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Abstract

‘We consider a continuously differentiable curve ¢ — y (¢) in the space of 2n x 2n real symplectic matrices, which is the solution
of the following ODE:

d
T(1) = 1 ADY (1), 7(0) € Spn. R),

def 0 1d,
where J = Jo,, = [—Idn 0
Under a certain convexity assumption (which includes the particular case that A(¢) is strictly positive definite for all # € R), we
investigate the dynamics of the eigenvalues of y (¢) when ¢ varies, which are closely related to the stability of such Hamiltonian
dynamical systems. We rigorously prove the qualitative behavior of the branching of eigenvalues and explicitly give the first order
asymptotics of the eigenvalues. This generalizes classical Krein—Lyubarskii theorem on the analytic bifurcation of the Floquet
multipliers under a linear perturbation of the Hamiltonian. As a corollary, we give a rigorous proof of the following statement of
Ekeland: {r € R: y(¢) has a Krein indefinite eigenvalue of modulus 1} is a discrete set.
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] and A : t — A(z) is a continuous path in the space of 2n x 2n real matrices which are symmetric.
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1. Introduction
1.1. The introduction of the model and the main assumption

We consider linear Hamiltonian equations in R?* of the following type

dy
E(t) = Jon A1)y (1), y(0) € Sp(2n, R), (D
def| O 1d, . . . . .
where J = J, = 1d 0 and A :t — A(t) is a continuous periodic curve in the space of 2n x 2n real matrices
— Un

which are symmetric with the periodicity 7. The unique solution is a curve in the space of real symplectic matrices
such that

yt+ Ty =y@n)y©O) " )

The system (1) arises naturally from perturbations of linearized Hamiltonian equations. Indeed, let ¢ € R be a real
perturbation parameter. Consider

0
a—i(r,a) = I At )y (t.8),  y(0, &) =Idy, 3)

where 1 — A(t, ¢) is a locally integrable periodic curve in the space of 2n x 2n real matrices which are symmetric
and periodic with the periodicity 7. Moreover, we assume that ¢ — (A(¢, ¢),t € [0, T]) is a continuously Fréchet-
differentiable curve in L! [0, T']. Then, for fixed T, as ¢ varies, the endpoint matrix y (T, ¢)isa C I_curve satisfying (1).
More precisely,

0
gy(’r? 8) = J/(T, 8)J2nC(T7 8) = J2I1B(T5 S)V(T5 8)5 (4)
where
T
C(T,e) = —y(T, 8)T12n;—€V(T, s)=/y(r,s>T%A(t,s>y<r,e)dr (5)
0

and B(T,e) = (y(T,e) DT C(T, &)y (T,e)~!, where the superscript “7T” denotes the transpose of matrices. Note
that both C and B are symmetric real matrices and they are continuous in . We refer to Section A for the second
inequality in (5).

Let us go back to the system (1) and recall that a matrix y is called stable if sup, .7 ||y"|| < 0o. We say that
the system (1) is stable if the matrix y(T) is stable. By (2), we have that sup,.g ||y (1)|| < oo if y(T') is stable.
A symplectic matrix y is called strongly stable if there exists a neighborhood of y in the space of symplectic matrices
containing only stable symplectic matrices. We say that the system (1) is strongly stable if y (T') is strongly stable as a
symplectic matrix. In this case, when the system (1) is slightly perturbed, it is still a stable system. The picture is not
clear in general if we perturb a stable but not strongly stable system.

The stability is closely related to the eigenvalues of a symplectic matrix. We give a brief explanation in the follow-
ing. For more details, please refer to [1, Sections 1.1 and 1.2]. The eigenvalues of a symplectic matrix come in 4-tuple
like {A, 2~!, &, 27!} and hence it is stable iff it is diagonalizable and all its eigenvalues stay on the unit circle U  C.
The characterization of strong stability was firstly formulated by Krein [4,5], and later independently by Moser [10],
as stated in the following: a symplectic matrix y is strongly stable iff it is stable and all its eigenvalues are Krein

definite. To be more precise, let G = —y/—1J be the Krein form which gives a Hermitian form on C* via
n
@06 =V=T3 D Ttk = Xtk 3) f - 6)
k=1

Then, an eigenvalue A € U is said to be Krein positive (resp. negative) definite if the Hermitian form (x, y) — (x, y)¢
is positive (resp. negative) definite on the invariant space E; associated with the eigenvalue A, see Subsection 2.1 for
the definition of E. It is called Krein indefinite if the Hermitian form (x, y) — (x, y)¢ is indefinite on Ej .
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Under the convexity assumption that A(t) is strictly positive definite for all t € R, Ekeland [1, Section 1.3] has
investigated the system (1) when y(0) = Id. Among various results, Ekeland has claimed that the following set is
isolated:

D oo {t : v (¢) has a Krein indefinite eigenvalue on U}, (7
see [1, Proposition 4, Section 1.3]. However, later, in [1, Erratum], Ekeland wrote that “The proof of Proposition 4
(and probably the proposition itself) is wrong”, and he proved a weaker statement for continuous # — A(f): D is a
finite union of isolated sets D,,, where

p, def _ all Krein indefinite eigenvalues of y (T') have algebraic multiplicity
" " at most m and one of them having exactly multiplicity m ’

see Pages 1 and 2 in [1, Erratum].
We prove that the original statement of Ekeland is still correct under the following weaker assumption on A:

A(t) is strictly positive definite on ker(w - Id —y (¢)) forallt e Rand w € U. ©))

Theorem 1.1. For the system (1) with continuous (but not necessarily periodic) t — A(t), if (8) holds, then the set D
defined in (7) is discrete.

To understand the system (1) and prove Theorem 1.1, we need to study the dynamics of the eigenvalues and the
associated Krein forms as ¢ varies. There is a rather complete answer for linear perturbations of Hamiltonians of
Krein positive type. To be more precise, consider the endpoint matrix y (7, ¢) of the system (3) with ¢ € C and
A(t,e) = H(t) +¢Q(t), where H(t) and Q(¢) are both 2n x 2n Hermitian matrices. The perturbation is said to be of
Krein positive type if Q is non-negative definite and the equation % = J H(t)x has no solution x(¢) # 0 for which
Q(t)x(t) = 0 (almost everywhere) and x(7) = wx(0) with |w| = 1.

Although ¢ is complex, by similar arguments, we see that (4) and (5) also hold. And the condition of Krein positive
type perturbation implies the condition (8) by replacing ¢ by €, A(¢) by B(T, ¢) and y(t) by y (T, ¢). In this special
case, Krein—Lyubarskii theorem [6] asserts the analytic properties of the eigenvalues and the eigenvectors.

Theorem 1.2 (Krein—Lyubarskii). Consider the system (3) with A(t, ) = H (t) 4+ Q(t) and assume the perturbation is
of Krein positive type. Suppose that g € R and that Ly € U is an eigenvalue of y (T, €¢). Then, as € varies from &g, Lo
continuously branches into k -many eigenvalues, where k = dimker(Ag-Id —y (T, £9))?*" is the algebraic multiplicity of
ro. These eigenvalues are grouped into m-groups, where m = dimker( g - Id —y (T, €9)) is the geometric multiplicity
of Lo. Each group of eigenvalues forms a multi-valued analytic function with Puiseux expansions: fori =1, ..., m,

o0
I3
Ai(e) —ho = Zci,k(S —£0) i,

k=1
where the numbers ji, ..., j are the sizes of Jordan blocks associated with the eigenvalue Lg. In each of the expan-
sions, the first coefficient ¢; 1 (i =1, ..., m) is non-zero. For each group of eigenvalues A;(¢), the eigenvalues branch

from Ly with tangents as ¢ € R increases from gg. These tangents form a j;-star with the same angle between consec-
utive tangents. As ¢ decreases from g, the trajectories of eigenvalues also form another j;-star. These two stars differ
from each other by a rotation of & radians. Among these 2 j; many tangents, exactly two are tangential to the circle
at ho. If the trajectory of an eigeﬁvalue branching from Aq is tangential to the circle U at Aoy as ¢ varies, then that
eigenvalue is Krein definite and moves on the circle U in a definite direction for ¢ sufficiently close to .

See Fig. | for illustrations of a 2-star and a 3-star. The arrows indicate moving directions of the eigenvalues as &
increases.

Remark 1.1. The eigenvectors also admit expansions in Puiseux series as the eigenvalues, see [12].

In the proof of the above theorem, they also gave a recursive way to calculate ¢; | via the matrix Q and the
generalized eigenvectors of y (T, €) associated with A¢. In the special case that m =1 or j; =--- = j, = 1, such an
expression were obtained earlier by Gelfand and Lidskii [2]. It also implies that Krein positive (resp. negative) definite
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Fig. 1. Bifurcation of eigenvalues.

eigenvalues move counter-clockwise (resp. clockwise) on the circle as the perturbation parameter ¢ increases along
the real axis. If several eigenvalues collide on the circle from U¢, then, necessarily, a Krein indefinite eigenvalue with
non-trivial Jordan blocks (Jordan blocks of size > 2) is created. When several eigenvalues of different Krein types
meet at A on the circle, they will continue their movement along the circle iff the geometric multiplicity of A equals
to its algebraic multiplicity.

Particularly, Krein—Lyubarskii theorem implies Theorem 1.1 for the curve ¢ — y (T, ¢) given by (3) when A(¢, ¢) =
H(t) + Q(t). Indeed, by Krein—Lyubarskii theorem, for all g9 € R, there exists § = §(gg) > 0 such that for ¢ €
(g0 — 8, €0) U (0, &0 + 8), the eigenvalues on the circle are Krein definite.

We would like to obtain a C!-version of Krein—Lyubarskii theorem for the system (1) and prove that D is isolated.
For general C!-perturbations, the eigenvalues and eigenvectors are no longer multi-valued analytic functions. Instead,
we aim to give the first order asymptotic of the deviation of eigenvalues and to verify similar qualitative behavior of
the dynamics of eigenvalues.

The argument of Krein and Lyubarskii doesn’t directly apply. Their proof relies on a key lemma, which interprets
the perturbation parameter ¢ as an eigenvalue of a certain self-adjoint integral operator depending on w € U, see the
lemma in [6, Section 1]. In this step, the linearity of the perturbation ¢ — H (t) + ¢ Q(t) is crucially used. Beyond
the scope of linear perturbations of Hamiltonians, if we assume the analyticity of ¢ > A(¢, ¢) and follow their idea,
we may encounter self-adjoint integral operators G (¢, w) depending on two parameters ¢ € R and w € U. We have to
show that {(w, €) : 0 is an eigenvalue of G (g, w)} is actually the graph of an analytic function in w, which we regard
as a difficult question in general. Besides, more seriously, their argument depends heavily on the analyticity of the
system. This rules out the possibility of studying C'-perturbations of the system by following their argument.

Ekeland has investigated the system (1) when y(0) =Id, t — A(¢) is continuous and A(t) is strictly positive
definite symmetric matrices for all #, see [1]. It was proved that the moving direction of a Krein definite eigenvalue is
determined by its Krein type: as ¢ increases a bit, the Krein positive (resp. negative) definite eigenvalues of y (t) move
counter-clockwise (resp. clockwise). Krein indefinite eigenvalues appear when Krein positive definite eigenvalues
meet Krein negative definite eigenvalues. He has also described the branching of a Krein indefinite eigenvalue of
y (t) when ¢ varies from 1 if y (¢#9) = Id: if y (t9) = Id, then there exists g9 > O such that for ¢ € (¢, tp + €o] (resp.
t € [ty — €0, 10)), the eigenvalues of y (¢) are all located on the unit circle, the eigenvalues on the upper semi circle are
all Krein positive (resp. negative) definite and move counter-clockwise (resp. clockwise), while the eigenvalues on the
lower part are all Krein negative (resp. positive) definite and move clockwise (resp. counter-clockwise). We remark
that the condition y (0) = Id is not essential in the above results of Ekeland. It suffices to have y (0) € Sp(2n, R).

