again by downward FKG, th
is a uniform lower boundb on all the factors appearing in the left side of (20). (Of courseb = µ{η((0,0)) = 0}.) If
L > 1− ρ, chooseδ > 0 so thatL − δ > 1− ρ and then chooseN so that

µ
{
η
(
(0,0)

) = 0 | η ≡ 0 onP ∩ [−N,N ]2} � L − δ.

Chooser ∈ (0,1) so that

b1−r (L − δ)r > 1− ρ

and finally chooseM so large that number ofx ’s in [1,M]2 for which

x + [
P ∩ [−N,N ]2] ⊆ AM

x

is at leastrM2. It is clear geometrically that this can be done. By choice ofM , it follows, again from the downwar
FKG condition, that∏

v∈[1,M]2
µ

{
η(v) = 0 | η ≡ 0 onAM

v

}
� b(1−r)M2

(L − δ)rM
2
.

This is strictly larger than(1− ρ)M
2

contradicting (20) forn = M . �
Remarks. (1) One can see from the proof that the above conditions are equivalent to requiring that (2) hol
for all sufficiently largen.

(2) Theorem 4.1 together with (5) and the remark after Proposition 2.2 concerning exponential deca
symmetric contact process immediately yields the following corollary.

Corollary 4.1. For the symmetric contact process onZd , for anyd , and anyλ > λc, we have that̄νλ stochastically
dominatesνρ for someρ > 0.
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We have decided, in order to save space, not to define the Ising model which perhaps most readers ar
with; for those who are not, see Liggett [9], Chapter 4 for all definitions and claims. To stick with 0, 1 v
random variables, we are representing the state−1 in the Ising model by 0. We deal exclusively with the Isi
model with no external field and hence the only parameter (besides the graph on which the model live
interaction parameterJ . We will write µJ,+ andµJ,− for the plus and minus states at interactionJ and we will
let Jc denote the critical parameter. Here the underlying graph could beZd , the homogeneous 3-ary treeT or any
other graph.

We now prove Proposition 1.2.

Proof of Proposition 1.2. We prove this only ford = 2, the proof for generald being identical. It is known tha
µJ,+ andµJ,− both satisfy the FKG condition. It is also immediate that both of these measures satisfy the u
finite energy property which means that for someγ > 0, the probability of having a 1 or having a 0 at a s
conditioned on everything else is always at leastγ .

Assume now thatµJ,+ dominatesνρ . Fix ε > 0. We have that

µJ,+{
η ≡ 0 on[1, n]2} � (1− ρ)n

2

Let Bn = [0, n + 1]2\[1, n]2. We have

µJ,+{
η ≡ 0 on[1, n]2} � µJ,+{

η ≡ 0 on[0, n + 1]2}
= µJ,+{

η ≡ 0 onBn

}
µJ,+{

η ≡ 0 on[1, n]2 | η ≡ 0 onBn

}
� γ |Bn|µJ,−{

η ≡ 0 on[1, n]2 | η ≡ 0 onBn

}
� γ |Bn|µJ,−{

η ≡ 0 on[1, n]2}.
All of these equalities and inequalities follow immediately from well known results about the Ising mode
example, for the second to last inequality, the second factors are equal because the plus and minus states a
fields for the same set of conditional probabilities and the first factors satisfy this inequality by the definitioγ .
This gives

µJ,−{
η ≡ 0 on[1, n]2} � γ −|Bn|µJ,+{

η ≡ 0 on[1, n]2}
which is at mostγ −|Bn|(1− ρ)n

2
. For largen, this is at most[(1− ρ)(1+ ε)]n2

. By Theorem 4.1 and Remark (1
after the proof, we conclude thatµJ,− dominatesνw wherew = 1 − [(1 − ρ)(1 + ε)]. As ε is arbitrary, we are
done. �

We finally point out that condition (3) in Theorem 4.1 can also be used to obtain some upper bounds onρ

for whichνρ is dominated byµJ,h whereµJ,h is the Ising model with interaction parameterJ and external fieldh.
To do this, one could for example, ford = 2, place 0’s at locations{(−1,0), (0,−1), (1,−1)} and get some uppe
bounds on the conditional probability that the origin is in state 1. By Theorem 4.1, this would give bounds o
product measure densities one would dominate. We illustrated this method in 2 dimensions but this of cour
be done in any dimension. However, in 2 dimensions, because of the exact formula for the pressure for
model due to Onsager, we can write down explicitly the optimalρ = ρ(J ).

