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Abstract

We consider ground states of pseudo-relativistic boson stars with a self-interacting potential K (x) in R3, which can be described
by minimizers of the pseudo-relativistic Hartree energy functional. Under some assumptions on K (x), minimizers exist if the stellar
mass N satisfies 0 < N < N*, and there is no minimizer if N > N*, where N* is called the critical stellar mass. In contrast to the
case of the Coulomb-type potential where K (x) = 1, we prove that the existence of minimizers may occur at N = N*, depending
on the local profile of K (x) near the origin. When there is no minimizer at N = N*, we also present a detailed analysis of the
behavior of minimizers as N approaches N* from below, for which the stellar mass concentrates at a unique point.
© 2017 Elsevier Masson SAS. All rights reserved.
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1. Introduction

We study ground states of pseudo-relativistic boson stars in the mean field limit, which can be described (cf. [5,9,
20]) by minimizers of the following variational problem

e(N) = inf{g(u) “ue H?(R3) and f () Pdx = N} (1.1)
]R3

under the stellar mass N > O of boson stars, where the pseudo-relativistic Hartree energy functional £ (u) is defined
by

Ew) = / i(V—=A+m?—m)udx — %f (% s [u|?) u|®dx. (1.2)
R3 R3
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Here the operator +/—A + m? is defined via its symbol +/kZ 4+ m? in Fourier space, which describes the kinetic and
rest energy of a relativistic particle with rest mass m > 0, and the symbol s stands for the convolution on R?. Moreover,
we always assume that the self-interacting potential K (x) of boson stars satisfies 0 < K (x) < K (0) = 1 in R3. From
physical point of view, there are two typical types of such potentials: one is the Coulomb-type potential K (x) =1, and
the other is the Yukawa-type potential K (x) = e#*I with i > 0. Our investigation of e(N) is motivated by our recent
series of works [4,12—15], where we studied the minimization problem of the Laplacian type arising from attractive
Bose—Einstein condensates (BEC). However, the analysis of e(/N) is more complicated in a substantial way, due to
the nonlocal nature of the pseudo-differential operator +/—A + m?, and the convolution-type nonlinearity as well.

In the recent works [8-10,16,17,20] and references therein, the authors discussed e (V) for the case of the Coulomb-
type potential, i.e., K (x) = 1, where the existence, nonexistence, dynamics and some other analytic properties of
minimizers for e(N) were obtained. The existing results of analyzing e(/N) show that the problem (1.1) is related well
to the following Gagliardo—Nirenberg type inequality

/(L s |ul?) ulPdx < 2

1
p _”QWM—Aﬂ“wawﬁ,ueHNR%, (1.3)
2
R3

where Q(x) = Q(]x|) > 0 is a ground state, up to translations and suitable rescaling (cf. [2,6,9]), of the fractional
equation

1
V=Au+u—(— xluP)u=0 in R}, where ue H?(R?). (1.4)

|x]
Similar to that of [3,6,7,11], here we define

Definition 1.1. If Q(x) = Q(|x|) € H? (IR3) is a positive solution of (1.4), and Q(x) optimizes (1.3), we then say that
Q(x) is a ground state of (1.4).

Note from [1,6,9] that (1.4) admits ground states, and all ground states of (1.4) must be radially symmetric and
nonincreasing. Therefore, one can define the nonempty set G by
G={0@x)=Q(x|) > 0: Q(x) is a ground state of (1.4)}. (1.5)
It thus follows from (1.3) and (1.4) that

1 1
2y a2 L
1o = -2 0= [ (

T QZ) 02dx forall Q €G. (1.6)
R3
Moreover, one can derive from [6, Lemma 2.2] that there exists C > 0 such that for all Q(x) € G,

Q@) <C(1+1x)~* inR?, (1.7)
and

(xI7' % 1P @ < CA +1xh~" in R’ (1.8)
Making full use of the above results, inspired by [9,12,20] we first derive the following existence of a critical stellar
mass N*.
Theorem 1.1. Let Q be a ground state of (1.4), and suppose that m > 0 and

K (x) € C(R?) satisfies 0 < K(x) < K(0) =1 in R>. (1.9)
Then,

(a). If0 < N < N*:= || Q|I3, and assume that

either m > 0 is large sufficiently or K(x) > O(|x|™%) as |x] > cowith0 <« < 1, (1.10)

then there exists at least one minimizer for (1.1).
(b). If N > N*, there is no minimizer for (1.1).
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Theorem 1.1 is extended essentially from those obtained in [9,20] for the special case where K (x) = 1. The
assumption (1.10) is to ensure the estimate e(N) < 0 (see Lemma 2.1), which seems essential to the existence of
minimizers. Actually, if K (x) decays fast enough as |x| — oo, for example K (x) = e"**I with 1 > 0, we may have
e(N) = 0 at least for both small N > 0 and m > 0, in which case minimizers may not exist.! In view of Theorem 1.1,
we are next concerned with the existence of minimizers at the critical stellar mass N = N*(= || Q||%), in which case
we can prove the following results provided that K (x) satisfies (1.11) below.

Theorem 1.2. Let m > 0 and suppose K (x) satisfies the assumptions (1.9) and (1.10). If there exists a constant p > 0
such that

Kx)=1-0(x|")>0as |x| = 0, (1.11)
then we have
(a). If 1 < p < o0, there is no minimizer for (1.1) at N = N*.

(b). If 0 < p < 1, then there exists at least one minimizer for (1.1) at N = N*.

