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Abstract

We prove local in time well-posedness for a large class of quasilinear Hamiltonian, or parity preserving, Schrodinger equations
on the circle. After a paralinearization of the equation, we perform several paradifferential changes of coordinates in order to
transform the system into a paradifferential one with symbols which, at the positive order, are constant and purely imaginary. This
allows to obtain a priori energy estimates on the Sobolev norms of the solutions.
© 2018 Elsevier Masson SAS. All rights reserved.
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1. Introduction
1.1. Main results

In this paper we study the initial value problem (IVP)

10;u + Oyxtt + Pxu+ f(u,uy,uxy) =0, wu=u(t,x), xeT,

1.1
u(0,x) =ugp(x) (.1

where T := R /27 Z, the nonlinearity f is in C*®(C3; C) in the real sense (i.e. f(z1,z22,23) is C* as function of
Re(z;) and Im(z;) for i = 1, 2, 3) vanishing at order 2 at the origin, the potential P(x) = ZjeZ p(j) % is a function
in C1(T; C) with real Fourier coefficients p(j) € R for any j € Z and P % u denotes the convolution between P and

ijx

M:ZjeZﬁ(j):}E
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Pru() = / P = pudy = 3 p(pa(el™. (1.2)

T JEZ

Our aim is to prove the local existence, uniqueness and regularity of the classical solution of (1.1) on Sobolev spaces

ikx
H* = H*(T; C) : u(x)zgémk)jg % ::jEZZ<j>ZS|ﬁ(j)|2<oo : (1.3)

where (j) :=+/1 -+ |j|? for j € Z, for s large enough.

Similar problems have been studied in the case x € R, n > 1. For x € R, in the paper [23], it was considered the
fully nonlinear Schrodinger type equation id,u = F (¢, X, u, uy, uyy); it has been shown that the IVP associated to this
equation is locally in time well posed in H*°(RR; C) (where H*°(IR; C) denotes the intersection of all Sobolev spaces
H*(R; C), s € R) if the function F satisfies some suitable ellipticity hypotheses.

Concerning the n-dimensional case the IVP for quasi-linear Schrédinger equations has been studied in [20] in the
Sobolev spaces H*(RR"; C) with s sufficiently large. Here the key ingredient used to prove energy estimates is a Doi’s
type lemma which involves pseudo-differential calculus for symbols defined on the Euclidean space R”.

Coming back to the case x € T we mention [8]. In this paper it is shown that if s is big enough and if the size
of the initial datum ug is sufficiently small, then (1.1) is well posed in the Sobolev space H*(T) if P =0 and f
is Hamiltonian (in the sense of Hypothesis 1.1). The proof is based on a Nash—Moser—Ho6rmander implicit function
theorem and the required energy estimates are obtained by means of a procedure of reduction to constant coefficients
of the equation (as done in [16], [17]).

We remark that, even for the short time behavior of the solutions, there are deep differences between the problem
(1.1) with periodic boundary conditions (x € T) and (1.1) with x € R. Indeed Christ proved in [13] that the following
family of problems

O+ ity +ul Uy =0 (14
u(0,x) =up(x)
is ill-posed in all Sobolev spaces H®(T) for any integer p > 2 and it is well-posed in H*(R) for p > 3 and s suffi-
ciently large. The ill-posedness of (1.4) is very strong, in [13] it has been shown that its solutions have the following
norm inflation phenomenon: for any & > 0 there exists a solution « of (1.4) and a time ¢, € (0, ) such that

—1
luollys <& and  [lu(te)llys > .

The examples exhibited in [13] suggest that some assumptions on the nonlinearity f in (1.1) are needed. In this paper
we prove local well-posedness for (1.1) in two cases. The first one is the Hamiltonian case. We assume that equation
(1.1) can be written in the complex Hamiltonian form

oru =iViH(u), (1.5)
with Hamiltonian function
H(u)=f—|ux|2+(P*u)ﬁ+F(u,ux)dx, (1.6)
T

for some real valued function F € C®(C?; R) and where V; := (VRe(w) +1Vim@w))/2 and V denotes the L*(T; R)
gradient. Note that the assumption p(j) € R implies that the Hamiltonian fT(P * u)udx is real valued. We denote
by 9;; := (ORe(z;) — 10Im(z;))/2 and 9z, := (ORe(z;) + 10im(z;))/2 for i =1, 2 the Wirtinger derivatives. We assume the
following.

Hypothesis 1.1 (Hamiltonian structure). We assume that the nonlinearity f in equation (1.1) has the form
flar22.23) = 02, F) @1, 22) = (@ P, 202+

(1.7)
(07,2, F) (21, 22)22 + (02,7, F) (21, 22)23 + (02,2, F) (21, 12)23),

where F is a real valued C™ function (in the real sense) defined on C? vanishing at 0 at order 3.
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Under the hypothesis above equation (1.1) is quasi-linear in the sense that the non linearity depends linearly on
the variable z3. We remark that Hypothesis 1.1 implies that the nonlinearity f in (1.1) has the Hamiltonian form

d
Sl uc,uc) =0z F)(u,uyx) — E[(azzF)(u, uo)l.

The second case is the parity preserving case.

Hypothesis 1.2 (Parity preserving structure). Consider the equation (1.1). Assume that f is a C*° function in the
real sense defined on C3 and that it vanishes at order 2 at the origin. Assume P has real Fourier coefficients. Assume
moreover that f and P satisfy the following

L. f(z1,22,23) = f (21, —22, 23);
2. (03 /)(z1,22,23) € Ry
3. P(x)= ZjeZ p(j)e* is such that p(j) = p(—j) € R (this means that P(x) = P(—x)).

Note that item 1 in Hypothesis 1.2 implies that if u(x) is even in x then f(u, uy, uxy) is even in x; item 3 implies
that if u(x) is even in x so is P * u. Therefore the space of functions even in x is invariant for (1.1). We assume item
2 to avoid parabolic terms in the non linearity, so that (1.1) is a Schrodinger-type equation; note that in this case the
equation may be fully-nonlinear, i.e. the dependence on the variable z3 is not necessary linear.

In order to treat initial data with big size we shall assume also the following ellipticity condition.

Hypothesis 1.3 (Global ellipticity). We assume that there exist constants c1, ¢z > 0 such that the following holds.
If f in (1.1) satisfies Hypothesis 1.1 (i.e. has the form (1.7)) then

1 — 0,0z, F(z1,22) = c1,

(1.8)
((1 = 82,05, F)* — [92,02, F*) (21, 22) = 2
for any (z1, z2) in C2. If f in (1.1) satisfies Hypothesis 1.2 then
149, f(z1,22,23) > C1,
Zsf 1 1 (19)

(143 )% = 105, f1)) (21,22, 23) = €2

for any (z1, 22, z3) in C3.
The main result of the paper is the following.

Theorem 1.1 (Local existence). Consider equation (1.1), assume Hypothesis 1.1 (respectively Hypothesis 1.2) and
Hypothesis 1.3. Then there exists so > 0 such that for any s > so and for any ugy in H*(T; C) (respectively any uq even
in x in the case of Hypothesis 1.2) there exists T > 0, depending only on ||ugl| gs, such that the equation (1.1) with
initial datum ug has a unique classical solution u(t, x) (resp. u(t, x) even in x) such that

u(t,x) € (10,73 #* M) () € (10, ) H2(D)).
Moreover there is a constant C > 0 depending on |lugl| yso and on ||P||c1 such that

sup lu(t, )l ms < Clluollas-
t€l0,T)

We make some comments about Hypotheses 1.1, 1.2 and 1.3. We remark that the class of Hamiltonian equations
satisfying Hypothesis 1.1 is different from the parity preserving one satisfying Hypothesis 1.2. For instance the equa-
tion

atuzi[(l+|u|2)um+u§ﬁ+(u—zz)ux] (1.10)

has the form (1.5) with Hamiltonian function
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%=f—|ux|2(1+|u|2)+|u|2<ux+ﬁx)dx,
T
but does not have the parity preserving structure (in the sense of Hypothesis 1.2). On the other hand the equation

du =1(1 + [uPuxy (1.11)

has the parity preserving structure but is not Hamiltonian with respect to the symplectic form (u, v) — Re fT iuvdx.
To check this fact one can reason as done in the appendix of [25]. Both the examples (1.10) and (1.11) satisfy the
ellipticity Hypothesis 1.3. Furthermore there are examples of equations that satisfy Hypothesis 1.1 or Hypothesis 1.2
but do not satisfy Hypothesis 1.3, for instance

du =11 — |u|?)ttxy. (1.12)

The equation (1.12) has the parity preserving structure and it has the form (1.1) with P =0 and f(u, uy, uyy) =
—|u|?uyy, therefore such an f violates (1.9) for |u| > 1. Nevertheless we are able to prove local existence for equations
with this kind of non-linearity if the size of the initial datum is sufficiently small; indeed, since f in (1.1) is a C*
function vanishing at the origin, conditions (1.9) in the case of Hypothesis 1.2 and (1.8) in the case of Hypothesis 1.1
are always locally fulfilled for |u| small enough. More precisely we have the following theorem.

Theorem 1.2 (Local existence for small data). Consider equation (1.1) and assume only Hypothesis 1.1 (respectively
Hypothesis 1.2). Then there exists so > 0 such that for any s > sq there exists ro > 0 such that, for any 0 <r <r, the
thesis of Theorem 1.1 holds for any initial datum ug in the ball of radius r of H*(T; C) centered at the origin.

Our method requires a high regularity of the initial datum. In the rest of the paper we have not been sharp in
quantifying the minimal value of so in Theorems 1.1 and 1.2. The reason for which we need regularity is to perform
suitable changes of coordinates and having a symbolic calculus at a sufficient order, which requires smoothness of the
functions of the phase space.

The convolution potential P in equation (1.1) is motivated by possible future applications. For instance the potential
P can be used, as external parameter, in order to modulate the linear frequencies with the aim of studying the long
time stability of the small amplitude solutions of (1.1) by means of Birkhoff Normal Forms techniques. For semilinear
NLS-type equation this has been done in [9]. As far as we know there are no results regarding quasi-linear NLS-type
equations. For quasi-linear equations we quote [14], [15] for the Klein—Gordon and [10] for the capillary Water Waves.