Corollary 4.2. For the2 dimensional Ising model with parameterJ , the maximalρ for whichµ+,J dominatesνρ

is

1− e2J

σ(J )
2 e
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where

σ(J ) = 1

2π2

π∫
0

π∫
0

log
[
cosh2 2J − sinh 2J (cosx + cosy)

]
dx dy.

Proof. For this proof, it is easier to deal with±1 variables. Let

Zn(J ) =
∑

η∈{±1}[1,n]2
eJU1−JU2

whereU1 is the number of unordered nearest neighbor pairs in[1, n]2 whereη agrees and whereU2 is the number
of unordered nearest neighbor pairs in[1, n]2 whereη disagrees. This is just the usual normalization (parti
function) for the Ising model on[1, n]2. Onsager’s formula (see Thompson [17], page 132)) says that

lim
n→∞

(
Zn(J )

)1/n2 = 2 eσ(J )

with σ(J ) as above. Next, ifµJ,+,n is the Ising model on[1, n]2 with parameterJ and plus boundary condition
then

µJ,+,n
({

η ≡ 0 on[1, n]2}) = eJU3−JU4

Z+
n (J )

whereU3 is the number of unordered nearest neighbor pairs in[1, n]2, U4 is the number of unordered neare
neighbor pairs with exactly one point in[1, n]2 andZ+

n (J ) is the normalization needed to makeµJ,+,n a probability
measure. SinceU3 = 2n2 + o(n2), U4 = O(n) and

lim
n→∞

(
Zn(J )

)1/n2 = lim
n→∞

(
Z+

n (J )
)1/n2

(see Georgii [6], page 322) we have that

lim
n→∞µJ,+,n

({
η ≡ 0 on[1, n]2})1/n2 = e2J

2 eσ(J )
.

It is elementary to check that this last statement is equivalent to

lim
n→∞µJ,+({

η ≡ 0 on[1, n]2})1/n2 = e2J

2 eσ(J )
.

It next easily follows from Theorem 4.1 together with the remark immediately afterwards thatµ+,J dominatesνρ

for

ρ = 1− e2J

2eσ(J )

but for no largerρ. �
Remark. Of course the above proof shows that for the Ising model with interaction parameterJ and external field
h onZd , the maximalρ for which the measure dominatesνρ is

1− edJ

P (J,h)

whereP(J,h) is the limitingnd th root of the partition function on the box[1, n]d . It is just that we only have a
formula forP(J,h) whend = 2 andh = 0.



236 T.M. Liggett, J.E. Steif / Ann. I. H. Poincaré – PR 42 (2006) 223–243

t

[9]).

ere the

FKG
reasing

t [9],

ned
Proof of Proposition 1.4. For this proof, it is again simplest to think of the model as±1 valued. Assume tha
J1 < J2 and letm1 andm2 be the expected values of a fixed spin underµ+,J1 andµ+,J2. It is known thatm1 � m2
(see page 186 of Liggett [9]). Ifm1 = m2, then it is clear that they cannot be ordered (see page 75 of Liggett
If m1 < m2, choosem∗ ∈ (m1,m2) and consider the event

En =
{ ∑

x∈[−n,n]d
η(x) < −m∗(2n + 1)d

}
.

Known results (see Schonmann [16] where the reader is reminded of the first below inequality and wh
second inequality is proved) for large deviations for the Ising model tell us that

µ+,J1(En) � c1 e−c2n
d

and

µ+,J2(En) � c3 e−c4n
d−1

for strictly positive constantsc1, c2, c3 andc4. Takingn large, one sees thatµ+,J1 is not dominated byµ+,J2. �
Proof of Proposition 1.6. By Theorem 4.1 and Remark 1 following its proof, the set ofρ ’s for which µJ,+ � νρ

is determined by

lim sup
n→∞

µJ,+{
η ≡ 0 on[1, n]d}1/nd

.

(Although we do not need it, this lim sup is in fact a limit by an easy subadditivity argument using the
inequality.) Therefore, the assertion in the proposition is just the statement that this lim sup is strictly inc
in J . From the proof of Proposition 1.2, we see that this lim sup is the same as

lim sup
n→∞

µJ,−{
η ≡ 0 on[1, n]d}1/nd

,

and then by interchanging the roles of zeros and ones, it is the same as

lim sup
n→∞

µJ,+{
η ≡ 1 on[1, n]d}1/nd

. (22)

We will deduce the strict monotonicity of this quantity from Griffiths’ inequality. (See page 186 of Ligget
for example). To do so, let

χA(η) =
∏
x∈A

[
2η(x) − 1

]

for finite A ⊂ Zd andη ∈ {0,1}Zd
. These form an orthonormal basis forL2(ν1/2). For a finiteC ⊂ Zd , expand

fC = 1{η: η≡1on C} in this basis:

fC(η) = 1

2|C|
∑
A⊂C

χA(η).

