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Abstract

Variational gluing arguments are employed to construct new families of solutions for a class of semilinear elliptic PDEs. The
main tools are the use of invariant regions for an associated heat flow and variational arguments. The latter provide a characterization
of critical values of an associated functional. Among the novelties of the paper are the construction of “hybrid” solutions by gluing
minima and mountain pass solutions and an analysis of the asymptotics of the gluing process.
© 2013 Elsevier Masson SAS. All rights reserved.

1. Introduction

During the past 20 years, direct variational methods have been developed to treat functionals defined on unbounded
temporal or spatial domains. These methods lead to the existence of heteroclinic and homoclinic solutions of dynami-
cal systems, see e.g. [6,10,26,27,22,18,11] and so-called multibump and multitransition solutions of partial differential
equations [12,1,23,24,4,16]. The solutions are generally obtained as minima or mountain pass critical points of corre-
sponding functionals. Taking advantage of further properties of these problems, variational “gluing” arguments have
been developed to find more complex solutions of the equations which shadow (i.e. are near) formal concatenations of
the solutions mentioned above. In a sense this work goes back to the results of Poincaré and Birkhoff on homoclinic
orbits of Hamiltonian systems. Indeed in his work on the 3 body problem, Poincaré showed that if a time periodic
Hamiltonian system with 1 degree of freedom has an isolated homoclinic orbit to a hyperbolic periodic orbit, then
there exists an infinite number of homoclinic orbits. In volume 3 of New Methods of Celestial Mechanics, Poincaré
also classified homoclinic orbits with respect to their “Morse index”.

Poincaré’s method was geometrical. He obtained his orbits by looking at the tangle of homoclinic intersections
of the stable and unstable invariant curve, and the index of the orbits was related to the intersection index. In this
paper we will use gluing arguments to find homoclinic and heteroclinic solutions for a family of semilinear elliptic
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PDEs. Our approach is also geometrical, but instead of working in the phase space as did Poincaré, we employ the
configuration space and use variational methods.

Aside from the one dimensional case, the work we know of using variational gluing arguments only treats solutions
of the same type, i.e. minima are “glued” to minima and mountain pass solutions to mountain pass solutions. One of
the novelties of the problems studied in this paper is that “hybrid” solutions will be created by gluing minima and
mountain pass solutions. See also [8]. Another is that we can give a simple variational characterization of the solutions
we glue. The methods we use also provide geometrical information on the location of new solutions, namely we
construct invariant regions for the heat flow associated with our equation. This enables us to carry out the variational
arguments in these invariant regions. Moreover the shape of the region determines the form of the associated solution.
Such an approach has been used before in other settings by many authors, see e.g. [2,4,16].

The equation studied here is

—Au+F,(x,u)=0, xeR", (1.1)

where A is the Laplace operator. We assume that F is periodic, i.e. F € C>(T"t1), where T" = R" /Z" is the n-torus.
Eq. (1.1) is the Euler-Lagrange equation for the functional

-7:(M)=/L(x,u,Vu)dx, ue wh (1),
Tn

where
1
L(x,u,Vu) = §|Vu|2+F(x,u). (1.2)

Standard results from the calculus of variations and elliptic partial differential equations imply that JF attains its
minimum on W1-2(T") and the minimizer is a classical solution of (1.1). Any weak solution of (1.1) is a classical
solution, so when we refer to a solution of (1.1), we always mean a classical solution.

A standard example of (1.1) for n =1 is a pendulum with an oscillating suspension point:

L(t,u, i) = %Lﬂ + f(0)(1 —cos@ru)), f>0. (1.3)

Then the set of minimizers of F is Z. For this example our results are strongly related to well known results in the
theory of dynamical systems, in particular in dynamics of area preserving maps (see e.g. [15]).
Another well known example is the Allen—Cahn Lagrangian:

F,u)=f@) =17, f>0. (1.4)

This can be modified to put it into the above framework by redefining F outside of —1 < # < 1 making it 2-periodic
in u and solutions of the resulting equation are solutions of the original one if —1 <u < 1.

Returning to (1.2), note that if # is a minimizer, so is u + Z. By a result of Moser [20], the set of minimizers of F
on W12(T") is ordered: if u, v are distinct minimizers, then u > v or v < u. Suppose there are minimizers u_ < u
such that there are no other minimizers between them. Then we refer to #_ and 1 as a gap pair of periodic solutions
of (1.1).

Remark 1.5. In fact we do not need F to be periodic in . What is needed, as for (1.4), is that 7 has a minimum and
the minimum is nonunique: there are at least two minimizers u_ < u4. Then F' can be modified outside the strip S
between u_ and u to make it periodic in u. All solutions we study lie in S, so this modification does not change
anything.

We will study solutions of (1.1) which are periodic in all variables except x1 and lie in the gap between u_ and .
Let =R x T"~! and
W = {u eW 2WY:u_<u< u+}.

loc

Here and in the sequel, inequalities between WIL’CZ functions are understood in an a.e. sense. Let 7 : N' — A be the
right translation 7 (x) = (x; + 1, x2, ..., x,). For a function u on NV, let Tu =u o 77!, Thus 7 : W — W moves the
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graph of u to the right. We say that a solution u € W of (1.1) is heteroclinic from u_ to u if T u — u in the W52
topology as k — oo.

Remark 1.6. By standard elliptic regularity results, the topology we use in the definition of a heteroclinic solution is
unimportant: if a solution u satisfies 7 ¥u — u in the leOC topology, then %y — u in the C120c topology. Thus
the definition of a heteroclinic solution is equivalent to

lim ||lu—u =0 or lim ||lu—u =0, 1.7
Hﬂtoo|| +llz2(r) Hioo” tlle2ry (.7

where T; = [i,i + 1] x T~ L.

Let H(u—, uy) be the set of heteroclinic solutions from u_ to u and H (x4, u_) the set of heteroclinic solutions
from u4 to u_. Similarly, let H(u+, u4) be the sets of homoclinic solutions to x4 and u_ respectively.
As was shown by Bangert [5], we have:

Theorem 1.8. There exists a heteroclinic solution u € H(u—, uy) of (1.1) which is minimal, i.e.

/(L(x, u, V(u+¢)) — L(x,u, Vu))dx > 0.
N

forall ¢ € WH2(N) with compact support. This solution satisfies tu < u. The set M(u_, uy.) of minimal heteroclinic
solutions is an ordered set.

Similarly, there exist minimal heteroclinics from u to u_ which form an ordered set M (uy,u_) C H(u4,u_).
Solutions which satisfy ¥y > u are called 1-monotone (in x;) and if the inequality is strict, are called strictly
1-monotone.

Theorem 1.8 is a PDE version of old results of Morse and Hedlund [19,14] on minimal heteroclinic geodesics.
To prove Theorem 1.8, Bangert used a limit argument based on Moser’s results on the existence of periodic and
quasiperiodic minimal solutions [20] of (1.1).

Remark 1.9. Bangert considered the more general types of heteroclinics and more general class of Lagrangians
studied by Moser [20]. In fact most of our results hold for more general Lagrangians L(x,u, Vi) on T" x R**!
provided standard convexity assumptions are satisfied (see [20]). Moreover T" can be replaced by any manifold with
a Z group action satisfying certain compactness conditions. However, to avoid technicalities, we consider only the
Lagrangians (1.2) on T".

To state our main results for (1.1) precisely requires a lengthy set of preliminaries. Therefore for now we will
just give an informal description. Suppose u_ < u are a gap pair of periodic solutions of (1.1). By Bangert’s Theo-
rem 1.8, there is an ordered family of solutions lying between u_ and u4 and heteroclinic from u_ to u,. Likewise
there is a family of solutions heteroclinic from u4 to u_. If there is a gap pair vy < w4 in M(u_,uy) and a gap
pair v— < w_ in M(uy,u_), then as shown in [25], there exist an infinite number of homoclinic and heteroclinic
locally minimizing multitransition solutions between #_ and u. In [7], mountain pass heteroclinic solutions, U_,
between v_ and w_, and Uy, between vy and w., were found. The question we study in the present paper is the
existence of homoclinic and heteroclinic solutions of (1.1) that are obtained by gluing together t*-translations of all
these heteroclinic solutions.

In Section 2, some results of [25] and [7] will be reformulated in a form convenient for our goals. We will also
present slight improvements of these results which will be used in the sequel. In Section 3, we prove the existence
of hybrid solutions obtained by gluing a mountain pass heteroclinic, U, and a translation, T¥w_, of a minimal
heteroclinic. In Section 4, the limit behavior of these hybrid solutions as k — oo is studied. In Section 5, the more
complex question of the existence of homoclinic solutions obtained by gluing of two mountain pass solutions U4
and 7FU_ will be treated. The existence of k-transition homoclinics and heteroclinics will also be discussed briefly.
Lastly, some of the technical preliminaries of Section 2 will be proved in Appendix A.