1.2. Functional setting and ideas of the proof

Here we introduce the phase space of functions and we give some ideas of the proof. It is useful for our purposes
to work on the product space H* x H® := H*(T; C) x H*(T; C), in particular we will often use its subspace

H' := HY(T, €%) := (H® x H*) nU,

) 5 _ (1.13)
U:={wu,u")e L*(T;C) x L¥(T; C) : ut =u—},
endowed with the product topology. On H® we define the scalar product
WU, V)go = / U-Vdx. (1.14)
T
We introduce also the following subspaces of H* and of H® made of even functions in x € T
H):={ueH® :ulx)=u(—x)}, H:= (H x H;)HHO. (1.15)
We define the operators A[-] and A1 by linearity as
A =060 A=)+ p),  jeZ,
e/ ]:=2; j=0N"+p0. (1.16)

AeV¥] = A_jeijx,

where p(j) are the Fourier coefficients of the potential P in (1.2). Let us introduce the following matrices
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1 0 0 1 1 0
E::(O _1>, J::(_l 0), ]1::(0 1), (1.17)

and set
| AMul _ - s
AU = (X[ﬁ])’ VU= (u,u)el. (1.18)
We denote by ‘B3 the linear operator on H® defined by
PILU]:= (]IZIZ) U=(u,u)eH, (1.19)

where P x u is defined in (1.2). With this formalism we have that the operator A in (1.18) and (1.16) can be written as

(0 O
A= < 0 axx)—i-‘ﬁ. (1.20)
It is useful to rewrite the equation (1.1) as the equivalent system

Su,uy, uxx))

Flu,uy, uxy) (1.21)

U =iEAU +F(U), FU):= (

where U = (u, u). The first step is to rewrite (1.21) as a paradifferential system by using the paralinearization formula
of Bony (see for instance [21], [24]). In order to do that, we will introduce rigorously classes of symbols in Section 3,
here we follow the approach used in [10]. Roughly speaking we shall deal with functions T x R > (x,§) — a(x, &)
with limited smoothness in x satisfying, for some m € R, the following estimate

9 a(x. )] < Cp()" P, VB eN, (122)

where (£) :=+/1+ |£|2. These functions will have limited smoothness in x because they will depend on x through
the dynamical variable U which is in H*(T) for some s. From the symbol a(x, §) one can define the paradifferential

operator OpB (a(x, &))[-], acting on periodic functions of the form u(x) = jez u(j )%, in the following way:

1 ‘ k—j
OpP(ate, )lul = 5— 3 e Zx(#)&(k—j,j)ﬁ(j) : (1.23)

keZ JEZ

where a(k, j) is the k""-Fourier coefficient of the 27 -periodic in x function a(x, §), and where x (1) is a C§° function
supported in a sufficiently small neighborhood of the origin. With this formalism (1.21) is equivalent to the paradif-
ferential system

o,U =iEGWU)[U]+RWU), (1.24)
where G(U)[-] is

G = <0p3((is>2 ta@. el OpPb )N )
‘ opB(b(x, =&l OpB((g)?> +alx, N1/’

a(x, &) :=a(U; x, &) = dy,, f(E)? + 8y, f(i&) + By f,

b(x,£):=b(U;x,&) = 0g,, f(E)* + da, £ (E) + 0 f.

and where R(U) is a smoothing operator

(1.25)

R :H — H TP,

for any s > O large enough and p ~ s. Note that the symbols in (1.25) are of order 2, i.e. they satisfy (1.22) with
m = 2. One of the most important property of being a paradifferential operator is the following: if U is suffi-
ciently regular, namely U € H*® with sg large enough, then G(U)[-] extends to a bounded linear operator from H*
to H*~2 for any s in R. This paralinearization procedure will be discussed in detail in Section 4, in particular in
Lemma 4.1 and Proposition 4.1. Since equation (1.1) is quasi-linear the proofs of Theorems 1.1, 1.2 do not rely on
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direct fixed point arguments; these arguments are used to study the local theory for the semi-linear equations (i.e.
when the nonlinearity f in (1.1) depends only on u). The local theory for the semi-linear Schrodinger type equations
is, nowadays, well understood; for a complete overview we refer to [12]. Our approach is based on the following
quasi-linear iterative scheme (a similar one is used for instance in [2]). We consider the sequence of linear prob-
lems

8 Uy —iEd Uy=0,
gm0 Bx 0 (1.26)
Up(0) =U©,
and forn > 1
o,U, —iEGU,_)[U,] — R(U,_1) =0,
o tUn 0() n—1)[Un] (Un-1) 1.27)
Un(0)=UO,

where U© (x) = (ug(x), wo(x)) with uo(x) given in (1.1). The goal is to show that there exists sg > O such that for
any s > so the following facts hold:

1. the iterative scheme is well-defined, i.e. there is 7 > 0 such that for any n > 0 there exists a unique solution U,
of the problem A, which belongs to the space C°([0, T)]; H);

2. the sequence {U,},>0 is bounded in C°([0, T)]; H®);

3. {Upn}a>0 is a Cauchy sequence in CO([0, T)]; H*~2).

From these properties the limit function U belongs to the space L*°([0, T); H). In the final part of Section 6 we
show that actually U is a classical solution of (1.1), namely U solves (1.21) and it belongs to CY([0, T); HY).
Therefore the key point is to obtain energy estimates for the linear problem in V

0,V —-iEGU)[V]—-RWU) =0,
{, iEG(U)[V]—-RU) (128)

vo)y=U®Y,

where G is given in (1.25) and U = U (¢, x) is a fixed function defined for ¢ € [0, T'], T > 0, regular enough and
R(U) is regarded as a non homogeneous forcing term. Note that the regularity in time and space of the coefficients
of operators G, R depends on the regularity of the function U. Our strategy is to perform a paradifferential change of
coordinates W := ®(U)[V] such that the system (1.28) in the new coordinates reads

{&W—ﬂEmUMWl—RGU=Os (1.29)

w(0) = o N wO,

where the operator QN(U )] is self—a}gjoint with constant coefficients in x € T and 7€(U ) is a bounded term. More
precisely we show that the operator G(U)[-] has the form

5 _ {(OPP((&) + mU; &[] 0
gw»y_( 0 <m@@ﬂ+mW£»H>

m(U; £) := my(U)(i)* + m1 (U)(i€) € R,

with m(U; §) real valued and independent of x € T. Since the symbol m(U; §) is real valued the linear operator
iEG(U) generates a well defined flow on L? x L2, since it has also constant coefficients in x it generates a flow on
H® x H® for s > 0. This idea of conjugation to constant coefficients up to bounded remainder has been developed
in order to study the linearized equation associated to quasi-linear system in the context of Nash—Moser iterative
scheme. For instance we quote the papers [6], [7] on the KdV equation, [17], [18] on the NLS equation and [19],
[11], [5], [1] on the water waves equation, in which such techniques are used in studying the existence of periodic and
quasi-periodic solutions. Here, dealing with the paralinearized equation (1.24), we adapt the changes of coordinates,
for instance performed in [17], to the paradifferential context following the strategy introduced in [10] for the water
waves equation.

(1.30)
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Comments on Hypotheses 1.1, 1.2 and 1.3.

Consider the following linear system
0;V —iEL(x)0:V =0, (1.31)
where £(x) is the non constant coefficient matrix
l+ax(x)  ba(x)
£(x) = —=
© ( B 1 ta)

Here we explain how to diagonalize and conjugate to constant coefficients the system (1.31) at the highest order, we
also discuss the role of the Hypotheses 1.1, 1.2 and 1.3. The analogous analysis for the paradifferential system (1.28)
is performed in Section 5.

First step: diagonalization at the highest order. We want to transform (1.31) into the system

), az € C®(T; R), by € CZ(T; C). (1.32)

9,V =iE (Ag“(x)axx Vi + AP a, v + A(()l)(x)V1> , (1.33)

where Aﬁl)(x), A(()l) (x) are 2 x 2 matrices of functions, and Aél) (x) is the diagonal matrix of functions

M
A(l)(x) _ 1 +a2 (x) 0
2 0 1+a" (x)

for some real valued function aél)(x) € C*(T; R). See Section 5.1 for the paradifferential linear system (1.28). The
matrix E£(x) can be diagonalized through a regular transformation if the determinant of £ £(x) is strictly positive,
i.e. there exists ¢ > 0 such that

det(ES(x)) —(+a(0))? —b(x)? >c, (1.34)

for any x € T. Note that the eigenvalues of E£(x) are A1 2(x) = £+/detEL(x). Let @1 (x) be the matrix of functions
such that

@ (x)(EL0)) 7 () = EAY (v),

where (1 + aél)(x)) is the positive eigenvalue of E.£(x). One obtains the system (1.33) by setting V; := ®1(x)V.
Note that condition (1.34) is the transposition at the linear level of the second inequality in (1.8) or (1.9). Note also
that if ||az| Lo, ||b2]| Lo <7 then condition (1.34) is automatically fulfilled for » small enough.
Second step: reduction to constant coefficients at the highest order. In order to understand the role of the first bound
in conditions (1.8) and (1.9) we perform a further step in which we reduce the system (1.33) to

0 V2 =iE (AP0 V2 + AP @0 Va + AT (V). (1.35)

where Agz) (x), A(()z) (x) are 2 x 2 matrices of functions, and

@ (m2 O
A; _<O m2>’

for some constant my € R, m» > 0. See Section 5.3 for the reduction of the paradifferential linear system (1.28). In
order to do this we use the torus diffeomorphism x — x + 8(x) for some periodic function 8(x) with inverse given by
y — y+y(y) with y (y) periodic in y. We define the following linear operator (Au)(x) = u(x + B(x)), such operator
is invertible with inverse given by (A=) (y) = v(y 4+ y(y)). This change of coordinates transforms (1.33) into (1.35)
where

Ay = (A0 F ay (A + 7, (1)) 0 |
0 AL +as (1 + v, ()]
Then the highest order coefficient does not depend on y € T if

(1.36)

A +aP )N +y,)? =ma,
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with m, € R independent of y. This equation can be solved by setting

12
2 / L4
b1 —dx ,
(D
2 J1+al ) 37

yo =t [—a— -1
l+a, " (y)

where 9 !'is the Fourier multiplier with symbol 1/(i£), hence it is defined only on zero mean functions. This justifies

my =

the choice of m;. Note that m», y in (1.37) are well-defined if (1 + aél) (x)) is real and strictly positive for any x € T.
This is the first condition in (1.8) and (1.9).

Third step: reduction at lower orders. One can show that it is always possible to conjugate system (1.35) to a
system of the form

3, V3 =iE (A?’ dxVa+ AP (0)d, Vo + A (x)Vz) : (1.38)

where A?) = Agz) and

@ ._(m 0
= (8 )

with m; € C and A(()3) (x) is a matrix of functions up to bounded operators. See Sections 5.2, 5.4 for the analogous
reduction for paradifferential linear system (1.28).

It turns out that no extra hypotheses are needed to perform this third step. We obtained that the unbounded term in
the r.h.s. of (1.38) is pseudo-differential constant coefficients operator with symbol m(§) := m, (1§ )2 + m1(i€). This
is not enough to get energy estimates because the operator A;S) Oyx + AES) dy is not self-adjoint since the symbol m (&)
is not a-priori real valued.

This example gives the idea that the global ellipticity hypothesis Hypothesis 1.3 (or the smallness of the initial
datum), are needed to conjugate the highest order term of G in (1.28) to a diagonal and constant coefficient operator.
Of course there are no a-priori reasons to conclude that G is self-adjoint. This operator is self-adjoint if and only if
its symbol m(U; &) in (1.30) is real valued for any £ € R. The Hamiltonian Hypothesis 1.1 implies that m{(U) in
(1.30) is purely imaginary, while the parity preserving Assumption 1.2 guarantees that m(U) = 0. Indeed it is shown
Lemma 4.2 that if f is Hamiltonian (i.e. satisfies Hypothesis 1.1) then the operator G(U)[-] is formally self-adjoint
w.r.t. the scalar product of L2 x L2. In our reduction procedure we use transformations which preserve this structure.
On the other hand in the case that f is parity preserving (i.e. satisfies Hypothesis 1.2) then, in Lemma 4.3 it is shown
that the operator G(U)[-] maps even functions in even functions if U is even in x € T. In this case we apply only
transformations which preserve the parity of the functions. An operator of the form G as in (1.30) preserves the
subspace of even function only if m(U) = 0.
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2. Linear operators

We define some special classes of linear operators on spaces of functions.

Definition 2.1.Let A: HS - H 5,, for some s, s” € R, be a linear operator. We define the operator A as

A[h]:= A[h],  heH". @.1)
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Definition 2.2 (Reality preserving). Let A, B: H® — H S/, for some s, s’ € R, be linear operators. We say that a
matrix of linear operators § is reality preserving if has the form

A B
3= <§ Z)’ 2.2)

for A and B linear operators.

Remark 2.1. Given s, s’ € R, one can easily check that a reality preserving linear operator § of the form (2.2) is such
that

3 H > W (2.3)
Given an operator § of the form (2.2) we denote by §* its adjoint with respect to the scalar product (1.14)

FU, Vg = (U, 3 V)go, VU, VeH.

One can check that

. (A* B
F = ( o Z*>, (2.4)

where A* and B* are respectively the adjoints of the operators A and B with respect to the complex scalar product on
L*(T; ©)

(u,v);2 :=/u.adx, u,ve L*(T; C).
T

Definition 2.3 (Self-adjointness). Let § be a reality preserving linear operator of the form (2.2). We say that § is
self-adjoint if A, A*, B, B*: H® — H* , for some s, s’ € R and

A*=A, B=B" (2.5)
We have the following definition.

