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Abstract

We consider a superprocess with coalescing Brownian spatial motion. We first point out a dual relationship between two sys-
tems of coalescing Brownian motions. In consequence we can express the Laplace functionals for the superprocess in terms of
coalescing Brownian motions, which allows us to obtain some explicit results. We also point out several connections between such
a superprocess and the Arratia flow. A more general model is discussed at the end of this paper.
© 2007 Elsevier Masson SAS. All rights reserved.

Résumé

Nous considérons un super-processus avec mouvement Brownien spatial coalescent. Nous soulignons d’abord une relation de
dualité entre deux systemes de mouvements Browniens coalescents. Il en résulte une expression des fonctionnelles de Laplace pour
ces super-processus en termes de mouvements Browniens coalescents, ce qui nous permet d’obtenir certains résultats explicites.
Nous soulignons aussi plusieurs relations entre un tel super-processus et le flot d’Arratia. Un modele plus général est discuté en
conclusion d’article.
© 2007 Elsevier Masson SAS. All rights reserved.
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1. Introduction

In this paper we mainly consider the following branching—coalescing particle system which can be described
intuitively as follows. A collection of particles with masses execute coalescing Brownian motions. Meanwhile the
masses for these particles evolve according to independent Feller’s branching diffusions. Upon coalescing the two
particles involved merge together to one particle where the mass of the new particle is the sum of the masses of the
coalesced particles.

The above-mentioned particle system can be described using a measure-valued process Z. More precisely, the
support of Z; represents the locations of the particles at time ¢, and the measure Z; assigned to each point in its support
stands for the mass of the corresponding particle. This process Z, which we call the superprocess with coalescing
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Brownian spatial motion (SCSM), was first introduced in [5]. It arises as a scaling limit of another measure-valued
process, which was referred to in [4] as the superprocess with dependent spatial motion (SDSM). SDSM arises as a
high density limit of a critical branching particle system in which the motion of each particle is subjected to both an
independent Brownian motion and a common white noise applied to all the particles. More precisely, the movement
of the ith particle is governed by equation

dxi (1) = o (x: (1)) dBi (1) + f h(y — (D) W (dy, do),
R

where (B;) is a collection of independent Brownian motions which is independent of the white noise W; see [4].
A similar model was also studied in [14].

It was shown in Theorem 4.2 of [5] that, after appropriate time-space scaling, SDSM converges weakly to SCSM.
A functional dual for SCSM was given in Theorem 3.4 of [5]. In addition, using coalescing Brownian motions and
excursions for Feller’s branching diffusion, a construction of SCSM was found in [5], an idea that initially came
from [3]. In this paper we always denote such a SCSM as Z.

One of the most interesting problems in the study of a measure-valued process is to recover a certain duality relation
concerning the measure-valued process. Such a dual relationship often leads to the uniqueness of the measure-valued
process; see [12] for some classical examples on super Brownian motion and related processes. It is not hard to
show the existence of Z as a high density limit of the branching—coalescing particle systems. The main goal of this
paper is to propose a new way of characterizing the measure-valued process Z via duality, in which the self-duality for
coalescing Brownian motions plays a key role. To this end, we first point out a rather general duality on two coalescing
Brownian motions running in the opposite directions. With this duality we can express certain Laplace functionals for
Z in terms of systems of coalescing Brownian motions.

We could carry out some explicit computation thanks to the above-mentioned duality. In particular, we first show
that, starting with a possibly diffuse initial finite measure Z, Z; collapses into a discrete measure with a finite support
as soon as t > 0. Then we can identify Z; interchangeably with a finite collection of spatially distributed particles
with masses. When there is such a particle at a fixed location, we obtain the Laplace transform of its mass. The total
number of particles in Z; decreases in ¢ due to both branching and coalescing. When there is only one particle left at
time ¢, we can recover the joint distribution of its location and its mass. Eventually, all the particles will die out. We
further find the distribution of the location where the last particle disappears. Coincidentally, super Brownian motion
shares the same near extinction behavior.

Connections between superprocesses and stochastic flows have been noticed before. For instance, in [11] a super-
process was obtained from the empirical measure of a coalescing flow. Arratia flow serves as a fundamental example
of a coalescing flow. In this paper we point out several connections between Z and the Arratia flow. More precisely,
the support of Z; at a fixed time ¢ > 0 can be identified with a Cox process whose intensity measure is determined by
the Arratia flow. A version of Z; can be constructed using the Arratia flow. The general Laplace functional for Z can
also be expressed in terms of the Arratia flow.

Replacing the Feller’s branching diffusion by the square of the Bessel process (BESQ) to incorporate immigration,
we introduce and discuss a more general model at the end of this paper. Since dimension is a parameter for BESQ
representing the immigration rate, in addition to the measure-valued process for the mass, in the modified model we
introduce another measure-valued process to describe the dimension. The simultaneous mass-dimension evolution of
such a model can also be characterized by coalescing Brownian motions.

The rest of this paper is arranged as follows. As a preliminary, we first state and prove a duality relation on coalesc-
ing Brownian motions in Section 2. In Section 3, we define the process Z as a weak limit of the empirical measures for
the branching—coalescing particle systems. Then we proceed to prove the duality between Z and coalescing Brownian
motions. The uniqueness of Z follows from such a duality immediately. We continue to study several properties of
this process in Section 4. We further discuss the connections between the Arratia flow and Z in Section 5. At the end
of this paper, we propose a more general model and establish its duality in Section 6.

2. Coalescing Brownian motions and their duality

An m-dimensional coalescing Brownian motion can be described as follows. Consider a system of m indexed par-
ticles with locations in R that evolves as follows. Each particle moves according to an independent standard Brownian
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motion on R until two particles are at the same location. At this moment a coalescence event occurs and the particle
of higher index starts to move together with the particle of lower index. We say the particle with higher index is at-
tached to the particle with lower index, which is still free. The particle system then continues its evolution in the same
fashion. Note that indices are not essential here, the collection of locations of the particles is Markovian in its own
right, but it will be convenient to think of the process as taking values in R rather than subsets of R with at most m
elements. For definiteness, throughout this section we will further assume that the particles are indexed in increasing
order of their initial positions: it is clear that the dynamics preserve this ordering. Call the resulting Markov process
X=X1,.-, Xm).