(o). If p=1and llinlli%f 1—|I§|(x) > %, then there exists at least one minimizer for (1.1) at N = N*.
X|—

Theorems 1.1 and 1.2 imply that the existence of minimizers depends greatly on the potential K (x) near the origin
and near the spatial infinity as well. By applying Ekeland’s variational principle (cf. [22, Theorem 5.1]), Theorem 1.2
shows that the existence of minimizers may occur at the critical stellar mass N = N*, which depends a little more on
the local profile of K (x) near the origin. This is in contrast to the case of the Coulomb-type potential where K (x) =1,
for which any minimizer does not exist at N = N* (see [9] and references therein). As a completion of Theorem 1.2,
one may wonder whether there is no minimizer for (1.1) at N = N*, if K (x) satisfies 0 < 1|1n‘1 irg)f # < %

X|—

Without loss of generality, one can restrict the minimization of (1.1) to positive functions. Indeed, we note from [19,

Theorem 7.12] that £(u) > £(ul) for any u € H > (R?), which then implies that any minimizer uy of (1.1) satisfies

eitheruy >0oruy <0in R3. Further, u ~ satisfies the Euler—Lagrange equation

[\/—A—i—mz—m—l—V(x)]uN:—y,NuN in R3, (1.12)
where V (x) := —(% * |uN|2) and uy € R is the associated Lagrange multiplier. If uy > 0 and uy #£ 0 in R3,

by (1.12) we then deduce from [19, Theorem 11.8] that ux > 0 in R3. Therefore, for convenience we next focus on
positive minimizers of (1.1).

As discussed in Remark 2.1, the proof of Theorem 1.1 also implies that there is no minimizer for (1.1) at N = N*
for the more general case where K (x) =1 — o(|x]) > 0 as |x| — 0. Inspired by our recent work [12], we next focus
on this case to derive the refined behavior of minimizers uy of (1.1) as N approaches the critical value N* := || Q||§
from below.

Theorem 1.3. Suppose m > 0 and K (x) satisfies (1.9), (1.10) and K(x) =1 —o(|x]) = 0 as |x| > 0. Let uy be
a positive minimizer of (1.1) for N < N*. Then for any sequence {Ni} with Ny /' N* as k — oo, there exist a
subsequence, still denoted by {Ny}, of {Ni} and {yn,} C R3 as well as yo € R3 such that

133 1x— ol
) Qo=
where Qo € G is a ground state of (1.4), and ey, > 0 is given by

3 L
kl_i)n;osjf,kuNk (envex +enom) = ( ) strongly in H2(R?), (1.13)

—1
EN, 1= (f |(—A)1/4uNk|2dx> —0 as k— oo. (1.14)
R2
Additionally, if K (x) satisfies

1 Private discussions with Robert Seiringer.
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1—K(x)
im ——
lx|[=0 |x|P
then (1.13) holds for ey, > 0 satisfying

=pB¢€(0,00), 1<p=oo, (1.15)

2 5
(*) , 1< p<2;
(p—DBro
N* }
lim ——— M (#)2 p=2 (1.16)
k=00 (N* — N )T m2xo + Byo
(=) 2< peoo
) < p=09;
m2Xg P
and the energy e(Ny) satisfies
N Ny €+1 Rp\ T
fim SR TmNe £+ e (2)™, (1.17)
k— 00 (N* — Nj) o1 l 2
where £ =min{2, p} — 1 > 0 and
~ 2
k
*o :=/|Q(|)%|)|dke(0, o0) and :=/(|x|p_l *|Qo|2>|Q0|2dxe(0, 0], (1.18)
R3 R3
and k,, > 0 satisfies
Bo, l<p<2
Rp =1 Byo+m*h, p=2 (1.19)
mZi, 2 < p<oo.

As a byproduct, Theorem 1.3 also presents a refined energy estimate (1.17) of e(N) as N / N*. The proof of
Theorem 1.3 shows that the polynomial decaying characters (1.7) and (1.8) of Qg € G result in more delicate energy
estimates and more complicated blow up analysis of minimizers as N /' N*, compared with those obtained in [12—14]
for attractive BEC. Also, one may use (1.7) and (1.8) to check that the constant yg in (1.18) satisfies yy < oo for
1 < p <6 (see also (3.21) for details), and therefore, the constant &, in (1.19) is always finite. Finally, denote

_ym? Qo) -
7= (7/Tdk) , (1.20)
R3

where Qg € G is a ground state of (1.4). Then for the case where K (x) = 1, Theorem 1.3 with p = oo is reduced
immediately to the following simplified one.

Proposition 1.4. Suppose m > 0, K(x) = 1 and let uy be a positive minimizer of (1.1) for N < N*. Then for any
sequence {Ny} with Ny /' N* as k — oo, there exist a subsequence, still denoted by { Ny}, of {Ny} and {yn,} C R3 as
well as yo € R3 such that

. N 3 N 1 3 R
lim (V= NoTu, [V = NO 2 (x+ yw,) | = 17 Qo(nlx = yol) strongly in H ).

Moreover, the energy e(Ny) satisfies

. e(Ny)+mN 2

lim ———F— =—.
=00 (N* =Nt 7
After this paper was submitted, we learned that a similar minimization problem of (1.1), where a trapping potential

V (x) is imposed, was also studied in [23]. This paper is organized as follows. Section 2 is devoted to the proof of The-
orems 1.1 and 1.2, and particularly we shall employ in Subsection 2.1 Ekeland’s variational principle to establish the

existence of minimizers at N = N* as stated in Theorem 1.2. In Section 3 we then complete the proof of Theorem 1.3
on the mass concentration of minimizers as N /' N*. We shall always assume m > 0 throughout the paper.
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2. Existence and nonexistence of minimizers

The main purpose of this section is to establish Theorems 1.1 and 1.2 on the existence and nonexistence of mini-
mizers. Towards this aim, we first address the following energy estimate of (1.1).

Lemma 2.1. Suppose that either m > 0 is large sufficiently or K (x) > O(|x|™%) as |x| > oo with 0 < «a < 1. Then
we have e(N) < 0 for any N > 0.