Definition 2.4 (Parity preserving). Let A: H* — H s’ for some s, s’ € R be a linear operator. We say that A is parity
preserving if

A:H) — HY, (2.6)

i.e. maps even functions in even functions of x € T. Let §: H® — H* be a reality preserving operator of the form
(2.2). We say that § is parity preserving if the operators A, B are parity preserving operators.

Remark 2.2. Given s, s’ € R, and let § : H* — H* be a reality and parity preserving operator of the form (2.2). One
can check that

3:H, > H. 2.7)
We note that A in (1.18) has the following properties:

e the operator A is reality preserving (according to Definition 2.2).

e the operator A is self-adjoint according to Definition 2.3 since the coefficients p(j) for j € Z are real;

e under the parity preserving assumption Hypothesis 1.2 the operator A is parity preserving according to Defini-
tion 2.4, since p(j) = p(—j) for j € Z.
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Hamiltonian and parity preserving vector fields Let § be a reality preserving, self-adjoint (or parity preserving
respectively) operator as in (2.2) and consider the linear system

;U =1EFU, (2.8)

on H® where E is given in (1.17). We want to analyze how the properties of the system (2.8) change under the
conjugation through maps

o . H — H,

which are reality preserving. We have the following lemma.

Lemma 2.1. Let X : H* — H*™™, for some m € R and s > 0 be a reality preserving, self-adjoint operator according
to Definitions 2.2, 2.3 and assume that its flow

9, T =iEXDT, o0 =1, (2.9)

satisfies the following. The map ®7 is a continuous function in t € [0, 1] with values in the space of bounded linear
operators from H® to H® and 3; ®7 is continuous as well in t € [0, 1] with values in the space of bounded linear
operators from H® to H* ™",

Then the map ®F satisfies the condition

(®T)*(—iE)d" = —iE. (2.10)

Proof. First we note that the adjoint operator (O7)* satisfies the equation 9, (P)* = (®7)* X (—iE). Therefore one
can note that

0 (@) (—iEyoT| =0,
which implies (®7)*(—iE)®* = (®)*(—iE)®’ = —iE. O
Lemma 2.2. Consider a reality preserving, self-adjoint linear operator § (i.e. which satisfies (2.2) and (2.5)) and a
reality preserving map ®. Assume that ® satisfies condition (2.10) and consider the system

oW =1iEZW, W e H. (2.11)
By setting V.= ®W one has that the system (2.11) reads

0V =iEYV, (2.12)
Y:=—iEQ®GE)FO ' —iE(3,D)d !, (2.13)

and Y is self-adjoint, i.e. it satisfies conditions (2.5).

Proof. One applies the changes of coordinates and one gets the form in (2.13). We prove that separately each term of
Y is self-adjoint. Note that by (2.10) one has that (—iE)® = (&*)~!(—iE), hence —iEPGE)FP ! = (&*)~1goL.
Then

(@)7'5071) = @ 1y gr@n T, 2.14)
since § is self-adjoint. Moreover we have that (®d~1)* = (®*)~1. Indeed again by (2.10) one has that

o' = (E)®* (—iE), (@ H* = GE)®(—iE), ®*=(—iE)® 'GE)
Hence one has

(@~ H*®* = GE)D(—iE)(—iE)d ' (iE) = —(E)(E) =1. (2.15)
Then by (2.14) we conclude that (—iE)PiE o lis self-adjoint. Let us study the second term of (2.13). First note that
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H[D*] = —(PN)(—E)}D)P'GE),  (3;D)* = O*(GE) (3, (P*)*® "' (E) (2.16)
then
((—iE)(a@)(dfl))* = (@ H* (3 P)*(E) = (—iE) (3, (d*))* . (2.17)

By (2.16) we have 9;(®*) = (3;P)*, hence we get the result. O

Lemma 2.3. Consider a reality and parity preserving linear operator § (i.e. (2.2) and (2.7) hold) and a map ® as in
(2.2) which is parity preserving (see Definition 2.4). Consider the system

oW =1iEFW, W eH’. (2.18)
By setting V. = ®W one has that the system (2.11) reads

8,V =iEYV, (2.19)
Y= —iEDPGE)FD ' —iE3,®)d ", (2.20)

and Y is reality preserving and parity preserving, i.e. satisfies condition (2.2) and (2.7).
Proof. It follows straightforward by the Definitions 2.4 and 2.2. O

3. Paradifferential calculus

3.1. Classes of symbols

We introduce some notation. If K € N, I is an interval of R containing the origin, s € RT™ we denote by
CfR(l, H*(T, C?)), sometimes by CfR(I, H?), the space of continuous functions U of ¢ € I with values in H* (T, C?),
which are K -times differentiable and such that the k-th derivative is continuous with values in H*~2%(T, C?) for any
0 <k < K. We endow the space C fR(I , H%) with the norm

K
Sup UGt .o, where UG g =3 [ofUan] . (3.1
tel k=0 H
Moreover if r € Rt we set
BX(1,r):= {U e CRULH)  suplU, Ik, < r} ) (3.2)
tel

Definition 3.1 (Symbols). Let m € R, K’ < K in N, r > 0. We denote by F”Ig x:Lr] the space of functions
W;t,x,&) —» a(U;t,x,§), defined for U € B({g(], r), for some large enough o, with complex values such that

forany 0 <k < K — K’, any o > oy, there are C > 0,0 < r(c) < r and for any U € B({f)(l,r(a)) N Ciﬁg”(!, H°)
and any «, B € N, with o <o — 09

0k023fa(U:1,x.8)| < C U lsxr o (€)"P, (3.3)

for some constant C = C (o, |U |lx+k’.«,) depending only on o and [|U ||j4 k7 o,

Remark 3.1. In the rest of the paper the time ¢ will be treated as a parameter. In order to simplify the notation we
shall write a(U; x, &) instead of a(U; t, x, £). On the other hand we will emphasize the x-dependence of a symbol a.
We shall denote by a(U; &) only those symbols which are independent of the variable x € T.

Remark 3.2. If one compares the latter definition of class of symbols with the one given in Section 2 in [10] one note
that they have been more precise on the expression of the constant C in the r.h.s. of (3.3). First of all we do not need
such precision since we only want to study local theory. Secondly their classes are modeled in order to work in a small
neighborhood of the origin.
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Lemma3.1.LetaeI™” . [rland U € Bég(l, r) for some oy. One has that

K.K'
sup (&) " la(U; -, )llk—k'.s <C Uk s400+1 - (3.4
teR
fors > 0.

Proof. Assume that s € IN. We have

K—K's—2k )
la(Us x, )llk—krs <C1v Y Y I9fo{a(Us -, &)l
k=0 j=0
K—K'
<CE)™ Y MUkt & 100
k=0

(3.5)

with C1, C2 > 0 depend only on s, K and [|U ||;+k’,,> and where we used formula (3.3) with o =5 + 0. Equation
(3.5) implies (3.4) for s € IN. The general case s € R4, follows by using the log-convexity of the Sobolev norm by
writing s = [s]t + (1 — 7)(1 + [s]) where [s] is the integer part of s and t € [0, 1]. O

We define the following special subspace of F(;(’ xlrl

Definition 3.2 (Functions). Let K’ < K in N, r > 0. We denote by F_g’[r] the subspace of F(1)< xLr] made of those
symbols which are independent of &.

3.2. Quantization of symbols

Given a smooth symbol (x, &) — a(x, &), we define, for any o € [0, 1], the quantization of the symbol a as the
operator acting on functions u as

21
RxR

Op, (a(x, ) = — f Ve a(ox + (1= o)y, Eu(y)dyde. (3.6)

This definition is meaningful in particular if u € C*(T) (identifying u to a 27 -periodic function). By decomposing u
in Fourier series as u = »_ jez. i( j)%, we may calculate the oscillatory integral in (3.6) obtaining

1 ~ . NAL ikx
Opg(a)u::§]§ %a(k—],(l—a)k—i—a])u(]) & Voo elo, 1), (3.7)
J

where a(k, £) is the k'"-Fourier coefficient of the 27 -periodic function x — a(x, £). In the paper we shall use two
particular quantizations:

Standard quantization We define the standard quantization by specifying formula (3.7) for o = 1:

1 . SN B
Op(a)u := Op;(a)u = 7 Z Za(k—J,])u(J) ek (3.8)

keZ \jEZ

Weyl quantization We define the Weyl quantization by specifying formula (3.7) for o = %:

1 k+j .
op" (a)u :=Op%(a)u=EZ > a(k—j. +J)12(j) k¥ (3.9)

2
keZ \ jeZ
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Moreover one can transform the symbols between different quantization by using the formulas

Op(a) = Op" (b), where l;(j,é):&(j,é — %). (3.10)

In order to define operators starting from the classes of symbols introduced before, we reason as follows. Let n € Z,
we define the projector on n-th Fourier mode as

(T, u) (x) ::ﬁ(n)j;; u(x):éﬁ(n)j;. (3.11)

For U € BSK(I, r) (as in Definition 3.1), a symbol a in F’}; xlrl,and v e C(T, C) we define

Op(a(U; vl =Y | D T jaU; H,v |. (3.12)

keZ \jeZ

Equivalently one can define Op" (a) according to (3.9).
We want to define a paradifferential quantization. First we give the following definition.

Definition 3.3 (Admissible cut-off functions). We say that a function y € C®°(R x R; R) is an admissible cut-off
function if it is even with respect to each of its arguments and there exists § > 0 such that

1)
supp x C {(¢,€) e R x R; |&'] <8(8)}, =1 for &' < 5 (&)
We assume moreover that for any derivation indices o and S

19805 % (6. 6)] < Cap(6) P, Vo pN.

An example of function satisfying the condition above, and that will be extensively used in the rest of the paper,
is x(§',&) := X(&§'/(&)), where X is a function in C§°(IR; R) having a small enough support and equal to one in a
neighborhood of zero. For any a € C*°(T) we shall use the following notation

(x(D)a)(x)=>_ x(Hja. (3.13)

JEZ

Proposition 3.1 (Regularized symbols). Fixm € R, p, K, K’ € N, K’ < K and r > 0. Consider a € T} ., [r] and x
an admissible cut-off function according to Definition 3.3. Then the function

ay(U;x,§) I=ZX(H,E)Hna(U:x,E) (3.14)

nez

belongs to F"IgyK,[r].

For the proof we refer the reader to the remark after Definition 2.2.2 in [10].
We define the Bony quantization in the following way. Consider an admissible cut-off function x and a symbol a
belonging to the class I'¢ . [r], we set

0p®(a(U: x, j))[v] := Oplay (U: x, j)Iv], (3.15)
where a, is defined in (3.14). Analogously we define the Bony—Weyl quantization
opBY (b(U: x, j)[v] = 0p™ (b, (U; x, j)[v]. (3.16)

The definition of the operators OpB (b) and OpB W (b) is independent of the choice of the cut-off function x modulo
smoothing operators that we define now.
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Definition 3.4 (Smoothing remainders). Let K’ < K € N, p > 0 and r > 0. We define the class of remainders
RET)K,[F] as the space of maps (V,u) — R(V)u defined on leg I, r) x CfR(I, H*(T, C)) which are linear in the
variable u and such that the following holds true. For any s > s¢ there exists a constant C > 0 and r(s) €]0, [ such
that for any V € B‘{g(l,r) N CfR(I, H*(T, C?)), any u € CfR(I, HS(T,C)),any 0 <k < K — K’ and any ¢ € I the
following estimate holds true

o RO | = S e 1V ek + g 1V s g ] (3.17)
Kk =k
where C = C(s, | Vllg4k.5,) is a constant depending only on s and ||V ||g 4 g , -

Lemma 3.2. Consider x| and 3 admissible cut-off functions. Fixm € R, r >0, K’ < K € N. Then fora € g lrl,
we have Op(ay, — ay,) € REpK,[r]for any p € IN.