In the same book, Ekeland has commented that the spirit of the branching mechanism of a Krein indefinite eigen-
value should be the same as in the special case of linear perturbations of Hamiltonians studied by Krein and Lyubarskii.
Note that a related result can be found in [7] of Kuwamura—Yanagida. However, to the best of our knowledge, there is
no rigorous proof in general.

In the present paper, we focus on the first order term under the assumption (8) (but without any restriction on the
multiplicities of the eigenvalues). Naturally, to study the branching of Krein indefinite eigenvalues eV~ ¢ U of

y(0), we need information on the Jordan blocks associated with eV —1%  We need to introduce several notations for
a precise statement of our C!-version of Krein—Lyubarskii theorem. Note that there is a basis (i jli=1,mj=1,...ji

of the invariant space E /=, (v (0)) = ker(e¥=1% . Id —y (0))2" associated with the eigenvalue e¥=1% of the matrix
y(0) such that m is the number of the Jordan blocks associated with the eigenvalue eV=10 of the matrix y (0),
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J1=j2 =+ > j,m =1 are the sizes of the Jordan blocks and {§; ;}; ; are the corresponding eigenvectors, i.e., for
i=1,...,mand j=1,..., j;, we have that

yO)E ; =eV 108 — & forj=1,..., ji, )
with &; o = 0 and that

(& jYi=1,..,m;j=1,...,j; is a linear basis of Eeﬁ% (y (0)). (10)
Note that j; > --- > j, > 1 is not necessarily strictly decreasing. We break the sequence {j;}; at the position where
a strict decrease occurs. So, there are integers s > 1, my,...,mg>1,n; >ny>---ng>1suchthatfor{=1,...,s,
the integer number ny is the £-th largest size of Jordan blocks (in the strict sense) and there are exactly m, many
blocks with the same size n,. Hence, the total number of blocks m = ZZ:I myg and for £ =1, ..., s, we have that
Ji=nge for Y mp+1<i< Y omy (1)
1<k<t 1<k<t

Sometimes, it is convenient* to use the following sequence of vectors {n;, j}i=1,...m;j=1
{&ijYi=1...m:j=1.....j;» Where

J
mig € (—V=1e7) g, (12)

fori=1,...,mand j=1,..., j;. We need to introduce more notations to present our results. Define an m x m square

j; instead of the sequence

,,,,,

matrix S, which represents the metric (A(0)-, -) on the space of eigenvectors associated with eV —16o.

Siir = (A1, nir1) = (A 1,601), i,i'=1,...,m. (13)
We define an m x m square matrix X by
Xiir = (i i )G = (= DA/ U V=T00 g o ), i =1, m. (14)
We write S and X in blocks as follows:
s L g xLh o xe
S= : . : and X = _ . : , (15)
S g x6D L xG.s)
where S and X ©€) are my x me matrices for £, ¢’ =1, ..., s. A nice feature of X is that X is upper triangular in

block sense and the diagonal blocks are Hermitian, see Corollary 2.4.

Theorem 1.3. Consider the system (1) and assume (8). Suppose that eV=10 (60 € R) is an eigenvalue of y (0). Recall
the notations introduced in (9), (10), (11), (13), (14) and (15).

a) As t varies from 0, the eigenvalue e¥ ~'% branches continuously into Y )i meng many eigenvalues with multi-
plicities, namely {)“(,p,q(t)}le,...,s;p:l,...,mg;q:l,...,ng-

Fort=1,...,s, reordering {A¢ p 4(t)}g=1,...n, if necessary, we have that
/1 L2 g1 . .
A pg(t) —e 1% ;0 sgn(tag, p)lag, pt|" e @-D if ng is odd, (16)
~ 1 21 T
—=TevV=10 lag pt| 7 eme Y T g VAT ) ey i oven,

where sgn denoted the sign function, (ag, p) p=1,...,m, are non-zero real numbers and they are exactly the roots with
multiplicities of the following polynomial in 7

4 As we shall see in (14), it helps to simplify the definition of X. Besides, the equation (26) is simpler in terms of {n; ;}: (n; j, ﬂi’,j/)G =
V=1t )6 — v =1, 141G
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s . gUe=D §(1.0)
det : B : : (17)
s-LD . ge=1e-1) §e=1,0
sEh L gD g _ x(0

b) There exists 8o > 0 such that for t € (=60,0) U (0,80), £ =1,...,s and p=1,...,my, (Ae, p,g(t))g=1,...n,
have different behaviors depending on the parity of ny and the sign of tay p: if ng is odd, then the eigenval-
ues (Ag,p.q(t))g=2,...n, Stay outside of the unit circle U, and ¢ p,1 is Krein positive definite on U (resp. Krein
negative definite) if tag , > 0 (resp. tag,p <0). If ng is even and tay,, <0, then (Ag pq(t))g=1,...n, Stay outside
of the unit circle U if ng is even and tay, , > 0, then Ay p 1(t) € U is Krein positive definite, A¢ p n,/2+1(t) € U is
Krein negative definite, and the other Ay p 4(t) stay outside of U.

Remark 1.2. Note that X ) is Hermitian and non-degenerate, see Corollary 2.4. By Sylvester’s law of inertia, the
number f{p =1, ..., my : ag,p > 0} equals the positive index of inertia of X (6.0 Hence, the instant moving directions
of the eigenvalues (when ¢ increases (or decreases) from 0), is purely determined by y (0) under the assumption (8).
When ¢ is sufficiently close to 0, the number of the Krein positive (or negative) definite eigenvalues depends only on
7(0).

Remark 1.3. If we replace “positive definiteness” by “negative definiteness” in (8), i.e.,

A(t) is strictly negative definite on ker(w - Id —y (¢)) forallr e R and w € U, (18)

then, all the results still hold under a time reversal ¢ — y (¢). But if we remove “positive” from (8), i.e., if we assume

A(?) is strictly definite on ker(w - Id —y (¢)) forallt e Rand w € U, (19)

then the system is a mixture of positive and negative systems, which is locally decomposable. To be more precise,
we denote by Ay () (resp. A_(t)) the eigenvalues w on the unit circle U such that A(¢) is strictly positive (resp.
negative) definite on ker(w - Id —y (#)). Under the condition (19), the Hausdorff distance between the two sets A ()
and A_(¢) is strictly positive and lower semi-continuous in ¢. By Lemma B.1, locally as ¢ varies, the eigenvalues
are separated into two groups. The first group corresponds to a possibly smaller system satisfying (8) and the second
group corresponds to a system satisfying (18).

The proof of Theorem 1.3 a) is different from previous argument by Krein, Lyubarskii and Ekeland. Besides, our
argument is direct and elementary. We analyze the asymptotics of coefficients of the characteristic polynomial of
y (t). This is linked to the Jordan structure of the symplectic matrix via exterior products of linear maps. By continuity
of roots depending on the coefficients of a certain properly normalized polynomial, we deduce the asymptotics of
eigenvalues. This part is some sort of blowup analysis. For the part b) of Theorem 1.3, we use Theorem 1.3 a) together
with a local C!-approximation of 7 — y(t) by analytic symplectic paths. Indeed, Theorem 1.3 a) provides an upper
bound for the number of Krein definite eigenvalues on the circle by first order asymptotics of the eigenvalues. On the
other hand, the approximation argument provides matching lower bounds. However, such an approximation argument
alone is not sufficient to predict the movement of eigenvalues. We have to combine it with the monotonicity of a certain
index function, see Claim 4.1. As an intermediate step, in the appendix, we sketch the argument of Theorem 1.3 when
t — A(t) is real analytic.

1.2. Organization of the paper

We collect definitions and notations, prepare some useful properties in Section 2. We prove Theorem 1.3 a) in
Section 3 and Theorem 1.3 b) in Section 4. We sketch the argument of Theorem 1.3 for the analytic case in Section C.
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2. Preliminaries
2.1. Notations and definitions

e For two positive integers m and n, we denote by My, »,, (C) (resp. My, x,, (R)) the set of m x n complex (resp. real)
matrices. When m = n, we use the notations M, (C) and M,,(R) for simplicity. For a square matrix, we define its
size as the number of rows in the matrix.

e For a matrix M, we denote by M7 the transpose of M. For a complex matrix M, we denote by M* the conjugate
transpose of M.

def [ 0 Id,,

e For n > 1, we denote by Id,, the n x n identity matrix and define J, = Id 0 ] Then, J;, = JzTn =—Jou
—Un

and J7, = —1d.

e For a vector space V and a finite number of subspaces {V;};cs, we denote by >
Zi el Vi.

e For vectors vy, ..., v, in a vector space V, we denote by /\;?:1 v; the exterior product vi A vy A -+ A v,. (Note
that A is associative.) We denote by A" (V) the linear span of all such /\’]’.:1 v; and denote by A (V) the direct sum
@n>0 A"(V) with the convention that A%(V) = {0}. For a totally ordered set P = {p1, ..., pn} With p; < p2 <
--- < py and vectors (vp)pep indexed by P, we denote by Apepv, the exterior product vy, Avp, A= Avp,.
(Note that A(V) is a vector space. Hence, if we take (vp)pep from the vector space A(V), then we define the
exterior products of exterior products in a consistent manner.)

e For m > 1, the inner product (-, -) on C” is defined by

m
()= x;5.
j=1

Then, for x, y € C",

ic; Vi the sum of the vector spaces

@, )6 =V =1, Juy) = =V =1{J222, ¥) =v/=1 1D (XnFntx — xn+kyk>} :

k=1

e For n > 1 and a linear subspace V of C>*, we denote by V16 the symplectic orthogonal complement of V , i.e.,
V6 ={x e C¥ : (x,y)g =0,Vy € V}.

The linear subspace V is symplectic if V N VL6 = {0}. When V is a linear subspace of R?", we replace C** by
R?" in the above definition.

e For a k x k complex valued matrix M and an eigenvalue A of M, the geometric multiplicity of A is defined as
dimker(x - Id —M) and the algebraic multiplicity is defined as dimker(A - Id —M)*. We denote by E; = E; (M)
the invariant subspace of Ck.ie.,

E,={xeCF: (- 1ld—M)*x =0}.
e Denote by p(A, ) the characteristic polynomial of the matrix y (¢), i.e.,

p(A,t) =det(h - Id —y (2)).
2.2. Exterior powers of linear maps

We recall exterior powers of a linear map A and its relation with its determinant det(A).

Starting from several linear maps on a vector space V, there are many ways to combine them to define multi-linear
skew symmetric maps (or equivalently, linear maps on the exterior products A” (V) of V). We follow the construction
in [11, Section 3.7]. For natural numbers k < m, the author defines a linear map on A (V) by taking certain “skew
symmetrization” of tensors of k many linear maps A with m — k many identity maps. For our purpose, it suffices to
take m to be the dimension of V. But we need a slightly generalization to allow the combination of three linear maps
A1, A; and the identity map. We introduce these notations in the following definition.
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Definition 2.1. Let A : V — V be a linear map on an n-dimensional vector space V. For k =0, ..., n, we define the
exterior powers /\(n, k, A) : A"(V) — A"(V) as a linear map as follows:

No k@A rv)E 3 A0 Avi+ (L= 0) - vp).
oe{0,1}":)"; o=k
Similarly, for two linear maps Ay, Ay : V — V, for two integers k1,ky = 0,...,n, we define the linear map
A, ki, ko, A1, Az) : A (V) = A"(V) as follows:

/\(n,kl,kz,Al, AW A ADy)

def
< > ANi—1(lg=1 - A1v; + 1g;=2 - A2vi + lg=0 - v;).  (20)
o €{0,1,2)7:3 7 g, =1=k1,3"; 1oy =2=ka

Since A"(V) is 1-dimensional, we identify the A(n, k, A) (or A(n, ki, k2, A1, A2)) with the unique scaling factor,
which is also denoted by A (n, k, A) (or A(n, k1, ka2, A1, A2)).

