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Abstract

The existence of self-intersection local time (SILT), when the time diagonal is intersected, of the («, d, 8)-superprocess is proved
for d /2 < « and for a renormalized SILT when d /(2 + (1 + /3)71) < a <.d/2. We also establish Tanaka-like formula for SILT.
© 2007 Elsevier Masson SAS. All rights reserved.

Résumé

L’existence de temps locaux d’auto-intersection est établie pour certaines classes de superprocessus, ainsi qu’une formule ana-
logue a celle de Tanaka.
© 2007 Elsevier Masson SAS. All rights reserved.
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1. Introduction and statement of results

This paper is devoted to the proof of existence of self-intersection local time (SILT) of («, d, §)-superprocesses for
0 < B < 1. Let us introduce some notation. Let By, (R%) (respectively Cp (R%)) be the family of all bounded (respec-
tively, bounded continuous) Borel measurable functions on R4, and M F(Rd ) be the set of all finite Borel measures
on R?. The integral of a function f with respect to a measure j is denoted by 1(f). If E is a metric space we denote
by D([0, +00), E) the space of all cadlag E-valued paths with the Skorohod topology. We will use ¢ to denote a
positive and finite constant whose value may vary from place to place. A constant of the form c(a, b, . ..) means that
this constant depends on parameters a, b, .. ..

Let (2', F', F/, P') be a filtered probability space where the («, d, B)-superprocess X = {X,: r > 0} is defined.
That is, by X we mean a M r(R?)-valued, time homogeneous, strong Markov process with cadlag sample paths, such
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that for any non-negative function ¢ € B, (R%),
E[exp(=X:(9))|Xo = 1] = exp(—1 (Vi (9))),

where 1 € Mp(R?) and V, (¢) denotes the unique non-negative solution of the following evolution equation

t
v =S _/St—s((vs)]Jrﬁ)dS, 1>0.
0

Here {S;: > 0} denotes the semigroup corresponding to the fractional Laplacian operator A, .
Another way to characterize the («, d, B)-superprocess X is by means of the following martingale problem:

For all ¢ € D(A,) (domain of A,) and u € M p(R?),

Xo = p, and M; (9) = X;(9) — Xo(9) — [y Xs(Aa@)ds, (1.1)
is a F,-martingale.

If B =1 then M.(¢) is a continuous martingale. In this paper we are interested in the case of 0 < 8 < 1, and here
M;(¢) is a purely discontinuous martingale. This martingale can be expressed as

t
Mz(¢)=//<ﬂ(X)M(ds, dx), (1.2)

0 R4

where M (ds, dx) is a martingale measure, it and the stochastic integral with respect to such martingale measure is
defined in [11] (or in Section I1.3 of [8]).
The SILT is heuristically defined by

yx(B) = / / 5(x — )X, (o) X, (dy) ds dr,
B R2d

where B C [0, o0) x [0, 0c0) is a bounded Borel set and § is the Dirac delta function. Let D = {(z,t): t > 0} be the
time diagonal on Ry x Ry. For 8 =1, BN D =@ and d < 7, Dynkin [6] proved the existence of SILT, yx, for a
very general class of continuous superprocesses. Also, from the Dynkin’s works follows the existence of SILT when
B=1,BND#andd <3 (see [1]). For f=1,d =4,5and BN D # &, Rosen [15] proved the existence of a
renormalized SILT for the (¢, d, 1)-superprocess. A Tanaka-like formula for the local time of («, d, 2)-superprocess
was established by Adler and Lewin in [3]. The same authors derived a Tanaka-like formula for self-intersection
local time for (¢, d, 2)-superprocess (see [2]). In this paper we are going to extend the above results for the case of
0<pB<l.

The usual way to give a rigorous definition of SILT is to take a sequence (¢;).~0 of smooth functions that converges
in distribution to 8, define the approximating SILTs

vx.,e(B) =// e (x — Y)Xs(dx) X (dy)dsds, BCRy xRy,
B R2d
and prove that (yx.¢(B))e=0 converges, in some sense (it is usually taken L>(P’), L'*#(P’), L' (P’), distribution or

in probability), to a random variable yx (B). In what follows we choose ¢, = p., where p, is the a-stable density,
given by

pe(x,y) = /e—i(z-(x—y))—alz‘a dz, x,y eRd,

R4

@n)?

when 0 < o <2 and

1 T
Ps(X,y)ZW =yl*/2¢ x,yeR",
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for oo = 2. In this paper we will consider the particular case when B = {(¢,s): 0 < s <t < T}. Here we denote yx . (B)
by yx,¢(T), thatis

T t
yX,e(T)=///pe(x_y)Xs(dx)Xt(d)’)det, vT > 0.
0 0 R2d

Moreover, we are going to consider the renormalized SILT

T
Px.e(T) = yx.o(T) —e* / / X (G**(x — ) X,(dx) ds,
0 R4

where

o0
G’\’E(x)z/-e_“pl(x)dt, r,e>0.

&

Notice that G*¢(x) 1+ G*9(x) = G*(x) as ¢ | O for all x € R?, and if d > « then

G(x) = G"(x) = c(a, d)|x|* 77, (1.3)
where
_ T(d—w)/2)
cla,d) = 2427 d2T (a)2)’

and I' is the usual Gamma function. G is called Green function of A, . Also notice that, for A > 0, we have
AgGME(x) = AGHM (x) —e M pe(x), xeRY. (1.4)

Now we are ready to present our main result.

Theorem 1. Let X be the (o, d, B)-superprocess with initial measure Xo(dx) = pu(dx) = h(x) dx, where h is bounded
and integrable with respect to Lebesgue measure on R, Let M be the martingale measure which appears in the
martingale problem (1.1) for X.

(a) Let d/2 < a. Then there exists a process yx = {yx(T): T > 0} such that for every T >0, § >0
P(sup|yx,8(t) — )/X(t)| > 8) —0, aselO.
t<T

Moreover, for any A > 0,

T t T
=i [ [ [ G- yxaaoxiandds - [ [ xr(6 @ - )x@nds
0 0

0 R2d R4

T T ¢
+// XX(G)‘(x—-))Xs(dx)ds—l—////G)‘(x—y)M(ds, dy)X;(dx)dt, a.s. (1.5)

0 R4 0 R4 0 R4

(b) Letd/2+ (14 B)~") < a < d/2. Then there exists a process yx = {px(T): T > 0} such that for every T > 0,
§>0

P(sup|37x,g(t) —px (1) > 8) —0, aselO.
t<T

Moreover, for any A > 0,
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T t T
() = A / / / G (x — )X, (d) X; (dy) dr ds — / / X7(G*(x — )X, (dx) ds

0 0 R2d 0 R4
T ¢
+///f G)‘(x—y)M(ds,dy)X,(dx)dt, a.s. (1.6)
0 R4 0 R4

The processes yx and yx are called SILT and renormalized SILT of X, respectively, and (1.5) and (1.6) are called
Tanaka-like formula for SILT.