For the proof we refer the reader to the remark after the proof of Proposition 2.2.4 in [10].
Now we state a proposition describing the action of paradifferential operators defined in (3.15) and in (3.16).

Proposition 3.2 (Action of paradifferential operators). Let r > 0, m € R, K' < K € N and consider a symbol

a € 'y /[r]. There exists so > 0 such that for any U € leg (I, r), the operator OpBW(a(U; x, &)) extends, for any

s € R, as a bounded operator from the space CfR_K/(I, H*(T, C)) to CfR_K/(I, H*™™(T, C)). Moreover there is a
constant C > 0 depending on s and on the constant in (3.3) such that

10pPY (8fa(U; x, Deas, ms—my < CNU lk+k7,505 (3.18)
fork < K — K’, so that
[0p®Y (@ x. )| = CU Nk 0k (3.19)
K—K' s—m
for any v e CEK' (1, H¥ (T, C)).

For the proof we refer to Proposition 2.2.4 in [10].

Remark 3.3. Actually the estimates (3.18) and (3.19) follow by

[0pBY s v, en@| = csup@) M aWs - &)l ks 0l
K,s—m £eR

where C; > 0 is some constant depending only on s, so and Remark 3.1.

Remark 3.4. We remark that Proposition 3.2 (whose proof is given in [10]) applies if a satisfies (3.3) with || <2
and 8 = 0. Moreover, by following the same proof, one can show that

10p" (3 ay U x, Nl cas ms—my < CIU it k59 (3.20)

if x(n, &) is supported for |n| < §(£) for § > O small. Note that this is slightly different from the Definition 3.3 of
admissible cut-off function since we are not requiring that x = 1 for |n| < %(5 ).

Remark 3.5. Note that, if m <0, and a € I'¢ ;,[r], then estimate (3.18) implies that the operator OpB Wa(U;x, &)
belongs to the class of smoothing operators R . [r].

We consider paradifferential operators of the form:

alU;x,&)  bU;x,§)
b(U;x,—-&) aU;x,-§)

0pP" (AU x,£)) := 0pP" (

[ oV @Wix.£)  OpPY(b(U:x. )

o (OpBW(m) opBW(m> : (3.21)
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where a and b are symbols in '} x.xr] and U is a function belonging to B, K o (I, r) for some s large enough. Note that
the matrix of operators in (3.21) is of the form (2.2). Moreover it is self—ad_]omt (see (2.5)) if and only if

alU;x,§)=aU;x,8), bWU;x,—§)=bU;x,§), (3.22)

indeed conditions (2.5) on these operators read

(0" (@ x,6)) = 0p®" (a@ix.8)) . OpF" (b(Usx,6) = 0pP" (BT x,—5)). (3.23)

Analogously, given Ry and R; in R;’O k7], one can define a reality preserving smoothing operator on H*(T, C?) as
follows

(3.24)

Ri(U)[-1 R2(U)[:
R(U)[~]::< 1)1 Ra( )[])'

Ry(U)[[1 Ri(U)I]

We use the following notation for matrix of operators.

Definition 3.5 (Matrices). We denote by I'} K,[r] ® M>(C) the matrices A(U; x, &) of the form (3.21) whose com-
ponents are symbols in the class I} _x[r]. In the same way we denote by R x/[r1® M3(C) the operators R(U) of

the form (3.24) whose components are smoothing operators in the class R ; K,[r].

Remark 3.6. An important class of parity preserving maps according to Definition 2.4 is the following. Consider a
matrix of symbols C(U; x, &), with U even in x, in FK x/[r1® Ma(C) with m € N, if
CU;x,§)=CU; —x,—-§) (3.25)
then one can check that OpB W (U;x, &) preserves the subspace of even functions.
Moreover consider the system
3" (U)[1 = 0pPY (C(U; x; €)@ (U)[],
o°(U) =1

If the flow @7 is well defined for t € [0, 1], then it defines a family of parity preserving maps according to Defini-
tion 2.4.

3.3. Symbolic calculus

We define the following differential operator
0(Dy, D¢, Dy, Dy) = D¢ Dy — Dy Dy, (3.26)
where D, = 8 and D¢, Dy, D, are similarly defined. If a is a symbol in Fm K,[r] and b in FK K,[ r],if U e
SO (I , r) with sg large enough, we define

pl1

(), (U; x, £) == Z

. 4
Z'( O'(D)CvDSaDvaT])) [Q(U,x»%')b(Uaya 77)]|x=y:y=,]’ (327)

modulo symbols in F;’?’Ig “P[r]. Assume also that the x-Fourier transforms a(n, &), l;(n, &) are supported for |n| <

8(&) for small enough 8 > 0. Then we define

1 H * * * ~ *
(ath)(x,§) i= —— / TG €+ b, & — g d (3.28)
472 2 2
R2
Thanks to the hypothesis on the support of the x-Fourier transform of a and b, this integral is well defined as a distri-

bution in (£*, #*) acting on the C*°-function (£*, n*) > ¢ 1) Lemma 2.3.4 in [10] guarantees that according to
the notation above one has
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0pPY (@) 0 OpPY () = 0pW (¢),  c(x, &) == (aytth,)(x, £), (3.29)

where a, and b, are defined in (3.14). We state here a Proposition asserting that the symbol (afib), is the symbol of
the composition up to smoothing operators.

Proposition 3.3 (Composition of Bony—Weyl operators). Let a be a symbol in F’;é’ g/[rland b a symbol in I“’I'{’/ x|l
ifU e leg(l, r) with so large enough then

opPY (a(U: x,£)) 0 OpBY (b(U: x, £)) — OpPY ((ath) , (U x, £)) (3.30)

belongs to the class Rgp I;r/erm/[r].

For the proof we refer to Proposition 2.3.2 in [10]. In the following we will need to compose smoothing operators
and paradifferential ones, the next Proposition asserts that the outcome is another smoothing operator.

Proposition 3.4. Let a be a symbol in F%’ g [rlwithm > 0 and R be a smoothing operator in R;'O x/[r] If U belongs
to B‘{g [1, ] with so large enough, then the composition operators

opP" (U x. ) o R, RW)oOpPY (a(U:x,6)[]

belong to the class ’RI_{p ;,m [r].

For the proof we refer to Proposition 2.4.2 in [10]. We can compose smoothing operators with smoothing operators
as well.

Proposition 3.5. Let Ry be a smoothing operator in R}p}(,[r] and Ry in R;pf(,[r]. If U belongs to leg[l, r] with sg
large enough, then the operator R1(U) o Ry(U)[-] belongs to the class REPK,[r], where p = min(p1, p2).

We need also the following.

Lemma 3.3. Fix K, K’ € N, K' < K and r > 0. Let {c;}ien a sequence in Fk g/[r] such that for any i € N

0026 (U3 0| = M U Ny (3.31)

2502

forany 0 <k < K — K’ and |a| <2 and for some sy > 0 big enough. Then for any s > s and any 0 <k < K — K’
there exists a constant C > 0 (independent of n) such that for any n € IN

ok |:OpBW(1£[c,-(U; x))hi|
i=1

forany h € CfR_K/(I, H*(T; C)). Moreover there exists C such that

n
<C'[Mi D WU kg 1Plliys - (3.32)
Hs—2k i=1 k1 +kao=k

n n
100%™ (et )l —ses < E [T MilUIg Ik ks (3.33)
i=1 i=1

for any h € CE-K' (1, H(T; ©)).

Proof. Let y an admissible cut-off function and set b(U; x, &) := (]_[l'-’=1 ¢;(U; x)) . By Liebniz rule and interpolation
one can prove that

n
9F %0l b(U: x.£) < C" U o, [ M0 (3.34)

i=1
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forany 0 <k <K — K’, a <2, any & € R and where the constant C is independent of n. Denoting by E(U; £,€) =
b(¢, &) the ¢! h Fourier coefficient of the function b(U; x, &), from (3.34) with o = 2 one deduces the following decay
estimate

n
0D &) < C" U IR gy [ [ Mi00)2 (3.35)
i=1

With this setting one has

OpBW(Hci(U; X))h =0p" (b(U; x, &))h

(e )

n'eZ

[e+n'|
8 2

where the sum is restricted to the set of indices such that |£ —n’| < with 0 < § < 1 (which implies that £ ~ n').

Let0 <k <K — K’, one has

2
n
ok [OpBW(Hci(U; x))h}
i=1 Hs—2k
L+n ?
¢ S n A
ki+ko=k L€Z n'ez
" 2
<C"[]M? > WISk, Y (Z (€ —n)"2(ny" =2 ‘a, ’ ) :
i=1 k1 +ky=k LeZ, \n'eZ

where in the last passage we have used (3.35) and that £ ~ n’. By using Young inequality for sequences one can
continue the chain of inequalities above and finally obtain the (3.32). The estimate (3.33) follows summing over
0<k<K-K. O

Proposition 3.6. Fix K, K’ e IN, K’ < K and r > 0. Let {¢;}ie a sequence in Fk g[r] satisfying the hypotheses of
Lemma 3.3. Then the operator

o™ . =0p"(c)o-00pBW (c)) — OpBY (cr - cn) (3.36)

n

belongs to the class R, x.x ] for any p > 0. More precisely there exists so > 0 such that for any s > sq the following
holds. For any 0 <k < K — K’ and any p > 0 there exists a constant C > 0 (depending on ||U||K7s0, s, 80, o, k and
independent of n) such that

Flow )|, =cm > (|U||K/+,q ol + U5 o Il 1 UKk s) s (B:3D)
kitko=

foranyn>1, anyhlnC (I, H5(T, C)), anyUEC =, HY)OBK(I r) and where M= M1 --- M,, (see (3.31)).

Proof. We proceed by induction. For n =1 is trivial. Let us study the case n = 2. Since c1, ¢ belong to Fg g/[r],
then ¢y - c2 = (c1fic2), for any p > 0. Then by (3.29) there exists an admissible cut-off function x such that

0p®" (c1) 0 0pPY (e2) — OpP¥ (c1 - €2) = 0pPY (e1) 0 OpPY (e2) — Op®¥ ((c1802) ) 338)
=0p" ((c1)x#(c2) ) —Op" ((c18ie2) . ) = Op™ (r1) + Op" (r2),

where
r1(x, &) = (c)yft(c)x — ((c)x8(c2)y)p>

(3.39)
ra(x, &) = ((cr)(c2)y)p — (c1fic2)p x -
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Then, by Lemma 2.3.3 in [10] and (3.31), one has that r; satisfies the bound
0F3ir (U x.6)| < CMIMa(E) T U N7k o (3.40)

for any |¢] <2 and some universal constant C>0 depending only on s, so, p. Therefore Proposition 3.2 and Re-
mark 3.4 imply that

<CMMa||U 70 s, (3.41)

Wak. 17
o™ @l Wix Ny e =

for C >0 possibly larger than the one in (3.4()), but still depending only on &, s, sg, p. From the bound (3.41) one
deduces the estimate (3.37) for some C > 2C. One can argue in the same way to estimate the term OpW(rz) in (3.38).
Assume now that (3.37) holds for j <n — 1 for n > 3. We have that

0pPY (1) 0+ 0 0pBY (c) = (OpB™ (c1 1) + Q1) 0 OpPY (c), (3.42)

BW(cl <eeCp_1) 0 OpBW(cn) one has to argue as done in the

where Q,_ satisfies condition (3.37). For the term Op
case n =2.
Consider the term Q;_1 o OpB W (c,) and let C > 0 be the universal constant given by Lemma 3.3.

