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Abstract

Let u be a map from a Riemann surface M to a Riemannian manifold N and @ > 1, the « energy functional is defined as
_ l 2\a
Eq(u) = 2 [A+[vulD)” —1]dV.
M

We call uy a sequence of Sacks—Uhlenbeck maps if u are critical points of E, and

sup Ey (ug) < 00.
a>1

In this paper, we show the energy identity and necklessness for a sequence of Sacks—Uhlenbeck maps during blowing up, if the
target N is a sphere S K—1 The energy identity can be used to give an alternative proof of Perelman’s result [15] that the Ricci flow
from a compact orientable prime non-aspherical 3-dimensional manifold becomes extinct in finite time (cf. [3,4]).
© 2018 Elsevier Masson SAS. All rights reserved.
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1. Introduction

Let M be a compact Riemann surface and N be a compact Riemannian manifold without boundary. By Nash’s
embedding theorem, N can be embedded isometrically into an Euclidean space RX . Foru e H'2(M, N), one defines
the energy of u by
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1 2
E(u):i | v u|“dV.
M

The critical points of the energy functional are called harmonic maps.
Given a metric & on N and a nontrivial homotopy class [B] € 71 (CONH2(M, N)), following the usual variational
principle, we define W (h, [S]) (this is called the width by Colding—Minicozzi in [3]) by

W(h,[B]) = inf sup E(y(s)). (1.1)
v€lBlsel0,1]

It was proved by J. Jost [8] that there exists a sequence yj € [B] such that

W(h, [BD) = lim max E(y/(s)), (1.2)
j—o0s€[0,1]
and there is a sequence s; € [0, 1], a harmonic map uo from M to N and some harmonic spheres ¢1,---, ¢, in N

such that y/ (s ;) — uo weakly in H'">(M, N) and

m
W (h.[B]) = E(uo) + Y _ E(¢0). (1.3)
i=1
This last identity is called the energy identity.
To get harmonic maps, Sacks—Uhlenbeck [19] considered the perturbed energy functional

1
Ey(u) = 5/[<1+|vu|2)“ —11aV,
M

for u € H">*(M, N) where a > 1. The Euler-Lagrange equation for the functional E, is

(@ — D(V2u(vu), vu)
1+ vul?
where A is the second fundamental form of N in RX.

For any o > 1, the perturbed energy E, satisfies the Palais—Smale condition ([19]), so there is a map y¢ : [0, 1] —
Con H2 (M, N) with y* € [B] such that

Eo(y“(se)) = inf sup Ey(y(s)), (1.5)
v€lBlsel0,1]

Au+ = A(u)(du, du), (1.4)

where s, € [0, 1]. Sacks—Uhlenbeck proved that there is a sequence o, — 1 as n — oo such that u, := Y% (sy,)
converges to a harmonic map ug outside a finite set of points ¥ which is usually called blow-up set. Rescaling the
maps near every point in X, one obtains some harmonic spheres ¢y, - - - , ¢,,,, and shows the energy identity (cf. [3,4],

[9D.

m
lim E(u,) = E(uo) + ) _ E($0).
n—o0 i1
In this note, we consider a sequence of Sacks—Uhlenbeck maps u, which are critical points of E, with

sup Eq (1y) < 00.

a>1
In [13], they construct a target N and a sequence of Sacks—Uhlenbeck maps such that the energy identity fails to hold.
In this paper we assume that N = SX~1 is a sphere, and prove the energy identity for a sequence of Sacks—Uhlenbeck
maps during blowing up. Furthermore, in this case we show that there is no oscillation on the neck domain, this
phenomenon is called no neck or necklessness. The geometrical meaning is that the image of the base map and all the
harmonic spheres during blowing up is connected.

Because the blow-up set is a finite set of points, we can choose a finite covering {U;} of M so that the blow up
points are away from the boundaries of U;. We see that it suffices to show the energy identity and necklessness in each
U;. Without loss of generality we assume that Uj is an unit disc By in R? and the metric in B; is Euclidean. Our main
results are stated in the following theorem.