106 S. Bolotin, P.H. Rabinowitz / Ann. 1. H. Poincaré — AN 31 (2014) 103-128

2. Preliminaries

For future use, a direct variational characterization of heteroclinic solutions given by Theorem 1.8 will be needed.
This characterization was obtained in [25]. Without loss of generality, assume

min F=0. 2.1)
WI,Z(']I'n)

For any u € W and a measurable set A C N, set

JA(u):/L(x,u,Vu)dx. (2.2)
A

Then J7;, (u+) =0, where T; =[i, i + 1] x T~ Define the functional J on W by
0 .
Jw= Y Jrw= lm Ju@, Ni=[ji]xT"" (2.3)
| .

. i—00,j—>—00
i=—00

It was proved in [25] that for any u € VW, the series (2.3) either converges or diverges to 400, and J is bounded from
below on W.
Let

F(u+,u+)={ueW: lim ||u—u+||Lz(T_)=O}.
i—+oo !

and define I"(u_, u_) similarly. Then
inf J=0. (2.4)

INCERTES)

Moreover from [25], we have

Lemma 2.5. For any ¢ > 0, there exists a 6 > 0 such that if J(u) < 8 for some u € I'(us,u+), then

|l — I/t:t||W1,2(Tj) <& forall jeZ.

Next define
Iy=Tu_,uy)= {u eW: lim |lu—uxll;2q,) = 0},
i— =400 !
ro=rpu)={uew: lim Ju—uzglzq,=0}.
i—+00 !
Then from [25], we have:
Proposition 2.6.

1. The functional J attains its minimum, cy, on 'y and

c=cy+c_>0, cy= inf Ju). 2.7)
uely
2. Let My ={u € I't: J(u) = c+}. Any minimizer u € M is a solution of (1.1) heteroclinic from ux to u+ and
Tilui < U4.
3. For any ¢ > 0, there exists a § > 0 such that if J(v) < c+ + 8 for some v € I'y, then there is a u € M such that

[|u — v||W1,z(Tj) <e forall j€Z.

It was further proved in [25] that the sets M4y = M (u+, u+) of minimizing heteroclinics are the same as given
by Bangert in Theorem 1.8. These sets are ordered and invariant under the translation group {t¥}zcz, and compact
modulo translations. The graphs of minimizers u € M form laminations of the strip S = {(x, u) € T" x R: u_(x) <
u < u4(x)}. We impose the following condition:
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(x) No foliation assumption. The lamination of S by minimal heteroclinics in M is not a foliation.

As was shown in [25], assumption (x) is generic. If it holds, there are gaps in the sets of minimal heteroclinics. In
particular, there is a point in S through which no graphs of minimal heteroclinics pass. Every gap in M is bounded
by a pair of minimal heteroclinics v+ < w4+ which again we call a gap pair.

Remark 2.8. Condition (x) never holds if L is independent of x. Indeed, then for any minimizer u € M4 and any
k € R, the translation t¥u is a minimizer, and the graphs of {t¥u}zcr form a foliation of S.

Assuming condition (x), in Section 3, it will be proved that there exists an infinite number of homoclinic and
heteroclinic solutions of mountain pass and other types in the strip S.

For the rest of this paper, it will be assumed that () holds. Then there exists a gap pair, v4 < w4, in My. In [25],
it was proved that wy — vy € WH2(N). Set E = W12(N) equipped with the norm

W= 19 w2 0)-
Let E+ = vy + E be the affine space through vy and let

Ar={ueEi:vy <u<Lwtl.

The sets A+ can be identified with subsets of the Banach space E via the map u — u — v+. The W2 topology in
A4 inherited from EL will be used.
The following result was proved in [7].

Proposition 2.9. The functional J is C Von EL and it satisfies the Palais—Smale condition (PS) in Ay: if (uy) C Ay is
a sequence such that J (uy) is bounded and || J'(ug) || — 0 as k — oo, then (uy) has a subsequence which is convergent
in the W42 norm to some u € Ag.

Let I =0, 1] and let

by =infmax J, (2.10)
h h(I)
where the infimum is taken over all continuous paths /& : I — A4 connecting vy with w4. By item 3 of Proposi-
tion 2.6, b+ > c4. Hence b is a so-called mountain pass critical level. Equivalently, b is the supremum of all a such
that v4 and w4 are in different path connected components of A4 = {u € A+: J(u) <a}.
It is convenient to introduce the following notation. For points v, w in a topological space A, we write v ~ w if
v and w lie in the same path connected component of A and v ~ w if they lie in different components. Then (2.10)
yields:

Lemma 2.11. For any § € (0, b+ — c+), v+ ~ w4 in Aii_’s, but vy ~ w4 in A?H.

Furthermore it was shown in [7] that:
Proposition 2.12. There exists a critical point u € Ay of J with J(u) = b4.

Any u given by Proposition 2.12 will be called a mountain pass critical point since it lies in the mountain pass
critical level J ™! (b).

Proposition 2.12 was proved in [7] by a variant of the usual so-called Deformation Theorem [21]. However we will
give a proof here based on a heat flow argument since the same method will be used repeatedly throughout this paper.
First some preliminaries are required. Let @/, ¢ > 0, be the semiflow defined by the parabolic PDE

Uy =Au— F,(x,u). (2.13)

Thus u(r) = @' (up) is the solution of the initial value problem with u(0) = uq for (2.13). Several facts about @’ will
be stated next. The details can be found in [7]. In particular:
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Proposition 2.14. For each ug € W, there is a unique solution
u(t) =u(t,)=®" (up) eW, 1=0,

of (2.13). Fort >0, u(t) € C2(N) and the map t — u(t) is in C1((0, 00), C2(N)). If ug € E+, then u(t) € E+ for
t > 0 and the map (t, ug) — u(t) is in C°((0, 00) x E4, E+).

The parabolic flow is a standard tool for finding solutions of nonlinear elliptic PDEs (see e.g. [9]), but usually the
domain of definition is compact.

By a comparison principle for (2.13) (see e.g. [7]), if v+ < ug < w4, then v < u(t) < wa for all + > 0. Thus
®'(A1) C Ax,t > 0. The semiflow @' : AL — Ay is continuous in the topology of A.

An important property of @’ is that J is a Lyapunov function, i.e. if u(¢) = @' (ug),

diJ(u(z) /|Au(t)— (o u@) [P dx < (2.15)

There is equality in (2.15) iff ug is an equilibrium point of the flow, i.e. a solution of (1.1). Since J(u(t)) > 0
(2.15) implies there is a sequence #x — oo such that

/[Au(rk) — Fy(x, u()|* dx — 0.
N
Since for u € A4 (see e.g. [7]),

17/ §/|Au G| dx,
N

it follows that ||J/(u(z))|| — 0 as k — oo. Then by the (PS) condition (Proposition 2.9), we obtain:

Lemma 2.16. For any ug € A+ and any sequence ty — oo, there exists a subsequence such that ®% (uy) converges in
Wi 0a critical point u € Ax of J with J(u) = lim;_, o0 J (D' (up)).

Remark 2.17. A similar statement holds for any &’-invariant set A C W such that J is finite and differentiable at
every point in A and satisfies the (PS) condition in A. Such generalizations will be used several times in what follows.

Now the proof of Proposition 2.12 can be given.

Proof of Proposition 2.12. Forany ¢ > 0,leth: [ — Abi+ be a continuous path joining vy and w4 in Abi+€. Let

hy=®'oh:1— Abi+£ Then there exists O, € I such that J (h;(0s0)) = b+ for all ¢ > 0. Indeed, for any ¢ > O there
is 6; € I such that J (h,(@,)) > b4 . Take a sequence tx — oo such that 6;, — 04, € 1. Suppose that J (h(0)) < b+ for
some T > 0. By the continuity of i;, J(h;(0;)) < b+ and #; > T for large k. Then J (h;, (0;,)) < b+, a contradiction.

By Lemma 2.16 with ug = h(f), there is a sequence sy — oo such that uy = hy, () converges in Wh2toa
critical point v, € A4 such that

bir+e>J()= hm J( ,(900)) >bg.

Since ¢ > 0 is arbltrary, (PS) implies there is a sequence ¢; — 0 such that ve; converges to a critical point u €
J7' ). O

Next we give two preliminaries that concern the existence of locally minimal 2-transition homoclinic solutions of
(1.1). These solutions are close to concatenations of two minimizing heteroclinics.

Let ¢ = c— + ¢4+ and wy = min(w, %w_). Then J(wi) < ¢ and J(wg) — ¢ as k — oo. Indeed, let wy =
max (w4, t8w_). Then J(wg) =J(ws) +J(w=) — J(u),f), where J(w ) 2 0 by Lemma 2.5. In addition J(u)k) —0
as k — oo.