Proof. For m > 0, using the operator inequality,

2mv —A+m?2<—-A+ 2m2,

we have for any N > 0,

e(N) < (N) := inf{g"(W) - e H'(R?), / 1 (o) 2dx = N}, 2.1)
R3

where the energy functional £¢(y) is of the form

|x|

, 1 1 [ ,K
5‘(W)=%/|Vw|2dx—§[( *x) * [Y %)y [2dx.
]R3 R3

For any N > 0, if one chooses ¥ (x) € C*° (R3), such that fR3 | |2dx = N, and sets

U = A2y (x), A >0,

then

f [y |2dx = N,
R3

and

2 |x]
R3

A2 A K(x/\
£C(m>=%f|w|2dx——/( G/ )*|w|2)|w|2dx. (2.2)
R3

Inspired by [18,19], we shall carry out the proof by discussing separately the following two cases:

(1). Suppose that m > 0 is large sufficiently. In this case, by taking A = 1 and y/; > 0 is a suitable test function as
above, we obtain from (2.1) and (2.2) that

e(N) <e“(N)<&°(¢1) <0 forall N > 0,

and we are done.
(2). Suppose that K (x) > O(|x|™%) as |x| = oo with 0 < @ < 1. In this case, we further deduce that

K A
/( O 1y ) 1 dx

|x]
R3
K(y/2)
> Tw%x — V¥ (x)dxdy
[x]<R 1<|y|<R
o KOO 2 2 o
>CA | |1+a1/f(x—y)w (x)dxdy = CA" >0 as A— 0.
y

[x|<R 1<|y|<R

Applying (2.2), we then have
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E°(Y) <0 if A >0 issmall,

and further,
e(N)<e“(N)<&°(Y) <0 forall N >0, (2.3)
which completes the proof of Lemma2.1. O

The conclusion e(N) < 0 of Lemma 2.1 gives essentially the strict subadditivity condition of e(/N), based on
which we shall be able to apply the concentration-compactness-type method (cf. [9,21]) to deriving the existence
of minimizers. More precisely, we shall follow Lemma 2.1 to establish the following theorem, which then gives
Theorem 1.1.

Theorem 2.2. Suppose m > 0 and K (x) satisfies (1.9). Then we have

1. fO<N < N*:=| Q||% and K (x) also satisfies (1.10), there exists at least one minimizer for (1.1).

2. If N > N¥*, there is no minimizer for (1.1).

3. If K(x) satisfies additionally that K(x) =1 — o(|x|) > 0 as |x| — O, then there is no minimizer for (1.1) at
N =N*

Proof. Inspired by [9, Theorem 2.1], [12, Theorem 1] and [20, Theorem 4], we divide our proof into three parts.
(). Under the additional assumption (1.10), we first prove that (1.1) has at least one minimizer for all 0 < N < N*.

Actually, ifu e H 5 (R3) and ||lu ||% = N, we then deduce from the inequality (1.3) that

E@) = I(—=A +mH) )3 - %/ (i # |ul?) () |ul*dx —mN

x|
]R3
1 24
> ="l = < =) 4l = mN @4
N*—N
= — I8Pl —mn,

which implies that £(«) is bounded uniformly from below for all 0 < N < N*. Choose a minimizing sequence
{u,} C H%(R3) satisfying ||un||§ = N and lim,_, o, E(uy,) = e(N). It follows from (2.4) that the sequence {u,} is

bounded uniformly in H 3 (R3). Furthermore, similar to the proof of [9, Theorem 2.1], applying Lemma 2.1 and the
concentration-compactness-type method (cf. [9,21]), one can derive that there exist subsequences {u,, } and {yx} C R3
such that the sequence

U () = upn, (- + &)
satisfies
iy — u strongly in H%(R3) as k — oo,

and

tim [ (552 1)l = [ (55 ) oo P

k—00 x| x|
R3 R3

for some u € H 3 (R3). We therefore conclude that fR3 |u(x) |2dx = N and £(u) = e(N) by the weak lower semicon-
tinuity. This implies the existence of minimizers for all 0 < N < N*.
(ii). We next show that there is no minimizer for (1.1) as soon as N > N*. Choose any Q € G, and define

VNT %

ue(x) = S
1012

so that fR3 u%(x)dx = N. Using the inequality that v —A + m2 —m < «/—A, we then obtain from (1.6) that

Q(tx), (2.5)
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K(x)
x|

e(N) = E(ur) < (=) uc |, - f(

R3

. & _ 1/4 2_ NZT f K(E)
- N* ”( A) Q||2 2(N*)2R3 < x| * 0 )(X)Q (x)dx

- 21\7]\/’* [(1 _ %)/(é % QZ)(x)Qz(x)dx (2.6)

N/ I_K() %) (1@ ]

e ) (o) 2l

]1\\[7* [(N* N)+ 2%*/<1 —PIC('(f) . Qz)(x)Qz(x)dx].
R3

Since K (0) = 1, one can check that

1-K(E=
/ (T(r) * Q2>(x)Q2(x)dx — 0 as T —> 0.
R3 *
It then follows from (2.6) that

Nt
e(N) < E(up) < F[(N* —N)+ 0(1)] as T —> 00, @2.7)

which thus yields that e(N) = —oo if N > N*. This implies the non-existence of minimizers as soon as N > N*.
(iii). We finally deal with the case N = N* under the additional assumption that 1 — K (x) = o(|x|) as |x| — 0. In
this case, we use the same trial function u, as that of (2.5). It then follows from (1.3) that

—mN* <e(N*) <E(ur) < (ur, (V—A+m?—V—=A)ug) —mN*

L [(1=K®) 2 2 (2.8)
3 [ (= el o P

R3
Applying Plancherel’s theorem, we use the dominated convergence to derive that

=/|§(k)|2(vfzk2+m2—r|k|)dk—> 0 as 7 — oo. (2.9)

Moreover, since 1 — K (x) = o(|x]|) as |x| — 0, we also have

3 (% e ) () () P

R3

- %/ (% * Q2)(x)Q2(x)dx — 0 as T — oo.

R3
We now conclude from (2.8)—(2.10) that e(N*) = —mN* by letting T — oo. This implies that if there exists a mini-
mizer u for e(N*), we then have

1
I=A+m) P uly = 2 / (% # Ju]) (o) e ()P
R3

1 1
<= f (ﬁ s [u)?) (o) ulPdx < |1(= )4 u )13,

(2.10)

@2.11)

R3
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which however contradicts the fact that
I=A+m) ul3 > [(=a)*ul3

holds for any m > 0. This proves the nonexistence of minimizers for (1.1) at N = N*, which therefore completes the
proof of Theorem 2.2. O

Remark 2.1. If K (x) € C(R?) satisfies (1.9) and (1.10), we then conclude from Lemma 2.1 and the proof of Theo-
rem 1.1 that the Hartree energy e(V) satisfies

—mN <e(N) <0 for 0 <N <N*, and e(N) = —o0 for N > N*. (2.12)

One can also check that e(N) is strictly decreasing and concave downward for all 0 < N < N*. Additionally, if
K(x)=1-o0(x]) >0 as |x| — 0, we then have

lim e(N)=-mN"*.
N/ N*
All these properties are often used in next section.