In the above definition, for each vector v;, we choose one from the three linear maps Id, A1 and A; and apply it to
v;. For the assignment of linear maps to the linear basis, the only constraint is that the map A occurs k; many times
and the map Aj occurs exactly k> many times. All these assignments have equal weight.

Note that det(A) is identified with the linear map A (n, n, A) on the 1-dimensional vector space A" (V). In partic-
ular, for an eigenvalue A of the matrix y (0), we have that

p, 1) =det(h-1d—y (1)) = det((A — o) - Id+ (2o - Id =y (0)) — (¥ (1) — ¥ (0)))

2n

=Y (=) > (=12 N@n ki, ka, 2o - Td =y (0), y (1) — y(0)).  (21)
k=0 ki+ky=2n—k,k; >0,k >0

In the above calculation, we express the determinant by wedge powers of the sum of linear maps (A — Agp) - Id,

Ao - Id—y(0) and y(0) — y (¢), expand it according to distributive law and collect the terms with the same times of

occurrence, where kj is the time of occurrence of Aq - Id —y (0) and k3 counts the occurrence of y (0) — y (¢).

2.3. Continuity of roots of polynomials

Consider a polynomial with complex coefficients of degree at most n. We will need the following lemma on the
continuity of the roots as the coefficients vary.

Lemma 2.1. Let W be a neighborhood of 0. Let P;(z) = Z?:O Cj (t)z/, where cj(t) e Candt € W. Suppose that
t > cj(t) is continuous for j =0, ...,n and t € W. Denote by d(t) the degree of the polynomial P,. Suppose that
d(t) =n fort € W\ {0} and d(0) = m < n. Then, there exist m continuous complex valued functions z1, ..., Zm on
W and n — m continuous complex valued functions zy,+1, ..., zn on W \ {0} such that

o fort#0, z1(t), ..., z,(t) are roots of Py,
o fort =0, z1(0), ..., 2, (0) are roots of Py,
e fori=m+1,...,n, we have that lim;_,o z; (1) = oco.

. t—1 . .
Proof. By assumptions, for to € W, P;(z) =0 Py, (2) uniformly for z on compacts. Hence, for any continuous loop I
avoiding the roots of Py,, for ¢ sufficiently close to fy, P; does not vanish on I" and

1 1 1 1
lim dz= / dz. 22
1—10 2 o/—1 / P (2) 2n/—1J Py(2) (22)
r r
Also, note that for a simple loop avoiding the roots of P;, 271\% fr P,L(z) dz is precisely the number of roots inside the

loop. (The interior and exterior region are determined by the orientation of the loop.) Eventually, Lemma 2.1 holds
since (22) holds for all continuous loops avoiding the roots of P,. O
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2.4. Properties of symplectic matrices

We collect some well-known properties of symplectic matrices in this subsection. The following observations,
although elementary, are frequently used in some calculation. For a complex number 2, the adjoint of A - Id under
(-,)G is A-1d, i.e., Vx, y € C*", we have

(Ax, ¥)G = (x,A)G- (23)

1

For a symplectic matrix y, the adjoint of y under (-, )¢ is y ~!, i.e., Vx, y € C**, we have

(yx.,y)6 = (x, ¥y 'ye. (24)

For all symplectic subspaces V, the restriction of the Hermitian form (-, -)g on V is non-degenerate. For a symplectic
subspace V, if it is invariant under the linear symplectic transform y, then so is its symplectic orthogonal complement
vic,

The following criteria on the G-orthogonality of invariant spaces is basically [, Proposition 5, Section 2, Chap-
ter 1].

Lemma 2.2. Let A and [ be two eigenvalues of the symplectic matrix y € Sp(2n,R). If Lt # 1, then the invariant
spaces E and E,, are G-orthogonal. Consider a partition { Py, ..., Py} of the set of eigenvalues of y such that each
P; is stable under the circular reflection z — 77\ Foreachi, let E; = Usep Ey. Then, Ey, ..., E is a G-orthogonal
decomposition of C*. In particular, when A € U, we have the following G-orthogonal decomposition of C*":

(CZW =E, ®F,, (25)

where F)_is the direct sum of (E, } ). Hence, if A is a simple eigenvalue on U, it is Krein definite.

The “inner product” under (-, -)g of the generalized eigenvectors in (9) and (10) must satisfy certain algebraic
relations:

Lemma 2.3. Suppose that A is an eigenvalue of the symplectic matrix y. We use the same notations
i jli=t,myj=1,...; and {n; j}i=1,..m;j=1,...j; as (9), (10), (11) and (12) for the eigenvalue X of y instead of the
eigenvalue eV =10 of y(0). Fori,i'=1,...,m, j=0,...,ji—land j'=0,..., ji — 1, we have that

W& M & )6 = W& e, M €0 D6+ 06 M e G, (26)
with the convention that & o =0 for all i =1, ..., m. In particular, when j + j" < max(ji, ji), we have that

i, j,mir.j)6 = (i j, &r.j))6 =0.
For fixed i,i" = 1,...,s, we have the same value (n; j,ni j)g forall j=1,...,j; and j'=1,..., ji such that

Jj+J"=max(ji, ji) + 1.

Proof. Since y is symplectic, we have that (yvy, yv2)g = (v1, v2)g for all vy, v2 € C*. By taking v| = & j+1 and
vy =&y 41, we obtain (26). The rest directly follows from (26). O

Note that (x, y)g = (v, x) . From non-degeneracy of (-, -)¢ and Lemmas 2.2 and 2.3, we get

Corollary 2.4. Recall the notations (14) and (15). For £ =1, ..., s, the matrix X ©© is Hermitian and non-degenerate.
For1<4¢; <, <s, we have that X©2-t) =,

3. Proof of Theorem 1.3 a)

As the proof of Theorem 1.3 a) is long and technical, we decide to give the sketch of the proof and provide
some intuitive ideas in advance. Suppose Ao = eV=1% ¢ U is an eigenvalue of y(0). We expand the characteristic
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(0] - - p=41
T12] e - o=
314l . =9
[] 5I6I7[8]) - o =1

Fig. 2. Young diagram. Fig. 3. k= @(k).

k

0 o

Fig. 5. Boundary of the convex hull of ((k, @) k=0,..., 2, e, §> (p(l;)}.
polynomial p(A,t) =det(x -Id —y (¢)) at eV —160.

2n
PO =D ) (b — eV 1)k, @7)
k=0

In order to study the asymptotics of the eigenvalues as ¢ varies from 0, we study the asymptotics of the coefficients
{ck(£)}k=0,....2n in Lemma 3.1 in Subsection 3.1. We will illustrate the results of Lemma 3.1 and explain the way
to prove Theorem 1.3 a) from Lemma 3.1 by a concrete example. But we will not sketch the technical proof of
Lemma 3.1.

In Lemma 3.1, we will show that ¢ (z) = O (t?®) as t — 0, where @(k) is a certain integer valued function in k.
Let us precisely give the value of ¢(k). Denote by N the algebraic multiplicity of Ag. Then, ¢(k) is simply O for
k> N.Fork=0,...,N — 1, the value of ¢(k) can be obtained graphically via Young diagrams as follows: we list
the sizes of Jordan blocks associated with Ag in non-increasing order j; > jp > --- > j,. The sequence {j;}i=1,...m
forms a partition of N and is represented by a Young diagram. The Young diagram consists of unit squares placed
side by side. For i =1, ..., m, the i-th row has exactly j,+1—; many squares. All these rows are aligned to the left.
Please see Fig. 2 for the Young diagram associated with the partition 4 +2 4+ 2 + 1 =9. To get the value of ¢, we fill
the diagram with integers {0, ..., N — 1} from the top row to the bottom row. In each row, we fill the diagram from
the left to the right. Then, each integer k is filled in the ¢ (k)-th row from the bottom, see Fig. 3. Alternatively, from a
finite non-increasing sequence of integers {j;}i=1,...m, their partial sums {Z,’»”:k Jitk=1,....m form a strictly decreasing
sequence, the upper boundary of the corresponding new Young diagram represents the graph of the function ¢(k), see
Fig. 4 for the same sizes of Jordan blocks as Figs. 2 and 3. The black and grey points give the graph of ¢. (Recall that
@ is set to O for k > N and N =9 in the above figures.)

Let us explain the difference between black and grey points in the following. Roughly speaking, the black points
separate the Jordan blocks with different sizes. Alternatively, the black points are exactly the extremal points of the
convex hull of the discrete domain {(12, Q) : k= 0,....2n,0 €Z,p > (p(lg)} above the graph of ¢, see Fig. 5. We
will prove in Lemma 3.1 that ¢, (¢) = O(t‘p(k)) as t — 0. For general k (corresponding to the grey dots), ¢(k) is not
necessarily the exact order of c(#). However, for those k corresponding to the black dots, the order ¢ (k) is exact and
we calculate lim;_,o cx (1)t ~*® in (35) of Lemma 3.1.
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I35
A I

Minimizers of o(k) + &

Lo+ (1,3)

. .. . . 1
Fig. 6. Generic intersection. Fig. 7. a = 5.

Next, we sketch the proof of Theorem 1.3 a) from Lemma 3.1. We will carry out certain blow up analysis at t =0
and A = Ag. Take w = ’\t_a’\(’ for o > 0.° After a change of variable, we obtain another polynomial g (w, t) from

p(A,t), where g, (w, t) = Z%io Ck (t)t“kwk. Note that lim;_, ¢ g4 (w, ) = 0. To obtain a non-trivial limit, we need to
divide gy (w, t) by tA@  where B(a) =min{e(k) + ak :k=0,...,2n}. We are interested in the limiting polynomial

2n

ro(w) = Zzh—r}(l) cr ()R B@ k.
k=0

In order to obtain lim;_ ¢ W;—(;)‘O by using Lemma 2.1, we need to answer the following questions: does r (w) vanish?
If not, how to describe the roots of ry (w)?
Note that the possible minimizers of ¢ (k) 4+ ok are important to us since

y wk—p@) _ if k is not a minimizer,
th(l) k()1 = zlin(l) cx()t~?® if k is a minimizer.
-

Denote by L, the line through the origin with the slope —«. To find the minimizers, we translate L, upwards until
Ly has non-empty intersection with the graph of ¢ (k) for the first time. The k-coordinates of the intersection points
are precisely the minimizers. The intersection must contain black points since the black points are extremal points of
the convex hull of the discrete domain above the graph of ¢, see Fig. 5. For the k-coordinates of the black intersection
points, the limit lim,_ ¢ ¢z (£)1%* 2@ =1lim,_ ¢ cx (£)t ~?%® £ 0. In particular, ry (w) % 0.