Using the inductive hypothesis on Q,_1 and estimate (3.32) in Lemma 3.3 (in the case n = 1) we have

k BW —1
195 (@n—1 0 OPPY (c)h) s p-2k SKC" "My My Y D CMulUNK L, o UKy sy Il s
ki+ko=k j1+j2=k2

-1
+RCTIMy My Y Y CMuUN g s MUK ks HU gy o s

ki+ka=k ji+j2=k2
k  k—ky

—1
<KMC"T'C Y MUk sty g7y so Mk — s
k1=0j1=0

k k—ki

1
+rc"lC § D N 124 N 174 PN 1 PR
=0 j;=0

<xrMc""'C Z(HUH,”,,, ol s + 101 L o MUK m s Il s0) (4 1),

m=0

for constant K depending only on k. This implies (3.37) by choosing C > (k+ 1)CK. O

Corollary 3.1. Fix K, K' € N, K’ < K andr > 0. Let s(U; x) and z(U; x) be symbols in the class Fg g'[r]. Consider
the following two matrices

v (sWsx) 0 o 0 2(U; x)
S(U,x)._< 0 S(U;x)>, Z(U,x)._<m 0 )e}'K,K/[r](@Mz(C). (3.43)

Then one has the following
exp {0pP" (S(U3 1) | — 0pP" (fexp S(U; 0))) € Ry 111 ® Mo (C),
exp {0pEY (Z(Us x) | = 0pPY (lexp Z(U: 1)) € Ry 1] ® Ma(©),
forany p > 0.
Proof. Let us prove the result for the matrix S(U; x).

Since s(U; x) belongs to Fx ’[r] then there exists so > 0 such thatif U € BS’S (1, r), then there is a constant N > 0
such that

k .
s U3 0| SNV lskrgy



R. Feola, F. landoli / Ann. I. H. Poincaré — AN 36 (2019) 119-164 137

forany 0 <k < K — K" and |a| < 2. By definition one has
00 BwW n

Op~" (S(U; x))

exp(0pP (S 1)) =) ( )

n=0
_i1< (0pBY (s(U; x)))" 0 )
! 0 (0p"" (s(W;x))" )

on the other hand

OPBW(exp (SW; x))) = Z %OPBW ( [S(U(;)x)] 0 n)

n!

~ [s(U:x)]
_Z ( opBY ([s(U; 0)]") 0 )
BwW
- On' 0 Op ([S(U x)] )
We argue componentwise. Let / be a function in C r (I, H*(T, ©)), then using Proposition 3.6, one has
21
> ok ([0 (s(Us 2] th] = 0pB" (s(Us 2" h1) <
n=0 s+p—2k
>, C"N"
> X (||U||",+,q oo M lliys MU o Wl ||U||K/+k1,s) <
n=1 © kitho=k
o0
c"N"
D (WUt g Wl s MU N s Wl 50) D2 MU s,
ki+ko=k n=lI

Therefore we have proved the (3.17) with constant

_ exp(CN Ul k44 .50) — 1
” U ”K’-I—kl,so

C= Z ||U”K’+k1 50

n=1

For the other non zero component of the matrix the argument is the same.
In order to simplify the notation, set z(U; x) = z and z(U; x) = Z, therefore for the matrix Z(U; x), by definition,
one has

o
1 z on z 2n+1Z
OpBW (exp(Z(U; x))) = OPBW <Z ! ( |z||2’|7+12 | ||Z|2" .

n=0

On the other hand, setting A” - = (OpBW(z) o OpBW(Z))n and B! . = A” . 0 0pB"Y(2), one has

exp (OpBW(Z(U- x))) = i i AZ,Z BZZ
’ nt\ Bl Az)

Therefore one can study each component of the matrix exp (OpBW(Z U, x))) - OpB W (exp Z(U; x)) in the same
way as done in the case of the matrix S(U,x). O

4. Paralinearization of the equation
In this section we give a paradifferential formulation of the equation (1.1). In order to paralinearize the equation

(1.1) we need to “double” the variables. We consider a system of equations for the variables (u™,u™) in H* x H*
which is equivalent to (1.1) if u™ = a~. More precisely we give the following definition.
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Definition 4.1. Let f be the C °(C3; C) function in the equation (1.1). We define the “vector” NLS as
0,U =1E[AU +F(U,U,,Usy)], Ue€H® x H®,

fl(U9 Ux, Uxx)) (41)

F(U, Ux, Uxx) = (fz(U, Ux, Uxx)

where
T +
121,272 :25,23 223) . .
F(Z1. 20, 25) = (1R 200055, zl:(Zl_), i=1,2,3,
@ 20,2525 .23, 23) i

extends (f, ?) in the following sense. The functions f; fori = 1,2 are C* on C® (in the real sense). Moreover one
has the following:

(fl(Zl,Zl,Zz,Zz,Z3,23))= f(z1,22,23) 42
f2(z1,21, 22, 22, 23, 23) fGz1,22.23) ) :
and
3Z§rf1 = 323—f2, azlffl = 3Z;f2, i=1,2, 3Zi—f1 = 8Zi+f2, i=1,2,3 @3
Ixfi=0xh=0=fi=0=fr=0 )

where 05 = ORe ;7 + 10z, 0 ==.
J J J

Remark 4.1. In the case that f has the form
fz1,22,23) = C3 20 25220

for some C € C, «;, Bi € N fori =1, 2, a possible extension is the following:
A 2 2 ) =CEHM @) )2 ()P,

LE 2, 25) = CEnM @ @) @)
Remark 4.2. Using (4.2) one deduces the following relations between the derivatives of f and f; with j =1,2:

3 f (21,22, 23) = (0+ f)(21, 21, 22, 22, 23, 23)

9z f(z1,22,23) = (8- f1)(z1, 21, 22, 22, 23, 23)
— [ _ _ _ 4.4)
3 f (21,22, 23) = 3+ f2) (21, 21, 22, 22, 23, 23)

3 f (21,22, 23) = (3~ f2)(21, 21, 22, 22, 23, 23).-

In the rest of the paper we shall use the following notation. Given a function g(zf, 70, z; 225 5 z;r »23) defined on
C° which is differentiable in the real sense, we shall write
(331'_“8)(’47 U, Uy, Uy, Uyx, Uxx) = (azj" &)U, U, Uy, Uy, Uxy, Uxx),
X i+1 (45)
(aﬂg)(uv Uy Uy, Uy, Uyyx, Uxx) i= (az,llg)(u’ Uy Uy, Uy, Uxx, Uxx), 1=0,1,2.
By Definition 4.1 one has that equation (1.1) is equivalent to the system (4.1) on the subspace H®.
We state the Bony paralinearization lemma, which is adapted to our case from Lemma 2.4.5 of [10].

Lemma 4.1 (Bony paralinearization of the composition operator). Let f be a complex-valued function of class
C™ in the real sense defined in a ball centered at 0 of radius r > 0, in C, vanishing at 0 at order 2. There exists a
1 x 2 matrix of symbols q € F%ﬁo[r] and a 1 x 2 matrix of smoothing operators Q(U) € ’R;fo[r],for any p, such that

f(U. Uy, Ury) =0pBY (q(U, Uy, Ury: x. £))[U1+ Q(U)U. (4.6)
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Moreover the symbol q(U; x, &) has the form

qU:x,8) :=dr(U; x)(i&)* + d\ (U; x) (&) + do(U'; x),
where d;j(U; x) are 1 x 2 matrices of symbols in Fg olr], for j =0,1,2.
Proof. By the paralinearization formula of Bony, we know that

S, Uy, Uxx) = TDUfU + TDUXfo + TDUXXfox + Ro(U)U,
where Ry (U) satisfies estimates (3.17) and where

1 v _
Tpy U = g/e“x DX (E) T D)ey (U x, £)IU (y)dydE,

1 .
Tou, sUs = 5 f FEE (&) D) lew, (Us x, £)IU (v)dyde,

1 .
Tpy,, fUse = 53— / 5y (€)' D)leu,, (U: x, 6)1U (y)dydE,
with
cy(U:x,86) =Dy f,

cy,(U;x,&) =Dy, f(1§),
cu, (U; x,€) = Dy, f(i&)?,

139

4.7)

(4.8)

4.9)

for some x € Ci°(IR) with small enough support and equal to 1 close to 0. Using (3.10) we define the x-periodic

function b; (U; x, &), fori =0, 1, 2, through its Fourier coefficients

bi(U;n, &) :=¢éy,(Usn, & —n/2)

where U; .= B;U. In the same way we define the function d; (U; x, &), fori =0, 1, 2, as

diin, &)= (ng —n/27") e, Win, & —n/2).
We have that Tp, fU = OpW(do(U, £))U. We observe the following

doWsn, &) =x (n&)™") Do f )+ (x (nte =n/2)™") = n(&)~") Du f n)
therefore if the support of x is small enough, thanks to Lemma 3.2, we obtained

Tpy U = OpBY (bo(U; x,£)U + R1(U)U,

for some smoothing reminder R;(U). Reasoning in the same way we get

Tpy, fUx = 0pBY (b1(U; €))U + Ray(U)U
Tpy,, fUsr = OpPY (b2(U )))U + Rs(U)U.

(4.10)

@11

(4.12)

(4.13)

(4.14)

The theorem is proved defining Q(U) = Zi:o Riy(U) and q(U; x,&) =bay(U; &) + b1(U; &) 4+ bo(U; §). Note that

the symbol ¢ satisfies conditions (4.7) by (4.9) and formula (3.10). O

We have the following Proposition.

Proposition 4.1 (Paralinearization of the system). There are a matrix A(U; x, ) in F%( olr1® M2(C) and a smooth-

ing operator R in R}po[r] ® My (C), for any K, r > 0 and p > 0 such that the system (4.1) is equivalent to

U = iE[AU +0pBY (AU, x, €U + R(U)[U]],

(4.15)
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on the subspace U (see (1.13) and Definition 4.1) and where A is defined in (1.18) and (1.16). Moreover the operator
R(U)[-] has the form (3.24), the matrix A has the form (3.21), i.e.

a(U;x,&)  bU;x,§) )e

bUr -8 aWr -5 kolr1®@ MA@ (4.16)

AWU;x,§) ::(

with a, b in F%( olr]. In particular we have that

A(U; x,8) = Ay(U; x)(€)* + A1(U; ) (i) + Ao(Us x),  A; € Fi olr1® Ma(C), i=0,1,2. (4.17)

Proof. The functions fi, f> in (4.1) satisfy the hypotheses of Lemma 4.1 for any r > 0. Hence the result follows by
setting g(U; x, &) =: (a(U; x,£),b(U; x,8)). O

In the following we study some properties of the system in (4.15).
We first prove some lemmata which translate the Hamiltonian Hypothesis 1.1, parity-preserving Hypothesis 1.2
and global ellipticity Hypothesis 1.3 in the paradifferential setting.

Lemma 4.2 (Hamiltonian structure). Assume that f in (1.1) satisfies Hypothesis 1.1. Consider the matrix A(U; x, &)
in (4.16) given by Proposition 4.1. Then the term

Ar(U; x) (€)% + A1 (U x) (i)

in (4.17) satisfies conditions (3.22). More explicitly one has

. [aU;x) b(U,;x) a(U; x) 0
wwn= (s i) 00 =("0Y o) 19

with ap, ay, by € Fk olr] and az € R.

Proof. Recalling the notation introduced in (4.5) we shall write
aa),;uf:azjﬂfl, Bég;—ufzzaz;ﬂfl, i=0,1,2, 4.19)

when restricted to the real subspace U (see (1.13)). Using conditions (4.2), (4.3) and (4.4) one has that

(f(”a”)ﬁ%ﬂ))_(fl(Uva»Uxx))
S, ux, uxy) N f2(U, Uy, Uxyx)

(4.20)
Bl (Oun S Ban S\ g2 Bl (%S .t
-0t (G Gep) oo ot B o ronw
where R(U) belongs to R k.olr]- By Hypothesis 1.1 we have that
8u”f = _8uxﬁx F,
iy f = =0, F
L P ) 4.21)
auxf - dx [auxux F] auu,,cF + 814qu,
d
0 f == [9i.a, F] -
We now pass to the Weyl quantization in the following way. Set
(x, &) =y, [ (X)) + By f (X)(E).
Passing to the Fourier side we have that
: o 2
&~ )= @ DD + [ DD ~ (D DD +[ LG D)~ LG DO,
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therefore by using formula (3.10) we have that OpB (c(x,8&) = OpB W(a(x, £)), where

o d , 1 d? 1d
a(x,&) =y, f(x)(1&)" + [3y, f(x) — a(au“f)](lg) + Z@(auwf) - Ea(auxf).