2.1. Existence of minimizers at N = N*

One can note that Theorem 1.1 and (a) of Theorem 1.2 follow from Theorem 2.2. To complete the proof of
Theorems 1.2, the rest is to derive the following existence of minimizers at N = N*.

Theorem 2.3. Suppose m > 0, K (x) satisfies (1.9) and (1.10). If K (x) also satisfies either

K(x)=1-0(x|?) =0 as |x| = 0 for some constant0 < p < 1, (2.13)
or

. 1—-Kx) 2m

liminf —— > — (2.14)

|x|—0 [x| N*

then there exists at least one minimizer for (1.1) at N = N*.

This subsection is devoted to the proof of Theorem 2.3. Under the assumptions of Theorem 2.3, consider the
manifold

A= {u Tu€ H%(R3) and / lu?dx = N*},
R3
and define
d(u,v) =|ju— v||H%, u,veA,
so that (A, d) is a complete metric space. By Ekeland’s variational principle (cf. [22, Theorem 5.1]), then there exists
a minimizing sequence {u,} of e(N*) such that

e(N™) < E(up) 5e(N*)+%, (2.15)

1
EWw)>E(y) — —|lup —v|| 1 forany ve A (2.16)
n H2

By applying (2.15) and (2.16), we shall derive the claim that
{u,} is bounded uniformly in A. 2.17)

Note from the assumption (1.10) that Lemma 2.1 holds. Thus, if the claim (2.17) holds, by applying Lemma 2.1, the
same argument of (i) in the proof of Theorem 2.2 then gives the existence of minimizers at N = N*, and Theorem 2.3
is therefore proved.
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The rest part of this subsection is to derive the claim (2.17). On the contrary, we now suppose that (2.17) is false,
i.e. {u,} is unbounded in A, and we shall finally derive a contradiction. In this case, then there exists a subsequence
of {u,}, still denoted by {u,}, such that ||un||H% — 00 as n — 00. Note from (1.3) and (2.15) that for m > 0,

0= [ 1600 up o = 5 [ (55 1) )P < e84 mN" 4 2.18)
2 |x| n
R3

R3

which then implies that

/ [(=A)4u, (x)2dx — 0o as n — oo,
3

R
Bk (2.19)
1 f ( ® , |un|2>|un(x)|2dx 00 85 1> 00,
2 x|

]R3

Define now
K
! ;:/(% % |un|2)|un(x)|2dx, €, >0, (2.20)
X

R3

so that €;, — 0 as n — oo in view of (2.19). It then follows from (2.18) that there exists a constant M > 0, independent
of n, such that
-1 1/4 2 1 -1 * *
O0<Me,” < | [(=A)"u,(x)|"dx < ME” +e(N")+mN™ as n — o0. 2.21)
R3

In view of above facts, we next define the L2(R?)-normalized function

|35

Wi (x) =€ uy, (enx). (2.22)
It then yields from (2.20) and (2.21) that

[ (F 1Py ofdx = 1.

x|
R} ! (2.23)
M= / 8 iy ()P = - ealeN) +mN)
R3

where M > 0, independent of n, is the same as that in (2.21).
We claim that there exist a sequence {y.,} and positive constants R and » such that

liminf / |ty (x)|>dx > 5 > 0. (2.24)

€, —0
BR(yen)

On the contrary, suppose that (2.24) is false. A proof similar to that of [9, Lemma A.2] then gives that

K
f( (f"'x) x |LD,1|2)(x)|d)n(x)|2dx 50 as n— oo,
X
R3
which however contradicts (2.23). Therefore, the above claim (2.24) holds. For the sequence {y.,} obtained in (2.24),
we next set

|35

Wy (x) = Wy (x + yen) = En2 up(€px + Gnyen)- (2.25)

Note from (2.23) that w, € H 5 (R3), and the estimate (2.24) implies that
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liminf / lwn ()|2dx > n > 0, (2.26)
€ —>
Br(0)

where positive constants R and n are given by (2.24). In the following we need to establish the following crucial
lemma.

Lemma 2.4. Under the assumptions of Theorem 2.3, let w, € H 2 (R3) be defined by (2.25). Then w, — wy strongly
in L”(]R3)f0r all p € (2, 3), where wq is a nonzero solution of the problem

VA wx) + %w(x) - (% * |w|2)w(x) —0 in R, 2.27)

Proof. For any ¢(x) € Cg° (R2), define

. -1 /x—¢€ 1 - N*
¢(x)=¢, 2¢;<—”y€">, j(t,a):—/|un+run+acp|2dx——.
n 2 2
R3
Then j (7, o) satisfies
dj(0,0 dj (0,0 -
j0.0)=0, L )=/|un(x)|2dx=N* and M:/un(x)go(x)dx.
aT do
R3 R3

Applying the implicit function theorem, we thus obtain that there exist a constant 6, > 0 and a function t(0) €
c! ((—8,,, Sn), ]R), where |o| > 0 is sufficiently small, such that

7(0) =0, t/(O)z—%/‘un(x)gZ)(x)dx, and j(zr(0),0)=0.