When é is different from the sizes of Jordan blocks associated with A¢, the minimizer kp;, is the single black
intersection point, see Fig. 6 for o = % and the same sizes of Jordan blocks as in Fig. 2. In this case, the limiting
polynomial r,(w) consists of a single term and its roots must be zero. When % equals the size of a Jordan block
associated with Aq, there are exactly m(«) + 1 many minimizers, where m(¢) equals the number of Jordan blocks
(associated with L) of the size é, see Fig. 7. The minimizers have equal distance % between each other (since the
intermediate grey points separate Jordan blocks of the same size). By Lemma 3.1, the coefficients of the limiting
polynomial r correspond to the sum of certain principle minors. Finally, we write r as a certain determinant and the
asymptotics of eigenvalues are determined by the sizes of Jordan blocks and the roots of the limiting polynomial 7.
For instance, in Fig. 7, N =9, the sizes of Jordan blocks are 4, 2,2 and 1, and o = % corresponds to the Jordan blocks
of size 2. The minimizers are 1, 3 and 5 and ¢ (1) = 3, ¢(3) =2 and ¢(5) = 1. By Lemma 3.1, the limiting polynomial

_ ; —pk) .k
r%(w)— Z h_%ck(t)t w

k=135"
dii dip di
’ ’ ’ d d d d
=coOw | |d2;1 dap do3 +w2< d; dii d;: d;z )+w4d1,1
d31 dip d33 ' ’ ' ’
di1 di di3

=coO)w |day1  dop+w? s |,
ds 1 d3 ds 3+ w?

5 Fora =0, the following argument simply yields the continuity of the eigenvalues of y (¢) as ¢ varies from 0.
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where the 4 x 4 matrix d equals SX~'A, where A is a diagonal matrix with diagonal elements —Ag, A%, X% and
/—1x from the top to the bottom. (Recall the definition of S and X in (13) and (14).) A non-trivial root of r (w)
A=) "
02
att = 0. The trivial root O of r (w) corresponds to the zero limit of lim;_, ¢

corresponds to a non-zero finite limit of lim;_, ¢ where A(?) is an eigenvalue of y (¢). It is Hélder—% continuous

(f)—)»o
'2

, where A(¢) corresponds to a certain

Jordan block of strictly smaller size and has better regularity at + = 0. The non-trivial roots of r,(w) are important
and they are also the roots of the polynomial Q(w), where

di 1 di2 di3
Ow)=|dr doa+w? dr3 (28)
d31 d3 ds 3+ w?

Write the matrices d, S, X and A as in (15) with s = 3:

diji|dip diz|dia -2 0 0 0
d= | 21|22 d3|dy Aol © A5 0 0
- d31|dza d3z|dia - 0 0 )»% 0
dy1 | dap da3|dag 0 |0 O0]+—1x
S1,1]812 S13 814 X11|X12 X13|X14
§— S$21 (1822 823|824 X — 0 | X22 X23|X24
S$31(832 833|834 0 | X332 X33|X34
Sa1| Sa2 Sa3| Saa 0 0 0 | Xs4
By calculation in blocks, we get that
dig|dip di3 S1,1 | Si2 Si3 X1 | Xip Xi3
dry|drp a3z | =| S2.1|822 S23 0 | X202 X3
dyy |d3n d33 831|832 833 0 | X32 X33
Write the above equation by d=SX~'A. Denote by Ithe3 x 3 square matrix <8 Ig ) Then, we have that
2
~ 9 co_1% 9= det A 257 1S
Q(w) =det(d +wl)=det(SX "A+wl)= — -det(S +w IA™ " X).
et
Hence, the roots of Q coincide with the root of Q(w), where
. o S11]812 S13 0
O(w) =det(S+w?TAT'X)=det{ | So1 [ S22 S23 | +w?ry? X23 (29)
8$311832 833 X33

The above method also works in general case as we shall see in Subsection 3.2. In the formal proof, we will replace
the geometric arguments by explicit and rigorous analysis.

We state and prove Lemma 3.1 in Subsection 3.1, where we use the exterior powers of linear maps. We deduce
Theorem 1.3 a) from Lemma 3.1 in Subsection 3.2. The reader may firstly skip the technical proof of Lemma 3.1 and
go directly to the proof of Theorem 1.3 a).

3.1. Proof of Lemma 3.1

Lemma 3.1. Consider the solution y (t) € Sp(2n, R) of (1) without assuming (8). Recall the notations (9), (10), (11),
(13), (14) and (27). Denote by N = N(e¥~1%) the dimension of the invariant space E /=14, (v (0)). (Note that N =
Z:-n:l Ji.) Then, we have that

en@©) = lim PG, 0)

— . 30
Je/ T (h — eV~ Te0)N ¢
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Fork=0,....,N—1,ast— 0,

a0 = (=0)*® - \@n.2n =k — p(k). p(k). V=% - 1d—y (0). i—fm)) +o(?®), (31)

where

i
o) =,y ) Emini=1,....m: > jy=N—k
iI'=1

=min{i=1....m: Y ji<kt. (32)
i<i’<m

(Consider the Jordan blocks associated with the eigenvalue eV =160, Then, ¢(k) is precisely the minimal number of
blocks such that their total size is not less than N — k. By definition, we have thatk > )", ol Ji-) In particular, when

k= Zi><p(k) Ji»ast — 0,

cx(t) = (DN ¥ Oy 0) D det [(diin)iier] + 0™, (33)
1€Zy
where®
def LBl =gk) Vi€l ji = jow
T = {IC“"“”"}' and Vi € {1,....mI\ 1. ji < joto
andfori,i’=1,...,m,’
di i E (=) /=TT (X1, 4 (34)

Particularly, if k =) ,_,myngy for some £ =1,...,s (or equivalently, ¢(k) = Ze’gl myr), we have that I =
{{1, e, Zﬁ,zl mg/}} andast — 0,

k(@) = (DN FeB ey ) det [(d; i) =1, | + 0t ®). (35)

,,,,,

Remark 3.1. Lemma 3.1 is valid without (8). However, to get the exact order of asymptotics, we need to ensure that
the determinant in (35) does not vanish, which follows from (8).

Proof of Lemma 3.1. Note that

PO 0) =det(h - 1d—y(©0) = (A — VTN [T ((h—eV=1%) 4 (V1% — ),
pzteY 1%

where p is an eigenvalue of y (0). Comparing this with the expansion of p(A, 0) at eV=10 in (27), we conclude that
ck(0)=0fork=0,...,N — 1 and cy(0) is given by (30). Next, we will estimate ci(¢) for k=0,...,N — 1. We
will expand ck(¢) by using exterior powers of linear maps, identify and calculate the major terms. For simplicity of
notation, we give the proof for N =n and eV =10 # =£1. The argument for the general case is quite similar. We briefly
explain necessary modifications in Remark 3.2 and omit the details.

In this case, we see that

cN (0) — (e\/ 7190 _ 67\/ 719())7!'
Recall the definitions and (21) in Subsection 2.2. Note that
6 To get the quantity on the right hand side of (33), we select the biggest ¢ (k)-many Jordan blocks. However, due to possible presence of Jordan

blocks of equal size, such a selection is not unique and Zj, is introduced to represent all such choices.
7 By Corollary 2.4, X is invertible.
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a)= Y (DR L0, (36)
k1+ky=2n—k,
ki,ky>0

where
1
it () = [\@n ki ko V™1 1A=y (0). ~(r (1) = ¥ (O).

Note that t — ¢, k, (¢) is continuous and

d
Clika 0) = N\ @n, ki ko, eV 1% . 1d—y (0), 7).

To calculate cx(r) and cx, x, (f), we need to fix a basis of C>*. Recall the notations given by (9) and (10). Then,
1.k2 d g Y
YL, ji = N = n. By taking complex conjugates, we see that {£; ;}; ; is a basis of the invariant space Ee,ﬁgo (v (0))

associated with the eigenvalue e=V=1% of the matrix y (0) with properties similar to (9). Moreover, by Lemma 2.2
and non-degeneracy of (-, -)g, {&;,;, é,‘,j}i“/ is a basis of C2".

Before we proceed with the expansion of ¢, k,(¢), let us firstly fix several notations. We define Mo =1d, M| =
V=10 . Id—y(0) and M, = %(y(t) —yO).Let P={(G,j):i=1,....,m;j=1,...,j;}. Then, the generalized
eigenvectors {§; ;}; ; are indexed by P. We fix the lexicographic order on P so that P is totally ordered. In the
definition of ¢, x, (t), for each vector &, (p € P), we apply to it some linear map selected from the three different
linear maps Mo, M| and M3, and then multiply the resulting vectors via wedge products. Let Q = {0, 1,2}”. Then,
the choice of linear maps is represented by an element in 2. For instance, for o = (0) pep € €2, for a vector &, we
apply to it the map M,,,. For the vectors {&)},cp, we use the similar notations &. In the definition of ¢k, k, (), we
don’t sum over all possible assignment o, ¢ € 2. The requirement is that we use k; times the map M1, k2 times the
map M, and 2n — k1 — kp times the map M. To count the number of occurrence of a particular map M; (i =0, 1, 2),
we introduce the following notation: for o € €2, a subset of indices Q C P and « =0, 1, 2, we define

Ny(o, Q) = Z 1ap:<x-
peQ
For q1 + g2 < n, we define

def
Q. = {0 €Q:Ni(o, P) =q1, Na(0, P) = @2}

Then, we express ci, i, (t) as follows:

Z Z (/\pePMapgp) A (ApePM&péfp) =Ck1,k2(t) (/\pEPE[J) A (/\pePEp)~
q1+q1=k1, 0€2y) 45,
Q@2+q2=ky &EQ‘?I 0>
At the first sight, the above expression may seem to be impractical as it evolves lots of terms. However, not all the
terms in the above summation contribute to ci, , (t). For instance, if we apply M; to an eigenvector associated with

the eigenvalue eV =100 of y(0), then we immediately get a zero. The other possibility to get a zero contribution is
due to the skew-symmetry of the wedge product. For instance, for an eigenvector v; and a generalized eigenvector
vy such that Mjv, = vy and Mjv; = 0, we see that Mjv, A Mgv; = 0. We will combine these two observations
and give a necessary condition for non-trivial contributions. For i = 1,...,m, we define P, = {(i, 1), ..., (i, ji)}
with the lexicographic order. The index set P; corresponds to the generalized eigenvectors associated with the i-th
Jordan block. Note that for i = 1, ..., m, we have that /\pepl.Mgl,Sp =0 if No(o, P;) =0 and N;(o, P;) > 1. So,
roughly speaking, in order that the term (/\ pePMs,§ p) A (/\ pePMs, £ p> is not vanishing, the following condition is
necessary: for the generalized eigenvectors corresponding to some Jordan block, if we don’t apply M3 to them, then
we have to apply My to all these vectors. In this sense, we need a certain minimal amount of M available. To be
more precise, if the number of M, available is strictly less than the total number m of the Jordan blocks associated
with e\/__”’o, then at least m — N (o, P) blocks are free of M, and we have to apply My to all the corresponding
generalized eigenvectors. The minimum of the total size of m — N»(o, P) many Jordan blocks is >, No(o.P) Ji-
Hence, in order to get non-zero contribution, we need that No(o, P) > Zi> Ny(o.P) Jji- Noting that Ny (o, P) <k and
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2n — ky — ko = Ny(o, P) + No(6, P) > Ny(o, P), we need that 2n — k; — kp > Zi>k2 Jji» which is equivalent to
ko > ¢(2n — k1 — k»). Hence, for k =2n — k1 — ko, we have that

Cy k(1) =01if kp < (k). 37
By (36) and (37), for k=0, ...,n—1,ast — 0,
2n—k
c(t) = Z (=% con—t—t o (1) = (=) P 20 k). o) (0) + 0(t?®)), (38)
ka=¢ (k)

which is precisely Eq. (31).

Next, we will calculate c¢2n—k—g(k),p(k)(0) When k =3, ji. For simplicity of notation, let Ko = eV =100 .