Set

N%=(—00,a] x T" !, Ny =[a,o0) x T" !, Nfz[a,b]xT”_l.
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Proposition 2.18. There is a K > 0 such that for any k € N with k > K, there exists a homoclinic uy € H(u—_,u_)

such that
1. uy < wg and forlarge a >0, up > twy in N~% and uy > tYw_in N,.
2. J(u) < J(wg) < cand J(v) = J(ug) for any v € W such that uy < v < wy.
3. J(ug) = c as k - oc.
4. lug — will Loy = 0 as k — oo.
5. Forany a € R, as k — 00,
—k
”Mk - w+||W1«2(Na) g 0, “T U —w- ||W1*2(Na) — 0.

Proposition 2.18 is a variant of a result of [25]. It follows from a more precise Theorem A.12 which will be proved
in Appendix A.

A slight modification of Proposition 2.18 is also required to define a region invariant under the heat flow of (2.13).
Let v+ < v+ be the smallest minimizer in M4 such that there are no gaps between vy and vi. Then the region
between v+ and vy is foliated into minimal heteroclinics from M, and v+ is the upper boundary of a gap or
the limit of gaps below vy. Generically vy = vy = ¥, but the case v+ < v+ cannot be ruled out. Set wy =
min(vy, 7w_) < wy. Then we have a version of Proposition 2.18, with w. replaced by v .

Proposition 2.19. There is a K > 0 such that for all k € N with k > K, there exists a homoclinic vy € H(u—_,u_)

such that
1. v < wg.
2. J(vr) < J(wy) < cand J(v) = J(v) for any v e W such that vy < v < wg.
3. J(vg) > cas k — <.
4. vk — will ey = 0 as k — oo.
5. Forany a € R, |[vg — v |ly12(ya) = 0 and Iz *v — w—|lyi2y,) —> 0ask — oo.

Proof. Suppose first that v is an upper boundary of a gap. Then Proposition 2.18 applies with w replaced by v.
If vy is not the upper boundary of a gap, then there is a sequence of gap pairs

Twy <V <W;<uvy

in M such that V; — vy pointwise. Lemma A.6 shows || V; — Villwizovy = 0 and [|W) — vy llyizay — 0 as
J — oo. Proposition 2.18 can be applied with the gap pair v, < w replaced by the gap pair V; < W;. For each j,
there exists a K ; such that for k > K, there is a homoclinic u j; < U jx = min(W;, rkw_) satisfying the assertion of
Proposition 2.18 with [[u jx — Ujk|lreenry — 0 as k — oo. Thus for large j and k > K, u j; satisfies all assertions
of Proposition 2.19 except possibly item 2. Consider the functional J, on the set X = {u € W |ujx <u < wi}. It
has a minimizer, vx € X. Since X is invariant under the flow of (2.13), vy is either uj; or vy does not touch the
boundary of X. In particular J (vg) < J(wg). Thus v is a homoclinic solution of (1.1) satisfying all of the assertions
of Proposition 2.19. O

3. Hybrid 2-transition homoclinics

In this and the following two sections, a heat flow method will be used to prove the existence of many minimax
homoclinic solutions of (1.1) in the strip S. In particular, we will prove that one can glue together minimal and
mountain pass heteroclinic solutions of (1.1) to form a multitransition homoclinic solution. In a future paper we will
show that whenever it makes sense geometrically, one can glue together an arbitrary number of minimal and mountain
pass heteroclinic solutions.

Gluing a minimal heteroclinic in H(u_,u,) as given by Theorem 1.8 and Proposition 2.6 corresponding to c4
to one in H(u4,u_) corresponding to c_ was already carried out in [25]. The hybrid 2-transition cases of gluing
a mountain pass heteroclinic corresponding to b1 as given by Proposition 2.12 to a minimizer in H(u4,u_) from
Proposition 2.6 corresponding to c_ (or gluing a minimizer to a mountain pass heteroclinic) will be treated in this
section. Gluing a pair of mountain pass heteroclinics corresponding to b4 and b_ will be treated in Section 4.
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Let vg, wi be as in Section 2 and let
Sr={ueW: v <u<Lw, u—wy€E},
be the set of functions between v and wy. Set
Z‘,‘(‘:{uezk:](u)ga}, Z‘,f_:{uezk:J(u)<a}.
Let ¢z = min(vy, t¥w_) € X}. Define
dy =inf{a € R: g ~ wg in Z‘,?}
Our main goal in this section is to prove that dj is a mountain pass critical value:

Theorem 3.1. There exists a K > 0 such that for any k > K, the functional J has a critical point Uy € Xy with
J(Uy) = dy.

To prove Theorem 3.1, a technical result is required. Set d = by + c_.

Proposition 3.2. For any § € (0, by — c_), there exists a K > 0 such that for k > K, qr and wi are in different path
connected components of E,f =3 but in the same path connected component of 2,?”. Thus g ~ wi in E,f” and
Gk ~ Wi in E,f_‘s.

Proposition 3.2 will be assumed for the moment. It immediately implies:

Corollary 3.3. There exists a K > 0 such that for any ¢ > 0 and any k > K, there is a path h : [ — Z‘f"+8 with

h(@I) C Z‘f"_ and h is not homotopic to a path g satisfying
gD C T ={ue D Jw) <dy)
in the class of paths g : I — Xy with g(31) C E,flk_.

Proof of Theorem 3.1. Fix K as given by Corollary 3.3 and let k > K. Take a sequence ¢; — 0. Leth; : I — EZHE"

be the path given by Corollary 3.3. As was the case for A4, the functional J satisfies the (PS) condition in X} and
@' : X — Xy for t > 0. Hence an analogue of Lemma 2.16 holds in X. Let h’/ = @' o hj. Then h;(al) C Elf"_
for r > 0. By Corollary 3.3, for any 7 > O there exists 9; € [0, 1] such that dy +¢&; > J(h;. (9;)) > dy. Hence, arguing
as in the proof of Proposition 2.12, (a) there is §; € I such that J(ht(ej)) = dy for all t > 0, (b) there exists t, — 00
as p — oo such that h’» (0;) converges in the W12 norm as p — 0o to a critical point Ugj € X with J(Ugj) €
[dy, di + €], and finally (c) as j — oo, Ugj — Up € Xy with J(Uy) =di. O

It remains to prove Proposition 3.2. This will be done with the aid of some auxiliary maps which will be introduced
and studied next. Define the maps ¢y : Ay — X and ¢ : Xy — A4 by

k

ér(u) = min(u, T w_), ¥ (v) = max (v, vy).

Then ¢y (v4) = g and ¥ (gx) = v4. It is known (see e.g. [12]) that the maps ¢y, ¥ are continuous with respect to
W12 norm.

Lemma 3.4. Foru € A,
J(px(w)) < J(u) +c—. (3.5)
For any ¢ > 0, there exists a K > 0 such that for k > K and any u € Xy,

JWw) <Jw) —c_ +e. (3.6)
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Proof. To prove (3.5), set
A={xeNiu@) <fw_)}, B={xeN: ux) >thw_(x))}

and let v = max(u, tkw_). Then

J(e@) — T @)= "[Irnal) + Jrnp(thw_) — J7,@)]

i€Z

= Z[]Timg(rkwf) — Jrn(w)]
i€eZ

=>_[In(fwo) = Jpaa(ehw-) = Innp@)]
i€z

=c_—J®).

By (2.4), J(v) > 0 and (3.5) is proved.
To prove (3.6), now set

A={xeN:ux) <vi(x)}, B={xeN:ux)>vix)},
and let v = min(u, v4+). We claim that v € X. Then arguing as above yields
JWw)—Jw)=Jwy) —J@W) =cy —J(V) <cy — i)?fJ.
k
and the result follows by item 3 of Proposition 2.19. To see that v € X}, it suffices to show that vy < v < wy. By its
definition, this is certainly true if v(x) = u(x) since u € X%. If v(x) = v4(x), then by item 1 of Proposition 2.19,

Ve (x) S wr(x) < v () S v () = v(x) <ulx) < wex). ]
Lemma 3.7. Let xy =Y o : Ay — Ay, Then |wy — xx(w4)|| — 0 as k — oo.

Proof. Set

A={xreN:wi(x) < rkw,(x)},
B={xeN:vi(x) < fw_(x) < wy(x)},
C={xeN: ™ w_(x) < v (0}
Then N =AU BUC and x;(wy) = wy on A. Hence
|k ) = wi ]| < [T*wo = w1 + s = weillyragey. (3.8)

We have vi — wy € E. Since BUC C Ny, with y, — 00 as k — 00, |[vy — w4 lly12(guc) represents the tail of a
convergent integral and therefore ||vy — w12y — 0 as k — oo,

To estimate the B term, first we show that the measure of B, |B| < 1. It suffices to prove that t B N B = (J, where
T B denotes the translation of B by 7. For x € T B, we have

v+(r_1x) < rkw_(r_lx) < w+(r_1x).