R3
Therefore, we have u, + t(0)u, + 0@ € A, where o € (—38,, 8,). By applying (2.16), we get that

- 1 ~
E(un +t(0)uy +09) — E(un) > _;”T(O—)un + 0<0||H% .
Taking the limits 0 — 07 and o — 0™, respectively, we then deduce that

] i
(€', 7' O +5)| < 117 Ot +Gl_y. (2.28)
On the other hand, the definition of (2.25) gives that

1
E(S’(un), ¢)= /gp(x)(,/ —A 4+ m?e2 — mey)wy (x)dx

R3
(2.29)
K(eyx)
—/( - *|wn|2)wn(x)(ﬂ(x)dx~
x|
R3
By setting
Mp = (5/(14"), Un),
we then deduce from (2.29) that
1
I7'un + ¢l 1 < Cei,
7'(0) : ()@ (x)d o /w ()ex)d
=—— | u,(X)@x)dx = —— xX)e(x)dx,
N*R3 8 N*R3 " (2.30)

K(x) 2 2
Un€n + 1| = |Un€n + €, ( ] * luy|” ) lup(x)|“dx| -0 as n— oo.

R3
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Thus, the estimates (2.28)—(2.30) yield that

‘/ga(x)(,/ —A 4+ m?e2 — mep)wy (x)dx — M]G | wa(x)e(x)dx
R3

]R3
1 (2.31)
€n

~ [ (2 s ) wawpora| <
x|

R3

By the estimate (2.26), we thus derive from (2.31) that w, — wo # 0 in H 1(R2) as n — oo, where wy satisfies the
equation (2.27), due to the assumption that K (0) = 1. Further, we deduce from (2.26) that

0< / lwo|?dx < limgf/ |wy|?dx = N*. (2.32)
n—
R3 R3

Moreover, it follows from (2.27) and the standard Pohozaev identity that

1 1
W/Iwolde=/|kllwol2dk——/(ﬁ*lwol lwolPdx.

R3 R3 R3
We thus derive from (1.3) that

N _ Jps Kl BoPdk - s [wol?dx [ lwol*dx
27 fas (g * lwol?)lwolPdx 2

This together with (2.32) indicates that
w, — wo strongly in LP(RY), (2.33)

for all p € [2, 3) in view of H 3 (R3) boundness, and the proof is complete. O

Completion for the Proof of (2.17). Case (I): If K (x) satisfies (2.13). By applying Fatou’s lemma, we obtain from
Lemma 2.4 that for the constant R > 0 given in (2.26), there exists a constant C = C(R) > 0 such that

hm_/ / K(é” e"”|wn(x>|2|wn<y)|2dydx

Br(0) Br(0)

2
> C lim / / Iwn(X)I Iwn(py)l dydx

(2.34)

n—oo

Br(0) Br(0)

2 2
>C / / lim Mdydxzcm).
n—=oo  (|x|[+|y)'=P

Br(0) Br(0)

Since 0 < p < 1, we then derive from (2.34) that

. e(N")+mN* . 1 1 — K(eyx)
lim —— > lim — <—
n— 00 p—1 n—00 26 |x|

) () Pdx = C(R) >0,
€n
R3

which is impossible, and (2.17) is therefore proved.



1622 Y. Guo, X. Zeng / Ann. 1. H. Poincaré — AN 34 (2017) 1611-1632

Case (11): If K (x) satisfies (2.14). By using Fatou’s lemma again, in this case we deduce from (2.33) that

liminf/ (ﬂ * |un|2>|un(x)|2dx

n—00 |x|
R3
1—-K
:1iminf/ (ﬂ * |wn|2)|wn(x)|2dx
n—00 |enx|
R3
1—-K 2
> /liminf<ﬂ , |wn|2)|wn(x)|2dx > 2™ (N*)2 = 2mN*.
n— 00 lenx| N*
R3

Applying (1.3), the above estimate then yields that
e(N*) = lim &(uy)
n—oo

=-—mN*+ lim {(un,«/—Aun)—lf(i*|uN|2)(x)|Mn|2dx

n—00 2 |x|
R3
1 1— K

+<un,<¢—A+m2—¢—A>un>+§/(T()*|un|2)|un|2dx}
R3
1 1-K
>—mN*+ = liminf/ (ﬁ * |un|2)|un|2dx >0,
2 n—o0 |x|
R3

which however contradicts Lemma 2.1 under the assumption (1.10). This verifies that (2.17) also holds, and the proof
isdone. O

3. Mass concentrationas N /' N*

This section is focused on the proof of Theorem 1.3, for which we always assume that K (x) satisfies (1.9), (1.10)
and K (x) =1—o0(]x]) > 0as |x| — 0. Denote u a positive minimizer of (1.1) with 0 < N < N*, so that u satisfies
the Euler-Lagrange equation

(V=A+m2—m)uy — (K(x) % |uN|2>uN — —puyuy in R, 3.1)

|x|

where the Lagrange multiplier uy € R satisfies

Nuy =—=2e(N) + (un, (vV—A+m?> —m)uy) >0, (3.2)

in view of Lemma 2.1 under the assumption (1.10). We start with the following lemma.
Lemma 3.1. For m > 0, assume that K (x) satisfies (1.9), (1.10) and K (x) =1 — o(|x]) > 0 as |x| — 0. Define

ey ;:f (=) 4un | dx >0, (3.3)
R2
where uy is a positive minimizer of (1.1) with N < N*. Then we have
@i). ey > 0 satisfies
ey —>0asN /' N*, (3.4

and the Lagrange multiplier py in (3.1) satisfies

1
UN - EN —> o as N /' N*. (3.5)

*
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(ii). Defining

3
wy(x) = eguy(enx), (3.6)

then

[—a) Ay |2 =1, /(K(;Tx) iy ) @) iy (0)Pdx — 2 as N N7, (3.7

R3

(iii). There exist a sequence {yy} CR3, R > 0 and n > 0 such that
q

lim inf / |wy|2dx >n > 0. (3.8)
N /IN*

Br(yn)

Proof. (i). On the contrary, if (3.4) is false, then {ux (x)} is bounded uniformly in H 5 (R3) as N 7 N*. Setting

I|N
Uy =,/ —Uun,
N N N

then {uy} is also bounded uniformly in H 5 (R3) and fR3 liy|2dx = N*. Moreover, we deduce from Remark 2.1 that

—mN* <e(N*) < lim E@iy)= lim E(uy)= lim e(N)=—-mN". (3.9)
N /N* N /N* N /N*
This implies that {1y} is a minimizing sequence of e(N*) = —mN* < 0. Similar to the proof of Theorem 1.1, by using