Now we use Griffiths’ inequality and its formalism. LetΛ be a large box inZd that containsC, and letµJ,Λ be the
Gibbs state onΛ with plus boundary conditions. The sums onB below are over nearest neighbor pairs contai
in Λ and singletons inΛ with a neighbor outsideΛ. We denote the covariance with respect toµJ,Λ by covJ . Then,
using Griffiths’ inequality in the final step, we see that
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dJ

∫
fC dµJ,Λ = 1

2|C|
∑
A⊂C

d

dJ

∫
χA dµJ,Λ = 1

2|C|
∑
A⊂C

∑
B

covJ (χA,χB)

=
∑
B

covJ (fC,χB) �
∫

fC dµJ,Λ
∑
B⊂C

[
1−

∫
χB dµJ,Λ

]
.

Dividing this inequality by
∫

fC dµJ,Λ, integrating with respect toJ , and then passing to the limit asΛ ex-
haustsZd , we see that for 0< J1 < J2,

log
∫

fC dµJ2,+ − log
∫

fC dµJ1,+ � 4(# nearest neighbor pairs inC)

J2∫
J1

µJ,+{
η: η(0) = 1, η(e) = 0

}
dJ,

wheree is a neighbor of 0. Applying this toC = [1, n]d gives the strict monotonicity of (22) as required.�

5. Ising models on trees and domination

Throughout this section,T will denote the homogeneous 3-ary tree whose vertices areV (T ) and edges
are E(T ). We first need to define a 2 statetree indexed Markov chain. Let {P(i, j)}i,j∈{0,1} be the transition
matrix for an irreducible 2 state Markov chain with stationary distributionπ . From this we will define a probabilit
measureµ on {0,1}V (T ). Fixing a connected setA ⊆ V (T ) and anη ∈ {0,1}A, we defineµ(η) as follows. Choose
an arbitrary elementa ∈ A. Let F be the set of directed edges(x, y) wherex, y ∈ A andx is closer toa thany is.
Now, define

µ(η) = π
(
η(a)

) ∏
(x,y)∈F

P
(
η(x), η(y)

)
.

Using the fact that any 2 state Markov chain is reversible, it is easy to check that this definition is indepen
the choice ofa and also thatµ defined for differentA’s as above are consistent. It is also easy to check that (
any biinfinite line through the tree, we see a copy of the above stationary Markov chain and that (ii)µ is invariant
under all tree automorphisms.

Before giving the proof of Proposition 1.3, we need the following result analogous to Theorem 4.1. Fix an
o ∈ V (T ) and letTn be the induced subtree ofT whose vertices are the elements inV (T ) within distancen of o.
The vertices ofTn will be denoted byV (Tn).

Proposition 5.1.Let {P(i, j)}i,j∈{0,1} be a transition matrix withP(0,1) � P(1,1) (or equivalentlyP(1,0) �
P(0,0)) and letµ be the distribution of the corresponding tree indexed process. Then the following are equi

(1) µ dominatesνρ .
(2) µ{η ≡ 0 onV (Tn)} � (1− ρ)|V (Tn)| for all n.
(3) P(0,1) � ρ.

Proof. (1) implies (2) is trivial. For (3) implies (1), note that our assumption thatP(0,1) � P(1,1) implies
π(1) � ρ. Fix n. OrderV (Tn) according to increasing distance fromo (breaking ties in an arbitrary determi
istic manner). Think of the measureµ on V (Tn) as being defined sequentially starting fromo. o is labelled 1 with
probabilityπ(1) � ρ and then all later vertices are labelled 1 with probability eitherP(0,1) or P(1,1) depending
on the state of the vertice’s unique neighbor which has already been assigned a state. Since both of these
ties are at leastρ, we can couple sequentially as in Theorem 2.1 and conclude thatµ restricted toV (Tn) dominates
νρ . As n is arbitrary, we are done. For (2) implies (3), one observes that by definition,

µ
{
η ≡ 0 onV (Tn)