Id—y(0) and Agp = %—’;(O). (We decide to abandon the use of notations My, M; and M, since we would like to
emphasize the difference between Ko and Ap.) We have that

Con—k—p(hp (0) = /\@n.2n —k — p(k), p(k), Ko. Ao),

which can be expanded as before. From previous discussion above (37), to get non-zero contributions, there aren’t
many choices for the assignments of the maps Id, Ko and Ag: for the vectors &; ;, we apply Ko to them; for the

generalized eigenvectors of the biggest ¢ (k) Jordan blocks associated with e“/__wo, we apply Ay to each eigenvector
and Ky to the remainder so that we use only one A for each big Jordan blocks; for the generalized eigenvectors of

the remainder small Jordan blocks associated with e¥ = % we apply the map Id to them. Accordingly, we have that

Y (AL @i1) A (AperKodp) = cant—pt.00) 0) (AperEp) A (AperEp)., (39)
1€Zy

where 7 represents different choices of the biggest ¢ (k) many Jordan blocks and
wi. 1 = lier - Ao&i1 A (A§i:2K0$i,j) + ligr - Aj-i:]Ei,j-
By (9),fori=1,...,mand j=1,..., j;, we have that
Ko&i,j =& j—1 and Ko&; j = (ev =T fﬁe‘))éi,j + & j—1
where &; o = 0. Hence, we have that
/\pePK()ép = (e«/jlﬂo - e*«/jleo)n : /\peng =cn(0)- /\pePép (40)

and that
ji—1 Ji
wi. 1 = lier - Ao&i1 A (A§:1 &ij)+ ligr - /\;~:1$i,j-

The vector Apé; 1 can be uniquely expressed as a linear combination of the basis (; ;, 5,; )i, j- We denote by c?,-,i/ the
coefficient of Ao&; 1 before &/ ;,. Denote by Sy all permutations of the set I C {1, ..., m} and by Sgn(g) the signature
of a permutation g. Then, we have that

L 1 ' B
AL wi = Z AL (Qier - (=17 ! di g (/\jzl &) NEg(i),joqy T Ligl - /\j'zléi,j) (mod Apep &p)
geSy
= (=D)Zier Um0 (1S [T gy - AL (AT 5ij)  (mod Apep &p)
geSy iel
= (1) ZierGi=D) ~det(d; 1) irer - Ale(/\le&,j) (mod Apep &)

By definition of Zy, fork = >
we obtain that

i>o(k) Jji and I € Iy, we have that i/ = ¢(k) and ), _;(ji —1) = N —k — ¢(k). Hence,

A wir = (DN OO L det(d; )i rer - AL (N &) (mod Apep Ep). (41)
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Next, we will show that a7,-,,-/ equals d; ;» defined by (34). On one hand, since Ag = J2,A(0)y (0), J3, J2, = Id2, and
y(0)&1 =eV~1%g | we have that

(A0&i 1, Jonbir 1) = (J2n A0)Y (0)i 1, J2néir 1) = GHGO(A(O)&',L &)= eﬁgosi,i’- (42)

On the other hand, by Lemmas 2.2 and 2.3, we see that (éi’j, Jw&p )y =0foralli,i’=1,...,mand j=1,..., j,
and that (§; ;, J2;§;/1) =0foralli =1,...,mand j=1,..., j; — 1. Hence, together with the definition of the matrix
X given by (14), we get that

m m
(Aoki1, Jonbir 1) = Z d i (&ir oo Jan&ir 1) = eV 1% Z (=D (=1 10 iy X (43)
=1 i’=1

Combining (42) and (43), we see that the expression of dis given by (34).
Together with (39), (40) and (41), we get that

Con—k—g(h), k) (0) = ey (0) (=N F—¢®) Z det[(d; )i irer]. (44)
[EIk

where d is given by (34). Then, (33) follows from (38) and (44). Particularly, when k = ) _,_, mgny for some
£=1,...,s,wehave that Z; = {{1, ..., ¢(k)}} and (35) follows. O

The above proof is written for the case N = n. We briefly explain the modifications for N # n in the following
remark.

Remark 3.2. Instead of the eigenvectors {&; j}i, j» for each eigenvalue u # evV=1% with algebraic multiplicity N (u),

.....

have that

Kot™ Ao KO"E/(VH(L) — (VT _ uNGE A AEI(VH(L)'

Instead of (5,-) j» J2n€ir.1) = 0, we use the G-orthogonality of the invariant spaces E,, and Eeﬁeo for p # eV=Tbo,
3.2. Proof of Theorem 1.3 a) from Lemma 3.1

Recall the notations introduced in (9), (10), (11), (13), (14) and (15). As ¢ varies from 0, the continuous branching
of the eigenvalue eV=1 follows from the continuity of  — p(A,t) =det(A -1d—y(¢)) and Lemma 2.1.

Next, note that § is Hermitian and strictly positive definite, X -*) is Hermitian (see Corollary 2.4). Hence, the roots
of the polynomial (17) are non-zero real numbers.

We prove the asymptotic of eigenvalues when ¢ > 0. The proof for ¢ < 0 is similar.

By Lemma B.1, without loss of generality, we assume that the eigenvalues of y (¢) are eV=10 and ¢=v~100,
There are two possibilities: eVl e U \ R or eV=100 = 41. Again, the proofs in both cases are quite similar and
we only present the proof for the first case, which appears to be a bit more complicated. In this case, p(A,0) =
(h — eV =Ty, — =V =Ty,

Suppose that A(z) € C is a root of the polynomial p(A,t). For £ =1,...,s and ¢ > 0, we consider

we(t) & 177 (1) — V100, (45)

&
By (27), it is a root of the polynomial Z}%’Q:O cx (O™ w* in w. Since the polynomial p has 2n roots, there are 2n
continuous curves ¢ — w(t) for ¢ # 0. We will show that there are exactly n,m, many curves with non-zero limits as ¢
tends to 0, there are exactly ) ¢ <¢/<s Meng many curves with the limit O as ¢ tends to 0, and the remainder tends to oo
as ¢ tends to 0. So, there are exactly n curves ¢t — A(¢) of eigenvalues of y (¢) tending to e~V —1% and the remainder
tends to e¥ 1% with possibly different speeds. Roughly speaking, each Jordan block associated with e¥~1% of the
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size ny corresponds to ny many curves of eigenvalues, these curves are exactly Hélder-n]—z continuous at ¢ = 0 and they

form an n-star at V=10,
Our task is to find the limit of (45) by applying Lemma 2.1. Although w(¢) is a root of the polynomial

s
%”:0 cx (Dt wk, we cannot apply Lemma 2.1 directly to that polynomial since it has a trivial limit 0 as ¢+ — 0.
Instead, we will divide that polynomial by certain fractal powers /"¢ of r, which is “the biggest common fac-

tor” of {cx (t)t% }k, and obtain a new polynomial g(w, t) with the same roots and a non-trivial limit as t — 0. To
get the exponent 7 (£)/n,, we will use the asymptotics of 7 — cx(¢) summarized in Lemma 3.1. By Lemma 3.1, for
k=0,....n,ifk=7)p_,mpny +ung for some u =0, 1,...,mg, then ¢(k) defined in (32) equals D, _,mpy —u
and

T(€)

V10
ck(De =1 e (—1)Zvsemene—ine (V=10 _ p=/=loyn > det(d; )i irer + o™ O,

1€Zy,
def g .
where 7(€) = ) y_; my min (ny, ng) and
def
T S {IC{L2.) mpyigl =Y my—u{1,2,....) my}CI
v<t o<t o<t
Otherwise, for k ¢ {> ", meng, Y pogmpngy +ne, ..., Y pogmpny +meng},
&
k)t =o(tT®/My as 1 — 0.
Hence, we define
2n @
qw. =Y c@r " wk. (46)

k=0

Note that the limiting polynomial g (w, 0) & lim;_, ¢ g (w, t) exists and

my
q(w, 0) = (= DZv=emene V=10 _ o=V =T0yny Yo mone N2 (ypyine N7 det(dy 1)y e (47)
u=0 1€y y
dtD o gls)
We write d in block matrix as § and X in (15), i.e., d = : : . (For 1 < ¢y, ¢, <s, we note that
d(s,]) . d(s,s)
d®1-t2) i an mg, X mg,-matrix.) For I € Iy ,, (d; i’); i’er 1s the square matrix obtained by deleting u elements on the
100 R [ W)
diagonal of d-9) together with the rows and columns containing them from the matrix : . : . When
den .. gen
we sum over Zy , in (47), we sum over all such choices of principle minors. Hence, we see that
q(w’ 0) — (—1)24/55 mzrnl/ (e\/—_IG() _ e—\/—_IQQ)anZ/>Z mZ/I’ll/ Ql (U)), (48)
where
Ja4D L gD 410
Qe(w) = det JELD L ge-leen 410 “9)
deb ... gt g@h 4y Id,p,

By expanding the determinant Q(w) in polynomials of w, we find that (47) and (48) coincide. Similarly to the
calculation from (28) to (29), by the relation (34) between the matrices d, S and X and the fact that X is upper
triangular in the block sense (Corollary 2.4), we get that Q¢(w) = 0 iff w is the root of the polynomial
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s o ge=D 51,0

5 def : - : :

Q¢(w) = det =11 . gle—1e-1) sU=1L0 0
seh o gD g0 yyne( [TV =100y e x (6.0

@e,p.q

,,,,, /—TeV 10 }q:1 n

.....

are the ng-th roots of ay , with multiplicities. (Recall that a¢ , are the roots of (17).) By Lemma 2.1, there are

1
corresponding wy, , 4(¢) and Ag p (1) = eV=T1t +trew pg(t) for p=1,...,mg and g = 1,...,n, such that

Wy, p,q(0) =1im, 0 we, p,4 (¢) exists and (wy, p,¢(0)) p=1,....m;g=1,...,n, ar€ 100OLS OF Qg(w). Or equivalently, (16) holds.

,,,,,

Remark 3.3. During the proof of Theorem 1.3 a), the only purpose of assuming (8) is to ensure that Q¢(w) has
non-zero roots. Hence, Theorem 1.3 a) still holds under the following weaker condition:

S gD

det #0foralll=1,...,s. (G29)]

)

Or equivalently in the following coordinate-free form: the Hermitian form (A(0)-, -) is non-degenerate on the spaces
Ve for all integer ¢, where

Ve = ker(eV 1% . Td —y (1)) N (¥~ 10 . Td —y (1)) (ker(eﬂeo 1d —y(t))2"> .
4. Proof of Theorem 1.3 b)

Our proof strategy is to approximate the continuous curve ¢ — A(#) by analytic curves. To prove Theorem 1.3 b),
we use Theorem 1.3 a) proved in Section 3 and Theorem 1.3 for the analytic case. We present a sketch of Theorem 1.3
when 7 — A(¢) is real analytic in Section C.

We choose to present the proof for ng odd, t > 0 and ay,, > 0. The proofs for other cases are similar and we left
them to the reader. By Theorem 1.3 a), we see that (A¢ p 4(¢))g=2,....n, are outside of U for sufficiently small ¢. It
remains to prove that A, , 1(¢) is a Krein positive definite eigenvalue on U. By Theorem 1.3 a), we have that

g pa (1) — eVl
lim :
HO /= TeV=T00s7e

Hence, as ¢ increases from 0, tangent to the circle and counter-clockwise, A¢ p 1(#) continuously branches from
eV 1% We need to show that A, »,1(t) € U for sufficiently small 7.

> 0.

We define®
A 1) — eV—1to
I. =1, p,q):lim trg®) e — €(0,+00) ¢,
110 \/__1@«/—719015
A 1) —eV=10
I-=1{,p,q):lim gt —e — € (—00,0) ¢,
HNO -/ TTeV—100g 7

Jo (@) ={{, p,q) : k¢ p,4(t) is a Krein positive definite eigenvalue on U},
J_(t)=A{({, p,q) : A, p,4(1) is a Krein negative definite eigenvalue on U},

K ()= {(Z, P:q) hgpg@®) €U\ {e«/—_l%} and it is on the counter-clockwise side of e‘/_—wo} ,

8 When ¢ is sufficiently close t0 0, A¢, ;, 4 (#) locates near eV —19  Thus, it makes sense to use the notions “counter-clockwise side” and “clockwise
side”.
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K_(t) = {(E, Psq)ihe pg(t)eU\ {e*/__m“} and it is on the clockwise side of e*/__m“] .