J. Li, X. Zhu / Ann. I. H. Poincaré — AN 36 (2019) 103-118 105

Theorem 1.1. Let u, € HY2*(By, SX~1) be a critical point of Ey and

sup Eq (1y) = A < 00.
a>1
If u, tends to u weakly in HY2(By, SK=1Y, then u is harmonic and there exist a subseqyence of {uy} (we still denote
it by {uy}) and some nonnegative integer m. For any j =1, ..., m, there exist a point x,, a positive number r} and a
nonconstant harmonic sphere Y/ (which we view as a map from R* U {oo} — SX=1) such that
(])xé—)xj €B,rl>0asa—1;
. i J
(2) limg— 1 (% + & +
Ty LY

—lxé_xél) =oo foranyi # j;
i g )= y J
) retra
(3) Y/ is a harmonic sphere in SX~1;

(4) Energy identity:
" .
lim E(uy) = E(u) + ; EWY).
(5) Necklessness:

—xd

Tim Jlug () —u() = 3 1 (—5) = 97 (00)]llo = 0.

j=1 ra

The energy identity of a Sacks—Uhlenbeck sequence can be used to give an alternative proof of Perelman’s result
that if N is a compact orientable prime non-aspherical 3-dimensional manifold with a Riemannian metric gg, along
the Ricci flow the metric g(f) must become extinct in finite time ([15]). Perelman used disc-type harmonic maps and
the curve shortening flow in his proof. Another proof was previously given by Colding—Minicozzi [3,4]. Other results
related to the energy identity for energy E, can be found in [9], [12], etc. The energy identity for approximation
harmonic maps was studied by many authors, for example, Ding—Tian [5], Qing [17], Qing-Tian [18], Lin—Wang
[14], Li-Zhu [10,11], Zhu [23], etc.

This paper is organized as below. In section 2 we recall some basic lemmas on the Lorentz spaces and the elliptic
estimates. We prove the energy identity in section 3 and the necklessness in section 4.

Throughout this paper, the letter C denotes a positive constant which maybe depend on A, K and may vary in
different cases. Furthermore we do not distinguish the sequence of u, and its subsequences for simplicity.

Acknowledgment
The authors thank the referee for his helpful comments and suggestions.
2. Basic lemmas on Lorentz spaces and elliptic equations

We recall the definitions of Lorentz spaces (cf. chapter V of [20]). The distribution of f and the non-increasing
rearrangement function of f are defined as follows:

Ar(s) =x; [ f(xX)] > s}l
ff@®) =inf{s > 0: A (s) <t}.

The Lorentz space L?9(0 < p, g < o0) is defined by
i d
1 r1
(21 ha =& [@r 0 $Hi <ol
0

One puts factor % here so that the L?-7-norm of x[o,1] equals to 1.
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For g = oo, LP*® is defined by
1
{f 1 fllLpoc =supt? f*(t) < oo}
t

In general || - ||Lr.« may not be a norm, but when 1 <g < p, itis a norm.
The following Holder inequality on the Lorentz spaces is often used.

Lemma 2.1. If 1 < p1, pp <00,1<q, q2<oosansfy +E—qil

|/f(x)g(x)dx| = (—)q1 (—)"2 I fllLerarliglLpaan.

1 _
+q—2—1,then

In this paper we also need the following interpolation theorem which is a special case of Theorem 1.4.19 in [6].

Lemma 2.2. Suppose that 1 < p; < po < o0 and T is a linear operator on LP' + LP2, If T is both bounded on LP!
and on LP2, i.e. |[Tfllp < Cillfllp (i =1,2), then for any p,q with p1 < p < p2, 1 <q <00, T is bounded on
LP1 je.

ITfllLra < CIlfllLra.
Now we recall some elliptic estimates.

Lemma 2.3. Assume that F is supported in By, if u vanishes at infinity, i.e. u(00) = lim|y|— 0o u(x) = 0 and solves
the following equation

Au=div F,
then we have

Vullz < [|Fl2.

Proof. By the divergence theorem and Holder inequality we obtain

||Vu||%=/|Vu|2dx=—/uAudx=—/udiv Fdx:/FVudx

< [IVull2llFll2
which yields that
Vullz < | Fll2.

The following lemma will be used in section 4.

Lemma 2.4. Assume that F is supported in By, if u vanishes at infinity and solves the following equation
Au=div F,
then we have

IVullp2n < CIFlz21.
Proof. By the equation and the divergence theorem we can obtain

—( )—/| |,1Au(y)dy

:/idiv F(y)dy
=yl



J. Li, X. Zhu / Ann. I. H. Poincaré — AN 36 (2019) 103-118 107

)F (y)dy

:_Zfay]

8'|x—y|2—n(x, Y —y)
—Z/ POy

J= an
=ZT,-,-Ff(x),
j=1

where T;; are classical Calderén—Zygmund singular integral operators, which are bounded in L? space for any 1 <
p <oo. By Lemma 2.2 we have

ITij F/ll 20 < CIUFY [l 21 < CIIF |l 2.