Using the relations in (4.21) we obtain a matrix A as in (4.18), and in particular we have
a(U;x)=—0u4,F, ai(U;x)=—0uz F+0alF, b(U;x)=—0zaF. (4.22)

Since F is real then ay is real, while a; is purely imaginary. This implies conditions (3.22). O

Lemma 4.3 (Parity preserving structure). Assume that f in (1.1) satisfies Hypothesis 1.2. Consider the matrix
A(U; x, &) in (4.16) given by Proposition 4.1. One has that A(U; x, &) has the form (4.17) where

v [(aU;x) b(U;x) v (aWU;x) b1 (U;x)
AZ(U’”"(W az(U;x)>’ Al(U’“"(bl(U;x) al(U;x>>’ )
o {aoU;x) bo(U;x) '
Aol x):= (bo(U; Y (U x)) :
with a, ba, a1, b1, ap, bo € Fx olr] such that, for U even in x, the following holds:
aU;x)=aU; —x), b(U;x)=b(U;—x), (4.24a)
aj(U; x) =—a1(U; —x), b1(U;x)=—b1(U; —x), (4.24b)
ao(U;x)=ao(U; —x), bo(U;x)=bo(U; —x), U eH, (4.24¢)
and
a(U; x) € R. 4.25)

The matrix R(U) in (4.15) is parity preserving according to Definition 2.4.

Proof. Using the same notation introduced in the proof of Lemma 4.2 (recall (4.4)) we have that formula (4.20) holds.
Under the Hypothesis 1.2 one has that the functions 9, f, 9z f, du,, f, 9a,, f are even in x while 9, f, 9, f are odd in
x. Passing to the Weyl quantization by formula (3.10) we get

ar(U; x) =0y, [ by(U; x) =0i,, |,
a1(U; x) = 0y, f — 0x (Bu,, S b1(U; x) =05, f — 9x (9, 1), (4.26)

1 1 1 1
aoU;x) =3, f + Za)%(auxxf) = 50, ), boUs ) =0 f + Zai(aa”f) = 50:(0a, f)

which imply conditions (4.24), while (4.25) is implied by item 2 of Hypothesis 1.2. The term R is parity preserving
by difference. O

Lemma 4.4 (Global ellipticity). Assume that f in (1.1) satisfies Hypothesis 1.1 (respectively Hypothesis 1.2). If f
satisfies also Hypothesis 1.3 then the matrix Ay(U; x) in (4.18) (resp. in (4.23)) is such that
I+ax(U;x)>c
2 ' 2 4.27)
(I +a2(U;x))" = |b2(U; x)|” = c2 >0,
where c1 and c; are the constants given in (1.8) and (1.9).

Proof. It follows from (4.22) in the case of Hypothesis 1.1 and from (4.26) in the case of Hypothesis 1.2. O

Lemma 4.5 (Lipschitz estimates). Fix r > 0, K > 0 and consider the matrices A and R given in Proposition 4.1.
Then there exists so > 0 such that for any s > sq the following holds true. For any U,V € CfR(I; H*) N leg ,r)
there are constants C1 > 0 and C, > 0, depending on s, |U ||k s, and |V ||k s,» Such that for any H € Cf]R(I; H*)
one has
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1OpBY (AU; x, €)[H] — OpPY (A(V; x, EN[H]I k52 < CLI H |k 51U — Vllk s (4.28)
IRWHUT = RWV)V1Ik.sp < C2lU ks + IV Ik DIU = Vg 50 (4.29)
forany p > 0.

Proof. We prove bound (4.28) on each component of the matrix A in (4.16) in the case that f satisfies Hypothesis 1.2.
The Hamiltonian case of Hypothesis 1.1 follows by using the same arguments. From the proof of Lemma 4.3 we know
that the symbol a(U; x, &) of the matrix in (4.16) is such that a(U; x, &) = ax(U; x)(i&)? + a1 (U; x) (i) + ag(U; x)
where a;(U; x) for i =0, 1,2 are given in (4.20).

By Remark 3.3 there exists so > 0 such that for any s > sy one has

10pPY ((@2(U; x) — ax (V5 ) (&) hl g s—2 < C sgp(é)’zll (@U; x) — ax(V; ) GE) k.o Il k5. (4.30)

with C depending on s, sg. Let U,V € Cf]R(I TH N leg +2(I ,1), by Lagrange theorem, recalling the relations in
(4.4), (4.5) and (4.19), one has that
(@2(U; x) = az(V; %)) (i6)* = (Quyy /1) WU, Ux, Usx) = @iy SV, Vi, Vi) (6)?
= (3, [HW O, Uy, U (U = V) (i8)*+
+ (v, B, SOV, W U (U = Vi) (i6)°+
+ U B SOV, Vi, W) Urx = Vi) (i8)°

where W) = 8,{V + tj(a){U — 8){ V), for some ¢; € [0, 1] and j =0, 1, 2. Hence, for instance, the first summand of
(4.31) can be estimated as follows

sgp<s>—2||<auam WO U, Ue)(U = V)£ NIk .50

431

<SCIU=Viks  sup  1@udu, SOV, Ur, Uik 50 (4.32)
U,VeBS’(()H(I,r)

<ClU = Vllk,s>

where Cy depends on sy and C, depends only on so and || U]k sy+2, |V Ik so+2 and where we have used a Moser
type estimates on composition operators on H* since fi belongs to C*(C®; C). We refer the reader to Lemma A.50
of [17] for a complete statement (see also [4], [22]). The other terms in the r.h.s. of (4.31) can be treated in the same
way. Hence from (4.30) and the discussion above we have obtained

10pPY ((@2(U; x) — ax(V: ) (€)?)hllk.s—2 < CIU = Vg sps2 12l k.- (4.33)

with C depending on s and || U || g so+2, |V Il k,s0+2- One has to argue exactly as done above for the lower order terms
a1 (U; x)(i&) and ap(U; x) of a(U; x, €). In the same way one is able to prove the estimate

10pPY (B x, £) = b(V: x. ) Ak s—2 < CIU = Vi sps2ll il k.- (4.34)

Thus the (4.28) is proved renaming sg as so + 2.

In order to prove (4.29) we show that the operator dyy (R(U)U)[-] belongs to the class R;’O x/[r1® M2 (C) for any
p >0 (where dy (R(U)U)[-] denotes the differential of R(U)[U] w.r.t. the variable U). We recall that the operator R
in (4.15) is of the form

Q(U)[-]>
QW)HI)”

where Q(U)[-]is the 1 x 2 matrix of smoothing operators in (4.6) with f givenin (1.1). We claim that dyy (Q(U)U)|[]
is 1 x 2 matrix of smoothing operators in RZ}O[r]. By Lemma 4.1 we know that Q(U)[-]= Ro(U) + Z;zl R;(U),
where Ry is 1 x 2 matrix of smoothing operators coming from the Bony paralinearization formula (see (4.8)), while
R;, for j=1,2,3, are the 1 x 2 matrices of smoothing operators in (4.13) and (4.14).

RU)L] :=<
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One can prove the claim for the terms R;, j =1, 2, 3, by arguing as done in the proof of (4.28). Indeed we know
the explicit paradifferential structure of these remainders. For instance, by (4.10), (4.11), (4.12) and (4.13) we have
that

Ri@)L1:=op(k(x, &)1, (4.35)

where k(x, &) = ZjeZ k(j, &)el/* and

k(&) = (x (nlg =n/27) = x &)™) Do f ()

(see formula (4.12)). The remainders R,, R3 have similar expressions. We reduced to prove the claim for the term Ry.
Recalling (4.9) we set

cU;x,8):=cyU;x,8) +cy, (Usx,8)+cy, (U; x,§).
Using this notation, formula (4.8) reads

S ux,ux) = iU, Uy, Uyx) = OPB(C(U; x, &)U + Ro(U)U. (4.36)
Differentiating (4.36) we get

du (fi(U, U, Ux))[H] = OpP(c(U: x, £)[H] + OpP (dyc(U: x,£) - H)[U]+dy (Ro(U)[UD[H].  (4.37)
The Lh.s. of (4.37) is nothing but

anl(Uv U)Cs Uxx) -H + BUXfI(U’ UX? Uxx) : H)C + aUxxfl(Ur U)Cs UXX) N Hxx = G(Ua H)

By applying the Bony paralinearization formula to G(U, H) (as a function of the six variables U, Uy, Uyy,
H, Hy, Hy,) we get

G(U, H)=0p® 9y G(U, H))[U14 0p® 3y, G(U, H)[Uy] + Op® By, G(U, H)[Usx]
+0pP (G (U, H)[H]+ Op® (3, G(U, H))[Hy] + Op® (3u,,G (U, H))[Hy]+ Ra(U)[H],

(4.38)
where R4(U)[-] satisfies estimates (3.17) for any p > 0. By (4.9) and (4.38) we have that (4.37) reads
dy (Ro(U)U)[H] = R4(U)[H]. (4.39)
Therefore dy (Ro(U)U)[-] is a 1 x 2 matrix of operators in the class R,;f)o[r] forany p >0. O
5. Regularization
We consider the system
oV = iE[Av +opPVAW; x, eNVI+ R W)HIVI+ RS’)(U)[U]], -

UeBKa,rnncku, B (T, C?),

0

for some sp large, s > so and where A is defined in (1.16). The operators Rgo)(U ) and Réo)(U ) are in the class
RE" olr] ® M3(C) for some p > 0 and they have the reality preserving form (3.24). The matrix A(U; x, &) satisfies
the following.

Constraint 5.1. The matrix A(U; x, §) belongs to F%O[r] ® M (C) and has the following properties:

e A(U; x, &) is reality preserving, i.e. has the form (3.21);
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o the components of A(U; x, &) have the form
a(U; x, &) = a(U; x)(i§)* + a1 (U; x)(i6),
b(U; x,&) =by(U; x)(€)* + b1 (U; x)(i8),
for some a; (U; x), bj (U; x) belonging to Fk olr] fori =1,2.

(5.2)

In addition to Constraint 5.1 we assume that the matrix A satisfies one the following two Hypotheses:

Hypothesis 5.1 (Self-adjoint). The operator OpBW(A(U ;x, €)) is self-adjoint according to Definition 2.3, i.e. the
matrix A(U; x, £) satisfies conditions (3.22).

Hypothesis 5.2 (Parity preserving). The operator OpB W(A(U; x, £)) is parity preserving according to Definition 2.4,
i.e. the matrix A(U; x, &) satisfies the conditions

AU;x,8)=AU; —x,-§), ax(U; x) e R. (5-3)
The function P in (1.2) is such that p(j) = p(—j) for j € Z.

Finally we need the following ellipticity condition.

Hypothesis 5.3 (Ellipticity). There exist ¢y, ¢y > 0 such that components of the matrix A(U; x, &) satisfy the condi-
tion

I4+ax(U;x) > cq,

54
(1+ax(U; x)* — [ba(U; x)* > c3 > 0, 64

forany U € BX (1,r) N CK, (1, H (T, €%).

The goal of this section is to transform the linear paradifferential system (5.1) into a constant coefficient one up to
bounded remainder.
The following result is the core of our analysis.