Since w4 (x) < v+(t_1x) and w_(t7'x) < w_(x), we obtain w, (x) < ®w_(x). Thus x ¢ Band TBN B = .
Now estimating the B term crudely,

”Tkw* — Wy ||W1~2(3) < (1B + l)kaw* — W+ ”cl(B)' (3.9)

Let § > 0. Since w4 are heteroclinic solutions, by (1.7) there is an a = a(§) such that u4 (x) — § < wy(x) < u4(x)
for x € Ny and u4 (x) — 8 < w_(x) < uy(x) forx € N~¢. Thus uy (x) — 8 < thw (x) < uy(x) for x € N¥~¢ Tt can
be further assumed that B C Né‘;f*]. Therefore

||rkw_ —wy ||L°°(B) < “u+ — w4 ||LOO(N[I§—a) <. (3.10)
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Since uy, t¥w_, and w are solutions of (1.1), by Lemma A.1 in Appendix A,

s = we o piamty < M3, Jus — Fw ||C2(Nk a1y < M8 (3.11)
Combining (3.9)—(3.11) yields

timsup|xi(wi) = w125 < (1B +1)M3
from which Lemma 3.7 follows. O

Corollary 3.12. For any € > 0 and large enough k, xx(wy) ~ wy in ACH_‘g

Proof. This follows from Lemma 3.7 and the continuity of J: for large k and all ¢ € [0, 1],
J((A=Dwy +x(we) = J(we —t(wy — (W) Sep+e. O

Finally we are ready for:

Proof of Proposition 3.2. By Lemma 3.4, for any § > 0 and large &,

¢k(A}f+8/2)CEd+a/2 W(Ed 5) CAb* 82

byt8/2

(3.13)

d+5/2

Since vy ~ w+ in A7 and ¢ is continuous, gr = ¢ (v4) ~ ¢ (W) = wy in X . To show that ¢y (v4) ~

dr(w4) in 2 suppose to the contrary that ¢ (vy) ~ ¢x (w4 ) in Ed -3 .By Lemma 3.4 with e =§/2, yy =¥ oy :

AT AC*J”S for large k. Since it can be assumed that c; +68 < by —§/2, we have xx (v4) ~ xx(w4) in AT_(S/Z.

+
By Lemma 3.7, xx(w+) ~ w4 in AC++8 C Ab+ 572 if k is large enough. Note that x¢(v4) = v... Thus vy ~ w in
Ai* 82 contrary to Lemma 2.11. O

4. Limit behavior

Next the behavior of the critical points, Uy, and critical values, d, in Theorem 3.1 as k — oo will be studied. Let

2r={ueEp vy <u<wil 4.1)
Theorem 4.2. For the critical point Uy of Theorem 3.1, as k — 00, we have:

[ limk_modk d.
o7 kUk—>w mCloc

o There exists a heteroclinic V € 2 and a subsequence k — oo such that Uy — V in Cloc
Proof. The first item follows from Proposition 3.2. For the second, by Corollary A.5, the set of solutions of (1.1)
in W is compact in the C loc topology. Hence, along a subsequence, the functions 7 ¥ Uy and Uy converge in C120c to
solutions, W and V, of (1.1) as k — oo. Since for any a and large k, T~ Kwr = w_ in Ny, it follows that % U, — w_
in L>°(N,) as k — oo and W = w_. Both t ¥U;, and w_ are solutions of (1.1). By Lemma A.1, 1 %Ur - w_ in
Cz(Na) as k — oo. To get the last item, since vy < Uy < wg, by item 5 of Proposition 2.19, vy <V < w4. Thus
V € £2, and is a heteroclinic solution of (1.1). O

It seems probable that V' is a mountain pass heteroclinic, with J(V) = b, but we are unable to prove this without
a further nondegeneracy assumption which will be stated next.

(NDi) The minimizer, u4, of the functional, 7, on W1’2(’]I‘”) is nondegenerate, i.e. the second variation quadratic
form

@) =F"u)(¢, ¢). ¢eW"(T"),
is positive for ¢ # 0.
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The nondegeneracy assumption will be used to improve Theorem 4.3 as follows. Again, Uy denotes the solution
of (1.1) given by Theorem 3.1.

Theorem 4.3. Suppose (NDV) holds. Then the solution V € §2, in Theorem 4.3 is of mountain pass type with
J(V) =by and, along a subsequence k — 00,

IUx — Vil = 0, Vi =min(V, tfw_). (4.4)
A similar but simpler result holds for the solutions uj given by Proposition 2.18.
Theorem 4.5. Suppose condition (NDT) holds. Then |juy — w w12z —> 0 as k — oo.
To prove Theorem 4.3, the following consequence of (NDV) is required.

Proposition 4.6. For any ¢ > 0, there exists a 6 > 0 such that if a < b are integers and u is a solution of (1.1) on N, ff
satisfying uy — 8 <u < uy, then:

o u minimizes Jyb in the class of functions which equal u on ON, é’ ,
e ifa<b—2, then

”M - M—‘r”wl,Z(Nub;Il) g E.
The proof of Proposition 4.6 is given at the end of this section.

Proof of Theorem 4.3. Once we obtain (4.4), it follows that

d=by+c_=lim J(Up)= lim J(Vi)=J(V)+c_
k— o0 k— 00

so J(V) = b4 and Theorem 4.3 follows from Theorem 4.3. Hence to prove Theorem 4.3, it suffices to show that for
any v > 0,

limsup ||Uy — Viellwizvy < v. 4.7

k— o0

By Lemma A.6 in Appendix A, for any a > 0,
lim Uy -V, a =0.
Jim Uk — Vkllwr2vaun,_,)
Thus to prove (4.7), it suffices to prove that for any ¢ > 0, there exist an a € Z such that for all large k,
”Uk - Vk”wl,Z(Nz;’*ll) < 3e.
Observe that
”Uk - Vk”wl,Z(N(/;*H) < ”Uk - u+||wl,2(Nt/l<*H)
+ ” V- U ” W1‘2(N(/1<*a)
+ ”Tkw* - u*”W'vZ(Nf*“)'

Each of the terms on the right can be estimated in a similar way so only the first one will be treated. To begin, note
that

”Uk - u-l-”LOO(Ntf:il‘H) < ”Uk — U4 ”LOC(NZ::?_H)' (48)
Let § > 0. By item 4 of Proposition 2.19, for k large,

||Uk - wk”Loo(N]l‘:ilJrl) < 8/2 (49)
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and if a is large enough, then increasing k further if needed,

e P (4.10)
Then

”Uk - u+||LOO(N5:f+1) g 3
If 6 > 0 is sufficiently small, applying Proposition 4.6 gives

”Uk - M+||wl,2(N(’Z(—tl) g E.
and the proof is complete. O
Proof of Theorem 4.5. Let ¢ > 0 and a > 0. By item 4 of Proposition 2.18, for k sufficiently large, |uy —
wkllw12(yaun,_,) < €- Thus, it suffices to find a such that

lux — wk”wl,Z(N!;—a) < 2e¢ “4.11)

for large k.
Let § > 0 be as in Proposition 4.6. We can choose a € N so that ||uy — w4 ||L00(N‘6;71) < §/2 and similarly |ju4 —

w,IILOO(NH,) < §/2. By the 1-monotonicity of w, [luy — wy|lpeow, ) <8/2 and |Jug — Tkl,Uf”LOO(Nk—aJrl) < §8/2.
Therefore ||u4 — wk”LoQ(Nk—a-H) < 8/2. Again by Proposition 2.18, for large k, we have |ju; — UJk||L;,O(Nk—a+1) <
a—1 a—1

k

8/2. Consequently, |luy — Mk”LOO(Nk—aJrl) < 4. Lastly applying Proposition 4.6 again for u = w4 and u = t*w_ and
a—1

combining gives
”Mk - u+||wl,2(N(’;—tl) < €.

from which (4.11) follows. O

It remains to prove Proposition 4.6. Towards that end, we deduce some consequences of the nondegeneracy as-
sumptions (ND%). For simplicity we work with (NDT). Recall it means that the second variation bilinear form:

0(p) =F'(up) (@, ¢) = f (IVo* +a(x)¢?) dx, a(x) = Fuu(x,us(x))

'ﬂ"n

is positive definite on WL2(T™). Let A be the smallest eigenvalue of the operator —A + a(x) in wh2(Tm). By (ND™),
A > 0. Then for all ¢ € WH2(T"),

o) >A/¢2dx.
Tﬂ

Next we will prove an iterated inequality. Set T?, = (R/mZ) x T"~!. Thus if ¢ is a function on T”,, then "¢ = ¢,
so ¢ is m-periodic in x1.