So we obtain that

n
IVull 20 <Y T3 Fi |20 < ClIF |20
j=l1
The following result is very important in the regularity theory of elliptic equations.
Lemma 2.5. (Wente's inequality, [21,2]) If f, g € HY>(R?), u vanishes at infinity and
Du=V[fVtg=0iforg—dfsg.
then V fV-1g belongs to the Hardy space H'(R?) and

IVull 20 < CIVFV gl < CIV£I21IVEll2.
A similar result is proved by Bethuel.

Lemma 2.6. ([/] Lemma 2) If V f € L>*®(R?), Vg € L>(R?), u vanishes at infinity and
Au=VfVtg,
then we have

IVullz = CIVfli2= Vg2
At last we recall the following embedding theorem.

Lemma 2.7. ([7] p. 137 Theorem 3.3.4) If u vanishes at infinity and Vu € L2Y(R?), then u € CO(R?). Furthermore,
one has

lullco < Cl[Vul|p2.1.
3. Proof of the energy identity
The following small energy regularity for Sacks—Uhlenbeck maps was proved in [19].

Lemma 3.1. ([19]) Let uy be the critical points of E, from a Riemann surface M to a compact manifold N without
boundary (a > 1). There exists a constant € such that if

sup E (uq, B2) < €5,

a>1



108 J. Li, X. Zhu / Ann. I. H. Poincaré — AN 36 (2019) 103-118

we have

sup [Vug (x)| < C||Vugll2(p,)-
xeBy

As a corollary, there exists a subsequence of uq which converges to a harmonic map u in H“2(By, N).

Let uy be a sequence of Sacks—Uhlenbeck maps. It follows from the small energy regularity that the blow-up set S
of u, is a finite set of points. At the blow-up point x € By we have, for any r with0 <r <1 — |x]|,

sup E(uy, B(x,r)) > eg.
o

Assume that the target is a sphere SX~! and u,, is a Sacks—Uhlenbeck map from M to SX~!, then u, satisfies the
Euler-Lagrange equation

(a—1) < Vzua(Vua), Viug > 2
A = —uqy|V . 3.1
Uy + 1+|Vua|2 Ug|Vig] (3.1)

Set Fy = (14 |Vug|?)®™!, then

VFy = (a = (1 + |Vua)* > V2ug (Vitg)
and the equation (3.1) can be rewritten as

<VF,,Vuy, >
Aug + ——E " = 4o |Vug|?,
Fy

i.e.
div(FyViug) = — Fyttg|Vig|*. (3.2)
The proof of the statements (1), (2) and (3) in Theorem 1.1 is standard, we omit it.
By the induction arguments [5], it suffices for us to prove the energy identity (4) and necklessness (5) in the case

that there is only one bubble during the blowing up. For simplicity, we assume that the unique bubble is produced by

the sequence vy (x) = iy (reX), i.€. v, converges to a nonconstant harmonic sphere ¥ strongly in H Ll;)zc(Rz, sk=1y,

In this section we shall prove the energy identity (4), that is

lim E(uy) = E(m) + E(WY).
a—1

Because
lim lim E (ug, R*\ Bs) = E(u)
§—>0a—1

and
lim lim E(uq, Br,r) = E(¥),
R—ooca—1

it suffices to show that there is no energy loss on the neck domain, i.e.
lim lim lim E(uq, Bs \ Br,gr) =0.
§—>0R—o0ca—1

We divide the proof into some steps.
Step 1 (The estimate of L>*° quasi-norm of Vu, on the neck domain)
Given any 0 < € < €p, one has

2

€
E(, R\ Bg) + E(u, Bas) < -,

for R sufficiently large and § sufficiently small. By the standard blow up argument one shows that there exists cg such
that
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E(ug, Ba: \ By) < €%, (3.3)

for any ¢ with % <t <28 and any o with 1 < o < «p. Otherwise we will have another bubble which contracts to
the assumption that there is only one bubble.
It follows from (3.3) that for any x € Bs \ B, g, 1l <o <ap

C
Vit (x)] < —
x|

which implies that
”VMO[HLZ’OO(BB\BrQR) < Ce. (34)

Step 2 (The construction of iz, and the Hodge decomposition)
Choose ¢ € C(‘)’O(Bg) with ¢ =1 on By and let ¢;(x) = (p(f). Set

1
= / uy(x)dx,

“ |325\35|B ¢

28 S
) 1 /‘ )
u, =———— Uy X X
* 7 |Bayyr \ Bryrl *

Bory R\Brg R
and
o (x) = 05 (X) (1 = @, R (0)) (e (X) — W) + Thy — Thyy).
It is clear that i, is supported in Bps and 7y (x) = 12 — u), for |x| < g R.