} = π(0)P (0,0)|V (Tn)|−1 ∀n.
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(2) now immediately yields thatP(0,0) � 1− ρ which is simply (3). �
Before giving the proof of Proposition 1.3, we need to summarize some facts all of which are in (Geor

pages 247–255). ForJ � 0, we let

fJ (t) = log

[
cosh(J + t)

cosh(t − J )

]
mapR to R. fJ is an odd function and concave on[0,∞). 0 is the unique fixed point if and only if there is a uniq
Gibbs state. Otherwise, the fixed points are 0, tJ and−tJ with tJ > 0. Next, the plus measure, the minus meas
and the free are all tree-indexed Markov chains as defined earlier. (These are all distinct if there is more
Gibbs state; this is not always true in the presence of an external field.) Their respective transition matrices
by P +,J , P −,J , andP f,J are given by(

P +,J (0,0) P +,J (0,1)

P +,J (1,0) P +,J (1,1)

)
=

( eJ−tJ

2cosh(J−tJ )
etJ −J

2cosh(J−tJ )

e−J−tJ

2cosh(J+tJ )
eJ+tJ

2cosh(J+tJ )

)
,

(
P −,J (0,0) P −,J (0,1)

P −,J (1,0) P −,J (1,1)

)
=

( eJ+tJ

2cosh(J+tJ )
e−tJ −J

2cosh(J+tJ )

e−J+tJ

2cosh(J−tJ )
eJ−tJ

2cosh(J−tJ )

)
,

(
P f,J (0,0) P f,J (0,1)

P f,J (1,0) P f,J (1,1)

)
=

( eJ

2cosh(J )
e−J

2cosh(J )

e−J

2cosh(J )
eJ

2cosh(J )

)
.

Proof of Proposition 1.3. Looking at the formulas forP +,J , P −,J andP f,J given above, one sees that
P +,J (0,1) � P +,J (1,1), P −,J (0,1) � P −,J (1,1) andP f,J (0,1) � P f,J (1,1). If µJ,+ �= µJ,−, thentJ > 0 and
therefore one sees (by looking at the matrices) that

P +,J (0,1) > P f,J (0,1) > P −,J (0,1).

The result now follows from Proposition 5.1.�
Remarks. (1) To show only thatµJ,+ and µJ,− dominate different product measures, one does not nee
explicit form of the above matrices but rather only the fact that these measures are tree indexed Markov
Proposition 5.1 and an elementary symmetry argument.

(2) Using Proposition 5.1 and the above form of the matrices, we immediately see the optimal product m
which the plus, minus and free measures dominate.

Before proving Proposition 1.5, we need the following two lemmas.

Lemma 5.1.Given two transition matrices on two states,P and Q, let µP and µQ be the corresponding tre
indexed Markov chains onT . ThenµP dominatesµQ iff P(0,1) � Q(0,1) andP(1,1) � Q(1,1).

Proof. The “if” direction is analogous to (3) implies (1) in Theorem 4.1 and is just done by coupling sequen
For the “only if” part, letTn be as in Proposition 5.1 and observe that

µP

{
η ≡ 0 onV (Tn)

} = π(0)P (0,0)|V (Tn)|−1 ∀n

and

µQ

{
η ≡ 0 onV (Tn)

} = π(0)Q(0,0)|V (Tn)|−1 ∀n.

µP dominatingµQ therefore yieldsP(0,0) � Q(0,0) or equivalentlyP(0,1) � Q(0,1). Similarly, by looking at
the event{η ≡ 1 onV (Tn)}, one shows thatP(1,1) � Q(1,1). �
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Lemma 5.2.If Jc � J1 < J2, thentJ2 − J2 � tJ1 − J1 (tJc is defined to be0).

Proof. Write f (J, t) for fJ (t), t (J ) for tJ and use subscripts to denote partial derivatives. Then

f1(J, t) = tanh(J + t) − tanh(J − t),

and

f2(J, t) = tanh(J + t) + tanh(J − t).

Differentiate the relation

f (J, t (J )) = t (J )

with respect toJ and solve to get

t ′(J ) = f1(J, t (J ))

1− f2(J, t (J ))
.

To gett ′(J ) � 1, we need:

f2
(
J, t (J )

)
< 1 and f1

(
J, t (J )

) + f2
(
J, t (J )

)
� 1.

The first statement is immediate because as a function oft , f crosses the liney = x from above to below. For th
second, note that

f1(J, t) + f2(J, t) = 2 tanh(J + t)

and hencef1 + f2 is increasing in both variables. However, sincef2(J,0) = 2 tanh(J ), Jc is determined by
tanh(Jc) = 1/2 and hence it follows that

f1(Jc,0) + f2(Jc,0) = 1.