Theorem 5.1 (Regularization). Fix K € N with K > 4, r > 0. Consider the system (5.1). There exists so > 0 such that
forany s > so the following holds. Fix U in BE (I,r) N CK, (1, H (T, C?)) (resp. U € BX (1,r) N C5, (1, HY(T, €%)))
and assume that the system (5.1) has the following structure:

the operators Rgo), Réo) belong to the class R}p olr1 ® Ma(C);

the matrix A(U; x, &) satisfies Constraint 5.1, ’

the matrix A(U; x, &) satisfies Hypothesis 5.1 (resp. together with P satisfy Hypothesis 5.2)
the matrix A(U; x, &) satisfies Hypothesis 5.3.

Then there exists an invertible map (resp. an invertible and parity preserving map)
®=oWU): CEH U H (T, €%) — ¢4, B (T, €?)),
with
I@WNF Vilk-as < IV k451 +CIUllks0)- (5.5)

for a constant C > 0 depending on s, |Ullk s, and |Plc1 such that the following holds. There exist operators
R (U),Ry(U) in R(I){A[r] ® M2 (C), and a diagonal matrix L(U) in F%{A[r] ® M»(C) of the form (3.21) satisfying
condition (3.22) and independent of x € T, such that by setting W = ®(U)V the system (5.1) reads

W = iE[AW +0pBY(L(U; €)[W]+ R (U)[W] + Rz(U)[U]]. (5.6)
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Remark 5.1. Note that, under the Hypothesis 5.2, if the term REO)(U)[V] + Réo)(U)[U] in (5.1) is parity preserving,
according to Definition 2.4, then the flow of the system (5.1) preserves the subspace of even functions. Since the map
®(U) in Theorem 5.1 is parity preserving, then Lemma 2.3 implies that also the flow of the system (5.6) preserves
the same subspace.

The proof of Theorem 5.1 is divided into four steps which are performed in the remaining part of the section. We
first explain our strategy and set some notation. We consider the system (5.1)

V, = LOW)[V]:= iE[AV +opBVAW; x, eNIVI+ RO W)V + Rgo)(U)[U]]. (5.7)
The idea is to construct several maps

®;[]:= ;W) Cly TV H () - CL TV H (),
fori =1,...,4 which conjugate the system £ (U) to £LY+D(U), with LO(U) in (5.7) and

LOW1=iE[A+0p"" LOW: )11+ 0pPY (AP Ws x, )11+ R L1+ R )lw1], (5.8)
where RY) and Rg) belong to R(I){ [[r]1 ® M2 (0), L® belong to F%(’ ;[r]1 ® M>(C) and moreover they are diagonal,

self-adjoint and independent of x € T and finally A®) are in T} ;[r] ® Ma(C). As we will see, the idea is to look for

®; in such a way AC*D is actually a matrix with symbols of order less or equal than the order of A®),
We now prove a lemma in which we study the conjugate of the convolution operator.

Lemma 5.1. Let Q1, Q7 operators in the class R(])(YK,[r] ® M7(C) and P : T — R a continuous function. Consider
the operator 3 defined in (1.19). Then there exists R belonging to R(}( k' [r1® Ma(C) such that

I+ 01U))oPo X+ Q(UNL1=FBL1+ RW)[1 (5.9
Moreover if P is even in x and the operators Q1(U) and Q>(U) are parity-preserving then the operator R(U) is

parity preserving according to Definition 2.4.

Proof. By linearity it is enough to show that the terms

Q1) oPo (L + QU)N[A], I+ Q1U))oPBo Qa(U)lh], Q1(U)oPo O2(U)[A]

belong to R(;(’K/ [r] ® M3(C). Note that, forany 0 <k < K — K,

05 (P s h)|| yps—2x < C|0FR| oo, (5.10)

for some C > 0 depending only on || P||z~. The (5.10) and the estimate (3.17) on Q1 and Q> imply the thesis. If P
is even in x then the convolution operator with kernel P is a parity preserving operator according to Definition 2.4.
Therefore if in addiction Q1(U) and Q»(U) are parity preserving so is R(U). O

5.1. Diagonalization of the second order operator

Consider the system (5.1) and assume the Hypothesis of Theorem 5.1. The matrix A(U; x, &) satisfies conditions
(5.2), therefore it can be written as

A(U; x,8) 1= Ay(U; x)(€)* + A1 (U; x) (i6), (5.11)

with A; (U; x) belonging to Fx o[r] ® M>(C) and satistying either Hypothesis 5.1 or Hypothesis 5.2. In this Section,
by exploiting the structure of the matrix A>(U; x), we show that it is possible to diagonalize the matrix E (1 4 A3)
through a change of coordinates which is a multiplication operator. We have the following lemma.

Lemma 5.2. Under the Hypotheses of Theorem 5.1 there exists so > 0 such that for any s > s there exists an invertible
map (resp. an invertible and parity preserving map)



146 R. Feola, F. landoli / Ann. 1. H. Poincaré — AN 36 (2019) 119-164

o=@ (U): CE (U, B — K (1, HY),
with
(@UUNE VIks < IVIIk,s(1+ClUllk ) (5.12)

where C depends only on s and ||U ||k s, such that the following holds. There exists a matrix AD(U; x, &) satisfying
Constraint 5.1 and Hypothesis 5.1 (resp. Hypothesis 5.2) of the form

AV W; x,8) = AV W 0)(8)? + AP WU x)G8),

(D

U; 0

APW =Y € Fr.lr] ® Ma(©),
0 ay (U;x)

" a"Ww;x) bVW;x)
AV WU x) = | = 0 € Fralrl® Mz (C)
b] U;x,) a; (U; x)

(5.13)

and operators Rfl)(U), Rél)(U) in R(,)(‘l [r1 ® M (C) such that by setting Vi = ®(U)V the system (5.1) reads

oV =iE[ AV +0pPY AV W . en Vil + R @i+ RO )(w]], (5.14)
Moreover there exists a constant k > 0 such that

1+aP(U;x) > k. (5.15)

Proof. Let us consider a symbol z(U; x) in the class Fg o[r] and set

0 z(U; x)
z(U; x) 0

Let ®(U)[-] the solution at time 7 € [0, 1] of the system

Z(WU;x):= < ) € Fk.olr] ® Mz (C). (5.16)

{afcbf WH1=0pPY (Z(U; x)dTU)], 517

V[ 1=1[1.

Since OpB W(Z(U; x)) is a bounded operator on H*, by standard theory of Banach space ODE we have that the flow
@7 is well defined, moreover by Proposition 3.2 one gets

3 | PT(U)V |3 < 19TV [l 10pPY (Z(U; ) DT WUV |l 5.18)
< DT W)V} CIIU llmo,

hence one obtains

[TVl < IVIas(1+ ClUlaso), (5.19)

where C > 0 depends only on ||U|go. The latter estimate implies (5.12) for K = 0. By differentiating in ¢ the
equation (5.17) we note that

3:0,DT(U)[-1 = 0pBY (Z(U; x))8, ®T(U)[-1 + OpBY (8, Z(U; x)) DT (U)[ 1. (5.20)

Now note that, since Z belongs to the class Fg o[r]® M2(C), one has that 9, Z is in Fk 1[r]® M2(C). By performing
an energy type estimate as in (5.18) one obtains

12T @) [VIllcrgs < 1V Iicras (1 + ClIUlle1pso)s

which implies (5.12) with K = 1. Iterating K times the reasoning above one gets the bound (5.12). By using Corol-
lary 3.1 one gets that

®T(U)[1=exp{rOpBY (Z(U; ))}[-1 = OpBY (exp{r Z(U; )N+ QT W)L ], (5.21)
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with Q7 belonging to ’RE’O[r] ® M3 (C) for any p > 0 and any 7 € [0, 1]. We now set @1 (U)[-] := @] (U)["]|,_,. In
particular we have

@1 (U)[1=0p"" (C(U: x)[1+ Q1 (U)[]

U U (5.22)
C(U; x) = exp{Z(U; x)} : = (E;EU 3 ZEU i;) , C(U;x)—1eFxolrl® Ma(C),
where
z(Usx) .
c1(U; x) :=cosh(|z(U; x)|), caU;x):= m sinh(|z(U; x)]). (5.23)

Note that the function ¢, (U; x) above is not singular indeed

L 2Uix) o 2Usx) s ([2l(U; x)) P
U0 = G MMV = ) EO @k+1)!

e (z(U;x)z(U;x))k
=2U;x) kZ::O 2k + 1)!

We note moreover that for any x € T one has det(C(U; x)) = 1, hence its inverse C~ YU x) is well defined. In
particular, by Propositions 3.3 and 3.4, we note that

opPY (T (U:x)) o d1 =1+ O(U), 0 e Rf[r1 ® My(0), (5.24)

for any p > 0, since the expansion of (C~1(U; x)tC(U; x)), (see formula (3.30)) is equal to C~'(U;x)C(U; x) for
any p. This implies that

(@ (U)'1=0pBY (€N W; )1+ 02U)], (5.25)

for some Q;(U) in the class R;{’O[r] ® M;(C) for any p > 0. By setting V| := ®1(U)[V] the system (5.1) in the
new coordinates reads

(Vi) = 21 W) (A +0pPY (AU x, ) @7 (W)) Vi + 0 @1 (U)W Vi+
+ O (W) GE) R (W)@ () [Vi]+ @1 (U)GE)RY (U)[U]
=0 () EPLOT @)V 1]] +i01 W) EOpPY (1 + A2(Us ) i6)2) &7 W)V 1+ (5.26)
+id(U)EOPPY (A1 (U; x)(i6)) @7 (W) [Vi] + (3, @)@ (U) i+
+ O (W) GE)R ()@ (U)[Vi]+ @1 (U)GE)RY (U)[U],
where 13 is defined in (1.19). We have that

c1(U; x) —cz(U;x)>

O (U)o E=EocOpBY | 2
—c(U;x)  c(Usx)

up to remainders in Rgf)o[r] ® M»7(C), where ¢; (U; x),i =1, 2, are defined in (5.23). Since the matrix C(U; x) —1 €
Fkolr1 ® M»(C) (see (5.22)) then by Lemma 5.1 one has that

@ (U)o EP o1 (U)[Vi]]= EP[Vi] + Q3(U)[ V1],

where Q3(U) belongs to R(}(’O[r] ® M7 (C). The term (9, D) is OpBW(atC(U; x)) plus a remainder in the class
R(1)<,1[r] ® M>(C). Note that, since (C(U; x) — 1) belongs to the class I‘(I){’O[r] ® M3 (C), one has that 9,C(U; x) is
in F(;(’ 1[r] ® M3(C). Therefore, by the composition Propositions 3.3 and 3.4, Remark 3.5, and using the discussion
above we have that, there exist operators Rfl), Rél) belonging to R(;(,l [r]1 ® M2 (C) such that
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(Vi) =1EBV1 +i0pPY (C(U: 1) E(L + Ay (U3 0)C ™ (U5 0)(i6)P) Vi +1EOpPY (AL (U x) (i6) Vi +
+iE(R{P )il + R @)v1)
(5.27)
where
AP (U x) 1= ECWU; x) E(L + A2 (U; )8 C™ (U3 x) — (8 (C)(U: ) E(L + A2 (U; x))C ™ (U x)
+EC(U; x) A (U; x)C™' (U x),

with A1 (U; x), A2(U; x) defined in (5.11). Our aim is to find a symbol z(U; x) such that the matrix of symbols
CWU:;x)E(1+ Ay(U; x))C~Y(U; x) is diagonal. We reason as follows. One can note that the eigenvalues of E (1 +
Ar(U; x)) are

(5.28)

A= i\/(l + a2 (U; x))? — |b2(U; x)|.
We define the symbols
WP WU x) =27,

(5.29)
aél)(U; X) = Agl)(U; x)—1eFgolrl

The symbol )»g)(U ; x) is well defined and satisfies (5.15) thanks to Hypothesis 5.3. The matrix of the normalized
eigenvectors associated to the eigenvalues of E(1 + A»(U; x)) is

s1(Us x) S2(U;X))

= (sz(U;x) s1(U; x)

(e8]
14+a(U;x)+ 1y (U; x
(Ui e 2Us ) + 24" U3 )

' 5.30
\/2k§1)(U;x)(1 +ax(Usx) + 25" (U; x)) (5.30)

—by(U; x)

s2U;sx) = .
V2L W0 (1 +arW:x) +280W: )

Note that 1 +a»(U; x) + )Lél) (U; x) = c1 4+ 4/c2 > 0by (5.4). Therefore one can check that S(U; x) —1 € Fg olr]®
M5 (C). Therefore the matrix S is invertible and one has
1+ aél)(U; X) 0 )

) (5.31)
0 I+a, (U;x)

STNU 0[EM + Ay (U x)]S(WU: x) = E (

We choose z(U; x) in such a way that C~!(U; x) := S(U; x). Therefore we have to solve the following equations

z(U;x) .
cosh(|z(U; x)) = s1(U; x), RACILN sinh(|z(U; x)|) = —s2(U; x). (5.32)
|z(U; x)|
Concerning the first one we note that s satisfies
|ba(U; x)|?