Remark 1. It is interesting to note that our bound on dimensions
d<(2+1+p e,

for renormalized SILT does not converge, as 8 1 1, to the bound d < 3« established by Rosen [15] for finite variance
superprocess (8 = 1). For example, simple algebra shows that for 5/3 < o < 2, there is a SILT for finite variance
superprocess in dimensions d < 5. However for any 8 € ((3a —5)/(5 — 2a), 1) we get the existence of SILT only
in dimensions d < 4 and this bound not improve to d < 5 if 8 4 1. So, our bound is more restrictive, and we believe
that it is related to the fact that (o, d, B)-superprocess (with 8 < 1) has jumps. Our conjecture is that for 8 < 1, the
renormalized SILT defined by (1.6) does not exist in dimensions greater than (2 + (1 + B) Ha.

The common ways to prove the existence of SILT for the finite variance superprocesses (see e.g. [2,15]) do not
work here. The reason for this is that such proofs strongly rely on the existence of high moments of X (at least of
order four), and (¢, d, B)-superprocess X has moments of order less than 1 + 8. To overcome this difficulty let us
consider the path properties of X more carefully. It is well known (see Theorem 6.1.3 of [4]) that, for 0 < 8 < 1, the
(o, d, B)-superprocess X is a.s. discontinuous and has jumps of the form AX; = réy, for some r > 0, x € R4, Here
&, denotes the Dirac measure concentrated at x. Let

Nx(dx, dr, ds) = Yo S (1.7)
{(x,r,s): AXs=rdy}
be a random point measure on R? x R, x R, with compensator measure N x given by
Nx(dx, dr, ds) = nr 2P dr X, (dx) ds, (1.8)

where

BB+

S TA-p)
Let K > 0 fix. From [7] and [4] we have that the (¢, d, B)-superprocess X has the following decomposition: Let
9 €D(Ay), 120

t

Xi(p) = /L(</>)+/X (Aa‘P)dS_Cﬁ(K)/X (<p)d5+/[/rtp(x)Nx(dx dr, ds)

0 R4

///r(p(x)NX(dx dr, ds), (1.9)

0 KRd

where N x =Nx — N x is a martingale measure and
n
BKF’

As we have mentioned already, one of the problems of working with the (¢, d, 8)-superprocess X is dealing with “big”
jumps. In fact, the “big” jumps produce the infinite variance of the process and they appear in the term corresponding

Cp(K) =
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to the integral with respect to Nx on (1.9). So, the first step in the establishing the existence of SILT for («, d, B)-
superprocess X is to “eliminate” those jumps. This is achieved via introducing the following auxiliary process.

Let us considerer the canonical space, £2° = D([0, c0), Mp@RY)), F° = B(£2°) and FP = U{Y,K: 0<r <t}
where YrK (w°) = w°(r). Forany p e M r(R?) there exists (see [4]) a measure Q. on (£2°, F°), such that for any
non-negative function ¢ € By, (R?)

Eu[exp(=YX (@) |Fo] =exp(-Y X (VE (9)), YOo<s<t, (1.10)
and
Eu[exp(=YX(@))] =exp(—1(VX (@), Vt>0 (1.11)

(notice that the expectation is taken here with respect to the measure Q). VK is the unique non-negative solution for
the non-linear equation

asz/arzma—cﬂ(m)vﬁ - oK f), (1.12)
Vy = ¢,
where
K
oK)= n/(e—“ — 14 ux)u=P2du. (1.13)
0

Note that when K = oo the resulting process Y °° and the regular («, d, B)-superprocess X have the same distribution.
Now, for any K > 0, define the stopping time

tx =inf{r > 0: |AX,| > K}. (1.14)

In Section 2 we will show that if we define the process which evolves as X up to time 7k and then continues to
evolve as Y X starting at X 7x —» then this process has the same law as Y X . This together with the fact that tx 1 0o as
K — oo (see Lemma 2) implies that it is enough to show existence of the SILT for the process Y X. This task will
be accomplished in Section 3, modulo some technical moment estimates that will be derived in Section 4. The main
steps leading to the proof of Theorem 1 will be described in the next section.

2. Proof of Theorem 1

The process Y X whose Laplace transform is given by (1.10), (1.11) has the following decomposition:

t t t K
K =)+ [ vE @ s - o) [ 1@ s+ [ [ [roeofpe@r anen. wizo. e
0 0 0 0Rd

where ﬁyk = Nykx — ﬁyk, and
Nyk (dx, dr, ds) = > 8Cers)s
{(x,r,5): AYK=rs,}
ﬁyk (dx, dr, ds) = nl(o,K](r)rfzfﬂ drYSK (dx)ds.

Note that Ny« is defined in a way analogous to (1.7), however it does not have jumps “greater” than K.

In the following lemma we are going to construct the probability space where Y X coincides with X up to the
stopping time 7.

Lemma 1. There exists a probability space on which a pair of processes (YX | X) is defined and possesses the following
properties:

(a) YK coincides in law with YX |
) YK =X, Vt <1x.
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Proof. Define
R=0R"xR°, F=F xF°, F= f/ x F7,
and let

X (w'), t <tg (W),
we(t — g (W), t=txW).
Define the measure P on (£2, F):

YW, w) = {

P(BxC)= / 1w PE®) ()P (dw'),
Q/
where

PTK(W/)(C) =Qx ({w° e 2°: YK(U)/, w°) € C})

g (@)=
Let ¢ € Dom(A,) and ¢ > 0. From the definition of YX we have
t
7K () =)+ [ 75 (bap)ds = C45) / VX () ds + / / [ roe s s, ar. as)
0 0 R
where Ny« is defined by (1.7) for t < g and

Ny (dx, dr, ds) = > Sters)s
{(x,r,s): AY.SK:HSX}

2.2)

(2.3)

for t > k. Let us check that féfOKfRd rtp(x)Z\NIY-K (dx, dr, ds) is an F;-martingale: For any 7 > u, B € F,, C € F_,

we obtain by using the definition (2.2) of P& ®")

t K u K
P(lBXC(///V(p(X)ﬁY'K(d)C, dr, ds)—///rgo(x)ﬁyx(dx, dr, ds)))