(1.10) one can employ the concentration-compactness principle to deduce that there exist ug € H 2 (R3), a sequence
{Ny} with Ny 7 N* as k — oo and {zx} C R? such that

in, (- + zk) = uo(-) strongly in H% (]R3) as k — oo,

and

K K
im [ (52 et P) ot Pax = [[(55 ol ) luooP,
R3 R3

This indicates that uq is a minimizer of e(N*), which however contradicts Theorem 1.1 on the nonexistence of
minimizers for e(N*) under the assumption (1.10). Therefore, (3.4) is proved.
We next prove (3.5) as follows. Since

(=) <V=A+m < (=0 +m,
then

(wn. (=) uy) < (un. V=A+m2uy) < {uy. (—A)3uy) +mN.
We thus deduce from (3.3) and (3.4) that

lim (uy,vV—A+m?uy)-sy=1. (3.10)

N /AN*

Together with (3.2) and Remark 2.1, this yields that

Nuy -eny =—2e(N)-sy + (un, V—=A+m2 —m)uy)-ey — 1 as N 7 N*,

which then gives (3.5).
(ii). By (3.3) and (3.6), we obtain that

(=) |3 =en - | (=) uy |3 =1. 3.11)
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Moreover, since

%/(K(x) *IuN|2)(x)|uN|2dx=(uN,\/_A—_}_mZuN)_e(N)_mN’

x|

R3
it follows from (3.4) and (3.10) that

3o
R3

sl ) @)y (0 Pdx > 1 as N/ N*,

|x]

By (3.6), equivalently we have

1 K
E/( (f"vx) *|1DN|2)(x)|IZJN(x)|2dx—>1 as N 7 N*,
X
R3
which then gives (3.7) by applying (3.11).
(iii). On the contrary, suppose that (3.8) is false. Then for any R > 0, there exists a subsequence {wy,} with
Ny /' N* such that

lim sup / |lZ)Nk|2dx=0.
k—>ooy€R2
Br(y)

A proof similar to that of [9, Lemma A.2] thus yields that
K(en,x) | _ _
f(le i, ) 0Ol (1) 2dx > 0 as Ny /N7,
R3

which however contradicts (3.7). Therefore, (3.8) holds and the proof is complete. O

Recall from Remark 2.1 that the proof of Theorem 1.1 gives the estimate e(N) ~ —mN* as N /' N*. In what
follows, we give the refined upper bound of e(N) as N 7 N* under the additional assumption (1.15).

Lemma 3.2. For m > 0, suppose K (x) satisfies (1.9), (1.10) and (1.15) for 1 < p < 0. Define for any Q € G,

A= lé(k)lzdk dy:= r=1p? 2(x)dydx € (0 3.12
= ] and y = Y7707 (x — ¥)Q~(x)dydx € (0, 00]. (3.12)
]R3 ]R3]R3
Then,
£4+1 1 /Ky pan, « e *
—mN = e(N) = —mN +——7 (L) T (1 4+0(L)(N* = N)TT as N 7 N*, (3.13)

where £ =min{2, p} — 1> 0, and k), > 0 satisfies

By, l< p<?2;
kp=1{ By +m?x, p=2 (3.14)
m2x, 2 < p<oo.

Proof. The lower bound of (3.13) follows directly from (2.4). To prove the upper bound of e(N), similar to the proof
of Theorem 1.1, we use a trial function u, of the form (2.5) so that ng 17 |2dx = N. Similar to the argument of (2.6),
we then have
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e(N) < E(ur) = —mN + (ur, (V—=A+m? —v=A)uz)
1 1
[lea =5 [ (e ) otusPas]

x|
R3
1 1 -K(x) 2 2
+§/<T*|MT| )()C)|M1| dx
R3
N2t I—K(ﬁ) 2 2
+2(N*)2/( )W
R3
N(N* - N)t
:—mN+T+I+11-

As for the term I, it follows from Plancherel’s theorem that
I=(ur, V=A+m?—V—=A)uz)
N ~
- W/ |0 (V72K + m? — t|k|)dk
R3

_NmZ/]Q(k)\Z ! dk
N*TR3 VK2 +m?/t? + |k|

_Nm? [ |0K)]
- N*t 2|k|
R3

where (3.12) is used in the last equality.

Nm?x
dk—i—o(r*]): J—*T—i—o(r*l) as T — 00,

We next estimate the term /7 as follows. Consider « € (0, 1), which will be determined later. Then,

/ (s 07) ) 02wy
]

R3

= / (ﬁ*Q2)(x)Q2(x)dx
sl x|

+{/ /*/ / }(I_Tli(%)Qz(x—y)Qz(x))dydx

[x[<T®|y[=27*  |x|<T¥|y|<27¢
=IL1+1L+11.
From (1.7) and (1.8), we see that
= [ (o Q) wemax

x|
[x[>T*

<C / A+ x)%dx < Ct7% as T — 0.
x|z
If |x| < t¥and |y| > 27%, then

|x—y|Z|)’|—|x|2|;}—|—>oo a5 7 — o0,

This estimate and (1.7) imply that

1625

(3.15)

(3.16)

(3.17)

(3.18)
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1-K< 1
/ T(r)Qz(x —ydy <C / Wdy <Cr %,
y y

lyl=2z* lyl=27

and therefore,

1L <Ct™% 0%(x)dx < Ct™% as 7 — oo.
[x|<t¥
As for I I3, since K (x) satisfies (1.15) and 0 < o < 1, we have
1-K(©&)
/ TlrQZ(X —y)dy

ly|<2z*
<(B+oD)r? / I[P~ Q% (x — y)dy as T — oco.
[yl<2t¢
Thus for T — o0,
P

PN =120 _ 2
(B+o(1)) ”35/ / [P~ Q*(x — y) Q* (x)dydx

[x|<7¥|y|<27¥

= / / |z — x| Q%(2) Q*(x)dzdx
[x|<T¥ [z—x| <27

SC/ f (12177 + 1x1771) Q%) @ (x)dzdx

[x]<t¥|z|<3T¥

§C[ / 02(x)dx / 1zIP~1 0% (2)dz

|x|<t¥ |z]<37%

+ / 0%(2)dz / IXI”*‘QZ(x)dx]

|z]<37* [x|<t¥

CtP=9e | < p£6;
<C+
aClnrt, p=06.
This indicates that if 1 < p < 6, then
lim / 1P~ Q*(x — y) Q*(x)dydx = y € (0, 00),
T—> 00