Write 1{B}(-) for the indicator function of a set B. The distribution of X(¢) is uniquely specified by knowing for
each choice of y; < y» < --- < y, the joint probabilities of which “balls” X1 (¢), X2(?), ..., X, (¢) lie in which of the
“boxes” 1yv1, y21, 1y2, 331, .- -, 1yn—1, yn]. That is, the distribution of X(#) is determined by the joint distribution of the
indicators

L7,y = UXi(1) €ly), yj+1l}

forl<i<m,1<j<n—1landy=(y1,..., yn).
Suppose now that Y := (Y1, ..., Y,) is another coalescing Brownian motion. The distribution of Y (¢) is uniquely
specified by knowing for each choice of x| < x> < --- < x,, the distribution of the indicators

L5 @,%) = Hx € |Y(0), Y ()]}

forl<i<m,1<j<n—1landx=(xq,...,xXn).
The next “balls-in-boxes” duality is crucial in characterizing the distributions of the measure-valued processes
considered in this paper.

Theorem 2.1. Suppose in the notation above that X = (X1, ..., X,») is an m-dimensional coalescing Brownian motion
and Y = (Y1, ...,Y,) is an n-dimensional coalescing Brownian motion. Then for each t > 0 the joint distribution of
the m x (n — 1)-dimensional random array (I 17 (t, Y(0))) coincides with that of the m x (n — 1)-dimensional random
array (Ii,(/_(t’ X (0))).

Theorem 2.1 can be seen from Theorem 8 of [15], which concerns a more elaborate duality on a system of Brownian
motions. In such a system, some Brownian motions run forwards in time, and the others run backwards in time. Those
Brownian motions running in the same direction coalesce whenever they meet, and those running in the opposite
direction reflect on each other. Theorem 8 of [15] shows that the order of coalescing and reflecting does not change
the joint distribution of the system. Other dualities on coalescing-reflecting Brownian systems can also be found
in [16].

In this paper we will give a direct proof of the “balls-in-boxes” duality. We first prove the counterpart of Theo-
rem 2.1 for continuous time simple coalescing random walks, which is interesting in its own right. Notice that X is
a coalescing Brownian motion if and only if X; is a (.7-",X)-Brownian motion for each 1 <i <m, and (X; — X;)/ V2
is a (.7-',X)—Brownian motion stopped at 0, where (.EX) denotes the filtration generated by X. Then Theorem 2.1 fol-
lows from a straight forward martingale argument proof for the convergence of the scaled random walk to Brownian
motion.

For discrete time simple coalescing random walks the “balls-in-boxes” duality is evident from Fig. 7 of [15]. But
the duality seems to be less apparent for continuous time simple coalescing random walks.

A p-simple random walk on 7, is a continuous time simple random walk that makes jumps at unit rate, and when
it makes a jump from a certain site it jumps to the right neighbor with probability p and to the left neighbor with
probability 1 — p. An m-dimensional p-simple coalescing random walk is defined in the same way as the coalescing
Brownian motion at the beginning of this section. When p = 1/2 we just call this particle system a simple coalescing
random walk.

Some notation is useful to keep track of the interactions among the particles in the coalescing system. Let P,
denote the set of interval partitions of the totality of indices N,, := {1, ..., m}. That is, an element 7 of P, is a
collection w = {A (), ..., Ax(w)} of disjoint subsets of N,, such that | J; A;(w) =N,, and a < b for all a € A;,
beAj,i < j.Thesets A{(r), ..., Ap(m) consisting of consecutive indices are the intervals of the partition 7. The
integer & is the length of 7 and is denoted by (7). Equivalently, we can think of P, as a set of equivalence relations
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on N,, and write i ~, j if i and j belong to the same interval of = € P,,. Of course, if i ~, j, then i ~; k ~, j for
alli <k<j.
Now we want to introduce the state space for the simple coalescing random walk. Given & € P,,, define

a;(m) :=min A; ()

to be the left-hand end-point of the ith interval A; (7). Put

70 ={(x1,....xm) €Z": x1 <+ <xpand x; = x; if i ~7 j}
and
Zm = {(x1, ..., xm) € Z™: x1 <--- < x and x; = x; if and only if i ~ j}.
Note that Z™ is the disjoint union of the sets Z;”, T € P R
Write X = (X1, ..., X;,) for the p-simple coalescing random walk. If X(z) € Z, then the free particles at time ¢
have indices a1 (1), . .., @7 (7r) and the ith particle at time ¢ is attached to the free particle with index

min{j: 1 <j <m, j~zi}=max{ox(m): or(m) <i}.

In order to write down the generator for X, we require a final piece of notation. Let {eﬁ.‘: 1 <i <k} be the set of
coordinate vectors in Z¥; that is, ef.‘ is the vector that has the ith coordinate 1 and all the other coordinates 0. For
7 € Py, define a map K : Z" — 7' by

KJT (X) = Kﬂ(x19 e »xm) = (-xoél(JT)v e 7xa[(n)(7'[))'

Notice that K is a bijection between Z?' and {x € 7y <xp < < Xi(z)}, and we write K ! for the inverse
of K. For brevity, we will sometimes write X, for K (X).
Write B(Z™) for the collection of all bounded functions on Z". The generator G for X is the operator G : B(Z™) —
B(Z™) given by
() ()
- U — / _
Gf®):=pY foK;' (xr +€™)+ (1 =p) Y fok; (xx — &™) —1(0) f o K7 (xx).
i=1 i=1
feB(Z"), xeZ", 7 € P

This expression is well-defined, because if x € Zg’, then x,, X, + eﬁ(”) and X; — eg(”)

w <Xy -

are allin {x € 70 x; <xa <

Note. From now on we will suppress the dependence on dimension and write eﬁ(”) ase;.

Write Z/ :=7Z + 1/2 ={i + 1/2: i € Z}. An n-dimensional g-simple coalescing random walk on Z" and its
generator H can be defined in the obvious way. Such a process, with ¢ = 1 — p, will serve as the process dual to the
p-simple coalescing random walk on Z™ in the following way.

Fix x € Z"™ with x; <--- < x,, and y € Z'" with y; < --- < y,.. Put

L7 @,y = Xi(0) €ly;, yj1])
and
15 (%) = 1 €Y. Y1 0]}
forl<i<mand 1 <j<n—1.
Lemma 2.2. Suppose in the notation above that X = (X1, ..., X;) is an m-dimensional 7" -valued p-simple coa-
lescing random walk and Y = (Y1, ..., Y,) is an n-dimensional Z" -valued (1 — p)-simple coalescing random walk.