0 0Rd 0 0 Rd

fPrK(w)<1C(///rg0(x)NyK(dx dr, ds)—//frg)(x)Nyk(dx dr, d?)))P (dw”)

0 Rd 0 R4

(tAtg (w))Vu K

t K
:/P’K(w/)<1C<///r(p(x)ﬁyk(dx, dr, ds) — / //rw(x)ﬁyk(dx, dr, ds)))P/(dw/)
B 0 0 R4 0 0 R4

(tAtg (W))vu K u K

+fprk(w’)<lc< / //r(p(x)NYK(dx dr, ds) — ///r(p(x)NYK(dx dr, ds)

B 0 0 R4 0 R4
/PTK("”<QX,KW> [lc f //”ﬂ(x)NYK(dx dr, ds) mrK<w’>)VuDP/(dw/)
B (tAtg (w)vu 0 Rd

(tATtg (W)Vu K —

+/PTI((W/)<1C / //r(p(x)ﬁx(dx, dr, ds))P/(du)/)

B u 0 R4

t

K
= f PTK(w/) <1CQX'[K(W/)_< / // rw(X)ﬁi;K (e do
B

(trntg (w'))vu 0 R4

I &w(w’))vu))P (dw)

)
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(tAtg (w))vu K —
N / PO (C) / / / ro(r) Ny (dx, dr, ds)P'(dw')
B u 0 R4

(tAtg (w))Vu K —
/1C (@) 1{u<mP< / //”P(X)Nx(dx dr, ds)|F )P (dw),
B 0 R4

where in the last equality for the first term we have used the fact that for P’-a.s. o/, ﬁyk isa (Qx

Fi)-

g (w)="’
martingale measure on R? x Ry x [tg At,1]. As for the second term we have used the simple identity

PTK(w/)(C)l{u<tk} = 1C(X‘N" (w,))l{”<”{}

for any C € F;;. Now use the fact that Ny isa (P, JF)-martingale measure to get that

(tATg (w'))Vu K—
P’( / //rgo(x)ﬁ;ddx, dr, ds) .7-';) =

u 0 R4

and the proof that fot fOK Jra ro(x)N yx (dx, dr, ds) is a martingale is complete.
Then, due to the uniqueness of the decomposition ([7], Theorem 7) we conclude that Y X has the same distribution
as YK, O

Convention. Based on the above lemma, from now on we will assume that YX | X are defined on the same probability
space and YtK =X, Vt < tg.

Now we are going to show that time tg can be made greater than any constant 7" with probability arbitrary close
to 1 by taking K sufficiently large.

Lemma 2. For every T > 0 and € > 0, there exists K > 0 such that P(tx < T) < ¢.

Proof. Let ZX the number of jumps of height greater than X in [0, 7] x RY, thatis ZX = N([K, +00) x [0, TTx R%).
Then there exists (see [13], page 1430) a standard Poisson process AX such that

Ak
Zr =4 cpK1-F [ X, (RY)ds’

for some positive constant cg. Then from the Markov inequality we have,

Pt <T)=P(Z} >1)

_ K
=P (ACﬁK“S Jo Xs®d)ds 2 1)

T
_ K ‘B d -1
0

T

K cp d -1

+P<A{;ﬂ1< =8 [T X,(Rd)yds = > 1, K1+8 /XS(R )ds <K )
0

T

< P(/X‘Y(Rd) > CEIK’S> +P(AR_ >1)

0
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<CﬁKﬂEM|:O/TXS(Rd):| +(1-P(AK_ =0))

=cpT(R)K P + (1 —exp(—K1)).

The result follows, since the right-hand side goesto 0 as K — oco. O
Now the proof of Theorem 1 relies on the following proposition.

Proposition 1. Let K > 0 and YX be the truncated («, d, B)-superprocess with initial measure YOK (dx) = pu(dx) =
h(x)dx, where h is bounded and integrable with respect to Lebesgue measure dx on R,

(a) Ford/2 < o there exists a process y)f(K = {ny (T): T =0} such that
lim E| sup|yf () = 0] | =0, ¥T >0,
lim [831;|ny,8() Yyx ()] >
and for any A > 0,

T t
yyx (T) = (A — Cp(K)) ///G)‘(x WYX ) vXdy)deds — //Y (G*(x — ) YK (dx)

0 0R2d 0 Rd

f/ X (G*(x - )YK(dx)ds+[//fGA(x yMEds, dy)yKdx)de, as.

0 R4 0 Rd 0 Rd

(b) Ford/Q2+ (14 B)~") < a < d/2 there exists a process 37;(,( = {?;(K (T): T >0} such that
lim E pK () —pK®||=0, VI >0,
lim [ISEIT)WYK’S() Py )\] >

and for any X > 0,

T t T
ok (T) = (A — Cp(K)) ///G*(x—y)YXK(dx)Y,"(dy)dzds—// Y (G*(x — ) YK (dx) ds
0 0 R2Ad 0 Rd
T t
+////Gk(x—y)MK(ds,dy)YtK(dx)dt, a.s.
0 RI 0 RA

Proof is postponed.
The above proposition immediately yields:

Proof of Theorem 1. Fix arbitrary ¢, > 0 and let d /2 < «. Since X; = YX for any t < t¢, we immediately get that

yx () =yyx (), Vt<rtg,

and yx (¢) satisfies Tanaka formula (1.5) for ¢ < tx. Moreover, since by Lemma 2, tx 1 00, as K — oo, there is no
problem to define yx (¢) satisfying (1.5) for any ¢ > 0.

Now let us check the convergence part of the theorem. For any 7 > 0, by Lemma 2, we can fix K > 0 such that
P(tg <T)<4.Then
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€1

tim P (sup|yx.e, (1) = 7x()] > ¢) < lim P(sup|yx.e, (1) = yx(0)] > &, 7% > T) + P(rk < T)
t<T eld0 Ny
< lim P(sup|yy1< g () — yyk(t)| > e, T > T) +46
0 N '
=3,
and since §, ¢ > 0 were arbitrary the proof of convergence is complete.
The proof of part (b) of the theorem goes along the same lines. 0O
3. Existence of SILT for YX — proof of Proposition 1
Fix arbitrary K > 0. First, we derive very useful moment estimates for ¥ K Let {S[K : t > 0} denote the solution of
the partial differential equation

vk
ot

= (Aq — Cp(K))vf.
That is, {StK: t > 0} is the semigroup defined as
sK —e=Cs®rg, (3.1)