[x]<t® |y|<27¢
where y is defined by (3.12). Therefore, it follows from (3.20) and (3.21) that for T — oo,
(,3y +0(1))1’_p, 1< p<6;
II35<{ Ct Plnrt, p=6;
Cr@DHp—6a, p>6.
This together with (3.17), (3.18) and (3.19) implies that for t — oo,
Nz(ﬁ)/'l'a(l))t—p-‘rl’

Z(N*)z
I=cr 4 cr=Sme, p=6;

1< p<6;

C.L.(a—l)p—6(x+1’ 6 < p < o0.

(3.19)

(3.20)

(3.21)
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Choose « € (%, 1) so that T=%*! = o(r~!) as T — oco. We then conclude from the above that

N2(By+o(1)) _—p+1 .
Py+oll)) . , 1< p<2:

<) 27 p= (3.22)
o(r’l), 2< p<oo.

We are now ready to derive the upper bound of (3.13) by discussing separately the following three cases:
Case 1: 2 < p < oco. In this case, it follows from (3.22) that /1 = o(t ') as T — oco. We then deduce from (3.15) and
(3.16) that

N(N*=N)t  Nm?x

e(N) <&u.) <—mN + N + SN +o(x™h as T — oc0.
Taking
m2a 3 .
=[7] —o0 as N /' N°,
2(N*—=N)

we thus obtain from above that
e(N) < —mN +v2mr2 (1 +o(1))(N* — N)? as N /7 N*, (3.23)

which then gives the upper bound of (3.13) for Case 1.
Case 2: p = 2. In this case, we deduce from (3.15), (3.16) and (3.22) that

N(N*—N)t
e(N)<&(ur) <—mN+ ————
N*
Nm?.  N2(By +o(1)) .
+o(t7") as T —> o0.
2N*T 2(N*)2t
By taking
. [ m?x + By ]%
CLavr—-nN)d

so that T — co as N /' N*, we then have

e(N) < —mN +v20m*r + By)? (1 +o(1))(N* = N)Z as N /' N*, (3.24)

which gives the upper bound of (3.13) for Case 2.
Case 3: 1 < p < 2. In this case, one can derive from (3.15), (3.16) and (3.22) that

N(N*—=N)t  N2(By +o(1))

1—
e(N) < —mN + N SN +o(t'7P) as T — o0.
Taking
T=[(p—1)ﬂy]75
2(N*—N)1 ~’
so that T — oo as N 7 N*, it thus follows that

By
2

and the upper bound of (3.13) is therefore established. O

e(N) <—mN + %(p — 17 )%(1 +o(1))(N* — N7 as N N, (3.25)

Proof of Theorem 1.3. (1). We first prove (1.13) under the assumptions (1.9), (1.10) and K(x) =1 — o(]x|) >0 as
|x] — 0. For the sequence {yy} obtained in (3.8), in this case we set

3
wy (x) ;== Wy (x + yN) =equn(ENY +ENYN). (3.26)
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It then follows from (3.8) that there exist R > 0 and n > 0 such that

liminf [ lwy|?dx > n > 0. (3.27)
N /N*
Br(0)

Moreover, we deduce from (3.1) and (3.26) that wy satisfies

K
(V=2 +e2m? —exm)wy — ( (m’x) % |wN|2)wN — —puyeywy in R3. (3.28)

Note from (3.7) that {wy} is bounded uniformly in H 5 (R3). Thus, under the assumption (1.10) there exists a subse-

quence of {wy}, still denoted by {wy}, such that wy — wp > 0 in H% (R3?). In addition, it follows from (1.9), (3.5)
and (3.28) that w satisfies

1 1
V—Awg — (— % |w0|2)w0 — ——wp in R3. (3.29)
[x| N*
By (3.27), we have wg % 0 in R, and thus
0< f lwo|2dx < liminf/ [lwy|*dx = N*. (3.30)
N /N*
R3 R3
On the other hand, it follows from (3.29) and the standard Pohozaev identity that
1 1 1
- f lwo|>dx = / k|| Wo|*dk = 5 / (m % Jwol%)|wol *dx.
R3 R3 R3

We thus derive from (1.3) and (3.30) that
N _ Jpo kDo Pdk - fys [wol?dx [ lwol?dx _ N*
2 7 fre (g # lwol?)lwo 2dx 2 T2
This indicates that wq optimizes the Gagliardo—Nirenberg type inequality (1.3). Moreover, wy converges to wg

strongly in L2(R3), and in fact strongly in LP(R3) for all p € [2,3). Further, since wy and wy satisfy (3.28) and
(3.29), respectively, standard elliptic regular theory gives that

(3.31)

wy — wo >0 strongly in H% (R3). (3.32)

Since wo > 0 (£ 0) satisfies (3.29), it then follows from [6, Theorem 1.1], [19, Theorem 11.8] that wg > 0 and wy is
radially symmetric about some point y; € R3. Set

Q0(x) = (N*)2wo (N*[x — yi). (3.33)

Then, Qo(x) = Qo(]x]) > 0 optimizes the inequality (1.3) and it follows from (3.29) and (3.31) that Qg satisfies (1.4).
Thus we have Q¢(x) € G. We therefore conclude (1.13) with yg = —N*y; by applying (3.26), (3.32) and (3.33).