Then for each t > 0 the joint distribution of the m x (n — 1)-dimensional random array (I 17 (t,Y(0))) coincides with
that of the m x (n — 1)-dimensional random array (IiT (t, X(0))).
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Proof. For a bounded function g: {0, 1}*"~D — R, a vector x € Z™ with x; < --- < x,,, and a vector y € Z'" with
YIS K Y, set
gxy) :=g({Iy1, y21} 0o oo {Iyn—1, yad YD) oo H{Iyvn, y2l} o) -y H{1yn—1, v} ().
We may assume that X and Y are defined on the same probability space (2, F, P). We need to show that
P[g(X(1); Y(0))] = P[3(X(0): Y))]. 2.1)

For x € Z, put gx(-) := g(x; -), and for y € Z", put gy(-) := g(-; y). In order to establish (2.1), it suffices by a
standard argument (cf. Section 4.4 of [7]) to show that

G(gy)(x) = H(gx)(y) (2.2)

(recall that G and H are the generators of X and Y, respectively).
Fix x € Z and y € 7} for some 7w € P,, and @ € P,. Put

1= {i: 1<i <), Xgi(m) +1/2 = Yarj () for some 1 < j <U(w)}
and

I7:={i: 1 <i <), Xgy(m) — 1/2 = Y () for some 1 < j <Il(w)}.
Similarly, put

J = {j: 1< j<U@), Yaj@) — 1/2=xg;(x) for some 1 <i gl(n)}
and

JT = {j: 1<) <), Yo (@) + 1/2 = Xq; () for some 1 <i <Im)}.

For each i € I'" there is a unique j € J~ such that xo; (7) + 1/2 = Ya, () and vice versa. Fix such a pair (i, j), we
can verify that

gyo Ky %z +€)=gxo K, ' (Vo —€))

by considering all the possible scenarios. In addition, it is easy to see for i’ & I'" that
gyo Ky (xx +ep) =gy o K7 (%x)

and for j' ¢ J~ that
oKy Yo — ) =gx0 K (Vo).

Similarly, for any i € I~ there exists a unique j € J* such that xy, (z) — 1/2 = yu;(w) and vice versa. For such a
pair (i, j) we have

Gyo Ky (% —e) =gxo K7 ' (Vo +e)).
Furthermore, we see for i’ ¢ I~ that
gyo Ky (xn —e) =gy o K ' (xx)
and for j’ ¢ JT that
gxo Ky Vo +€j) = gx0 Koy (o)
Lastly, note that
Zyo Ky () =2(xy) = &x 0 K, )

and so



604 X. Zhou / Ann. I. H. Poincaré — PR 43 (2007) 599-618

G@Y®—H@IW =p Y (3yo Ky (% +€) —2yo K7 ' (x1))

ielt
+(=p) Y (3yo Ky (xx —€) — gy o K7 ' (X))
iel™
—p Y (oK' — &) —3x 0 K (Vo))
jeJ™
—(=p) ) (oK' o +€) =20 K, ()
jest

=0,
as required. O
3. Existence and uniqueness
A construction of Z was given in [5] using Feller’s branching excursions. In this paper we adopt a weak conver-
gence approach, which is commonly used in the study of measure-valued processes.

Recall that a nonnegative valued process & is a Feller’s branching diffusion with initial value x > 0 if it is the
unique strong solution to the following stochastic differential equation

t
E() = x + f JYEE) dB(s),
0

where y is a positive constant and B is a one-dimensional Brownian motion. (§(¢));>0 is a martingale. Its one-
dimensional marginal can be characterized by its Laplace transform

2A
P[exp{—ké(r)}] :exp{—2+fyt}; 3.1)

its extinction probability is then given by

2x
]P’{E(t) = O} = exp{ vt }
see Sections II.1 and I1.5 of [12].

Observe that independent Feller’s branching diffusions are additive; i.e. if £ and n are two independent Feller’s
branching diffusions (with the same parameter y ), then £ 4 1 is also a Feller’s branching diffusion. This fact will be
used repeatedly in our discussions.

Write Mg (R) for the space of finite measures on R equipped with the topology of weak convergence. For any
1 € Mp(R) and any real valued function f on R, put

e¢]

. f) = / FEOR).

—00

1(m) (m)

Given Zp € Mfr(R), put 7 := Zo(R). For any positive integer m, let (§,",..., &, ) be a collection of m in-

dependent Feller’s branching diffusions each with initial value z/m. Choose (xi, ..., x;;) to be i.i.d. samples from
distribution Zp/z. Let (X Em)’ X ,(,,m)) be an m-dimensional coalescing Brownian motion starting at (x1, ..., X»).

Moreover, we always assume that (él.(m)) and (X l.(m) ) are independent. Let §, denote the point mass at x € R. Then

m

Zl(m) = Z gl('n) (I)SX-(W)(Z‘)

i=1

defines a M (R)-valued process. From now on we will suppress the dependence of m in both si(m) and X l.(m).
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Recall that a collection of processes {Z%, a € I} with sample paths in D(Mg(R)) is C-relatively compact if it is
relatively compact and all its weak limits are a.s. continuous. The proof of the next lemma is standard; see, e.g. the
proofs for Lemma 3.2 of [18] and Proposition 11.4.2 of [12].

Lemma 3.1. {Z"™)} is C-relatively compact.

Proof. We first check the compact containment condition. For any € > 0 and T > 0, choose a compact set Ko C D(R)
such that P{X € Kg} <€ LetK = {x/,x,—: x € Ko, t <T}.Then K is compact in R, and

P{X1() e K F < T} <P{X| e K§} <€
Define

Ix ={1<i<m: X;(t)eK®, A <T}
and put

m

Ny, = #Ig Z {Xi() e K¢, 3 < T},

where #/x denotes the cardinality of the index set Ik .
Conditioning on N,,, by the additivity for Feller’s branching diffusions, we see that ) ", - 1 §i () is aFeller’s branch-
ing diffusion with initial value N,,z/m. Then by Doob’s maximal inequality,

Nz
{ sup Y &i(0) > € Nm} <=
0<I<T jop me
Therefore,
PN,
]P’{ sup Z,(m)(K )>e}<]P’{ sup Z&(t)>e} [ M]Z < Z€.
0T 0<;<Tl€1K me

For any f € C,%(R), we are going to show that {(me), f)} is C-relatively compact in D(R). By It6’s formula, we
have

m

_ t t 1 t
(Z™, f)= Z[%f(xi) + / F(Xi(s)) d&i(s) + f &) f'(Xi©) dXi(s) + 5 f &) f"(Xi (s))ds}.
0 0 0

i=1
The additivity for &; () gives that if

|: sup ZSZ(S{| <00 and ]P’|: sup Z Sl(s)sj(s):| <00, t >0,
0<s <t

i=1 O<s<llj 1

then {Z;"zl fo & (s)f"(X;i(s))ds} is C-relatively compact following from Arzela—Ascoli theorem and Proposi-
tion VI.3.26 of [8].
Note that the quadratic variation

<Z f & () f'(Xi(5)) dX; (s>> Z f & ()6 () 1/ (Xi9)) (X 19) d(X7. X5,

i 10 i,j= 10
where
(Xi.Xj)s=s—TjjAns and T;j:=inf{s >0: X;(s) = X;()}.