Notice that StK ¢ < Sy, for all non-negative bounded measurable functions ¢.
Following Theorem 3.1 of [9] we have that for ¢, ¢ € B), (RY),

t
E{exp(—Y,"(go) - Yf‘mp)ds)
0

where 1 € Mp(R?) and V,K (¢, ¥) denotes the unique non-negative solution to the following evolution equation

Yy = u} =exp(—n(V," (0. ). (3:2)

t t

vk = S,K(p—i—/SsK(ilf)ds —/S,Iis(q)K(vf))ds, t>0, (3.3)
0 0
where
oK =3 (3.4)
m=2 m! '
and
nKm—l—ﬂ
x(m) = m 3.5)

Now we are going to calculate the first two moments of Y X

Lemma 3. Let ¢ be a non-negative function on By (R?) and t > 0. Then

Eu[rS )] = u(sEo). 36)

0 @) 1= s+ [ S5 5o

Proof. From (3.2) we have

E, [e—AY,’( (w)] — o~ HE O (3.7)
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where
t
vE) =asKg - / SK(@% (vE0)))ds. (3.8)
0
Using the elementary inequality e ™ — 1 4+ x < x2/2, x > 0, and (1.13) we have

X2 2

oK (x) <
(x) >

x=0.

Let || - |lco be the supremum norm, then 0 < vtK ) < )»S,Kgo < Ml¢lloo and the previous inequality implies

t

2
/ SK(@% (vFm)))ds < % x A2,
0

Further from (3.8) we get

t
K _ K
Aie—v @ 1 / S (@5 (v () ds

lim
240 A A0 A
0
Dl t
< lim % x A=0,
140 2
and we write this like
B =15Kp —o). (3.9)
This implies
1—E [e_)‘ytKW))]
E. YK ()] =lim r
M[ t (‘/’)] )LILO 5
1 — e~ (5K @)+o()
=lim
20 A
| — e uSKo+o0) 5 (9K ) — o
= lim —— lim O TOR) oK),
MO0 A (S ¢) —o(r) 210 A

Now, to calculate the second moment we follow the ideas used in the proof of Proposition 11 of Chapter II from [10]:

2
EJ(Yf )] = lim 5 E. [ 5@ 1 1 arK ()]

—lim = (e ) 1 4 au(sKg))

A0 A2
- lxlﬂ)l )L_Zz(e—AMS,’(w)w( Jo SE @K Gonds) _q 4y 1(sK9))
2 (&1 t !
=lim (Z —~ (M(/ sK (@% (vE ) ds) - m(s,’fgo)) -1+ )»M(S,Kgo)).
n=0 " 0

Using the series expansion (3.4) for ®X and (3.9) we obtain

t t

/StK_S(fbK(vSK(A)))ds=/StK_S((DK(/\SSK¢—o(/\)))ds

0 0
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=/S,’<_S<X2('2) 2(sKg)? +o(/\2)> ds
0

= X9, /StKY((SK 1) ds +0(22).
0
Then

El(rF @) =tim % (”2) M( / 5 ds) o(2)

+ (XT M(/SK %) ds ) —ku(SlKga)—i-o(kz))z)

t

o | S,"_s((SsKw)z)ds> (55
0
and we are done. O

Remark 2. Using binary directed graphs, Dynkin in [6] gives a formula for the moments of superprocesses, where the
Laplace functional (3.2) has an evolution equation (3.3) with only one term m = 2 in (3.4). For the Yk Superprocess
it is also possible, but here the main difference is that the directed graphs are not necessarily binary.

Corollary 1. Let ¢, Y be non-negative functions on By(R%) and t > s > 0. Then

N

Eul1 @] = w(5En(5H )+ x( [ 555 st )0 )

0

Proof. First, use the Markov property for Y X to get
E Y @l F] =Y (SE0).
Therefore
E Y @rF @] =E.[YX(sE o) @]
= Z((Eu[Y (55 0) + YK ]) = (B[ (5K 50) - Y @])?),

and we are done by Lemma 3. O

4>|~rq

Corollary 2. Let ¢ be non-negative functions on By (R? x R?) and t > s > 0. Then
EM|: / w(x,wY,K(dxm"(dy)]
R4 xRd

= / p(dx)pu(dxz) pr(z1 — x1) ps(z2 — x2)9(21, 22) dz1 dz2
R4d
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S
+ x(2)/ / w(dx) pr(y —x)dy pr—r (21 — ¥) Ps—r(z2 — ¥)@(21, 22) dz1 dza dr.
0 R4d

Proof. Use Corollary 1 and approximation of the v (x, y) by functions in the form ), ¢; (x)¢; (y) to derive the result.
We leave the details to the reader. O

Next proposition gives bounds on some fractional moments of ¥X and requires much more work than we have
done in Lemma 3. Hence its proof will be postponed till Section 4.

Proposition 2. Let 1 + B <p<2and0<e < 1. If

1
d<oc(2+—>,
p

then there exists a constant ¢ = c(K, p,d, a, B) such that
t

p
E,{/Y,K(pe(-—x))(/xf(c;*(-.—x))ds> dx:| <c(K, p,d,a,p).

R4 0
Moreover
! p
E[[(/ YSK(G}‘(-~—x))ds> Y,K(dx):| < 0. (3.10)
R 0

Remark 3. When K goes to infinity, then x(2) goes to infinity, hence ¢(K, p,d, o, ) goes to infinity and this is
because x(2) is part of ¢(K, p,d, «, B). The moment in (3.10) is infinity when K = 400, because the («, d, B)-
superprocess has moments of order less than 1 + 8 and p > 1 + B.

Proof is postponed.

Now we can write the Tanaka-like formula for the approximating SILT of the truncated superprocess ¥ X . From
Fubini theorem, (1.4), (1.2) and (1.1) (the martingale problem for the truncated superprocess Y&, [7]) we have

T t
Yok o(T) = / / / pe(x = YK (dx)yS dy)dsdr

0 0 R
T t
= reM® / / / G (x — y) YK (dx)Y X (dy)drds
0 0R2A
T T
—e“f/// AeG*(x — y) YK (dy) drY X (dx) ds
0 Rd s Rd

T ¢t
=(A—C,3(K))e)‘€// / G (x — )Y X (dx)Y X (dy)ds dr

0 0 R

T T
- [ [ anasve [ [rfeew-)rfana

0 R4 0 R4

T T
+ e ///G“(x—y)MK(dz,dy)YsK(dx)ds, (3.11)

0 Rd s Rd



L. Mytnik, J. Villa / Ann. I. H. Poincaré — PR 43 (2007) 481-507 493

and

T
ok o(T) =vyx (T) —eM//YSK(G’\'g(x — ) YK (dx)ds

0 R4
T t
= (,\—c,g(K))e“/// G**(x — )Y X (o) vX (dy) ds dt—e’\S//Y{-((G’\’E(x—~))YSK(dx)ds
0 0 R2d 0 R4
T T
+e“///[6“(x—y)MK(dt,dy)YsK(dx)ds. (3.12)
0 Rd s Rd

Note that stochastic integrals in (3.11) and (3.12) are well defined due to the moment bound given by Proposition 2.