We will show that
ImJy(t) =lmK,(t) =1 dlimJ_(t)=lmK_(t)=1_. 52
im J. (1) = lim K4 () = [ and lim J_(1) = lim K_(1) (52)

The continuity of 7 — det(A - Id —y (#)) implies the continuity of the eigenvalues as ¢ varies. Also, by the first order
asymptotics in Theorem 1.3 a), we see that e¥V=1% is no longer an eigenvalue of y (¢) if ¢ varies from O a bit. Hence,
there exist » > 0 and § > 0 such that for € (0, 8], (A¢,p,q (#))¢=1,....5;p=1,....me;g=1,....n, ar€ located in the punctured
open disk B(e*/__m“, )\ {e*/__wo} centered at e¥~1% with the radius r < 0.1, and the other eigenvalues of y (¢)
stay outside of B(eﬁeo, r). Shrinking § if necessary, for ¢ € (0, 8], for (¢, p,q) € I (resp. (£, p,q) € 1), Ag p 4(t)
stays on the counter-clockwise side (resp. clockwise side) of eﬁ%, andfor (£, p,q) ¢ 1_Uly,A¢ pq(t) ¢ U. Hence,
Ki(t)Clyand K_(t) C I for t € (0, §].

Next, we prove that lim, o #K 1 () > 1 and lim, o #fK_(¢) > f/_. For that purpose, we approximate the contin-
uous curve ¢ — A(t) by analytic curves for ¢t € [—1, 1] by using Bernstein polynomials. For positive integers M, we
define

M k M 1— M—k 1 M+k
e E () () ()
k=—M +

As a polynomial in ¢, the function 7 — A™) () is analytic. By classical results on Bernstein polynomials, for contin-
uous ¢ > A(t), AM)(¢) converges to A(t) as M — oo uniformly for t € [—1, 1]. Hence, the corresponding solution
y M (1) of (1) (with the same initial condition) also converges to y (), uniformly for r € [—1, 1].

We wish to use Krein—Lyubarskii theorem for approximated analytic systems, see Section C for a proof in analytic
case. For that purpose, we need to verify the condition (8) for large enough M. By taking a subsequence, we may
assume that (8) holds for each M and r € [—1, 1]. Otherwise, if (8) is violated for infinitely many M, then there
exist sequences {Mp}n, {tn}n, {€n}n and {A,}, such that lim,_, o M, = 400, {,}, is bounded and for all n, A, € U,
Enll2 =1, y(M")(tn)E,, = A&, and (A(M")(tn)é‘,,, &,) = 0. By compactness, taking subsequence if necessary, we may
further assume that lim,—, 4o f, =, lim,—, y 50 &, = & and lim,_, ; o A, = A. Then, by taking the limit, we see that
€l =1, A€ U, y(t)€ = A& and (A(?)&, &) = 0, which contradicts with the assumption (8) on the continuous curve
t—=y(t).

In the following, we assume that (8) holds for each M.

For approximated systems, we analogously define the notations {)\iﬁ)’q(t)}gzl,ws;pzl,wm[;qzl,.‘,,nz, IiM), IiM),
JLM) 1), JEM) (), KJ(FM ) (1), K £M) () and DM) (see (7)). In the following, we take M large enough such that

M
()‘E,p?q ----------

v ) =2k M0y n 1M o) - sk ) 0 T @),

Since (D™))¢ is dense, for t € DM we may define vj_M) (t) =lim SUPg4; s¢ D) vj_M) (s). Direct approximation argu-
ment relying on the convergence limy;_, oo ¥ ™ = y is not sufficient to conclude the desired result. Instead, we will
crucially use the following feature of vﬁrM)(t) in the argument.

Claim 4.1. For large enough M, as t increases from O to 8, the index viM) (t) is non-decreasing and integer-valued.

We focus on the application of Claim 4.1 and postpone its proof in the end of this section.
Since limp;_ o KJ(FM) (t) = K4 (1), to prove lim, o §K 1 (¢) > #1], it suffices to show that for M large enough, for
allt € (0,6), 41K J(FM) (t) > I. By upper semi-continuity”’ of ¢ ]jKiM) (1), it suffices to show the inequality for # in a

dense set of (0, 8), say (0,8) \ D™ By definition of v\ (1), 1K™ (1) > v (1) for t € (0, 8) \ D™ . Hence, it is

9 Note that tIK_(._M)(t) counts the multiplicity.
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enough to show that inf{vﬁrM) (t):t€(0,8)} >tl;+. By Claim 4.1, we see that inf{viM) (t) : t € (0, 8)} equals the right

limit ver)(O—i—) of viM) at 0. Hence, it suffices to show that viM) (0+) > #t1. Note that lim, o #(K J(rM) N JJ(FM)(t)) =
jilj_M) and lim; jj(Kg_M)(t) N JEM)(I)) = 0 by Theorem 1.3 in the analytic case. Moreover, by Remark 1.2, since

y(M) (0) = y(0) by construction, we have that limy;_, j:II_(FM) = #1;. Hence, vg_M)

large enough. Therefore, for M large enough, we have that

(04) precisely equals 1, for M

#K (1) >#I, fort € (0,4), (53)

and similarly, we see that §K_(¢) > #1_.
Hence, together with the inclusion K (t) C I+ and K_(¢) C I_ for small enough 7 > 0, we get that K (t) = I

and K_(¢) = I_. From the argument for (53), for ¢ € (0, §) with § small enough, vﬁrM) (t) =1+ as long as M is large
enough such that tK " (1) = tK . (¢).

To finish the proof of (52), consider the invariant space W, (¢) (resp. W_(¢)) spanned by the invariant spaces

associated with the eigenvalues indexed by K. (r) (resp. K_(¢)), i.e., Wi (t) def Z(&P’q)e&(l) Ey, ) (resp.

W_(t) def Z(e, p)EK_ () E ,\[_M(,)). We use similar notations W_(irM)(t) and WiM)(t) for the approximated systems.

By Lemma 2.2, the Krein form (-, -)g is non-degenerate on these spaces. It suffices to show that the negative index
of (-, )G lw, (1) 1s zero and the positive index of (-, -)G|w_(r) is zero for small enough ¢ > 0. Again, we will use the
same approximated systems, analyze the analytical systems and pass to the limit in the end. The non-degeneracy of
the Krein forms is an important sufficient condition for the continuity of indices.

In the following, we will give the proof for W (¢). The other part is similar and is left to the reader. Note that
there exists small enough § > O such that K(+M) (t) = I+ for M large enough and ¢ € (0, 6], K4+ (¢t) = I+ for ¢ € (0, 8]
and ¢ — W, (¢) is continuous'” for ¢ € (0, §]. By non-degeneracy of the Krein form on W, (), the positive and
negative indices are invariant for 7 € (0, §]. Note that Uy;eyD™) is countable. Hence, by decreasing § if necessary,
we assume that § ¢ UyenD™). We will show that the Krein form is strictly positive definite on W, (8). Note that
limps— 0o KEFM) (8) = I+ = K4 (8) and hence, limy;_, 5 WJ(FM) (8) = W4(8) (in certain Grassmannian). Therefore, as
M — oo, the positive and negative indices of the restriction of the Krein form (-, -)g on WiM) (8) converge to those

of W(8). As 8 ¢ D, the positive index of (-, )y un 5, is precisely #(K M (8) N I (8)), which is not less than
+
viM)(cS) by definition. Recall that viM) (t) is non-decreasing and lim; o vng) 1) = jil_(irM). Hence, the positive index

of (-, ')G|WiM)(8) is at least jil_(FM). On the other hand, dim WiM) 6) = ijer) ) < ﬁl_(FM). Hence, the positive and

negative index of WJ(FM) (8) are respectively ﬁIJ(rM) and 0. Also, recall that limys_, o ﬁIJ(FM) = i1;. Therefore, for M

sufficient large, the positive and negative index of WiM) (8) are respectively £/ and 0. Hence, by taking M — oo,
the Krein form (-, -) G must be strictly positive definite on W,.(¢) for ¢ € (0, 6].

We finish this section by verifying Claim 4.1.

Proof of Claim 4.1. Note that viM) (t) is integer-valued by definition. It remains to prove its monotonicity, which
follows from Theorem 1.3 for the analytic case.

Firstly, let us recall the definition of the index of an eigenvalue on U (cf. [1, Section 1.3]). For 7o € R and an
eigenvalue A € U of y(M)(to), we will define an index ind™ (A, tp) as in [1, Section 1.3]. As ¢ varies from fy, the
eigenvalue A branches into N eigenvalues. (For instance, when no bifurcation occurs, we have that N = 1.) Among
these eigenvalues we denote by p; the number of Krein positive definite eigenvalues and by ¢; the number of Krein
negative definite eigenvalues. For ¢ close to 9, t ¢ D). Thus, (p;,q;) is defined in a punctured neighborhood
of tp. By Corollary 5 in [1, Section 1.3], the difference p; — g; is locally constant near #y. (Alternatively, we can
deduce that from Theorem 1.3 in the analytic case. For instance, one can check this for each group of eigenvalues
{Ae,p,g(®)}g=1,....n, forming an ny-star, see (16).) The index ind™) (A, tp) is defined to be the integer p; — g; for ¢
close to fp. For a Krein positive definite eigenvalue, its index is simply its algebraic (and geometric) multiplicity. For

10 gee e.g. [3, Section 5.1, Chapter 2].
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arcy
Fig. 8. arc.

a Krein negative definite eigenvalue, the index is the opposite of its algebraic (and geometric) multiplicity. Hence, if
an eigenvalue X branches into several ones, the sum of the indices of the eigenvalues branched from A must equal to

the index of A (in the analytic case).

(M) _ - (M) . o s T . .
Note that v "’ (¢) = Z(E!p’q)EKEFM)([) ind"*/(A¢, p.g, 1), i.€., it is the sum of the indices of eigenvalues indexed

by K4 (t). Recall that the eigenvalues A(¢) branched from eV=10 are located in a small disk B(e‘/__wo, r) fort €
(0, 8]. In the following, we assume that M is sufficient large such that y ) (¢) has no eigenvalue on the boundary

of B(e*/__leo, r) for ¢t € (0, 6]. The part of U inside B(e‘/__w", r) is an arc with a mid-point at eV=1%_ The point
eV=Th separates the arc into two smaller arcs. We denote by arc the open half arc on the counter-clockwise side of
e*/__mo, see Fig. 8. Then, for ¢ € (0, §), vﬁrM) () is the sum of indices of eigenvalues in the interior of arc;. By the
local constancy on the sum of the indices of branched eigenvalues, we see that v_(,rM)(t) doesn’t vary around fg € (0, 6)
except that y M) (1y) has an eigenvalue on the boundary of arc . In the exceptional case, y ™) (1) has no eigenvalue
on the boundary of the disk B (e*/_—wo, r) and eV=1% is an eigenvalue of y ™) (#y). By Theorem 1.3 for the analytic
case, when ¢ increases through fy, the eigenvalues entered in arc; from ¢¥=1% must move counter-clockwise and be
Krein positive definite, the eigenvalues left arc from e¥=1% must move clockwise and be Krein negative definite.

Hence, vﬁrM) () strictly increases in this case. Thus, we see that ¢ — viM)(t) is non-deceasing for # € (0, §) for M
sufficiently large. O
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Appendix A. Alternative expression for C (¢, ¢)

We verify the second equality in (5).