In the following lemma, we derive the CO-estimate of Fy.

Lemma 3.2. There exists a constant A independent of a such that

sup || Fyllco <A

l<a<ag

where ag — 1 is sufficiently small.
Proof. It follows from (3.4) in step 1 that, as R big enough and § small enough,
Ce
Vg (x)| < —
|x]

for any x € Bs \ By, r, 1 <o < g where og — 1 is small enough.
On the other hand, there exists a A > 0 such that E (¢, B(y,21)) < eg for any y € Bg. Because v, converges to ¥

strongly in HLILJZC(RZ, SK=1y and E(y, B(y,21)) < €5, by Lemma 3.1, when o — 1 small enough, we obtain
v ,B(y, v ,B(y,
CVE(vy, B(y,2))) - CJVEW, B(y,2M)) <C
A - A -
which yields that for x € B, g,

Ve (Y)] <

Vo (0] < ' [Vvarg ' )| < Crg

By a similar argument one shows that for x € By \ Bj,
|Vug (x)| < €571

So, when o — 1 small enough, we have

IVuall oy < Cry . 3.5)
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For any R > 0, by direct computations we obtain

/|Vva(x)|2“dx=r§“f|Vua(rax)|2“dx
Bgr Br

=22 f |Vitg (x)**dx

BrD,R
=crt f [(1+ Vg (01 — 1]dx
Bral'\’
=< Crfla_2A.
On the other hand, since
lim [[Vvg|lco < o0,
a—1
one has
lim lim f |V (x)|*dx = lim / lim Vg (x)[**dx
R—ooa—1 R—o0 ) a—1
Bgr Br
= Jim_ [ 199 0Pdx
R—o0
Br
=2E)
> 26(2,.
So we get

68 <CA lim1 rg"‘_z
a—
which implies that when 1 < o < ),
CA
e s (3.6)
€0
By (3.5) and (3.6), we have

CA
I Fullco < (1 4+ Vgl 2o » ) <A+ Cr7He < 0r220 < =,
CY%(By) 63

when 1 < o < ag with og — 1 small enough. This completes the proof of this lemma. O

By the Hodge decomposition we get
FyViiy =VDy + V410,
where Dy, Qq € H"2(By) vanish at infinity.
Step 3 (The estimate of |V Q,|2)
By the Hodge decomposition and direct computations we obtain
AQq = curl VFQ,
=curl (F,Viig — VDy)
=V+F, Vi,
= —VF, Vi,
=—V(Fy — )V=til,
= —div((Fy — )VTily). (3.7)
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Because i, is supported in Bys and Q, vanishes at infinity, by Lemma 2.3 and Lemma 3.2 we obtain

IVQqll2 < (Fy — 1)V iy 2
— F,—1

F, Favl’ﬁa "2

=(- %)IIFQV% ll2. (3.8)
Therefore one gets
| FaViigll2 < [IVDall2 + IV Qull2
< IIVDqll2+ (1 = %)”FavﬁaHZ
which implies that
I FaViig|l2 < AV D |2 3.9)

Step 4 (The estimate of |V Dy||2)

In this step the assumption that the target is a sphere is essential. The arguments have been used in our proof of
necklessness for a sequence of approximate harmonic maps to a sphere ([11,22]).