Proof of Proposition 1. We are going to prove Proposition 1 via letting ¢ — 0 in (3.11), and checking convergence
of all the terms. By Corollary 2 and simple estimates we get

T
E|:/f YX(GM (x — .))YSK(dx)ds:|
0

< / / w(dx1) e (dx2) ps(z1 — x1) ps(z2 — x2)G* (21 — z2) dz1 dzo ds
0 R4d

+x(2)/// 1(dx) p, (v — x)dy ps—r (21 — ¥) ps—r (z2 — )G (21 — 22) dz1 dz2 dr ds

0 0 R4d
T 00

<f/ M(dxl)lt(dxz)/e_wpu(a —22)ps(z1 — x1) ps(z2 — x2) dz1 dzo du ds
0 R4d

+ X2 / / / () py (v — x) dy / M (21 — 22) P (21 — ¥) 421 ps—r (22 — v) dza due dr ds

0 0 R4d

T oo
éf/e_)\"/ﬁwzs(xl —x2)p(dx1)u(dxz) du ds
00

T s 00
+X(2)//fu(dX)pr(y _x)dy/e_)\upquZszr(O)dudr ds
00 0

T s o0

<||h||oou(1)T,\*1+u(1)x(2)//[e*“(u+2s—2r)*d/“dudrds, vT >0, (3.13)
000

where the last integral is convergent if d < 2«. Using (3.13), the bound G* > G*** and the monotone convergence
theorem to get

hm E |:sup

t<T

// rX(G*(x — ) = G**(x — ) v (dx)ds




494 L. Mytnik, J. Villa / Ann. 1. H. Poincaré — PR 43 (2007) 481-507

T
< hfSE[// YA (G (x — ) — G**(x — )Y (dx) ds:|
0

=0, VT>0. (3.14)

In a similar way we can prove that

- T t
lim E | sup // / (G*(x —y) — G (x — )Y (@)Y (dy)dsdr } =0, (3.15)
el0 | 7<L ’
L 0 0 R2d
and
- T
limE| sup //Yf(G’\(x —) =G (x — )Y (dx)ds } =0, (3.16)
el | r<L

0 Rd
forall L >0 and d < 3a.
Now let us deal with the stochastic integral

T
// Fe(t, x)MX (dt, dx),
0

where

t
Fé(t,x) = // G (x — )Y X (dy) ds.
0 R4
This integral is well defined if (see [11])

172
E[( 3 Fs(t,AYtK)2> :|<+oo, (3.17)

1eJN[0,T]
where J denotes the set of all jump times of X. Let

1
d<oal2+——), 3.18
( 1+ﬂ) G198
hence we can choose p € (1 + 8, 2) such that
1
d<a(2+—>. (3.19)
p

Since p € (1 + B, 2) we can use the Jensen inequality to get

p/2 )
(Zai) < Zaf/ )

iel iel

if a; > O for all i € I. This yields

172
E[( Y P AY,K)Q) ]<<E|: Y P AY,K)”D
1€JN[0,T] 1€JN[0,T]

T K 1/p
= <E[n/// u_ﬁ_Z(Fg(t,uéx))pqutK(dx)dt:D
0 0
T t p 1/p
=c</E|:/<// G’\’E(x—y)YSK(dy)ds) Y,K(dx):| dt) .
0 0

1/p
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Since p satisfies (3.19), the condition (3.17) follows from Proposition 2.
Let F = F. By Burkholder—Davis—Gundy inequality (see [11]) and the previous argument we get

sup
1<T

// F(s,x) — F¥(s,x)) M¥ ds, dx)H

|:sup // |F(s,x) — F(s,x)|) M (ds, dx)j|
t<T

<cE[< ) ((F—FS)(t,AY,K))z)lﬂ}

teJN[0,T]
P 1/p
</ [/<//| —Gh)( _y)|YsK(dY)dS) Y,K(dX)} dt)
—-0, asel0, VT >0, (3.20)

where the last convergence follows by Proposition 2 and the monotone convergence theorem. Now combine (3.14)—
(3.16), (3.18) and (3.20) to get that all the terms in (3.11) converge and the proof of part (a) is complete. By (3.15),
(3.16), (3.18) and (3.20) we get that all the terms in (3.12) converge and hence the part (b) of the proposition fol-
lows. O

4. Proof of Proposition 2: estimation of fractional moments

In what follows we will use the following well known equalities. For p € (1, 2)

o0
=, / (1—e*)A~P dx (@.1)
0
and
o0
¥ =pn, f(e‘xZ —1+az)a" P ldx 4.2)
0
where
p—1
"PETe—py

Proposition 3. Let 1 <1+ B < p < p’ < 2. Then there exists a constant ¢ = c(K, B8, p, p") such that for any non-
negative functions ¢, ¥ € B(R%),

! p
E[Yf(qo)( [ v (t/r)ds> vE =u}

0

<C{M(SIK¢)+M(SIK<0)(M</Iwads»p+M(S,K<ﬂ)u«(/Sf(s(</ssfl/fdr>p/) dS)

0

e o)l o e o) o)

0 0 0 0 0
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t K r K p—1
+M(/S,’is(/sf_,(5,’<<p/wadu>dr(fs,’<wdr> )ds)
0 0 0 0
1 s P
+M( S,K_S(Sfcp< Sr’ﬂ/fdr> )ds)
[0]
[t (o o ( f )
+u( sk (ngo Sf_,(( Sflﬁdu) )m) ds)}, Vi > 0. (4.3)
0 0 0

Proof. Fix an arbitrary ¢ > 0. By (4.2) we obtain
t

14
Ept [Y[K(w)(/YqK(W)ds> ]anpfk—p—l (E[YtK(¢)e—AféYsK(W)ds]
0

0
t
- E[YX(p)] +AE|:Y,K(¢) / YSK(w)dsD da. (4.4)
0

Now we will bound the moments on the right-hand side of the above expression. First of all, by Corollary 1, we have

t t t s
E, [Y,K«p)/xf(w)ds] ZM(SIKQD),LL(/SSKI// ds) +X(Z)u(//SrK(StK_r(pSSK_rW)drds) (4.5)
0 0 00

Moreover, from Fubini theorem we get the following useful equality
ts t r
// SK(SK,.oSK ) drds = / sk, <SrK<p/ SKy ds> dr. (4.6)
00 0 0

Now let us estimate the remaining moment. Use the Laplace transform (3.2) and the dominated convergence theorem
to obtain

EM[YtK @) e—xf(; Yf(lp)ds] __ “1‘8 lEu [e—xfg YE@W)ds—evX(p) _ e—xjg yf(x/f)ds]
€ &

— lim L (e HVE o) o VE Q).
el0 &

From (3.2), we can easily derive that

V@, 9) =2 VN ©0,9) 20, V¥s=>0, (4.7)
and hence by the dominated convergence theorem, we get

VE (@, mp) — VE©O, 1), ase 0.