By Arzela—Ascoli theorem again, {(Z;":l fo &(s)f(Xi(s))dX;(s)).} is C-relatively compact. Theorem VI.4.13
and Proposition VI.3.26 of [8] then imply that the collection of martingales {) 7, 0&i () f "(X;(s)dX;(s)} is
C-relatively compact.
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Similarly, {Z;"zl o f(Xi(s))d&;(s)} is also C-relatively compact. Moreover,
1 m
=Y fe) > (Zo, f) as.
me

{(z"™, £)} is thus C-relatively compact. Consequently, by Theorem IL.4.1 of [12] we can conclude that {Z™} is
C-relatively compact. O

Write Z for the weak limit of {Z(™)}. The Laplace functional of Z can be obtained from the duality in Theorem 2.1.
As a result, its uniqueness is settled.

In the sequel we always write (Y7,..., Y2,) for a coalescing Brownian motion starting at (yi, ..., y2,) with
y1 £...< y2. Given (g;) and ¢ > 0, put

he() izzajl{]YZj—l(t)»Y2j([)]}(')~ (3.2)
j=1

Theorem 3.2.

() Any limit point Z of {Z"™} in C(MFp(R)) satisfies the following duality relation: given aj>0,j=1,...,n, for
any y1 < Y2 < -+ <y and any t > 0, we have

2h
Pexp{—(Z:, ho)}] =P[exp{—<zo, Tytthtm (3.3)

(i) Any limit point Z of {Z™} in C (M (R)) has the Markov property.
(iii) The family {Z"™} has a unique limit point Z in C(Mp (R)).

Proof. We might assume that (Y;) is independent of (&;). First conditioning on (§;(#)), by Theorem 2.1 we have

P|:exp{_iigi(t)ajl{])@j—l»ij]}(Xi(t))}‘(Si(t))]

i=1 j=1

= P[exp{ =Y > Ea; {210, Y2 (0]} (xi) } | (& (r))}. (3.4)

i=1 j=I

Now take expectations on both sides of (3.4) and then condition on (x;) and (Y;(¢)). Since & (¢), ..., &, (¢) are
independent of each other, and they are independent of (x;) and (Y;(¢)), it follows from (3.1) that

Plexp{—(Z", ho)}] =P P[exp: - & (t)h,(x,»)} (xi), (Y,-(t))ﬂ
L i=1
Te {_ 22h (x;) }
P 2y ik o)
_plp[[Z0 el Wy
_P_PR z ’exp{ m<2+wh,)}> (Y’(I))ﬂ
o[/ Z%0 2w "
_P_<z ’exp{ m(2+wht)}> } )
Let m — oo in (3.5). Then

| [P g2\
Jim Plexp{~(Z, ,ho>}]—mlimoop[<l <Z°’m<z+yrhz>>) }

Aol ]

P
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Let Z be any limit point of {Z™}. To prove (3.3) it suffices to show that
Plexp{—(Z:. ho)}] = lim Plexp{—(2"". ho)}]. (3.6)

To this end we can suppose that y; < y» < --- < yz,. Then for small enough € > 0, similar to (3.5) we have

oo o af| o o]

<1 —P[exp{—zajzfm)(]yzjl —€ y2j—1+€lUlyj — €,y +€])”

j=1
P[<Zo { 223 5o ajH1Yg; (0, Yy (O1U1Y3,(0), Y55(0]) }>m]
20 ol -
2 T M@y D g 10Y;,_, 0. Y5, 01013, (0. Y3, (1)

2n
<1—P{ﬂ{y;(r)=y;/(r)}}, (3.7)

j=1
where (Y], Y/,..., Y}, Y} ) isacoalescing Brownian motion starting at (y; —€, y1 +¢, ..., y2, —¢€, y2, +¢€). Clearly,

the right-hand 51de of (3.7) converges (uniformly in m) to 0 as € — 0+. Therefore, (3.6) follows readily.
By the Markov property for (X;) and (§;), and arguments similar to (3.5) and (3.6) we can show that, for any
0< 1 <--- <t <t and any nonnegative bounded continuous functions (f;), we have

k
P[exp{—Z(ZU, fi) — <Zt»h0)}:|

i=1

B k
=m1i_)moo]P’ exp —Z(z§m>,ﬁ)—(z§’”),ho)ﬂ

L i=1

m—00

k
= lim P|exp —Z(Z,(im),fi)}]P’[exp{—(Zt(m),ho)}|(§,~(s)), (Xi(s)), K} <tk]i|
- :

2h
— i P _ Z(.m), : Z(m)’ t—ty

L i=1

: 2y,
=P — Z" i (7 , k .
|:exp{ ;( I’ f)}exp{ < zk 2+y(t_tk)ht—tk>}:|

The Markov property for Z follows readily.

Since all the limit points of {Z™} have identical marginal distribution because of (3.3), by the Markov property
they also have the same joint distribution. We thus establish the uniqueness for Z. See Theorem 4.4.2 of [7] and
Theorem 3.3 of [18] for similar proofs. O

Remark 3.3. The duality (3.2) also gives, forany 0 < s < ¢,
P[CXP{ —(Zi—s, hy) }] = ]P’[EXP{ —(Zs, hy—s) }]

The moments of Z can be obtained immediately from (3.3).

Proposition 3.4. Given a; >0, j=1,...,n, forany y1 <y2 <--- <y and t > 0, we have
P[(Z:. ho)] =P[(Zo. hy)]

and

P[(Z:. ho)*] =P[(Zo. hi)*] + y1P[(Zo. hy)].
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Martingale problem is often used to characterize a superprocess. Z is the solution to the martingale problem
(see [5]): for any ¥ € C*(R),

t

1
M () :=(Zs. ¥) —(Zo. V) — E/(Zs,l/f”)ds, 120,

0
is a continuous martingale relative to (F;);>0 with quadratic variation process

t

t

Muwx=y[@mw%h+/dﬂfWuw%wawmaww,
0 0 A

where A = {(x, x): x e R}.