Lemma A.1. Let C(t,8) E —y (1, &) Jon Ly (1, 8). Then,
t

C(t,e) = / y(u, 8)T%A(u, &)y (u,e)du.
0

Proof. Note that for all ¢, y (0, ¢) = Id. Hence, %y(o, g) =0 and C(0, &) = 0. Thus, it remains to show that

0 _ Ti
EC(t, e)=yl(t,e) 33A(t’ e)yl(t,e).

By a standard contraction argument with Gronwell’s inequality, we have that



96 Y. Chang et al. / Ann. I. H. Poincaré — AN 36 (2019) 75-102

d 0 0 0
——y(t,&)=Ju—Al &)y, &)+ ], AL, &) —y (¢, ). (A1)
dt de de de

By (3) and the symmetry of A, we have that

%y(t, &) = (A, o)yt e =yt )T At,e)J]),. (A.2)

Hence, combining the definition of C, (A.1) and (A.2), we obtain that

acae)— 9 (t,e)'J 9 (t,e) =y, &) J 99 (1, )
8[ k) —_— 8t)/ ) 2}188)/ ’ V 2”8 3 y

=y, s)TiAa,e)y(r,s),
de

which completes the proof. O
Appendix B. Dimension reduction

The following lemma helps to simplify certain notations and proofs (since it allows us to focus on one eigenvalue
and to reduce the dimension in many cases). Besides, it is of independent interest. Therefore, we choose to present it
here.

Lemma B.1. For all n > 2, let A(ty) and A(tg) be a division of the eigenvalues of y (to) for 1o € R, where t — y(t)
is the solution of (1). Assume that A(tg) is closed under the conjugation A — X and the circular reflection A +— 21
with respect to U. There exists ¢ > 0 such that for t € [to — &, 1o + €], there exists a division of the eigenvalues of

y(t) into A(t) and A(t) such that A(t) is closed under the conjugation A +— X and the circular reflection A +— o
and A(t) (resp. A(t) ) converges to A(ty) (resp. A(to) ) as t tends to tg. Denote by E; (resp. E, ) the sum of znvanant
spaces (Ejy)renq) (resp. (El)xe[\(z))' Then, by decreasing € if necessary, we also require that dim(E;) = dim(E;)),
dim(E,) = dim(E,O) for t €to — ¢, 1o + €] and lim;_;) E; = Ey,. Moreover, there exists a C! curve t +— o@) e
M3, 2k (R) where 2k = dim(E,) such that

e the column vectors of Q(t) form a basis of E; and Q*(t)J2, Q(t) = Jy, i.e., the column vectors of Q form a
symplectic basis of E,

o y(1)O(t) = Q(t)My(t) uniquely determines a C! curve t Mo(t) € Sp(2k, R),

o dMp/dt = I Q* (VA1) Q(1)Mp(2).

Remark B.1. Note that the eigenvalues of M(¢) are precisely those in A(?).

Remark B.2. Under the assumption of Lemma B.1, similar to Q(¢) and M (), we may take Q(t) and M o (t) for ]\(t)
and E,. Write Q(7) into two 2n x k blocks: Q(r) = (Ql(t) Qz(t)). Similarly, we write o) = (Ql (1) Qz(t)).
Define Y(1) = (Q1()  01() 02) 02(1)). Then, Y (1) € Sp2n,R) and y ()Y (1) = Y (1) (Mo (1) & My(1)),

M}zl (1) M1Q2(t)
Mg @) MG (1)
where the four sub-matrices are of equal size. We divide M o (¢) in a similar way. The symplectic sum of Mg (t) and
M o () is defined to be the square matrix

where “¢” denotes the symplectic summation (cf. [8,9]). To be more precise, we write Mg(t) = <

My (1) 0 M) 0
11 12

0 Mg (1) 0 M)
Mg (1) 0 Mg ) 0
21 22

0 MZ (1) 0 MZ (1)

Then, the original system is decomposed into two sub-systems. Moreover, these two sub-systems satisfy (8) if the
original system satisfies such condition.
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Proof of Lemma B.1. Since A(t) is closed under conjugation, we have that E; = C ® (R** N E;). In this sense, E; C
R?" and we replace E; by E; N R?" in the following context. By continuity, there exists & > 0 such that for ¢ € [t —
&, to + €], there exists a simple smooth curve I" surrounding all A(#) and separating A(¢) from A(7). Then, we may
take P(t) = ﬁ fr (z - Id —y (1))~ ! dz, which projects R?" onto E;, see e.g. [3, Section 1.4, Chapter 2]. Note that
E,, is a symplectic subspace. We choose a symplectic basis (&1, ..., &, 11, ..., n) of Ey such that (§;, Jo,n;) = 1;=;
and (§;, J2,&;) = (ni,nj) =0fori, j =1, ..., k. Decreasing ¢ if necessary, (P (¢)&1, ..., P(t)&, P()n1, ..., P(O)nk)
is a linear basis for E; for ¢ € [ty — ¢, tp + €]. However, it is in general no longer a symplectic basis. Nevertheless, by
shrinking e if necessary, after Gram—Schmidt operation, we obtain a time dependent symplectic basis of E;, which
forms a 2n x 2k matrix 7' (¢). Note that # — T (¢) is continuously differentiable and that

T*JpuT = Jok. (B.1)

In general, we should not take Q = 7. We consider the following ODE where the solution corresponds to a dynamic
change of symplectic basis:
dv dr

— = JIuT*J
1 2w

By differentiating both sides of (B.1), we get that T* Jy, % is self-adjoint, which implies that ¢ — V (¢) is a symplectic

V, V() =1d. (B.2)

path, see e.g. [1, Prop. 3, Section 1, Chapter 1]. We define Q Ly, By symplecticity of V and (B.1), we see that
Q(t)* Jp, O(t) = Jyi. Also, the equation

Y Q@) =00 Mg(t) (B.3)

uniquely determines a Cleurver—> M o(t) € Sp(2k, R). Indeed, by multiplying Q(¢)*J2, on both sides of (B.3), we
obtain that Mo (t) = —Ju Q(t)* J2, ¥ () Q(t). By taking the derivatives and using (B.3), we obtain that

dMQ
—= = JuBoMp, (B.4)
dr
where
do\” o .
Bo=0"A0 - | =) J0,0—0"Ihy—M,". B.S5
[} O AQ (dt) mQ — O oy ar e (B.5)
By O =TV and (B.2), we get that
do dr dT
— = —V4+TIyT* ), —V. B.6
Pl + T Ik T Joy 5 (B.6)
Hence, together with (B.1), Q =TV and J;, + J;, =0, we get that
do\* dT\* dT\*
(d_?> JnQ=V* (E) Jon TV +V* <E> I3, TI5T oy TV =0. (B.7)
It remains to prove that
do
k J—
0 JznVEMQ =0. (B.8)

By multiplying (V*)~! on the left and Mg V=" on the right, using Q = T'V and (B.6), we find that (B.8) is equivalent
to

dr
(T* oy + T*JZnVTJ2kT*J2n)E =0.
It would be sufficient to prove that
T* Iony T Ik T* Jopy = =T Jopy.

Note that y T = T M7 uniquely determines a symplectic 2k x 2k matrix Mt since T*J,, T = Jy; and y is symplectic.
Indeed, we have that My JyuMr = M3T* o, TMr = T*y*JopyT = T* )2, T = Jor. By symplecticity of M7, we
have that
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]/TJsz*y*=TMTJ2kM;T*=TJ2kT*. (B.9)
By writing J,, as y*Jo, v, using (B.9) and (B.1), we see that
T*J2nVTJ2kT*J2n = T*JZnVTJZkT*V*JZnV = T*JZnTJZkT*JZnV = _T*J2n)/,

which implies (B.8). By (B.4), (B.5), (B.7) and (B.8), we get that dlgl—tQ = Q*AQMy. O
Appendix C. Analytic Krein—-Lyubarskii theorem

In this subsection, we provide a proof of Theorem 1.3 when ¢ — A(#) is real analytic. We partially follow the
argument in [12] for (3) when ¢ — A(t, ¢) is affine in €. The connection between the first order asymptotics of the
eigenvalues and the Jordan structure has already been established in Section 3. We will only prove the analyticity of
the eigenvalues as ¢ varies and the part b) of Theorem 1.3.

By analytic continuation, the real parameter ¢ of (1) is extended to the complex parameter z € C around 0:

d
V@ =JnA@y @),y () €Sp2n, R). (C.1)

By analyticity of z — A(z), z — y(z) is analytic. Since the zero set of an analytic function is isolated, the following
two equations are extended to complex z: AT () = A(z) and y(z)sznV(Z) = Jon-

In [12], they crucially used the key feature of the system that when y (z) has eigenvalue @ on U, the parameter z
has to be real. (Roughly speaking, the reason is that z happens to be the eigenvalue of a self-adjoint operator when
w € U.) Such a phenomenon also appears for our general system (C.1), as stated in the following lemma.

Lemma C.1. Consider the ODE (C.1). We assume that z — vy (z) is analytic (or equivalently, 7z — A(z) is analytic),
A(t) is real symmetric for t € R and for any eigenvector & of y (0) associated with an eigenvalue on U, (A(0)€,&) > 0.
Then, there exists 8 > 0, for all z € C\ R and |z| < 8, y(2) has no eigenvalue on U.

To prove Lemma C.1, we need to modify the argument in [12, Section 4.1].

Proof of Lemma C.1. It suffices to prove the following cannot happen: there exist non-real complex numbers z,
tending to O such that for each z,, y(z,) has an eigenvector &, with ||§,||» = | associated with some eigenvalue
Mn € U. We write z,, in polar coordinate as r,,e‘/_—w" with r, > 0 and 6,, € (—m,0) U (0, ). By taking subsequence if
necessary, we assume that lim,— 0o Ay = A, limy,, 450 &, = & and lim,,_, 4 6, = 6.

We expand A(z) in Taylor series as ) >0 7/ AY) around 0. Since A(z) is real symmetric for r € R, AY) are real
symmetric for all j > 0. For » > 0 and 6 € R, we define Al(reﬁe) = ijo cos(jO)ri AY) and Az(re\mg) =
ijl sin(j@)rfA(j). Then, A1(z) and A;(z) are real symmetric matrices and A(z) = A1(z) + ~/—1A>(z). Moreover,
there exists C = C(A) < oo such that for all » € [0, C~!) and 6 € [—x, 7], for all £ € C?* with ||£]], =1,

(Ax(reV ™19, £)| < C - r - |sin(0)], (C2)

where (-, -) denotes the standard inner product on C%", which is linear in the first vector.

For p € U, we denote by X(y(0), p) the space of analytic paths y : [0, 1] — C>" with the boundary condition
y(0)y(1) = py(0). Define three functions Lo, L1 and Ly on U,cy X(y(0), p) x X(y(0), p) as follows: for yi, y, €
X(r(0), p),

1

d
Lo(y1,¥2) =/<Jzn—Y1(S),y2(S)> ds,

ds
0
1

Lis(yi.y2) = / (A1(s2)y1(5), ya(s)) ds.
0
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1

Ly (y1,¥2) =/ (A2(s2)y1(s), y2(s)) ds
0

Note that Lo(y1, y2) = Lo(y2, y1), L1.:(y1,y2) = L1.:(y2,y1) and L3 ;(y1,y2) = L2 ;(y2, y1). Hence, for y €
X(V(O)a 10)» LO(ys y)7 LI,Z(y’ y)s LZ,Z(yv )’) € R
Define x,(s) =y (sz,)é, for s € [0, 1]. Then, x, € U,cy X(¥(0), p). By (C.1), we have that

Lo(xpn, x,) + Zn(Ll,zn (Xn, Xn) + _1L2,zn (Xn, x1)) =0. (C.3)

Necessarily, the argument 6,, of z, and the argument ¥, of L1 ;, (x,, Xn) ++/—1L3 ;, (x5, x,,) differ by a multiple of
7, or equivalently,

Isin(6,)] = [ sin(¥)|. (C4)
By (C.2), there exists C = C(A) < oo such that for large enough n,

L2,zn (Xn, xn) < C -1yl sin(By)|.