By direct computations we obtain

Viig (x) = V(s (X) (1 — @r, r (X)) (e (x) — Ug) + 1z — 1iy))
= Vs (1) (1 — @, R () (ua (x) — ) + ity — i)
+ @5 () (V1 = @ R()) (1ta (x) — T03) + (1 = @, R(X)) Vg (x))
= Vs () (e (x) — ) — Vepr, r (¥) (e (x) — T0y)
+ @5 (x)(1 — @r, R (X)) Vg (x).
So we get
div(Fy Vilg) = div(Fyps (1 — 9r, r) Vitg) + div(Fy (Vo5 (g — L) — Vor, R (1tg — 72))). (3.10)

Note that |uy| = 1, we have

Now the equation (3.2) can be rewritten as

K
div(Fy Vi) = —Fy Z ul, |Vl |?
j=1

K
= Z Fy (ugquil — u’a Vué)Vugl.
j=1

Therefore we have

div[ Faps (1 — @ry r) Vil ]

= @5 (1 — @r R)AiV(Fy Vb)) + Fo Vil V(95 (1 — @, R))
K

=0s(1 = @r, 1) Y Fo(ul, Vuuly — ul,Vul)Vul + Fo Vil V (9s5(1 = 1, 1))
j=1

K
=" Fu(ud Vul, — ul, Vul) V(@5 (1 — g, p)uel)
j=1
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K
= Fo(u}Vul, — ul, Vulyul V(@51 = @r, 1)) + Fa Vul, V(95 (1 — @1, 2))
j=1

K
Fo (u)Vul, — ul, Vul)V (05 (1 = @, p)ud) — > Fo)*Vul,V(ps(1 = gr,r))
j=1

I
M =

~.
I
<N

FoVul,V(ps(1 = ¢p,R))

Pllﬁw—i—

Fo(ulVul, —ul, Vul)V(ps(1 — ¢ryr)ul) — Fo Vil V(ps(1 — ¢, R))
1

FoVul,V(ps(1 — ¢r,R))

+ T

|
.M"

Fou,Vul, — ul, Vul )V (ps(1 — ¢, g)ul). (3.11)

~
I
<N

Because
div[ Fy (ul Vi, —u’,Vul)]
= ul div(Fy V') + Foy Vul Vul, — u' div(Fy Vul) — F, Vul Vul
= —u({;ug|Vua|2 + uéut{;|Vua|2
= 0’
we can find Gy ;j € H2(R?) such that
Fo(ulVul, —ul Vul) = V+ G, j on By. (3.12)
Using the idea in the construction of i, in step 2, we construct Ge. Set
—1 1
Gy,=—7— Gy (x)dx,

“ " |Bas \ Bosl
Bys\ Bas

) 1
G =——— G d
““1Bg \ Buz| / @ ()dx

2 Bru R\Bra R
2
and

Ga¥) = ¢25(0((1 = 910 ()G () = Go) + G = G,

Note that ¢5(1 — ga,aR)u{); is supported in Bs \ By, g and 50, = Gy on Bys \ By, g, by (3.10), (3.11) and (3.12) we
obtain

div(F, Vi)
= div(Fas (1 = ¢r, &) Vite (X)) + div(Fo (Vs (e — 1) = Vpr, 8 (tter — 1))
K
=Y Fa(ulVug — ugVul)Vigs(l = gr,r)u)
j=1
+ div(Fy (Vs (g — 0L) — Veor, R (e — T2)))
= VEGoVips(1 — ¢r, R)tte) + div(Fo (Vs (g — 1Y) — Vepr, r (g — U2)))
= VLGV (@s(1 — gr, R)ttg)
+ div(Fy (Vs (g — 0Y) — Veor, R (g — T2))). (3.13)
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We estimate the L2 quasi-norm of VCN}a. For any ¢ with % <t <24, itis easy to see that

1
IVGallL2(gy\8) = IV™ GallL2(8y\B,)

< D I Faw] Vit — uy V) 12py 0\ 5,)
ij

= CllFulicolluallcoll Vitall 125y, B,

= ClVuallL2(8y0\8,)

< Ce.

It follows from (3.4) that
IVGall 200 oy, 51 < ClIVita | 20 By 5, ) < CE-
So, by the Poincaré inequality we can get
IVGall 200 < CUVGall L2k py) + IV Gall 2 (35, 1) + 1V Gl 128, 1)
= CUIV (@5(Ga = Gl 284\ + IV Gl L2 o\ ) +

—2
IV((1 = 0, 2)(Ga — Gl 128, 0\, 1))

ra R
2

—1
< CUIVGall2(Bus\Bog) T 1Ga = Go) V@5l 12(Bys\Bys) T+ €

-2
+1(Ga = Co)Ver k25, w5, 0 + IV Gallis, o, 0)
2 2
= CUVGallL2(By\Byy) + € T IIVGall 28, 1\B,, 2 )
2
< Ce. (3.14)