Using the same argument we get

, VE(ep, ap) — VE©, 1
E[Y,K(so)eﬂféysw)ds]:eww/%o,wnu(gfg i (eg I/f)s i ( ¢)>‘

Following the argument in Section 6.3 of [5] we can show that UtK (¢, AY) defined by

VK (ep, ) = VK0, 29)
&

UK (o, hy) = lim
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satisfies the following equation,
13
UK. 1) =5Ko - / SE (UK @ 1) (@5) (V5 (0,29))) ds, (4.8)
0

with @' (x) = d® (x)/dx.
Use (3.6), (4.4)—(4.6) and (4.8) to get

! p
E[Y,K (<p)< / Ysk(w)dS> }
0
o0 t

=pip / (e‘“vf”‘)’“”))u(U,K (9. 29)) + hue(SF w)u( / s¢ wds>

0 0
t N

~u(sK9) HX(ZM(/S,K_S (Sfcofs,’w/ dr) ds))k‘p_ldx

0 0
o0 t

_ L ¢k
=pnpu(/<5f(¢e Mo S5 ds) —Sf(<p+k5t’(w(fsfwds>

0 0

S

t
+ 5K pen O _ 5K gty STV 4y (2) / Sits <Sf v f Ky dr) v
0

t

et [ S,KS(USK(%M/f)(@K)/(VsK(O,M//)))d5>/\_”_ldA)

0

! P
=M(Sf¢)<u</55wds)> +h+h+1;
0

where

oo
I = pnpu (qu,/(eu(v,ﬂo,w» e Mo S5 )Pl d,\)’
0

o0 t Ky
Izzpnpu</<kx(2) sk, (SSKQD/S,Kwdr> ds
0 0 0

t

- / SE (U @ ) (@) (VE©, 1)) ds)rf’-1 dx>,

0
e} t
I3 =pnpu</(1 —eww,x(o,w»)/SIK_S(USK(go,w)(d>’<)’(vs’<(o,,\I/f)))dsrp*‘ dx).
0 0

By the elementary inequality 1 —e™ < x, for x > 0, and (3.5) we have
1-p

Ky K
(2 )(X)énl_ﬁ

x=x2)x. 4.9)
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Using (3.3) and (4.7) it is easy to derive that UK(gp, M) >0 and
U@, 29) < St (4.10)

t
vE©O, ) gx/s‘{ﬂp ds. 4.11)
0
The above inequalities and (4.8) yield the following bound on I3:

oot
< cu(// SK (SKQVE©, 1)) ds(1 — e+ O20) =P dk)
00

t

o0
<cu< f Sfi;(SsK / SKwdr> ds) f (1 — o SV D) =P gy
0

0 0

t
<c(,u</SsKt/fds)> < (ngo s’%m) ds), (4.12)
0

where the last inequality follows by (4.1).
Let us take care of I,. By (4.8) we get

o] t s 1

]sznpu(/<XX(2)/S;(S (ngofsfwdr) ds—/Sl’iS(Sffp(éK)/(VsK(O,M/f)))ds
0 0

0
t

o s,éAY((@K)/(vAvK(om)

0
=Ji1+ /), 4.13)

oY o
L2

(U @0 (@F) (V0. 49))) d’) ds>w—l dk>

where

o0 s t

Ji zpnpu< / (xx@) f SE, ( ; / S,Kwdr) ds — f SE (8K (@%) (v, w>))ds>rp—1dx>,
0

0

N

= pnpu<// < ) (VK , w))/ K (UK @, rp) (%) (VX O, M//)))dr) dsrf’—ldx)

0
Let us estimate J;. First, by (1.13), (4.1) and (4.2) we obtain

[e¢]

oo K
/(@K)’(VSK 0,29))2""dr =1 //(1 — e WV O =BT gy 3P
0

0

K oo
<n//(1 —e Mo Sy =Py =Pl dw
00
K s p—1
n;1/<w/Serdr> w P dw
0 0

=c</ssr’<¢dr)p_l.

0
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Use this and (4.9)—(4.11) to get

cu(f/ ( ) (VF©, %)) J
C/,L(O/StKY</ ( SKlpdu
(oo

0

\

SS (SKevE (0, M//))dl’) dsr=P~ 1d,\)

dr ) (VE©, 2y))a~ de) ds)

) 0
-1

)dr( S wdl> )ds). (4.14)

Now let us estimate Jj:

o0 t N
J =pnpu< / (mz) / Sizs (wa / S!‘wdr>
0 0 0
1 K
- f sk (SXK(pn‘/(l - e_“’VSK(0’)“‘”))14)_’3_1 dw) ds)k_p_l dk)

00 s K
:pnl,u</ K Y(SK </ [xx(z)/S{‘1/;dr+n/(e—wv_g<<o,w> _ 1)w—f‘—1dw]rp—1dx>)ds).
0 0 0

Using the identity

K

x(2)=n/w*ﬁdw,

0

oo K K
pnp/L(/S[I{S( s wn//(awVvK(OW) —1+/\w[Sflpdr)w—ﬂ—ldwrl’—ld,\> ds)
0 0
K

o) s

0 0
—P’?npﬂ(fStK(SK |://<€_kwf(;s”/’dr—1+Aw/Sf<1pdr>A_p_ldkw_ﬁ_ldw
0

0

K oo
+ // —wVSK(O,Ml/) _e My Ser//dr))L—p—l drw P! dw:|> ds)
00
K s p
(/Sfi(SK r)/(w/SKI//dr> —h- 1dw>>
0 0
K oo
+pnnpu</st’<_s (ngo//(ewvs”‘“‘” — et o SEUdry; -] dxwﬂldw> ds)
0 00

t

t s P
:cu(/StK_S (S{‘go(/sfwdr) >>ds+pnnpu</StK_S(SthpQ(s))ds>, (4.15)
0

0 0

we obtain
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where
K oo
0= | (6080 55500 1
00

s

wVE©, 1) — Awa,KI// dr
0

AP M daw P dw

S

:c( +/) VYK(O,AIP)—fS,{{(AIﬂ)dr AP da
0 K 0
= (01 + 02)(s)
By (3.3)
K s
Ql(s)=cffsf_rqs’((v/((o,w))drrp*ldA.
00