By continuity, lim,— 400 L1, (Xs, xn) = (A(0)§,&) > 0. Hence, as n — 400, ¥, and |sin(y,)| are of the order
| sin(6,)|, which contradicts with (C.4) since lim,,—, 4007, =0. O

Consider the characteristic polynomial p(A, z) =det(:-Id —y(z)). Assume that Lo = eV=1% ¢ U is an eigenvalue
of y(0). By Weierstrass’s preparation theorem of the local form of analytic functions in multi-variables, there exist
integers £ and M such that for (A, z) close to (19, 0), we have that

PO, =0 =20 M +apy_ 1M+ ag())b (L, 2),

where b(A, z) is non-zero and analytic, {a;};=0,... m—1 are analytic in A and vanish at Ag. Note that £ = 0 and hence,

,,,,,

PO =M +ap 1M ag()b(, 2). (C.5)

(Otherwise, Ag is an eigenvalue of y(z) as long as z is sufficient close to 0, which contradicts with Lemma C.1.
Alternatively, we could see that from the first order asymptotics in Theorem 1.3 a) proved in Section 3. Or simply
follow the argument of [1, Proposition 2, Section 3, Chapter 1].) The solution of p(A,z) = 0 coincides with the
solution of zM + ap—1(A)z¥ =1 + ... + ag(r) = 0, which is the union of the graphs of several multi-valued analytic
functions {z; (M)}, 1 (M < M) in A. By Lemma C.1, when A is on U, z; (1) must lie on R. This forces that each

zi is actually single-valued analytic functions and M = M, see the lemma in [12, Section 1.5, Chapter 3]. Hence,

M
Mtay 1"+ a0y = =z 0)). (C.0)
i=1
Let

zi(A) = Z eix—2r0)k, e #£0 (C.7)

k= ji

be the Taylor expansion of z; (A). Invertlng that expansion, we see that A = Lo+ 4; (z ’z ), where h; is analytic, h; (0) =

and h’ (0) #0. Note that A — Ao ~ h’ 0)z h . Compared with (16), we need to show that {j;};=1,.. a are exactly the
sizes of Jordan blocks of y (0) assomated with Ag. Then, {h: (0)}i=1,....m will be given by (16).

Firstly, let us show that M is precisely the number of Jordan blocks associated with Ag. By multiplying the first
order asymptotics of the eigenvalues in (16), we see that p(Xo, ¢) is of the order " as t — 0, where m is the geometric
multiplicity of A, or equivalently, m is the number of Jordan blocks. On the other hand, by (C.5), p(ro, z) is of the
order z¥ as z — 0. Hence, M equals m.

Next, we show that {j; };=1,. m are the sizes of the Jordan blocks. Again, by Weierstrass preparation theorem, the
analytic function g; (A, z) = z — z; (X) in variables A and z has the following local form near (Ag, 0):
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2= 5 =2 (=20 + ¢ 5 @O0 =20V e+ 60(2) by 2), (€8)
where ¢; and ]~, are integers, the analytic function b; (A, z) doesn’t vanish near (1o, 0) and the analytic functions
{eix@h_o G- vanish at 0. Clearly, ¢; is zero. Otherwise, the set of eigenvalues of y (0) would contain an open

neighborhood of A¢. Taking z = 0 and compare with the expansion (C.7) of z; (), we find that j; = j;. Combining
(C.5), (C.6) and (C.8), we get that

PO =[] Proih.2) - Fh.2), (C.9)

i=1

where f(A,z) =b(,2) []m, bi(A, z) and

Pioi O 2) = O = 20 4 ¢i 1) — 20) T 4 o).

Taking z = 0, we see that ) /-, ji equals the algebraic multiplicity of Ao. Moreover, for z close to 0, the roots of
p(A, 2) near A coincide with those of [/'L; pa,.i(A,z) with multiplicities. Comparing (16) with the asymptotics

A=Ay~ h;(O)z% of the roots of {py,,i(A,2)}i=1,...m, we conclude that {ji};”zl are precisely the sizes of Jordan
blocks. This completes the argument for the analyticity of eigenvalues and their first order asymptotics when ¢ varies
from 0.

Next, we prove the part b) of Theorem 1.3. We only present the proof for the case that ¢ increases from 0. The
other case is essentially the same and is left to the reader. Together with the first order asymptotics in (16), it suffices
to show that for ¢ close to 0,

i) the eigenvalues moving tangential to the circle at # = 0 actually move along the circle for a period of time,
ii) they are Krein definite.

By Theorem 1.3 a), i) implies the semi-simplicity of these eigenvalues on the circle for non-zero real 7 close to 0.
If 1) fails, then there exist an integer j, a real number v, an analytic function 4 and a sequence (#,, A,) such that
1
n—o0

t, decreases to 0 as n increases to infinity, A, ¢ U, A, is an eigenvalue of y (t,), 1, — Lo = h(tnj) and A, — Ap ~
1

1 = .
/—1xg-v-t; . Foreach n, let us consider the eigenvalues Ao + A (2, eV=lon/ J)yof y (t,,e‘m“’"). As @, increases from
—7 to 1, they rotate around X for roughly 27” radians. By first order estimates of the eigenvalues, for n sufficient large,

there exists ¢, ¢ wZ such that y(t,,e‘/__w") has an eigenvalue on U. (Indeed, ¢, — 0 as n — o0.) This contradicts
with Lemma C.1 since tye¥ = 1% ¢ R.

Next, we show that the eigenvalues moving on the circle are Krein definite when 7 is sufficiently close to 0 with
their Krein types determined by their moving directions.

Let us verify the statement as ¢ increases from 0. The other case is similar and we left the proof to the reader. We

1 .. . . . .
have seen that the eigenvalue A () = A9 + h(z/) for a certain integer j and a certain analytic function /. Note that

M) = %h’ (t%)t%_l. By continuity of 4" and 4’(0) # 0, we see that the eigenvalue on U has a deterministic moving
direction along U as ¢ increases from 0 a bit. If the eigenvalue on U situates on the counter-clockwise direction of
Ao in the local sense, then the eigenvalue moves counter-clockwise along the circle as ¢ slightly increases from 0.
Hence, by Theorem 1.3 a), there is no Krein indefinite eigenvalue on U situating on the counter-clockwise side of Ag.
Together with their moving direction, by Theorem 1.3 a), we see that those eigenvalues must be semi-simple and Krein
positive definite. (Otherwise, if there exists ¢; > 0 such that one of those eigenvalues on the circle is Krein indefinite,
then according to the branching mechanism described in Theorem 1.3 a) together with the fact that no eigenvalue
entrances or escapes U during this period of time, there must exist eigenvalues with different moving directions on
the counter-clockwise side of Ag on U, which is a contradiction.) Similarly, if an eigenvalue on U situates on the
clockwise side of A, then it is Krein negative definite and moves clockwise along the circle.

Finally, we will see that the eigenvalues of y (z) branching from Ao are semi-simple for z in a small enough punc-
tured disk of 0. Moreover, the corresponding eigenvectors are also multi-valued analytic functions and admit Puiseux
expansion. To see this, it suffices to prove that there exist m C?"-valued analytic functions {v;};=1,..» such that

.....
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1
{vi(z%)}i=1,..m isaset of > ;*, j; many linearly independent vectors for sufficiently small z and for i =1, ..., m,
we have that

y @i(2) = (hi (2) + ho)vi ). (C.10)

Define a family of operators analytic in z:

Ti() & (v (@) = (o — @) - 1) (¥ () — (ho — hi (2)) - 1d).

Note that 7;(z)* = T;(z) for real valued z. Such a family of operator is said to be symmetric. By perturbation theo-
ries of symmetric operators [3, Sections 6.1 and 6.2, Chapter 2], eigenvalues and corresponding eigenvectors of 7;

are analytical for real z. More precisely, there exist m analytic complex-valued functions w; 1, i; 2, ..., iim and m
analytic C?"_valued functions Cils.-.,Cim such that & 1, ..., &, are orthonormal and T; (¢)&; x () = ik (8) ik (t)
for k =1,...,m and real ¢ close to 0. Since non-zero analytic functions have isolated zeros, there exist § > 0
and an integer g := g(i) = g(h;) such that w; 1, ..., u; are identically zero and w; g41, ..., (i, are non-zero on
[—6,0) U (0, §]. Note that T;(¢)¢; x(¢) = 0 iff

Y @&k (1) = (hi (1) + 20) ik (). (C.11)

Hence, for real and sufficiently small 7, g(i) equals to the geometric multiplicity of the eigenvalue £;(z) + Ao of the
matrix y (/7).
We define an equivalence relation on the set {1,...,m}: i ~ i’ if either i =i’ or j; = ji and h;(z) =

N 1 L ,
hyr (ze*k GV =1/jiy for some integer k(i,i"). Then, i ~ i’ iff h;j(z7% ) and h;(z’ ) are the same multi-valued ana-
lytic functions. In particular, i ~ i’ implies that j; = j;.

Let us firstly consider a special (yet generic) case that the equivalence relation “~ coincides with the standard one

113

=". Since non-zero analytic functions have isolated zeros, for different i and i’, h; (z%) and h; (zﬁ) are disjoint in a
punctured neighborhood of 0. In this case, together with the first order asymptotics in (16), we see that the eigenvalues
of y (z) branching from A have algebraic multiplicity 1 as z varies from 0. Fori =1, ..., m, we take v; to be the direct
analytic continuation of £; 1. Then, they satisfy (C.10). Moreover, for z in a small enough punctured neighborhood of

1
0, the set {v; (z/i )}i=1.....m is linearly independent since they are the eigenvectors of different eigenvalues of y (z).
1

.L
The general case is more complicated. For the set of eigenvectors {v;(z/i )}i=1 m, we wish to take all & x(z7)

.....

fori=1,...,m and k < g(i). However, there exist duplications: if i ~ z then h;(z ’z) and h;/(z ’z ) are the same
multi-valued analytic functions and hence, the lmear spaces Span{¢; «(z Jr )tk < g(@i)} and Span{¢; x (z f/ )k < g}

are identical. Instead of collecting vectors ¢; x(z fi )foreachi =1, ..., m, we collect vectors for each equivalence class
[i], where we denote by [i] the equivalence class of i with respect to the equivalence relation ~. We will show that
fori =1,...,m, g(i) equals the cardinality f[i] of [{] so that we have the correct number of eigenvectors, i.e.,
Z[i] g(D)ji =Y 7L, ji- Clearly, g(i) < #[i] since the algebraic multiplicity dominates the geometric multiplicity. To
get the converse inequality, recall that the eigenvalues branching from X are semi-simple for real ¢ close to 0, which
implies that g(i) = #[i] if h; (¢) € U for real ¢ close to 0. To obtain the inequality in the general case, we may perform
a rotation ¢ > te27V=1ii in (C.11) for some properly chosen integer £. Eventually, fori =1, ..., m, we define v; in
the following way.

1) Take the equivalence class [i] of i and list the integers in [i] in 1ncreas1ng order.

2) Find the smallest element £(i) in [i] and define k(i) = #{i’ € [i]:i’ <i}.
3) Define v; to be the direct analytic continuation of &gy k(i)-

L .
The linear independence of the set of vectors {v;(z7 )};i=1,...m is left to the reader.
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