Proposition 4.12. For any ¢ € W1’2(’]I‘%), we have

On(9) = / (IVoI* +a(x)¢®) dx > 4 [ ¢*dx. (4.13)
™ T
Consequently the smallest eigenvalue, Ay, of —A 4 a on T}, equals the smallest eigenvalue, A, of —A +a on T".

Proof. Set

0(6) = On(9) —)»m/d)de-
i
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Thus Q(d)) > 0 for any ¢ € Wl'z(T”m) and the minimal value of Q is 0. It is straightforward to prove that nonzero
minimizers exist, any such minimizer is an eigenfunction of —A + a on T?, corresponding to 1,,, and choosing ¢ to
be an eigenfunction corresponding to A shows A > 1,,. By results and arguments of Moser [20] — see also [25] — the
set of minimizers of Q is ordered. If ¢ is a minimizer, so is 7¢. If e.g. T¢ > ¢, then

p=1t"p=-- =10 =¢.

Thus ¢ = ¢ and so ¢ € WH2(T"). Similarly ¢ is 1-periodic if t¢ < ¢. Hence ¢ € W12(T") and Q(¢) > 0 implies
Am = A, so we must have equality. O

Remark 4.14. This is a scalar phenomenon; a similar result is not true for vector valued ¢. For n = 1, an analogue
of Proposition 4.12 was known to Poincaré and repeatedly used by Morse and Hedlund [19,14]. It is a basis for
Aubry—Mather theory [3,17]. In the PDE setting, a similar result was used by Moser [20].

The next result is standard.

Corollary 4.15. There is a constant, v > 0, such that for all ¢ € Wl’z(T%),
O (#) = 2181151200 (4.16)

Proof. Let 6 € (0, 1). Then

Om(@) =9f(|V¢|2+a<x)¢2)dx+<1 —e>/(|V¢|2+a(x>¢2)dx
TVL

T

>9/(|v¢|2+a(x)¢2)dx+(1—e)x/qudx

™ T
2 2
29/|v¢| dx+((1—9))»—9||a||L°°(T"))/¢ dx
™" T

2
:6”¢”W1’2(T’,’n)
provided
6 = (1 — 0)A — Ollall (.
Thus (4.16) holds with
—1
2#:9:)\(14’)\"‘ ||61||L00(Tn)) . O

Corollary 4.17. Let b € L™ (Ny') with

16— all oo (nmy < 14 (4.18)
Then for any ¢ € Wl’z(T',;),

/ (VP +b()¢%) dx > plgllf iz - (4.19)

Ny

Proof. This is immediate from Corollary 4.15. O

Proposition 4.20. Let § > 0 be sufficiently small. Then for any m € N and any solutions u,v of (PDE) such that
u+—8<u,v<u+0nN(’)" andu:vonBNé", wehaveu:vonN(’)".

Remark 4.21. Note that § is independent of m. This will be important below.
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Proof. Set ¢ =v —u on Ny’ and extend ¢ periodically so that ¢ € WI'Q(T”m). Subtracting Au = F,(x,u) from
Av = F,(x, v) shows

/d)Aqbdx— // Fuu(x, u+s¢)¢ dsdx.
NP NI O
Since ¢|; N = 0, integrating by parts gives
1

= /(|V¢>|2 +¢?b(x))dx, b(x)= / Fuu(x,u+ s¢)ds. (4.22)
Ng 0
For 6 small (independently of m due to the periodicity of F), b satisfies (4.18). Thus by Corollary 4.17 and (4.22),
¢=0. O

Next, we consider the nonquadratic functional J N oon Wl’Z(N(’)"). Observe that if e.g. ¥ € C*(dNy'), then J N

has a minimizer, v, in the class of W1’2(JN6n) functions which equal ¥ on 8N(’)”. If v satisfies u4 — § < v < uy, then
any solution u such that u — 8 <wu <uy on Ny’ is a minimizer for the boundary conditions u|, N = Y. Namely by
Proposition 4.20, u = v. Therefore we obtain

Corollary 4.23. Any solution, u, of (PDE) satisfying uy — 8 <u < u on Ny' is a minimizer of the functional, J, N
in the class of functions ¢ € W 2(N’") withuy — 86 < ¢ <uy and Plangm =ulanm-

Corollary 4.24. There exists a 8 > 0 such that for any m € N and any u € W'2(T" ) satisfying uy — 8 <u < u, we

have

Ing @) 2 plle = i 1312 -
Note that § is independent of m.

Proof. Let ¢ =u —u. Since JN(r)n (u4+) =0and Jz/vm (u4+) =0, expanding J,, about u shows
0

1

g @)= [ Tl +50)0. 91 = )ds
0
1

:/(|V¢|2+¢2b(x))dx, b(x):/F,m(x,u++s¢)(l —s)ds.

T 0

m

If § > 0 is sufficiently small (independently of m), then b satisfies (4.18). Thus by Corollary 4.17,
JNm(u) Ml|¢|lwl2('ﬂ"n) U
Next we prove an analogue of Corollary 4.24 for non-periodic functions on Ny'.

Proposition 4.25. Let § > 0 be as in Corollary 4.24. For any € > 0, there exists a p > 0 such that for any m € N and
any u € CI(N(’)") with |lus — u||C1(Nm) < p, we have

I ) = pllu —ug |3, 2y T € (4.26)
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Proof. Define a periodic function v € W1’2(T%) with ¥ =u on N{" by linear interpolation on Tj:
Y(xX)=us(x) —us0,x2,...,x0) + A —xpulm, x2,...,x,) +x1u(1, x2, ..., %x).
For x € N(;, we obtain | —u| < p and |V — Vu| < p. Thus
lus = Yllcrnm = 1 —utlliLe gy +IVY = Vg Loy < 2p.
For p < §/2, by Corollary 4.24,
In() =l = i 2o
Now
19 — e lpramyy = = g gz gy + 19 = w5120 = e = w1
Therefore
Inp (Y) = I () + I, (¥) — Iy (w)
> (e = s g aguy + 10 = w4 iy = e = u i)
For p small enough,
|| <&/, |Inw)|<e/4,
W —u o, e/, lu—usllfiag, <e/4u.
Consequently (4.26) follows. O
Corollary 4.27. For any o > 0, there exists a § > 0 such that for any integers a < b, and any solution, u, on Nfi']l
withuy —§ <u <uy, we have
Inp @) = el = w20 — . (4.28)

Proof. By Proposition 4.25, it suffices to show that if § is sufficiently small and u is as in the hypothesis, then
lus —ullcryey < p- Since [u — M+||L00(Nb+1) < 4, this follows from Lemma A.1. O
a a—1

Proof of Proposition 4.6. The first item follows from Corollary 4.23. The second follows from Corollary 4.27.
Indeed, the minimization property of u in Ni’fll yields the estimate:

Iy 0) < M8,
where M > 0 is independent of §. By (4.28),

lu —uillwizgey < V(0 +Md)/u<e.
provided that § and o are sufficiently small. O
5. Gluing two mountain pass heteroclinics
Next a minimax heteroclinic, iy, with J(i1;) close to b = by + b_ will be obtained. Since v4 are both upper
boundaries of gaps or limits of upper boundaries for a sequence of gaps, using Proposition 2.18 as in the proof of

Proposition 2.19, we find:

Proposition 5.1. There exists a constant, K > 0, such that for all k > K, there is a homoclinic v,’f € H(u_,u_) such
that

o v} <up=min(vy, Thvo).
o J(vp) <J(u) <c.
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o J(v) = J(vy) for any v such that v <v < u.
o Ask — oo, J(vf) = ¢,
o [lv; —ukllconry = 0.
e foranyaeR, ask — oo,
—k
g — v+ ”W1~2(N“) -0, |z~ v — v ||W1~2(Na) — 0.

If (NDY) holds,

vk — villiwregny = 0, k— oo.

With wi = min(w, rkw_) as earlier, let
ka{ueW:v,féuéwk, u—v,feE}.
Then X C £2; and
lim infJ =c=c4 +c_. (5.2)

k—00 §2

Indeed, if not, there is § > 0 such that for arbitrary large k there is w € §2; with J(w) < ¢ —§. Since £2 is invariant
under the heat flow, we may assume that w is a solution of (PDE). For arbitrary small ¢ > 0 and large &, there isa € Z
such that uy — e < v,f <w<uyin N;Zflz Then by Lemma A.1, ||w — u+||W1.z(Na+|) < Ce. If ¢ is small enough, we

can glue w to u4 in forl to obtain functions, g+ € I'y, with
c<J(g4) +J(g-) < J(w) +34,

a contradiction. 0O

Following standard notation, we write g : (A, B) > (X,Y)ift BC A,Y C X,and g : A — X is a continuous map
such that g(B) C Y. Let 12 =10, 1] x [0, 1]. Then we claim:

Proposition 5.3. Let § € (0, b — ¢). For any ¢ > 0, there is a constant, K > 0, such that for any k > K, there exists
a continuous map g : (I%2,91%) — (Qf'”, .Q,i’_a) which is not homotopic to a map (I1%2,91%) — (.Q,f_, .Q,f_‘s) in the
class of maps (I2,31%) — (§2, Q}:*‘S).