(2). Based on the conclusions of the above (1), the limits (1.16) and (1.17) can be derived, if Lemma 3.3 below
holds under the additional assumption (1.15). Indeed, by taking Q = Qg for Lemma 3.2, where Qg is as in (3.33),
if Lemma 3.3 is true we then derive from (3.13) that (3.34) below is indeed an equality, and therefore (1.17) holds.
Furthermore, (1.16) and (1.19) also follow immediately if Lemma 3.3 holds. This completes the proof of Theo-
rem1.3. O

For simplicity, as in (1.18) we next denote

~ 2
k
X0 ;:/%dk and yo :=/(|)c|p*1 *|Q0|2>|Q0|2dX,

R3 R3
where Q¢ > 0 is as that of (3.33). Under the assumptions (1.9), (1.10) and (1.15) for 1 < p < oo, the rest of this
section is to establish the following lemma by following those obtained in the proof of Theorem 1.3.
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Lemma 3.3. For m > 0, suppose K (x) satisfies (1.9), (1.10) and (1.15) for 1 < p < 0o. Then the energy e(N) satisfies
e+1 $p\ T
e(N) > —mN + %eﬁ (%”)“1 (140(1))(N* = N)™T as N 7 N*, (3.34)

where £ = min{2, p} — 1 > 0, and /2,, > 0 satisfies

Bvo, l<p<Z
Rp =1 Byo+m?ho, p=2; (3.35)
m2x, 2< p<oo.

Especially, the identity of (3.34) holds if and only if

1 2 1 1
<7)p(N*—N)P, 1< p<2

N*\(p— DBy

L 2 Vo ‘ (3.36)
en~{ — N*—N)z, =2; :
N N*<m2)»o+,3)/o) ( ) u

1 ( 2 )é(N* N)% ) -

—(—— —N)z, < p <o0;

N\, p

where [ ~ g denotes f/g — 1 as N /' N*.

Proof. Under the assumptions of Lemma 3.3, all conclusions of (1) in the above proof of Theorem 1.3 are true.
Further, note from (1.3) and (3.3) that
1 1
() = Elux) = =mN + {uy V= Buw) = 3 [ (o ) P

|x|
R3

+uy, W=A+m?2—/—=Nuy)

1 [ /1—K(x) N
+ 5/ (T sl Pl P (3.37)

R3

N*—=N 1
>-—mN + 7t (un, V—=A+m? —/—=Auy)
N

N*

1 (/1= K(x) N
+§f (T*mm )|uN| dx.

R3

1

i1
By Plancherel’s theorem, we deduce from (3.26), (3.32) and (3.33) that

~ k
I=/|@N(k)|2(,/k2/812\,+m2—%)dk
R3

=ng,v/|@1v(k)|2 : dk
R%

VK2 4+ m2e3, + |k

24 0(1 Do (k)|
_m?+o( )EN/’“’O( 1S
2 k|

R3

(3.38)

_ m? +o() .

~ 2
| QoK)
——dk N /' N¥,
> st ] as N
R’&

which gives the estimate of I.
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We next estimate the term 77 as follows. Similar to the proof of [6, Lemma 2.2], one can derive from (3.28) and

(3.31) that there exists C > 0, independent of N, such that

lwy ()| < C +[x)~* and (ﬁ*|wN|2>(x)<C(1+|x|) ! in R3.

For simplicity, we next set

3 3
OnN(X) :=(N")2wy(N*x) = (N*en)2un (N eyx + N enyn),
so that Q satisfies (3.39) and

) strongly in H%(R3) as N /' N*,

0
o — Qoffr— 1%
in view of (3.32) and (3.33). By (3.40) we have

~ 1 1 — K(N*
= /( (N*enx)
N*ey x|

# 10N )| 0w Pdx

1 — K(N*
/ / |Nf 8|Ny)|QN(X—y)|2|QN(x)|2dydx

lel<en'/ [yl<2ey’

> (N*en)" ™ (B + o)) / / 1PN QN (x = MIPIQN (1) Pdydx,

—-1/2 —1/2
lxl<ey'/? Iy1<2¢),

(3.39)

(3.40)

(3.41)

(3.42)

where 8 > 0 is defined by (1.15). Moreover, similar to the calculations of (3.20) (where t > 0 is replaced by sg,l ), we

deduce from (3.39) and (3.41) thatif 1 < p <6,

lim / / 1P 0N G — )P0 () Pdydx

N/ N*
lx|<ey! Iy1=2ey!

= [ (w1 £100P ) QP = o < x.
R3
Together with (3.42), this implies that for 1 < p <6,

11> w(B+o()(N*ex)?™" as N 7 N*.

In what follows, we shall complete the proof by considering separately the following three different cases:

Case 1: 2 < p < oo. In this case, we deduce from (3.37) and (3.38) that

N*—N m?>+o(l).
e(N)+mN > + ANTen
N*en 2

L
= V2| (m? + o()ho] " (N* = N)? as N 7N,
and moreover, a simple calculation shows that the second inequality of (3.44) is an identity if and only if

1 ( 2

EN X —
NNz
Case 2: p = 2. In this case, we deduce from (3.37), (3.38) and (3.43) that

1
)2(N*—N)% as N 7 N*.
0

N*—=N m?+o() .
e(N)+mN > + MoN*en + —(/3+o(1))N eN
N*ey 2

zﬁ(xom2+ﬂyo+o(1))7(1v*—1v)% as N /' N*,

(3.43)

(3.44)

(3.45)

(3.46)
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and the second inequality of (3.46) is an identity if and only if

1 2 i 1
~N————— N*—N)2 N /' N*. 3.47
en N*<m2A0+/3yo)( )? as N 7 (3.47)

Case 3: 1 < p < 2. In this case, we derive from (3.37), (3.38) and (3.43) that
N*—N m? +o(1))\

e(N) +mN > Nen 5 oN*en + yo(B +0(1))(N*en)P™!

Byon b - (3.48)

b L/PYON» % a5 *

Sl D7 (52)" (14 o)V =)' as N 7N,

and the second inequality of (3.48) is an identity if and only if
1 2 > 1

~N——F—— ) (N*=N)?P N 7 N*. 3.49
0= 3 () VN N G4

Therefore, (3.34) and (3.35) now follow from (3.44), (3.46) and (3.48). Moreover, (3.45), (3.47) and (3.49) also
imply that (3.36) is true. This completes the proof of Lemma 3.3. O
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