Sincef1 + f2 is increasing in both variables, we obtain

f1(J, t) + f2(J, t) � 1

for J � Jc andt � 0. �
Proof of Proposition 1.5. For (i), we have, using Lemma 5.2 and the exact form of our matrices,

P +,J2(1,1)

P +,J2(1,0)
= e2tJ2+2J2 � e2tJ1+2J1 = P +,J1(1,1)

P +,J1(1,0)

and

P +,J2(0,1)

P +,J2(0,0)
= e2tJ2−2J2 � e2tJ1−2J1 = P +,J1(0,1)

P +,J1(0,0)

which give

P +,J2(1,1) � P +,J1(1,1), and P +,J2(0,1) � P +,J1(0,1).

Now apply Lemma 5.1. For (ii), arguing exactly as above with Lemma 5.1, one can check that for 0� J1 � Jc < J2,
µJ2,+ dominatesµJ1,+ if and only if J1 � J2 − tJ2. This shows the first part of (ii) withα(J2) = J2 − tJ2. It then
follows that the smallestJ2 > Jc satisfyingα(J2) = 0 corresponds exactly to that value ofJ > 0 such thattJ = J .
A simple computation, using the fixed point equation, shows that this value is precisely the unique real
x3 −x2 −x −1. For (iii), one easily checks that forJ large,fJ (1.1J ) > 1.1J and hence for suchJ thattJ > 1.1J .
The result now easily follows from Lemma 5.1 together with the explicit forms of the matricesP +,J . �
Remark. Many of the results presented in this section can be extended to the case when there is a nonzero
field.
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6. Exchangeability, FKG and domination

In this section, we prove Theorem 1.3.

Proof of Theorem 1.3. Letting

ui = P(η1 = · · · = ηi = 1, ηi+1 = · · · = ηn = 0), 0� i � n,

the FKG lattice condition (see page 78 of Liggett [9]) then becomes

u2
i � ui−1ui+1, 0< i < n. (23)

Now, one direction is immediate. If the distribution of(η1, . . . , ηn) dominatesνρ , then

u0 = P(η1 = η2 = · · · = ηn = 0) � (1− ρ)n.

The other direction is harder. We need to prove that if (23) and (2) hold, then

Eh(η1, . . . , ηn) �
∫

hdνρ (24)

for all increasing functionsh on {0,1}n. Since both distributions appearing in (24) are exchangeable, it is en
to prove (24) for symmetric increasing functionsh. To see that this is enough, we need to check that ifh is an
increasing function on{0,1}n, then so is its symmetrizationh∗. Letting |η| = η1 + · · · + ηn, this is defined by

h∗(η) =
∑

ζ : |ζ |=k

h(ζ )
/(

n

k

)
, |η| = k.

The monotonicity ofh∗ is equivalent to

(n − k)
∑

ζ : |ζ |=k

h(ζ ) � (k + 1)
∑

ζ : |ζ |=k+1

h(ζ ).

To check this inequality, defineηi to be the element of{0,1}n obtained fromη by flipping theith coordinate. Ifh
is increasing, then forη satisfying|η| = k,

(n − k)h(η) �
∑

i: ηi=0

h(ηi).

Summing over all suchη and changing the order of summation gives

(n − k)
∑

η: |η|=k

h(η) �
n∑

i=1

∑
η: |η|=k, ηi=0

h(ηi) =
n∑

i=1

∑
ζ : |ζ |=k+1, ζi=1

h(ζ ) = (k + 1)
∑

ζ : |ζ |=k+1

h(ζ )

as required.
So, we need to prove (24) for functionsh of the form

h(η1, . . . , ηn) = H(η1 + · · · + ηn),

whereH is an increasing function on{0, . . . , n}. For this, it is enough to takeH of the form

H(i) =
{

1 if i � k

0 if i < k

for somek. Thus, we need to prove that
n∑(

n

i

)
ui �

n∑(
n

i

)
ρi(1− ρ)n−i , (25)
i=k i=k
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itted,

re, yet

but
n

since the left side above isP(η1 + · · · + ηn � k).
Now, write (23) in the form

u2
i �

[
ρ

1− ρ
ui−1

][
1− ρ

ρ
ui+1

]

and use the arithmetic-geometric mean inequality to get

2ui � ρ

1− ρ
ui−1 + 1− ρ

ρ
ui+1.