Again, let .Q,f ~ ={u € 2¢: J(u) < b}. The proof of Proposition 5.3 will be postponed until later.
Take § € (0, b — ¢) and define

ar = inf max J, (5.4)
h h(1?)
where the infimum is taken over all maps 4 : (12,91%) = (§2¢, .Q,}c’_‘s) homotopic to g in the class of maps (I1%2,91%) —
(2, 277%).
By Proposition 5.3, ay — b as k — oo. The above preliminaries yield:

Proposition 5.5. There exists a constant, K > 0, such that for any k > K, J has a critical point tiy € 2y such that
J(ay) = ay.

Proof. By Proposition 5.3, for k > K and for any ¢ € (0, 8), there exists a map g : (I2,91%) — (.Q,i”‘”, Q,f*‘g)
which is not contractible to a map (12, 81%) — (.Q,‘:" -, .Q,f *‘S). The set §2 is invariant under the parabolic semiflow
@2 — 24,1 >0.Let g =" og. Then g,(31%) C .Q,f_‘s forall # > 0, and hence g,(1%) ¢ £2*°. Then the heat
flow argument of e.g. Theorem 3.1 gives a critical point in £2; with a;y < J < ax + ¢. Letting ¢ — 0, we obtain a
critical point in J ~L(ay) as in earlier proofs. O

Remark 5.6. If there is just one critical point in J~!(a;) and it is nondegenerate, then its Morse index will be 2.
Abusing terminology a bit, we say that ai is a critical level of index 2. With this terminology, mountain pass critical
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levels have index 1. More generally, we say that a is a critical level of index i if for arbitrary small § > 0, we have
H; (£24%% ©2979) =£ 0. Thus there is an i-cycle C in £29% such that 9C C £2¢~% and C is not homologically equivalent
to a cycle in £2¢7%. This implies the existence of a critical point u with |J («) — a| < § for all small § > 0, and hence
with J(u) = a. If all critical points in J ~1(a) are nondegenerate, then at least one will have Morse index i. Thus the
name.

Remark 5.7. For each large k we have constructed 7 homoclinics in §2¢. Four of them are given by local minimizers
of J with J close to ¢ + ¢_, two are of mountain pass type with J close to ¢+ + b=, and one has J close to by +b_.
Generically, 4 have Morse index 0, 2 have Morse index 1, and one has Morse index 2.

Next the proof of Proposition 5.3 will be given. It follows from the next proposition. In it all homology groups are
taken with coefficients in Z; and 1 is the generator of Hy (I 291 2) =7.

Proposition 5.8. For any ¢ € (0,8) and sufficiently large k, there exists a continuous map g : (I*,91%) —
(207, 207°) which defines a nonzero element [g] = g«(1) € Ha($2x, 27 ™") for any v > 0.

Using Proposition 5.8, we have the:

Proof of Proposition 5.3. If a homotopy of g into a map (12, 312) — (.Q,f_”, .Q,f_‘s), v > 0, in the class of maps
(I12,91%) — (§2, Qf_‘s) were to exist, then [g] =0 in H> (82, Qf_‘s), contrary to Proposition 5.8. O

It remains to prove Proposition 5.8. Let X = A4y x A_ with the product norm. Define continuous maps

¢k:X—>Qkand1ﬁi:¢i:Qk—>Aiby

¢k (u, v) = min(u, Tv), V4 (u) = max(u, vy), Y_(u) =t Fmax(u, v_).

Let ¥y = (Y4, ¥—) : £y — X. Arguing somewhat as in Section 3, we will show the maps ¥ and ¢, are almost
inverses in the following sense. Let xx = ¥ o ¢x : X — X. Then we have:

Lemma 5.9. For any compact set A C X,

sup | xx(u,v) — )| >0 ask— oo.
(u,v)€eA

Proof. Let Xi =Yy o¢r. Then xx = (Xf, x*) and
xi(u, v) = max(min(u, tkv), Vi),
and similarly for x* . We will show that

sup | xX@u,v) —u| -0 ask— oo.
(u,v)eA

Let
Biw)={x e N:u(x) > tkv,(x)} CCr={vy> tkv,}.
Then it is easy to see that Xi(u, v) =u in N'\ Br(u). In B (u) we have Xi(u, V) = vy or X,j'(u, v) = t¥v. But
||lu — v+||W'»2(Ck) —0 ask— o0

uniformly on any compact set of u € A . So only the set where X,:’ (1, v) = t¥v needs some care. This set is contained

in D = {vy < hy < w4} which has measure less than one: Dy NtDy =¥. O

Next define a functional F on X = A4 x A_ by F(u,v) =J () + J(v).
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Lemma 5.10. Foranyu € Ay andany v e A_,

J(px (u, v)) < F(u,v).
In addition, for any € > 0, there exists a constant, K > 0, such that for k > K

F(yr) <Ju)+e, ue.

More briefly,
Jopy <Fry and Fovyy<J+e forlargek.

Thus F is a good approximation for J.

Proof of Lemma 5.10. The proof is similar to that of Lemma 3.4. The first inequality is easy:
J(px(u,v)) =J W)+ J(v) — J(w), where w=max(u, rkv),

and J(w) >0 for all w e W.
To prove the second inequality, set U, = {u < v}, U_ = {u < t¥v_} and define

Wy = max(v4, rkv,), wy = min(vy, tkv,).

Then formally

F(y @) = J @) =J (Y4 @) + J (y—w) = J (u)
= Ju, (v3) + Ju_(t*v2) — Ju,nu_ @) + Inywauo) ()
= Jy,ov_ (W) + Ju nu_(wi) — Jupnu_ () + Inwou) (u).
For a more precise proof, argue as in the proof of Lemma 3.4. Next define
w = max(u, uy), z=min(u, ug).
Then
F(Yrw) — J ) =J(w) + J(wp) — J (),
where again J(w) > 0. Since z € £2¢, (5.2) implies that for any ¢ > 0 and large k (independent of u),
J)=2c—¢€/2, J(ux) <c+¢e/2.
Thus F(Yr(m)) —Jm)<e. O

Now the proof of Proposition 5.8 can be given.

Proof of Proposition 5.8. The idea goes back to Séré [26,27]. For any ¢ > O and large k, let hy : (I,0]) —
(Ahiﬂ/2 jci) be mountain pass paths joining v+ and w. Define amap h: I> — X = Ay x A_ by h(t,s) =

(h4(t), h_(s)). For sufficiently small ¢ > 0 and sufficiently large k,
F|h(12)<b+8 and F|h(312)SmaX{ch+b,,C,+b+}+8§b—38.

Thus & : (12,91%) — (Xb+¢, Xb=3%) where X¢ = {u € X: F(u) < a}. For any v € (0, 38), h defines an element [A]
in Ho(X, X"~V).
We claim that

[M1#0 in Ho(X, X"7"). (5.11)

bi—v/2

Indeed by the Kunneth formula, nonzero elements [h4] € Hj(A+, AL ) define a nonzero element [24+] ® [A_] in

H(X (A7 A0 U A x A% ) Z (4 A% ) @ (4, A7),
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Consider the inclusion

J (X X)) > (x, (AT x AL U Ay x AR

and let
Jet Ha(X, XP70) = Ho(X, (A5 2 x AC) U (A x A% 777)

be the corresponding homomorphism of homology groups. Then [A] ® [h_] = j.«([h]) # 0. Hence [h] # 0 in
H)(X,X"™"). O

By Lemma 5.10, ¢ : (XP+, X0=3) — (207, 2073%). Set g = ¢y o h. Then g : (1%, 01%) — (207, 277).
We will show that for any ¢ > 0 and large k the map g satisfies the condition of Proposition 5.8, i.e. ¢.[h] =[g] # O
in H (82, $20°). For large k, we have i : (2, 207%) — (X, X*=2) and e (2)7°) € XP=¢/2. If [g] =0 in
Hy (24, 207°), then (Y0)4[g] = (xi)«[h] = [xx 0 h1 =0 in Hy(X, XP=#/2).

Since h(I1?) C X is compact, Lemma 5.9 implies that for any o > 0 and large enough k, we have || x (1) — u|| < o

for all u € h(I%). Thus for large k there is a homotopy joining x o & and h in the class of maps (12,81%) —
(X, Xb=¢/2) Then [h] =0 in Hy(X, X"~¢/?), a contradiction to (5.11) for large k. O

Next we consider the limit of a critical point ity € £2 given by Proposition 5.3 as k — oco. Let

Rr={ueEy vy <uswi}
Proposition 5.12. As k — oo,

o J(ix)=ar —>b=>b_+by.
o There is a subsequence, k — oo, and heteroclinics 7+ € 21 such that iy, and AL converge in C120C to 74
respectively.