But a remarkable feature of such a martingale problem is that its solution is not unique. For example, let £&; and
& be two independent branching diffusions each with initial value 1. Let B; and B be two independent Brownian
motions. Assume that (§1, &) and (Bj, By) are independent. Then Z; := & (t)8p, (1) + §2(¢)3p, () is another solution
to this martingale problem; also see [18] for a similar counter example.

Uniqueness of the solution to a martingale problem is often established by finding an appropriate dual process via
the method of martingale duality; see Section 1.6 of [6] for an introduction of such an approach. Notice that the duality
(3.3) is not a consequence of the martingale duality corresponding to the above mentioned martingale problem. Not
surprisingly, it cannot guarantee the uniqueness of the solution.

4. Some properties
Our first result in this section is a straight forward consequence of Theorem 3.2.

Proposition 4.1. For any y| < ya < -+ < yo, and t > 0, we have

]P’|:exp{—kZZ,(]yzj_l,yzj])}]=P|:exp{ Ty tZ Y2j_1(t),Y2j(r)])H, A > 0. (4.1)

Jj=1 =1

Proof. Observe that the function Z;': 1 H{IY2-1(2), Y2 (£)]}(-) takes values either O or 1, then (4.1) follows readily
from (3.3). O

Proposition 4.1 allows us to carry out some explicit computation on Z. We are going to first study the probability
that Z, does not charge on an arbitrary finite interval.
Throughout this section, for any x, y, a and b, we write

. Xx—y . x4y . a+b ~ b—a
Fo=", =27 4= and b:= . 4.2)
NN vz V2
Proposition 4.2. Given a < b and t > 0, we have
LT T 2Zo(1%, § q)*
P{Z,(Ja.b]) =0} = — / dx/dy exp| 22205 I _ x—4)
- 2mt ty 2t
—00 0
~ ~ o0
(v —b)? (v +b)° 2 / x?
- = - d —— . 4.3
X (exp{ > exp > + > X exp o 4.3)
b

Proof. Letting > — oo in (4.1) we have
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P{Z:(la, b]) =0} =P|:exp{—%zo(]Y1 (1), Yz(t)])”

2
=P[€XP{—;ZO(]Y1 (1), Yz(t)])}; Yi(t) # Yz(l)} +P{Yi(1) = Y2},

where (Y1, Y2) is a coalescing Brownian motion starting at (a, ).

To find the distribution of (Yy, Y>), one could rotate the coordinate system anti-clockwise by 7 /4. Under the
new coordinate system (Y1, Y2) becomes a process (Y7, Y2’) such that Y 1/ is a Brownian motion starting at a, Yz/ is
a Brownian motion starting at b and stopped at 0, and Y| and Y; are independent. Since Y| = (Y| — ¥;)/+/2, Y2 =
Yy +75)/ V2 and Yi(t) = Yo (1) iff Y;(tr) = 0, then (4.3) just follows from the reflection principle for Brownian
motion. O

Write S; for the support of Z;. Intuitively, starting with particles with total initial mass Zo(RR), as soon as ¢ > 0 the
particles near —oo and oo will die out due to branching. Z, is then expected to be supported by a finite set because of

coalescence. The next two results concern the cardinality of S;.

Proposition 4.3. Given a < b and t > 0, we have

b 00 00
b— 1 27Z0(1%, 5 —V22)2 +y?
P[#Stﬂ]a,b]]sz—m/dz dx/dyyexp{— O(IJ; W _ & “/;j) Y } (4.4)
a —00 0

Proof. It is easy to see from (4.3) that for any z € R,

2 dz [ [ 220(0%.5)  (x — V22)% + 32
P{Z;(dZ) # O} = \/? - m / dx/dyyexp{— Oty — 2 } (45)
—00 0

Then (4.4) is obtained by taking integrals on both sides of (4.5) froma tob. O
Proposition 4.4. With probability 1, #S; < oo, Vt > 0.

Proof. Given s > 0, we first claim that P[#S;] < oo if Z( has a bounded support. Suppose that Zo(]—b, b]) =1 for
some b > 0. Then by (4.5),

P#S,]= | P{Z:(dz) #0}

\8

—00

—_—

( { 2Zo(]f,&]>}> { (x—ﬁz)2+y2}
dyyll—expj——¢ |Jexpy —m———

| Iy
g3
o,
g

oo
V2752 / sy 2s
—00
o o0 - . 2
1 2Zo(1x, yD) y
= dy [ dyy|l—exp}j ———¢ | exp]{ ——
27ss sy 2s
—00 0

=
+
>
ol

|
<
SH

I\
[\)
:l —
12
[
0\8
o,
<
|
5T
o
=
<
[¢]
>
o)
r— e,
|
<,
[ p—

< Q.

Our claim is proved.
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Now given any integer j, let n;(s) be the Feller’s branching diffusion with initial value n;(0) := Zo(1j, j + 1]).
Since
o0

3 21;(0) o 2n;(0) 27
3 Pl £0l= Y (l—exp{—n;—s}>< y 2O 2%

N N
j==oo j==o0 jm—eo ¥E Y

by Borel-Cantelli lemma we have that, with probability 1, n;(s) # O for only finitely many values of j.

Therefore, for any ¢ > 0, with probability 1, Z;» must have a bounded support. The Markov property for Z,
together with the claim from the first part of the proof, implies that #S; < oo a.s.

Finally, by the Markov property for Z we conclude that P{#S; < oo, Vi >0}=1. O

By Proposition 4.4, as soon as ¢t > 0, S; becomes a finite set. For any z € S;, we associate it with a particle located
at z with mass Z;({z}). We can thus identify Z; interchangeably with a collection of spatially distributed particles with
masses. As time goes on, the total number of particles decreases either because two “alive” particles coalesce into one
particle, or because each particle disappears due to its branching.

Since #S; < oo, a small neighborhood of z contains at most one particle in Z;. When there is such a particle, we
want to find the distribution of its mass. Formally, we are looking for an expression of

Plexp{—2Z({2})}; Z:({2}) > 0].