Dueto 1l <1+ 8 < p < p’ <2 we have, from the elementary inequality 0 <e ™ — 1 —x < exP', for x >0, that

KP-B-1
oK (x) <en——x?
p—p-1

/

Using this we obtain

K s
Q1(s) <c//SSK_,((V,K(0, 2))” ) dra P da
00

K s r p
<cf/s§_,<</sf(m)du> )drk‘p_ldk

00 0

N

r )4
=C/SSK_,(</S,fwdu> )dr.
0 0
Apply triangle inequality and (4.11) to bound Q5:
o

0>(s) =0/

K

N

VK. 1y) - / SK ) dr

0

AP~ ld

oo s
gchfsr’f(w)drrp—ldx
K 0

N

=C/Serdr.
0

Finally, let us estimate /1. Proceeding as before we have

K 00
I :pan<StK¢</+/)(e—M(V,K(O,W)) _ ety S!‘st))k—p—ld,\)
0 K

(4.16)

4.17)
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K o]
<pnpu«<S,K<p/ Apld/\) +pnpu<5f¢/2)\’”dk>
0 K

t

K
écu(Sfcp)/u(/Stlis(VsK(O,M//))p/ ds)k_p_ldk+cu(StI(<p)
0 0

t

(VO 29)) — u(/ sKy dS)

0

t S

»
:cu(s,%)u(/s,’is(fsfwdr> ds) +cn(sKe). (4.18)

0 0
Combining (4.12)—(4.18) and (3.6) we obtain (4.3). O

Now, the proof of Proposition 2 is based on the bounds that we will get on all the terms on the right-hand side
of (4.3).

Lemma 4. Let (1(dx) = h(x) dx, where h is bounded and integrable. Then
sup 11(SsG* (- - —x)) < car9(h, 1) < o0. (4.19)

xeRd

Proof. Using the explicit expression for ;. we have,
1(8;GH(--—x)) = / f ps(y = 2)G*(z = x) dz u(dy)

<//px<y—z)GRz—x)dznhuoody
= hlloo]|GH ], = Ihllooh™",

recall that || - || is the supremum norm. O

In the next two lemmas we are going to use the following basic inequalities: For d > « and § € (0, 1), we have
([12], Lemma 4)

pe(x) et Nx|em9% 1 >0, x e RA\{0}, (4.20)
and the Riesz convolution formula

/ Ix — 2|z — y|P~¥dz = c|x — y|*tP9, 4.21)

Rd

whenevera,b > 0,a+b <dandx,y € R4,
Also define the indicator function:

K(x)= 1(|x| < 1).
Lemma 5. Let o« < d. Then, for any § € (0, 1) and a € [0, d), we have

/ps(y —Dlz—x"dz <er + s (Jy —x[* T T% (y —x) + 1), ¥y, x eRY, (4.22)
]Rd

where c1 > 1, ¢p > 0 are constants.

Proof. First let us prove (4.22) for the case o« — da < a. Use (4.20) and (4.21) to get
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/Ps(y—z)lz—XI_“dZ=/ps(y—x—z)IZI_“dZ
Rd ]Rd
=( / + / )ps(y—x—z)lzl_“dz
HESENHIS'
<1+ S(S_l|y—X—Z|a_d_5a|Z|_adZ
|z|<1
<1 +Cs871|y _x|a7a78ot
= 1+es Iy = > (ly = x| < 1) + Iy = x "7 (ly = x] > 1))
<1+ces! (|y — x| (y —x) + 1).

Now, suppose o — o > a. Using a simple coupling argument, as in Lemma 5.1 of [14], we have

/ps(y —x—2)z|dz < /ps(z)lzlf“ dz.
Rd R4
By the scaling relationship

pi) =17 p (7)), >0, xeRY, (4.23)
we get
f ps(D)z] ™ dz =7 f pi(s~Vez)|sTHoz s e
Rd Rd
=f”/a/m(z)|z|*” dz.
R4
Therefore,
/ps(y — )|z —x|"*dz <es™(1(1s| < 1) + 1(Is| > 1))
Rd
<es® 4o,

and we are done. O

Lemma 6. For any § € (0, 1) there exists c(t) such that for any T > 0, sup, . ¢(t) < 00 and
t

/ SsGH(-—x)(p)ds <@ (ly — x4 (y —x) +1), V¥y,xeR% (4.24)
0

Proof. Let o < d. Since G*(x) < ¢|x|*™¢, take a = d — «, apply Lemma 5 and make additional integration with
respect to time. If « > d, then by the unimodality of py,

t

1 oo
f SsG* (- —x)(y)ds = f / e prys(x — y)drds
0 0

0
{ oo
<c//ef)‘r(r+s)7d/°‘drds
0 0

<), Ve 20,

and we are done. O
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Lemma 7. Let 1 <q <2, andd < a(2+ 1/q). Then there exists c(t) such that for any T > 0, sup, _r c(t) < 0o and
forany y,x e R?,

t N

q
/ Sy_s ((/ S, G*(- — x) dr) )(y)ds c(t), (4.25)
0 0
! 5 q
/SH(9 ((/ S, G*(- —x) dr) )(y) ds <c(t), Veel0,1]. (4.26)
0 0
Proof. Since d <a(2+ 1/q) itis easy to check that we can fix § € (0, 1) sufficiently small such that,
qQRa—d—da)+o—da>0. 4.27)
By Lemma 6,
s q
( f §G*(- — x) dr) (< sgpc(s>(|y — x |10 A0 (y — ) 4 1). (4.28)
0 St

Now take a = —q (2o — d — da). If a < O then the result follows trivially, due to the fact that then the right-hand side
of (4.28) is uniformly bounded for any y, x € RY.