Proof. By Corollary A.5 the sequence i contains a subsequence convergent in C120C to a solution z4 € £24. It is
evident that z,, is a homoclinic solution. The same argument works for t~%i;. O

It is natural to suspect that J(z+) = b+. We pose this as:
Conjecture. Suppose condition (ND) holds. Then

o J(z+)=b+.
e Along a subsequence k — oo, we have

A . k
&k — dgll = 0, & =min(z4, T%z-).

Remark 5.13. As we will show in a future paper, the same ideas used in the study of the 2-transition cases in
Sections 3-5 can be employed to find multitransition homoclinic or heteroclinic solutions of (1.1). E.g. to get multi-
transition homoclinics, choose k € N, let A; be the set of a = (ar, ay, ..., a,j, a; ) such that al.jE = ¢4 or by for
i=1,...,k and for P > 0, let Mp ; be the set of m = (mf',ml_,...,m;’,mk_) € Z* such that m; —m;’ > P for
;:_1 -m; 2P fori =1,...,k — 1. Then we can show that if P is large enough, there exists a
homoclinic solution, # = uam, of (1.1) with J(u#) near Zle (cz;r +a;"). The proof again involves the construction of
an invariant region for the heat flow and a variational argument.

i=1,....,kand m

Appendix A

This appendix consists of 3 parts. First in Appendix A.l some technical results which are used several times
in the paper will be presented. Then in Appendix A.2, we state and prove a result, Theorem A.12, that contains
Proposition 2.18. Lastly in Appendix A.3, the proof of one of the technical tools required in Appendix A.2 will be
given.
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A.l. Technical results
Leta € (0, 1).

Lemma A.1. Let a < b — 2 be integers and u, v any solutions of (1.1) in foll. Then there is a constant, C > 0, which
is independent of a, b, u, v such that ¢ = u — v satisfies

1¢llw22nz) < CIH ooy (A.2)
1¢llc2eqvy) < ClOl 2 0e1)s (A.3)
1Pl c2e gy < ClPH oo o1y (A4)

Proof. Standard linear elliptic estimates will be used. Since F is 1-periodic it suffices to prove (A.2) for a =0 and
b = 1. Subtracting the equations for u, v, we obtain an expression of the form A¢ = f, where | f| < M;|¢| and

M = || FyllLoo. Using the Lff)c linear elliptic estimates [13] yields for some constant M>,

||¢||W2,p(1v(;) < MZ(”f”LP(NEI) + ||¢||LP(N31)) < My (M + 1)”¢”L2(N3|)'

For p =2 this gives (A.2).
To prove (A.3), take p > n. The Sobolev inequality provides a C]""(Nfl) bound for ¢ in terms of the Wz’p(Nfl)

norm of ¢. Then the local linear Schauder estimate gives a cre (Nol) estimate for ¢.
In fact (A.3) implies (A.2) and (A.4). O

Combining Lemma A.1 and the Arzela—Ascoli Theorem, we immediately find:

Corollary A.5. Any sequence (uy) C W of solutions to (PDE) contains a subsequence converging in C12OC N)toa
solution u € W.

To get W12 convergence, additional conditions are needed.

Lemma A.6. Let (uy) be a sequence of solutions of (PDE) such that twy < uy < wy in N Then (uy) contains a
subsequence convergent in W-2(N*~1) and C*(N®~1).

Proof. By Corollary A.5, there is a solution, U, of (1.1) such that along a subsequence, uy — U in CIZOC(N“). Because

of this ClzOc convergence and (A.3), it suffices to show that for any ¢ > 0, [ux — Ul 2(y») < € for some b near —oo
and large k.
We have

luk — Ullp2npery = / (ux — U)?dx < max(uy —u_) / |U — u|dx.

Nb+I Nb+1

Now since twy < U < wy,

/lU—uk|dx< /(w+—rw+)dx= f w+dx—/u_dx—>0

Nb+1 Nb+1 Nbb+l To

as b — —oo and the result follows. O

Remark. A similar statement holds for solutions in N,.
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A.2. Proof of Proposition 2.18

Our main goal in this section is to give the proof of Proposition 2.18. A result related to parts of Proposition 2.18
was already proved in [25]. However unlike [25] where the goal was simply to construct a 2-transition homoclinic
solution of (1.1), here we seek one that shadows two particular heteroclinics. This requires a somewhat different
construction that can also be used to simplify the argument of [25]. Thus below, we present Theorem A.12 which
implies both Theorem 6.8 of [25] and Proposition 2.18. First some preparation is required.

Let ¢ = c_ + ¢4 and wy = min(w,, T¥w_). The solution u; in Proposition 2.18 will be found by minimizing the
functional J on a set Y; C VW which will be defined next. For simplicity, let

pw) = llu — sl 207y
Setm = (m4,m_) € 7% and r = (r4,r—) with
O<re<pu-)
For k € N, define
Yi=Yemr= {u eWw | u < wg, p(t"”u) <rg, p(t”““‘u) < r_}.
and set

cx = inf J(u). (A7)

UEYy

The parameters m, r will be selected so that J attains its minimum ci in Y, and any minimizer uy lies in the interior
of Y. Hence uy € H(u—, u_) is a homoclinic solution of (1.1).

To choose m and r, note first that the sets, M, of minimal heteroclinics are ordered and p (1) is a strictly mono-
tone function on M. Therefore p(t"v1) < p(r’w4) for all v € Z and as v — £o0, p(t’v+) — 0. For any m 4,
a corresponding r+ can be chosen so that

p(t"™vs) <rs < p(t"™wy). (A.8)

If m4 > 0 and —m_ > 0 are sufficiently large, then ri will be as close to 0 as we please.
Let

Fi*z{uel"i|p(u)=ri}.

By item 3 of Proposition 2.6, we have:

Proposition A.9.

i =infJ(u) > cx.
i

One further smallness condition will be imposed on r+ and then any pair m, r satisfying (A.8) is suitable for our
purposes. Before imposing the condition, the following proposition is needed.
Set

Ar={uelw_u)|pw <r
and define

B =infJ.

Then 0 < B(r) < c¢. Indeed, for appropriate j and large &, T/ wy € Ay, 50O B(r) < J(t/wy) = J(wg) and as was
shown preceding Proposition 2.18, J(wi) < c¢. Now we have:

Proposition A.10. lim,_.o 8(r) = c.
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So as not to delay the exposition, we postpone the proof of Proposition A.10 until Section 7.3.

Now we are ready to state Theorem A.12. Choose r so that 8(r+) > ¢/2. According to (A.8), this also means that
|m| are sufficiently large. The functions w, and t¥w_ satisfy, respectively, the r., r_ inequalities in the definition
of Y. Therefore for any large k, wy belongs to Yk, so

0< = uiél}f Jw) < J(wy) <c. (A.11)
k

Theorem A.12. There is a constant, K > 0, such that for any k e Nwithk > K,

J attains its minimum cj, on Yj.

Any minimizer, uy, lies in the interior of Yy and is a classical solution of (1.1).
As k — oo, lug — willpony — 0.

Forany a e R,

—k
lluk — wy ly12ya) — 0, |z ux — w_||W1,2(NU) -0 ask— oco.

Theorem A.12 implies Proposition 2.18. Indeed, item 1 follows since uy is in the interior of Yy. If up < v < wy,
then v € Y, so J(v) > ¢ giving the second item. The third was shown prior to the statement of Proposition 2.18 and
the remaining item is copied verbatim.

For the proof of Theorem A.12, Proposition 6.27 from [25] which is useful for cutting and pasting arguments will
be needed.

Proposition A.13. Let 0 > 0 and M > 0. There exists an Lo = £o(o, M) > 0 with the property that whenever u € VW
and J(u) < M, then any interval of length larger than £y contains an integer, i, such that

lu—u— ”LZ(Nli';) <o or |u-— Uy ||L2(Nli—23) <o. (A.14)

Thus if u is also a solution of (1.1), by Lemma A.1,
||M —u- ”Cl“(N,."jlz) <Co or |u-— u+||c2,a(lej12) < Co. (A.15)
Proof of Theorem A.12. Arguing as in the proof of Theorem 6.8 of [25], (a) there is a uj € Y} such that J (ug) = ¢y,

(b) uy is a solution of (1.1) except possibly in the integral constraint regions, and (¢) u_ < uy < u4. To prove item 2,
we will show that there is strict inequality in the two integral constraints for large k:

,0(1'"”14;{) <rg, p(r”LJrk) <r_ (A.16)

and therefore by a standard elliptic regularity argument, uy is a solution of (1.1) in the corresponding constraint regions
and therefore in all of \V.