Until the end of this section we put

0() = @, OO, 120,

for the coalescing Brownian motion (Y7, Y>) starting at (a, b).

Proposition 4.5. For any z € R and t > 0, we have

d r r 20Zo(x, y 2Z0(0x, y
Plexp|-12,(@0); 20> 0] = / dx/dyy(exp{—zj_(i];yty])} _exp{_w»
—00 0

(x —\/Qz)2+y2}

> (4.6)

X exp{ —
Proof. We fix (&;(¢)) first. Apply Theorem 2.1 to random variable

exp{ —1 Y E(0qo(Xi (1)) } I {Z&(I)CJO(X;' ) > 0}.

i=1 i=1
Then condition on (Y1 (¢), Y2(¢)) and take an expectation with respect to (&; (#)). Similar to the proofs for Theorem 3.2
and for Proposition 4.1 we have that

P[exp —1 Y& (Dg0(Xi (1)) }; 3 & g0(Xi () > 0]
i=1 i=1

=P|exp _)‘Z%-i(t)%(xi)};Zéi(l‘)%(xi)>O:|
i=1

L i=1

=P|exp —AZ&(:)qt(xi)H - P[Z% (1g: (xi) = 0}

L i=1 i=1

B (m) (m)
20MZy ", 2(Zy ",

=P| exp —M}]—P[exp{—w}} 4.7)
24+ Ayt yt

Recall that X, y, a and b have been defined in (4.2). Therefore,
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Plexp{—1Z;(la,b])}: Zi(la, b]) > 0]

—]P’|:ex {_ZA(ZO,CIN }i| —]P)|:CX {_Z(ZO’C]ﬁ }i|

e e VY P yt
‘ _ 20Zo(1%, 3] 2Zo(Jx, ]
O TS [T T

—a)? AV 7\2
xexp{—()C Zta) }(exp{—(y th) }—exp{—(y ;b) }) (4.8)

So, (4.6) is obtained by letting b — a+. O

At a fixed time ¢ > 0, with a positive probability there can be only one particle (with a positive mass) left. When
this happens, we are interested in the joint distribution of the mass and the location of that particle. More precisely,
we want to find an expression for

Plexp{—2Z,(R)}; Z,(R) #0, S; C dz].
Proposition 4.6. For any z € R and t > 0, we have

Plexp{-2Z:(R)}; Z,(R) #0, S, C dz]

oo oo

_dz / & / 4o vex {_nzo(]az,ﬂ) 220005, 51 (x—ﬁz)2+y2}
C 2ne2 Yy yexp 24+ Ayt vt 2t
dz 2z
_ ﬁexp{—%}. 4.9)

Proof. For x; := X;(0) we put

B:= ! Y EO1{]i0), 20] }(x) =0} = { D EO(1 - i) =0}.

i=1 i=1
It follows from Theorem 2.1 that

P[exp —KZSi(t)}; S & 1la, b1} (X (1)) > 0. &)1 {la. b1} (Xi (1) = 0}

i=1 i=1 i=1

=P|exp —AZ&(r)}; > &) > 0, B}

L i=1 i=1

=P|exp] —2 Y & (g (xi) {3 Y & ()i (xi) >0, B}

L i=1 i=1

=P|expy =4 Y &(Dqi(x) ;B} —P[Zéi(t)qz(xi)=0; B]

L i=1 i=1

=P-exp{—w exp{—22 2iz ;%(X")) ” - IP’{ Y &0 = 0}, (4.10)
L i=1

m2+Ayt) my

where in obtaining the last equation we have used the fact that, given (Y(¢), Y2(¢)) and (x;), random variable
exp{—A Y L, & (t)q:(x;)} and event {d ., & (r)(1 — g;(x;)) = 0} are independent.
Now letting m — oo in (4.10) we have
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Plexp{—2Z,(R)}; Z/(R) #0, S; C (a.b)]

e o) 2Zot=g))]__ [ 2
N P 24 Ayt yt P vt

e¢]

1 d / { 20Zo(1x, y1)  2Zo(x, y1°) } { (x —a)? }
X dy X — expy —
2m 2+ Ayt yt 2t

(y—b)2 (v +b)?
X | exp T — exp T

o
el oo 5] -en] -2
+ ex dx expi —— ¢ —expy——¢. “4.11)
27 p{ Vt} T v
b
Finally, (4.9) is obtained by letting ¥ — a+ in (4.11). O

Remark 4.7. Let A =0 in (4.11). We then obtain a result on the range of S;.

The total number of particles in Z will decrease one by one. Put
T :=inf{s > 0: #S;, = 1}.
Then t < oo is the first time when there is exactly one particle left. The distribution of 7 is given in the following

proposition.

Proposition 4.8.

7’ f { 2200551 (= V22’ 4 }
dx | dyyexp —
o] 0

T 1
P{r <t} = d
tesa _/ Z(ﬁnﬂ_

yt 2t
1 { 2Z}>+ { 21} 4.12)
— ——€X _ X —_— . .
11 P t P yt
Proof. Observe that
o0
Ple<i= [ Pz®#0.5 caz}+ @ =0),

—00
then (4.12) follows from Propositions 4.6 and 4.1. O
Let
T :=inf{r >0: Z,(R) =0}.

T is the time when all the particles disappear. Its distribution can be easily found from Proposition 4.1.

P{T <1} =P{Z,R) =0} =exp{—§}.
vt

Note that super Brownian motion has the same extinction time distribution.
Let F denote the location of the last particle immediately before extinction, i.e. { F} = S7_. We could recover the
explicit distribution for F.

Proposition 4.9. F' has the same distribution as X7, where X is a Brownian motion with initial distribution Zy/z,
and X and T are independent.
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Proof. We first assume that
m
20:Zci8xi, ¢>0,i=1,...,m.
i=1
Then by Theorem 3.2,

m
Z; =Z§i(t)5x,«(r), t >0,

i=1

where (&;) is a collection of independent Feller’s branching diffusions with initial values (c;), (X;) is a coalescing
Brownian motion starting at (x;), and (&;) and (X;) are independent.
Write

T; :=inf{t>0: Si(t)=0}, i=1,...,m.
Then

T = max T;.
1<i<m

Therefore,

F=Y Xu(T-)UT=T}=) X;(T)|T =T).

i=1 i=l1

Our first observation is that

P{T; <t} =P{& (1) =0} =exp{—2y%’}-
Put ¢ := Zl'.”:l ¢i. Then P{T =T;} = ci/c, and F = X;(T) with probability c¢;/c. Our second observation is that
conditional on {T = T;}, the distribution for T is the same as its unconditional distribution. So, F' has the same
distribution as the random variable obtained by running a Brownian motion X with initial distribution P{X (0) =
xi}=ci/c,i =1,..., m, and stopping it independently at time 7. As a result, F' has the desired distribution.
By conditioning on Z, and letting ¢ — 0+, the conclusion in the proposition also follows for any general initial
measure Zg. O

Remark 4.10. This near extinction behavior is the same as that for super Brownian motion (see Theorem 1 of [17]),
which appears to be coincidental.