If a > 0, we apply again Lemma 5 to conclude that the result follows if ¢ 2o —d — dar) + @ — da > 0. But this is
exactly the condition (4.27) which is satisfied due to the choice of §. O

Proof of Proposition 2. From (3.1) we see that StK <S¢, hence Proposition 3 implies

t

E{/Y,K(ps(-—x))(/YSK(G*(-.—x))ds)pdx}

R4 0
! 14
<c{[u(5tpg(-—x))dx+/u(Stps(-—X))(M(/SSG’\(-—)C)ds» dx
R4 Rd 0
t K] p’

+/M(S[p5(o—x))y,(/5,S(/S,G)‘(~—x)dr) ds)dx

R4 0 0

t )

+fu</5,_s (Sspg(- —x)[S,G’\(n—x)dr) ds) dx

R 0

p—1

+ M(/S, S(Sspg( —x)/S G* G- —x)dr)ds)( < SG (-- —x)ds)) dx

R4 0

p—1

+ M( S, Y(fsg r(Srpg( —x)/SuG* —x)du)dr( S,GA —x)dr) )ds)dx

R4 0

S p

+ u( S s(Sspg( —x)( SG)‘(--—x)dr> )ds)dx

d

8

+ u(/s, Y(S;pg x)/Ss (/S G*(- —x)du> )ds)dx}:chi(s).

R4 0 i=1
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We will check the boundedness of all the terms /;(¢),i =1, ..., 8. First note, that for d < « all the terms I;(¢),i =
1,..., 8, can be bounded very easily, and we leave it to check to the reader. We will consider the case « < d. The first
two terms, I1(¢g) and I(¢) are easy to handle. By the Fubini theorem and Lemma 4 we get

11(&) + I(e) < (1) (1 + (ca190)7).
By Lemma 7 we easily get

I3(e) + Ig(e) < u(e(@).
For I7(¢) we get the following

s

! P
I(e) = / f Pi—s(Y = 2) Ps+e(z — X) (/ S, G*(z — x) dr) ds dx dz n(dy)

0 R4 xR4 xR4 0
t s 14
= f / Pi—s(y —2)dz sm( / &G*(-)dr) (0)dsp(dy)
0 RIxR4 0
t s p
= u(l) / Sm( / &G“(-)dr) (0) ds
0 0
< pu(De(@), (4.29)

where the last inequality follows by Lemma 7. It is also easy to check that

t s p
14(8)g/M</S,_S<SSp8(~—x)((/S G)‘ —x)dr) —|—1>>ds> dx

R4 0 0
< Ir(e) + u(Dt, (4.30)

and
Is(e) < C419 I4(e).

The last term we have to handle is I5(¢g):

Iﬁ(s)</< [+

R3d “x:|y;—x|<L  x:y;—x[>1

t S r
) (fpt_s(y - yl)/ps_r(yl —2)Prie(z —x)fSuG*(z — x)dudr
0 0 0

p—1
X </Ser(y1 —x)dr) ds) dy; dzdxpu(dy)

0
=1I6,1(e) + Is2(8).

Our condition on d implies that we can choose § € (0, 1/3) sufficiently small such that
Qoa—d)(p+1) —da(p+2)>—d. (4.31)
By (4.20), Lemmas 5 and 6 we get

Ie1 () < c(t) / / ( / Pi—s(y — 1) / Ps—r(1 —2)(r +)°7!
0

R3 x: |y —x|<1

x (lz — x|z — xl"‘_d_‘s"‘) dr(ly1 — x|Ga—d=d)(p=1) 4 1) ds) dy; dzdxp(dy)
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—c(t)f f (fpt_x(y—ynf(ws)a—l
0

R2d x: |y —x|<1

X f Ps—r (1 = 2)(Jz = 2727 (2 — x0) + |z — x| ) dzar
R4

x (ly1 — x|Gemd=b(p=1) 4 1) ds) dy; dxp(dy)

c(t)/ f /p, SO — yl)/(r+e)‘“

R2d x: |y;—x|<1 0
L O (T R A I e VI
x (Jy) — x|2*=4=00P=D 4 1) ds dy; dxp(dy)

—C(f)//Pr s — yl)[f(rJre)‘s Ldr

R2d 0O

s
x / (1+ Iy —X|(2a_d_8a)(p_l))dx+/(V+8)5_1(s—r)8_ldr

x: [yr—x|<1
X / (1 + |y — x|(Zd—d—5a)(P—l)+4a—2d—3a6
x: [y —x|<1
+ |y — x|(2a—d—8a)(p—1)+2a—d—2aa ¥y — x|(2a—d—8a)(p—1)

|y — x o238 ) ) 2emd —200) dx} dyi(dy)

S c®u ),
where the last inequality follows by (4.31). As for the /¢ 2(¢), by Lemma 6 we get

t

p—1 !
I 2(e) < sup </SrG”(y1 —x)dr) //pz_s(y—yl)
o n=xl=1\

R3d 0
S r oo
X///ps_r(yl—z)pr+s+u+v(0)e_“dvdudrdsdyl dz u(dy)
000
r s r o

Sc(t),u(l)///f(r+8+u+v)_d/°‘e_)‘”dvdudrds
0000

and the last integral is bounded if d < 3a. By combining all the above estimates we are done with the first part of the
proposition.
Now we are going to prove the second part of the proposition. Take

! p
go(y)z(//G*’g(y—xm’%dx)ds) -
0
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For each n € N define the truncations functions, ¢, = ¢ A n. Then 0 < ¢, 1 ¢, as n — 0. Since ¢, is bounded and
p1(2) sztK (dy) is a finite measure, we have by the dominated convergence theorem and the scaling relationship
(4.23) the following estimation

/ 00 ()Y @) = lim / / 0n (812 + x) p1.(2) dz YK (dx)
< lirari%)nf/./<p(31/“z +x)p1(Z) dz YtK(dx)

= limint / / ps(x — WYX (d0)p(y) dy.

Letting n — o0, by the monotone convergence theorem, we have

t

p ! p
/ /‘YSK(GA*S(..—x))ds YtK(dx)glirariiOnf/ /YSK(G*’S(.._x))ds YX (ps(- — x)) dx.
0 0
From the Fatou lemma we get
t p . ! 14
E/ /KYI((GA’S(..—x))ds YK (dx) gli%nfE/ /x{‘(Gk’f(.._x))ds YX (ps(- —x))dx |.
0 - 0

Since G** < G* we have by the already proven part of Proposition 2,
t p - t p
E / / YX(GHE(-—x))ds | vX@x) | < liminf £ / / YX(GH(--—x))ds | YX(ps-—x))dx
0 - 0
ScK, p.d,a, p).

Using once again the monotone convergence theorem, as ¢ — 0, we arrive at
t P
E| [( [ ¥¥Gic-—o)as) ¥E@n | <k pdap,
0

and we are done. O
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