We solve the following equations with @1, &, = 0 at infinity
AQy = VGyVips(l = ¢r,R)Ua);
A®y = div(Fy (Vs (g — i) = Ver, R (g — ).
By Lemma 2.6 and (3.14) we obtain

IV®1]l2 < ClIVGall 20 1V (95(1 — @ry R)ua) I
< Ce([Vuullz + IV(gs (1 — @ D 12)
< Ce. (3.15)

By Lemma 3.1 we have

lug(x) — .| < Ce,x € Bos \ Bs; |ug(x) — 2| < Cé,x € Bayr \ Bryr-

It follows from Lemma 2.3 that

IV @212 < || Fo (e — o) Veps — (e — ) Vo, 1) 2
< A(l(ug — ) Vesla + Il (ua — @5) Ver,rll2)
<Ce(IVeslz + IVorrl2)
<Ce. (3.16)

Since AD, = div (FyVi,) = A®| + Ady and D, = 0 at infinity, we have Dy, = ®| + ;. It follows from (3.15)
and (3.16) that

[VDgll2 = [V@ill2 +[[VP2ll2 < Ce. (3.17)
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By (3.9) and (3.17) we get
IVuallr2(By\Bayy ) = | Vide 2
< || Fo Viig|l2
< AlVDqll2

< Ce.

This completes the proof of the energy identity.
4. Proof of the necklessness

By the induction arguments [5], it suffices for us to prove the result in the case that there is only one bubble, i.e.

C— Xy

Jim flug () —u() = [¥( ) = ¥ (00)]llec =0. (4.1)

o

It follows from Lemma 3.1 that uy, — u in C*°(R? \ Bj) for any § > 0 which implies that

lim g () = ) = [ (=) = ¥ ()l < ey

o
Xo

< im (g () = 4Gl o roygy) + 1€
=0.

) — Y (00) oo g2\ By))

Ta

Similarly, for any R > 0 we obtain

C— Xy

Jim flug () —u() — [¥(

C— Xy

p ) — Y (00)]llLeo(B,, r)

ML, ) + [14(0) — ¥ (c0)]

=< lim fluq () — 9 (

=0.

o

On the other hand, it is easy to see that

C— Xy

lim i _ ~ =0.
R;mwaﬂ A ) =Y (o)l (R2\ByyR)

o

To obtain (4.1), it is only left to show that

li li li D —u()||pee =0.
Jim lim _ lim lua (-) = uC) Lo (Bs\Bory 1)

Since u, and u are continuous and
lim lim ||uy(-) — u(- =0,
S 0a] llua () ( )”LOC(RZ\BB)

we need only to prove that

lim lim lim sup lug (x) —uq(y)| =0, 4.2)

§—>0R—o0a—1 X, yEBs\Bory &

i.e. there is no oscillation on the neck domain.
From the construction of iy, we see that lig = uy on Bs \ By, g. By Lemma 2.7 we get that

sup  ug(x) — ue(y)| < sup | (x) — g (y)]
X,y€B5\Barg R X,y
=< ||ﬁa||CO

< Cl|Vitall 2.
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In this section we shall prove

lim lim lim || Vg ;21 =0 4.3)

§—>0R—o0a—1

which yields the necklessness (4.1).
As in section 3, we divide the proof into some steps.
Step 1 (The Hodge decomposition)
In section 3, we showed that, for any € > O there exist § > 0, R > 0 and «¢ > 1 such that

IVitall 2oy, 5y < € | Viallz <€ (4.4)
2

when 1 < a < «ag.
By the Hodge decomposition Fy, Viig = VD + v+ Oy we have

Vil 21 < 1 FaVitg |21 < IVDall21 + IV Qall 21 (4.5)

Step 2 (The estimate of |V Qy|;21)
Because we have already proved the energy identity, we have the following identity ([12]). For completeness, we
sketch the proof below.