The arguments being the same, the first inequality (A.16) will be proved. Note that uy is a solution of (1.1) in
Nm_+k73

th’é’;eﬁi i éSZiri;cthJ (ux) is bounded independently of k, by Proposition A.13, for any o > 0 and sufficiently large &,
my+3<i<m_+k-3

such that one of the following inequalities hold:
g —u— ”CZ,O((N’_ii'lz) < Co, (A.17)
i — s llczayivay < Co (A.18)

We claim that (A.18) holds. Indeed, suppose that (A.17) is satisfied. By the choice of ry, there is a § > 0 such that
B(ry) 4 B(r—) > ¢+ 8. The function, uy, can be modified in N; *+1 to obtain two functions ¢+ € VW such that

Ol yi =ug, Oyl =u_, DN = Uk, O |yi=u_,



S. Bolotin, P.H. Rabinowitz / Ann. I. H. Poincaré — AN 31 (2014) 103-128 125

and ¢ are linear in x; in Nl." *1_ Then for large k,

|7 ) = T (94) = T ()| <. (A.19)
Since t "¢y € Ay, r_(’"*"’k)d)_ € A,, by Proposition A.10 and (A.19), we have
Jwi) =2 J(@-) +J(Pp4+) =86 2 Bry) + Br—) —é>c. (A.20)

But for large k, this is contrary to limy, o0 J (1) = c. Thus (A.18) holds.
Next we similarly modify uy in Ni’ *+1 {0 obtain Y4 € I'y such that:

Uilyi =k Yilng = s Yolne, =uk Yoly =ug (A21)
and for any § > 0 and large &,

| () = I (W) = T (p)| <. (A22)
Since J (Y1) = c+ and J (ug) — ¢ as k — 00, (A.22) shows

|J(e) —cx| <8 (A.23)

for large k. But if p(z7"*uy) =ry, then ™"+, € I'{. Hence, by Proposition A.9,
J(Yy) = > e (A.24)

If § is small enough, (A.23) and (A.24) are contradictory. Thus item 2 of Theorem A.12 is proved.

The limit results remain. To get item 3, let o > 0 and let k and i be such that (A.18) holds. Define ¥+ € I'y as in
(A.21). Choose § > 0. If k is sufficiently large, (A.23) holds. Let ¢ € (0, min(r, r_)). Possibly making § still smaller,
by Proposition 2.6, there are functions Uy € M such that |Us — I//:tHWl,z(Tj) Leforall jeZ For j<i—1,
Y4 =uy on T;. Therefore

luk = Uslli2qr,y <& (A25)

for all j <i — 1. Since vy does not satisfy the integral constraint at m, it can be assumed that U, > w,. But
Yy < wy, so if Uy satisfies (A.25), so does w. Thus

g = will o,y <o, j<i. (A.26)
Then by Lemma A.1,

|l — w_l,.”CZ,zx(Tj) <Ce j<i—1 (A.27)
Now either wy = w4 or wy lies between w4 and uy. Therefore in either event, by (A.27),

g — wk||L00(Ni) < lug — w+||L°°(Ni) < Ce. (A.28)
A similar argument beginning with v_ also yields (A.28) in N;,,. Finally by (A.18), we have

otk = Wil o2, < itk = 4]l i) < Co. (A29)

Combining these estimates for u; — wy yields item 3.
It remains to prove item 4. By Corollary A.5, there is a solution, U, of (1.1) such that along a subsequence,

up — U in C120 .- By (A.26), U = w. Moreover the uniqueness of the limit function, w., implies the entire sequence,
Ui, converges to w in Clzoc. Choose b so that b + 1 < min(a, my). Then as k — oo, uy — w4 in CZ(NZH). Hence
for large k,

Twy <vy <up <wy in NZH. (A.30)

Suppose that (A.30) holds in N*t!. Then Lemma A.6 shows u; — w4 in WH2(N9) and the first part of item 4 is
proved. The second follows in a similar fashion.

To verify (A.30) for N1, suppose u; < v, somewhere in N, Then uy % max(uy, vy) = ¥ on Nt! Ex-
tend ¥ to NV via W = uy on N,y 1. Then Wy € Yy so J (W) = J(uy). If J (W) = J (uy), Wy is a solution of (1.1) with
Y, > up. But ¥, = uy in NZ‘H so by the Maximum Principle, ¥y = uy, a contradiction. Hence J (%) > J (uy). We
will show that this last inequality is impossible.
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Set O, ={x e NP | v4(x) > uy(x)}. By the minimality property of v, Jo, (ux) = Jo, (v4). On the other hand, uy
also has a minimality property in N” so Jo, ) < Jo, (v4). Consequently Jo, (ur) = Jo, (v4). But then,

J W) = Jo, (v4) + oy (uk) = J (ug),

a contradiction and (A.30) is proved. O
A.3. Proof of Proposition A.10

Let § > 0 be small. Choose any w € A, such that J(w) < B + §. Since w € W and J(w) < oo, we have
lw —u_lly12r,) — 0 as |i| = oo. Hence for large i we can glue w to u_ in T4; to obtain v € A, such that v =1u_

in N~'UN; and J(v) < B +28. Observe that J,; has a minimizer, «, in

{Z € Ar | Z|N—iUNI, = M_}.
Then J (1) < B + 26 and u is also a minimizer of Jz, on
Swy={y €A, | ¥Iyoun, =u}.

We claim there exists a constant, K > 0, independent of r, and points a, b € (0, 1), depending on r and u, such that
b—a>1/2and

It — g o) < K. (A31)

This inequality implies Proposition A.10. Indeed, let ¢ = (a + b)/2 and let 0 < ¢ (x1) < 1 be a smooth function such
that ¢ (x1) =0 for x| ¢ [a, b], p(¢) =1, and |¢'| < 4. Set u* = u + ¢ (uy — u). Then u* € A, satisfies u* = u when
x1 = ¢ and by (A.31), for small r,

J(u*) < J(u)+8 < B+ 3. (A.32)

Let g— = u* for x; < ¢ and = u for x; > ¢. Similarly let g+ = u4 for x; < ¢ and = u™ for x; > ¢. Then g4 € 'y
and so J(u*) = J(g-) + J(g+) = c. Thus B8 > ¢ — 34. Since § is arbitrary, Proposition A.10 is proved.

Next we prove (A.31). If p(u) < r, then u is a solution of (1.1) in N& and (A.31) follows from the argument of
Lemma A.1. Thus assume that p(u) = r. By Lemma 2.22 of [25], there is a constant K1 > O such that for all z € W,

J1y(2) < J () + K1 (A.33)

For z = u, by (A.32), J(u) < c. The form of Jg, gives a constant, M3 > 0 and independent of r such that
IVullz2(z,) < M3. Hence there exists a constant M4 > 0 such that for any r > 0,

IVu = Vugllp2 ) < Ma.
Let S, = {a} x T"~!. Since
/ |u—u.,_|2d)c=r2 and f |Vu—Vu+|2dx<Mf,
[0,1]xTn—1 [0,1]xTn~1

the measure of the set

B:{ae[O, 1]: /Iu—u+|2dS>4r2 or/|vM—w+|2dS>4M3}
Sa Sa

is less than 1/2. We write d S = dx; - - - dx,. Hence we can find points a, b in

A =10, 1]\B={ae[0, 1]: f|u—u+|2d5<4r2, /|W—w+|2d5<4M§}
Sa Sa

such that b —a > 1/2.
Since u is a minimizer of Jg, on the hypersurface p(u) =r in {w € WL2(Ty): w|y, = u}, it readily follows that
there is a Lagrange multiplier, A € R, such that

VJ1, () = —AV p* ()
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i.e. for all x in Wy (To),

/(Vu‘VX +Fu(x,u)x)dx=—2kf(u—u+)x dx. (A.34)
To To

We claim that A > 0. To see this, let { = (44 —u)¢ where 0 < ¢ < 1 is smooth with supportin 7p. Then u+¢¢ € A,
for0<e<1,s0

JWw) < J(u+el)=Jwu)+2re /(u —up)’pdx +o(e).
To

as & — 0. Hence A > 0.
Now (A.34) and elliptic regularity arguments imply u € C?(Tp) and satisfies

—Au+F,(x,u)=—A(u —uy)
in Ty. Let ¥ = u — u4. Then integrating
—YAY + Y (Fo(x, ug +9) — Fu(x,ui)) = =249 <0

over N’ yields

- / wvw-vds+/|v¢|2dx<M1/1/f2dx<M1r2,

Nk N? N?

where v = te denotes the unit outward normal vector to §N2. Since a, b € A,

‘ /Ipvl/f.vds‘ <f|1/fv1/f|ds+/|1/fv1/f|ds<2,/16r2M2=8rM4.
Sa Sp

aN?

from which (A.31) follows with K =8M4+ M; +1. O
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