5. Connections with the Arratia flow

Arratia flow is a stochastic flow which describes the evolution of a continuous family of coalescing Brownian
motions on R. We refer to [1] for a detailed account and [2] for a survey on stochastic flows. We also refer to [10] for
more recent work on stochastic flows. By definition, the Arratia flow is a collection {¢ (s, #,x): 0 <s <t, x € R} of
real-valued random variables such that

the random map (s, t, x) — ¢ (s, t, x) is jointly measurable,

for each s and x, the map t — ¢ (s, t, x), t > s, is continuous,

for each s and ¢ with s <z, the map x — ¢ (s, ¢, x) is non-decreasing and right-continuous,

fors <t <u,p(t,u,-)op(s,t,)=a¢(s,u,-),

foru >0, (s,t,x) — ¢(s +u,t + u, x) has the same distribution as ¢,

for x; < --- < x, the process (¢ (0, ¢, x1), ..., 9 (0,1, x,)),>0 has the same distribution as a coalescing Brownian
motion starting at (X1, ..., Xp).
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Fix t > 0, it is known that {¢ (0, ¢, x): x € R}, the image of R under the map ¢ (0, ¢, -), is a discrete set (see
Theorem 12 of Chapter Three in [1]). In this section, let - -- < x_1(¢) < xo(#) < x1(¢) < -- - be a sequence of random
variables such that

{#0,t,x): x eR} ={xi(): i=...,-1,0,1,...}. (5.1

Since Brownian motion has continuous sample paths, the Arratia flow is order-preserving; i.e. ¢ (0,7, x1) < --- <
¢ (0,1, x;;,) whenever x; < -+ < xy,. Set

IT; (1) == sup{x: ¢(0,1,x) =x;(1)}.
Write ¢~1(0, 7, x) for the pre-image of x under map ¢ (0, ¢, -) Then (IT;(t)) determines a partition on R such that
¢~ 0,1, x; (1)) = [IT;—1 (1), IT; (1)

The Arratia flow is closely associated to the process Z studied in the previous sections. We first want to show that
the Laplace functional of Z; for a continuous test function can be expressed in terms of (x;(¢)) and (I7;(¢)).

Proposition 5.1. Given any nonnegative bounded continuous function f, we have fort > 0,

P[exp{—(Z f)}]—IP’[ex {—<Z i”} (5.2)
p 1 - p 0, 2+ ythtf ) .

where hi (-):= Y% FUT ) 1{1xi (0), xi41 (D).

Proof. For y; = j/2", Theorem 3.2 yields

n2"
]P’|:€XP{— Z f(yj)Zz(]yj—l,yj])H

j=—n2"

23 FODUISO. 1, y;-1). (0.1, y )1} >” (5.3)

=P|:exp{—<Zo, —=
24yt 37 o FON1#O. 1, yj—1), (0.1, yj)]}
Observe that ¢ (0,2, yj—1) # ¢(0,¢,y;) if and only if y;_1 < ITx(t) < y; for some k. Letting n — oo in (5.3), (5.2)

follows from the continuity for f and the finiteness for Zg. O

We then consider the support S; for Z;. Since §; is a discrete set, we can identify it with a measure-valued process
by placing a unit mass on each point of S;. For any y; < y» < --- < y2,,, by Proposition 4.1,

n 2 n
P{Zz < U]mj—l,yzj]) = 0} = P[exp{—%ZO<U]Y2j—1(t), Y2j(t)]) ” (5.4
j=1 j=1

We thus get the following characterization of the avoidance function for S;.

n 2 n
P{S, N Jbyzj-1.321= @] =P[6XP{—;ZO( U]r2j-10. Yzjm]) H (5.5)

j=1 j=1

Consequently the distribution of S; is uniquely determined by (5.5); see Theorem 3.3 of [9].
(5.5) suggests a connection between S; and the Arratia flow. Let /;(dy) be a random measure on R such that

n 2 n
It(U]yzjl, yzﬂ) = o ;ZO(]¢(O’ 1,y2j-1), 00,2, 2))]), yi<y2 < <y

j=1
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Proposition 5.2. Given t > 0, S; can be identified with a Cox process with finite random intensity measure I;.

(5.4) also leads to a result on the occupation time for Z. For any Borel set B in R,
t t
/dsIP{ZS(B) =0} =/ds]P’[exp{—IS(B)}].
0 0

A particle representation for Z, is available by using the image of the Arratia flow as a skeleton. Given (x;()) as
in (5.1), let (; (1)){2 _, be independent nonnegative random variables such that

20Zo(¢~1(0, 1, x; (1))
24 Ayt '

Plexp{—an: (1)} | (xi()] = exp{—

Proposition 5.3. Given t > 0, we have

(ee]

Z2 3 b0 (5.6)

i=—00

Proof. Define

m2™
z" = 3 "™ O8nism,
i=—m2"
where (nlgm));":zfmzm is a sequence of independent Feller’s branching diffusions with initial values

i—1 i [\\"*
Zy TAm  Am ,
2 2 i=—m2"M

and in addition, (nfm)) is independent of {x;(¢)}.
Foranya; >0, j=1,...,n,and y; <--- < y2,, by the same argument as in the proof for Theorem 3.2, we have

ma . s o
lim Plexp{—{z™, ho)}] = lim p[ I1 exp{—zZO([(l_l)/z (/27 Dk (i/2 )”

m—00 m—00 i mom 24+ yth,(i/Zm)
m2™ . . .
o B 2Zo([G = 1)/2", /2" Dhe (i/2™)
= mlinoop[e"p{ i:_Xm:zm 2+ yhi(i/2m) ”

el 5]
= P[exp{—(Z,, ho) }]
Therefore,
zm L, 7,
Further, by the definition of (x;(¢)) and the additive property for Feller’s branching diffusions we obtain that
00 o0
z"m=>3" 3 "0 Y ni®skw.
i=—00 M <j/2m<IT; i=—00
Putting these together gives (5.6). O

This interplay is remarkable. On one hand, Z can be constructed using the Arratia flow; on the other hand, Z tells
us how an initial measure Z is transported over time under both the Arratia flow and the branching.
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6. A more general model

As Steven Evans pointed out to me that the proof of Theorem 3.2 only uses the branching property of the Feller’s
diffusion. This suggests that we can replace the Feller’s branching diffusion by the square of the Bessel processes
(BESQ) to incorporate immigration. We are going to carry it out in this section.