Lemma 4.1. With the same notations and assumptions in section 3, we have

lim || Fy |l co = 1.
a—1

Proof. By an argument similar to the one used in obtaining Monotonicity inequality of stationary harmonic maps
[16], we get

ou 1

/(1 + Vi ) (== 1> — —|Vug|?)dso
or 200

d0B;

o

—1
= / (1 + [Vita )% [Vig Pdx + O (1) 4.6)
o

By

Integrating ¢ from ry R to §, we get

ou 1
/ Fo| 5 P = o Vo P

BS\Bra R

)

—1

2/“ t /Fa|Vua|2dxdt+80(8).
o

raR B;

It is clear that

)
—1
/ ¢ f Fo|Vug *dxdt
ot
R B,

Ta

8

—1
> / ¢ / \Vug|dxdt
ot

raR Bral\’

2 — 1) 8
= =——In—— E(utg. B, ).
o rq R
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Letting o — 1, one obtains

)
—1
lim [ e / Fo|Vitg Pdxdt
a—1 ot
ra R B;

Loa— 1)
> C lim In
a—1 o rg R

EW)

)
=C lim(x — )(In— — Inre) E(¥)
a—1 R
=C 1im1 Inrl = E@).
a—>

On the other hand, it follows from (4.4) and Lemma 3.1 that

81/[(1 2 1 2
Fo(|—|" — —|V d
,/ W15 = 5 Vit Py
Bs\Byor
<2AE(uy, Bs \ BraR)
< Ce2.
By (4.7) and (4.8) we have
lim Inrl=@E@)
o—>
S
) a—1 2
<Clim | —— | Fy|Vug|*dxdt
ot
B,

a—1
ra R

8ua 2 1 2
<C( Fo(l——I" — —Vuue|?)dx + 8 0(8))
or 2
BS\BrQR
<C(e+9)
which yields that

lim Inr)™* =0,
a—1

that is

lim 7 =1.
a—1

Using the same arguments as that in the proof of Lemma 3.2, by (3.5) and (4.9), we can get
1 < lim [[Fyllco
a—1
< lim (1 + cryhe!
o—>

22w

= lim r

a—1
=1.
So the lemma is proved. O

By the same computations as that in (3.7) we obtain

AQy = —div((Fy — D)V1iiy).

4.7)

(4.8)

(4.9)

(4.10)
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Because 4, is supported in Bys and Q, vanishes at infinity, by Lemma 2.4 one can get
IV Qall 21 < Cll(Fa = DV itgll 21
=Cld - Fia)FaV”Za“LZJ‘
It follows from Lemma 4.1 that
IVQallp21 = %”FaVEaHLN
when o — 1 small enough, which implies that

| Fa Vidg |l 21 <2[|VDgllz21. 4.11)

Step 3 (The estimate of |V Dy ;21)
Here we use the same notations and the similar arguments as that in step 4 of section 3.
We first estimate ||VGy||2. By the definition of G, G, and the same computations as that in (3.14) we get

IVGallz < CIIVGall 28,0 5

roR)
2

=CIVGall 128,58

rqR)

2

<C E E | Fo (), Vg, — ”:xvué)”Lz(Bzzs\BmR)
- - 2
i

= ClVuallL2(8,5\B 1)
2

By (4.4) we have
IVGall2 < Ce. (4.12)
In section 3, using the special structure of the sphere we have derived
div(Fe Vitg) = V" Go V(ps(1 — g R)ta)
+ div(Fo (Vs (e — i) — Ve, v (e — 15))). (4.13)
Let &1, ®; be the solutions of the following equations with &1, ®, = 0 at infinity,
A®| =V GoV(gs(1 — 91, R)a);
A®y = div(Fo (Vs (e — Tiy) — Vpr, (g — ).
By Lemma 2.5 and (4.12) we get
V@121 < CIVGall2ll V(@5 (1 — @r, )t 12

= Ce([IVugll2 + IV (ps(1 = ¢ryr))12)
<Ce. (4.14)

On the other hand, since
lug (x) — )| < Ce,x € Bas \ Bs; lug (x) — 2| < Cé,x € By g \ Bryr,
by Lemma 2.4 and Lemma 3.2 we have
IV®all 21 < CllFo((tg —u3) Vs — (g — U2)Vry )l 2.
< C(l(uq — 0L Vsl 21 + l(ue — @2)Ver gl 121)

< Ce(IVeslip21 + IVorgrll f2.1)
<Ce. (4.15)
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Note that Dy = 1 + P;, we see that (4.14) and (4.15) imply
VDgll 210 < IVDi |21 + VD221 < Ce. (4.16)
It follows from (4.11) and (4.16) that

Vit || 21 < || Fo Vil 2.1
<2[|VDqll 21
<Ce

which implies (4.3). This proves that there is no oscillation on the neck domain.
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