Dividing by ρi(1− ρ)n−i gives

2vi � vi−1 + vi+1, (26)

where

vi = ui

ρi(1− ρ)n−i
.

In other words, the sequencevi is convex.
We will prove (25) by contradiction. Suppose it fails for somek. Then for thatk,

n∑
i=k

(
n

i

)
ρi(1− ρ)n−ivi <

n∑
i=k

(
n

i

)
ρi(1− ρ)n−i .

It follows that for somej � k, vj � 1. By (2) (which says thatv0 � 1) and (26),vi � 1 for all 0� i � k. This gives

k−1∑
i=0

(
n

i

)
ρi(1− ρ)n−ivi �

k−1∑
i=0

(
n

i

)
ρi(1− ρ)n−i .

Adding the last two displays yields

n∑
i=0

(
n

i

)
ui =

n∑
i=0

(
n

i

)
ρi(1− ρ)n−ivi <

n∑
i=0

(
n

i

)
ρi(1− ρ)n−i .

But this is a contradiction, since the two extreme sums above are equal to 1.�
Remark. The statement of Theorem 1.3 is not true if either assumption of exchangeability or FKG is om
even forn = 2. For counterexamples, suppose first that exchangeability is omitted. Then one can takeη1, η2 to
be independent withP(η1 = 1) = α andP(η2 = 1) = β. The FKG condition holds for allα andβ. However,
the distribution of(η1, η2) stochastically dominatesνρ if and only if min(α,β) � ρ, while (2) holds if and only if
(1−α)(1−β) � (1−ρ)2. Suppose now that the FKG assumption is omitted, and takeP(η1 = 1, η2 = 0) = P(η1 =
0, η2 = 1) = 1/2. This is exchangeable and its distribution does not dominate any nontrivial product measu
(2) is satisfied for allρ.

7. An example

In this section, we present an example ofX1,X2,X3,X4 which are 0, 1 valued, exchangeable and FKG
which are not extendible to an infinite exchangeable process. As usual, letui be the probability of a configuratio
with i ones and 4− i zeros. Take

u0 = u4 = cλ2, u1 = u3 = cλ, u2 = c,
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are not
where

c = 1

2λ2 + 8λ + 6
.

This satisfies the FKG condition iffλ � 1. If the measure were infinitely extendible, there would be a ran
variable 0� W � 1 so that

ui = EWi(1− W)4−i .

Then

E
[
W2 − λW(1− W)

]2 = 0,

so thatW can take on only the values 0 andλ/(1+ λ). Similarly, W can take on only the values 1 and 1/(1+ λ).
This is a contradiction unlessλ = 1.

8. Some open questions

The first five questions concern the contact process and the following two questions concern the Ising m

1. Fix d � 1. Givenρ > 0 does there existλ > λc such thatνρ stochastically dominates̄νλ? (This would be an
essential strengthening of the fact that the critical contact process dies out.)

2. Ford � 2, does there existλ > λc such that̄νλ does not percolate? (In words, is the critical value for percola
different than the usual critical value?)

Observe that a positive answer to question 1 would yield a positive answer to question 2.

3. For bounded degree graphsG with site percolation critical value less than 1, does there existλ such that for
the symmetric contact process onG with parameterλ, ν̄λ percolates?

4. For bounded degree graphs, is it the case that for allρ < 1, there existsλ such that for the symmetric conta
process onG with parameterλ, ν̄λ stochastically dominatesνρ?

5. Assume that for the parameterλ, ν̄λ stochastically dominatesνρ for the symmetric contact process onZ+.
Does it follow that for any bounded degree graphG, ν̄λ for the corresponding symmetric contact process
G also dominatesνρ?

Observe that a positive answer to question 5 implies a positive answer to question 4 which in turn implies a
answer to question 3.

Remark. An interesting test case for question 5 isZ+ with n dangling edges; that is, the example studied
Proposition 3.1. We have seen that question 4 holds in this case for anyn and we have seen that question 5 fails
an asymmetric version.

6. Given any nonamenable transitive graph, does the plus state for the Ising model for large values ofJ dominate
high density product measures?

7. Is amenability for transitive graphs characterized by the property that the plus and minus states for t
model for fixedJ dominate the same set of product measures or alternatively by the property that th
states for differentJ ’s cannot be stochastically ordered?

8. Is there some reasonable version of Theorem 4.1 and Proposition 5.1 for Markov fields on trees which
tree-indexed Markov chains?
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