For x > 0 and § > 0 the square of §-dimensional Bessel process starting at x, denoted by BESQ®(x), is a non-
negative valued process £ which solves the following stochastic differential equation

t

El=x+/\/]/§sd33 +(St,

0

where B is a one-dimensional Brownian motion.
Applying Itd’s formula we obtain the following partial differential equation for V (X, ¢) := Plexp{—X1&:}],

WLV v 0, V0 =expl—ix)
-7 - =0, ,0) =exp{—Ax}.
or 2 ox P
Then we can recover the Laplace transform for &; as
2 \* 2hx
P —AE )| = — . 6.1
[exp{—2&)] (HW) exp{ ZHW} (6.1)

Notice that the Feller’s branching diffusion is just BESQC. We refer to Chapter XI of [13] for a more detailed intro-
duction on the Bessel processes.

It is easy to see from (6.1) that BESQ‘S (x) is additive in both § and x; i.e. if {§&,i = 1,...,m} is a collection of
independent processes such that each §&; is BESQ‘S" (x;). Then Zf": 16iis BESQZ'm:l 8 (Z?’: 1%i)-

Now we are going to modify the process Z defined in Section 3 by letting the masses of the particles be governed
by BESQs. Since the dimension is an additional parameter for BESQ, we need to introduce another measure-valued
process A to describe the evolution of the dimension.

As in Section 3, we first consider two systems of interacting particles. Given Zy € M (R), write z := Zp(R) and
Zo = Zy/z. For any m, choose xi, ..., Xx;, to be i.i.d. random variables with common distribution Zo. Given Ag €
Mp(R), write § := Ag(R) and A := Ag/$. Let x{,...,x;, beii.d. random variables with common distribution A. Let
X1,..., Xm, Xi, ..., X,,) be a 2m-dimensional coalescing Brownian motion starting at (xi, ..., X, xi, ey X)),

Let (¢1,...,&,) and (81, ..., §,) be two collections of m independent processes such that &; is BESQ0 (z/m) and
8; is BESQ?%/™(0). We further assume that (x;) and (x]) are independent, and (X1,..., X, X/, ..., X},), (&) and
(8;) are all independent.

Now we are ready to define the two Mg (R)-valued processes

m m
Zi" =Y & M8xm + 8 (8,

i=1 i=l1

and

m S
(m) .
Atl’ﬂ .:Zasxl(t)_

i=1

Similar to Lemma 3.1 we can show that both {Z} and {A")} are C-relatively compact in D(Mr(R)). They
have unique weak limits by Theorem 6.1, which we will prove shortly.

Let Z and A be the weak limits for {Z"} and {A)}. Intuitively, {(Zo(B), Ao(B)): B € B(R)} describes the
initial mass-dimension distribution on R, and {(Z;(B), A;(B)): B € B(R), 0 <t < oo} describes the simultaneous
mass-dimension evolution for such a model, which we call a supersquare of Bessel process with spatial coalescing
Brownian motion.
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As before, write (Y1, ..., Y2,) for a 2n-dimensional coalescing Brownian motion starting at (yy, ..., y2,) with
¥1 < -+ < Y2 For any nonnegative constants aj, bj, j =1,...,n,and t > 0, let i, be defined as in (3.2) and let

()= b2, _1 (1), Yo, (0]} ().

j=1

The next result determines the joint distribution for (Z,(B), A;(B)), B € B(R).

Theorem 6.1. Foranya; >0, b; >0, j=1,...,n, and any y; <--- < you, we have
th 2 ytht
P —{(Z;, ho) — (A, b =P —Zg,————— ) — (Ao, —In[ 1 h . 6.2
[exp{—(Z:, ho) — (Ar, hg) }] [exp{ <0 z+ym,> < o n( + >+ >” (6.2)

Proof. We might assume that (¥;) is independent of (§;) and (8;). To prove (6.2), again, we first fix (§;) and (&;). It
follows from Theorem 2.1 that

m m m gh/ X’
plexpl (" ko) (407 1) = P[exp[— > & who(xi0) ~ 351 who(x;0) ~ 30 D H

i=1 i=1 i=1
m m m Sh/ ’

= P[exp{ SO SEIGINEI R gt H (63)
i=1 i=1 i=1

We then fix (x;) and (xlf ), and take expectations with respect to (§;) and (3;). By (6.1) the right-hand side of (6.3) is
equal to

i 2 25/Gymy 22h, (%) 5h (x)
P[H(Hyth,(x;)) eXp{_m(2+yth,(x,~)) T m }

i=1

=P|{Zz, exp —722}” ! Ao 1+—Vtht e exp _% " (6.4)
’ mQ2+ ythy) ’ 2 m ’ ’

where we condition on (Y;) to obtain the equality.
Let m — o0 in (6.4). We finally have

Plexp{—(Z:, ho) — (s, hp)}]
= lim Plexp{—(Z™  ho)— (4™ mj)}]

m—0Q

= 2zh miyo_ 28 th Sh/ m
= lim P|(Zo1 - ——— ) (A, (1= ==m(1+22))(1-22
m—00 m2 -+ yth;) ym 2 m
> 2zh \"[ - 25 thy\ 8 \\"
= 1im P|(Zg.1— —=2 N (Ag (1= Zanf 14 X22) 2 2%
m—00 m(2+ ythy) ym 2 m
= 22]’![ - 25 Vtht =
=P —(Zp, —" Ao, = 1n( 1 3h
[eXp{ < ‘ 2+Vthz>}eXp{< Y n( i >+ '
P Zo, —2M PSS E I AL WY O
=Plexpy—{Zo, 57—~ ) — (40, ~1In .
p s o 5 !

Remark 6.2. Notice that A is just the process Z in Theorem 3.2 with y = 0.

The generalized model considered in this section will not die out if i > 0. Many of the properties in Section 3 and
Section 4 can be discussed in a similar fashion. But we leave the details to interested readers.
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