(s1(U; ) — 1= >0,

2.0 1) A+ arUs x) + 250 WU; )

indeed we remind that 1 + a>(U; x) + kél)(U; x) > c1 + /c2 > 0 by (5.4), therefore

|2(U; x)| := arccosh(s; (U: x)) = In (sl(U; )+ V61U )2 — 1),

is well-defined. For the second equation one observes that the function

sinh(|2(U: 0D _ | 3 QWU DU )
RGBT Qk+Dt

3

k>0
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hence we set

v . |z(U; x)|
Z(U; x) :=s52(U; x)—sinh(|z(U; D (5.33)
We set
AV W; x,8) = AV WU 06 + AP (WU 0) (),
aP(U; x) 0 (5.34)
Ag)(U;X):( 2 0 Ry
ay (U;x)

where a{" (U; x) is defined in (5.29) and A\"(U; x) is defined in (5.28). Equation (5.31), together with (5.27) and
(5.34) implies that (5.14) holds. By construction one has that the matrix AV (U; x, &) satisfies Constraint 5.1. It
remains to show that A1) (U; x, £) satisfies either Hypothesis 5.1 or Hypothesis 5.2.

If A(U; x, &) satisfies Hypothesis 5.2 then we have that aél)(U ;x) in (5.29) is real. Moreover by construction
S(U; x) in (5.30) is even in x, therefore by Remark 3.6 we have that the map ®(U) in (5.21) is parity preserving
according to Definition 2.4. This implies that the matrix A(D(U; x, £) satisfies Hypothesis 5.2. Let us consider the
case when A(U; x, &) satisfies Hypothesis 5.1. One can check, by an explicit computation, that the map ®(U) in
(5.21), is such that

OY(U)(—E)®(U) = (—iE) + R(U), (5.35)

for some smoothing operators R(U) belonging to R;p olr]1 ® M3(C). In other words, up to a p-smoothing operator,
the map ®;(U) satisfies conditions (2.10). By following essentially word by word the proof of Lemma 2.2 one
obtains that, up to a smoothing operator in the class RI_('O \[r1 ® M, (C), the operator opBY(AD (U x, £)) in (5.14)

is self-adjoint. This implies that the matrix AV (U; x, £) satisfies Hypothesis 5.1. This concludes the proof. O
5.2. Diagonalization of the first order operator

In the previous Section we conjugated system (5.1) to (5.14), where the matrix AD(U; x, €) has the form
ADW:x, &) = AP U x)6)? + A (U x) (), (5.36)

with Afl)(U; x) belonging to Fx 1[r]® M2 (C) and where A;l) (U; x) is diagonal. In this Section we show that, since
the matrices Algl)(U ; x) satisfy Hypothesis 5.1 (respectively Hypothesis 5.2), it is possible to diagonalize also the

term Ail) (U; x) through a change of coordinates which is the identity plus a smoothing term. This is the result of the
following lemma.

Lemma 5.3. If the matrix AV (U; x, &) in (5.14) satisfies Hypothesis 5.1 (resp. together with P satisfy Hypothesis 5.2)
then there exists so > 0 (possibly larger than the one in Lemma 5.2) such that for any s > sq there exists an invertible
map (resp. an invertible and parity preserving map)

Oy =0 (U): CETT 1L B — KN B,
with
I @2UNE VIk—1s < IVIIk=1.s0+ CIU Ik 5) (5.37)

where C > 0 depends only on s and ||U |k s, such that the following holds. There exists a matrix A(Z)(U; x,&)
satisfying Constraint 5.1 and Hypothesis 5.1 (resp. Hypothesis 5.2) of the form

ADWU; x,8):= AP WU; ) (6)* + AP (U; ) (i),

AP (U x) = A U; x);

(5.38)

o P (U;x) 0

A7 (U;x) = Iy € Fi2lr1 @ My (0),
0 a,”(U;x)
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and operators sz)(U), R;z)(U) in R(}(’z[r] ® M»(C), such that by setting Vo = ®o(U) V) the system (5.14) reads
0 V2 =iE[AVs + OpPY (AP W x, ) 1Val + RP W) Val + RE W)U . (5.39)

Proof. We recall that by Lemma 5.2 we have that

aD(U; x, &) b<1>(U;x,s))
bDWU; x,—&) aD(U;x,—£))"

ADU;x,8) = (
Moreover by (5.13) we can write

aDU;x, 6 =al’ (U; )(16)? +al(U; x)(6),

bV (WU;x,8) = bV (U ) 8),

with aél)(U; X), ail)(U; X), bil)(U; x) € Fk.1lr]. In the case that AV x, &) satisfies Hypothesis 5.1, we can note
that b1(U; x) = 0. Hence it is enough to choose ®,(U) = 1 to obtain the thesis. On the other hand, assume that
AD (U; x, &) satisfies Hypothesis 5.2 we reason as follows.

Let us consider a symbol d(U; x, £) in the class F;}l [r] and define

0 dU; x,§)
dU; x, —§) 0

Let @3 (U)[-] be the flow of the system

D(U; x,£) = < ) elg,[r1® Ma(C). (5.40)

{a,cp;(y) =0p®Y(DU; x,£) 9L (V) (5.41)

»)U) =1.

Reasoning as done for the system (5.17) one has that there exists a unique family of invertible bounded operators on
H* satisfying with

(@IWUNE VK15 <IIVIk-1.51+ CllU]lk.5) (5.42)

for C > 0 depending on s and ||U || g 5, for T € [0, 1].
The operator W*(U)[-] := ®§(U)[~] — 1+ rOpBW(D(U; x, €))) solves the following system:

{afwf(U) =0pBY(DW; x, £)W* (U) + 10pPY (D(U; x, £)) 0 OpPW (D(U; x, £)) (5.43)

woU) =o.

Therefore, by Duhamel formula, one can check that W* (U) is a smoothing operator in the class R;?l [r]1 ® M(C)
for any 7 € [0, 1]. We set ®p(U)[] := ®5(U)[-]|,_,, by the discussion above we have that there exists Q(U) in

Ri1[r]1® M (C) such that
P (U)[]1=1+0pPY(D(WU; x,8) + Q).

Since @, ! (U) exists, by symbolic calculus, it is easy to check that there exists Q(U ) in R}’ZI [r] ® M (C) such that
o, (W)1=1-0p®Y(DW; x,8) + OU).

We set V, := &, (U)[ V1], therefore the system (5.14) in the new coordinates reads

(Vo) = Ba(UE (A +0pP" (AD W x, ) + R W) ) (@20~ [Va)+ 50

+ Oy (U)IERY (U)[U] + OpBY (8, @2 (U)) (@2 (U)) " [Va).

The summand d>2(U)iERél)(U)[~] belongs to the class R(}“[r] ® M>(C) by composition Propositions. Since
o D(U; x, &) belongs to 1",_(?2 [r1® M>(C) and 9, Q is in RE,ZZ[’"] ® M3 (C) then the last summand in (5.44) belongs
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to R(}(’z[r] ® M3 (C). We now study the first summand. First we note that d>2(U)iER§1)(U)<I>271 (U) is a bounded
remainder in R(1)<, 1 [r] ® M3 (C). It remains to study the term
102U (07 W)1V2]) ) | +i@2()| 067 (E (L + AL (W3 )(6)? + EA W5 0)()) |03 ' W)1Val,

where ‘B is defined in (1.19). The first term is equal to iE(3V,) up to a bounded term in ’R(}(’l [r] ® M2(C) by

Lemma 5.1. The second is equal to
i0pBY (E(1 + AL (U 0))(i6)* + EAYY (U; x)(i6)) + 505
+ [0 (D x, ), E0pPY (1 + AL (W3 1) (6)?) '

modulo bounded terms in R(;(,l [r] ® M3 (C). By using formula (3.27) one get that the commutator above is equal to
0pBY (M (U; x, £)) with

0 m(U; x, %))
MU;x,8) = ———— )
(W8 <m(U; & 0 (5.46)
m(U: x, £) 1= —2d(U: x.£)(1 + a3 (U: 0))(i€)?,
up to terms in R(I){’ 1[r]1 ® M3 (C). Therefore the system obtained after the change of coordinates reads
(Vo) =iE[AV2 +0pPY (AP W: x, )[Va] + Q1 W)Vl + Q2(W)[U] ], (5.47)
where Q1(U) and Q5(U) are bounded terms in R ,[r] ® M3 (C) and the new matrix A® (U: x, §)) is
asP(WU; x) 0 ) a"Ww:x) bPW;x)
(])7 (&))" + D D (i&) + MU; x,8). (5.48)
0 U;x) by "(U;x) a; (U;x)

Hence the elements on the diagonal are not affected by the change of coordinates, now our aim is to choose d(U; x, &)
in such a way that the symbol
bi(U; x)(i§) +m(U; x, &) = b1 (U; x)(i&) —2d(U; x, §)(1 + aél)(U‘ x))(i&)?, (5.49)

belongs to F »[r]. We split the symbol in (5.49) in low-high frequencies: let ¢ (§) a function in C0 (R; R) such that
supp(p) C [— 1 1] and ¢ =1 on [—1/2, 1/2]. Trivially one has that ¢(§)(b1(U; x)(1&) + m(U; x, €)) is a symbol in
F(1)< 1[r], so it is enough to solve the equation

(1= ¢®) [b1V: (&) = 243 x,6) 1+ W3 0)08)?) | =0, (5.50)

So we should choose the symbol d as

b\ (U;x)
dU;x.8) =\ ———5 —— )7
2(14a;’(U; x))

1 1
L B (5.51)

v =1%

1
odd continuation of class C*° if |£] € [0, 5).

Clearly the symbol d(U; x, &) in (5.51) belongs to FE}I [r], hence the map ®,(U) in (5.40) is well defined and
estimate (5.37) holds. It is evident that, after the choice of the symbol in (5.51), the matrix ADW; x,8) is
aél)(U;x) 0 al(l)(U;x) 0

T (i&)* + 55— | @® (5.52)
0 ay (U;x) 0 a, " (U; x).

The symbol d(U; x, ) is equal to d(U; —x, —&) because bil) (U; x) is odd in x and aél)(U; x) is even in x, therefore,
by Remark 3.6 the map ®,(U) is parity preserving. 0O
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5.3. Reduction to constant coefficients 1: paracomposition

Consider the diagonal matrix of functions Ag)(U ;x) € Fralr] ® M3 (C) defined in (5.38). In this section we

shall reduce the operator OpB W(Agz) (U; x)(i&)?) to a constant coefficient one, up to bounded terms (see (5.65)). For
these purposes we shall use a paracomposition operator (in the sense of Alinhac [3]) associated to the diffeomorphism
x = x + B(x) of T. We follow Section 2.5 of [10] and in particular we shall use their alternative definition of
paracomposition operator.

Consider a real symbol (U x) in the class Fg g/[r] and the map

by x> x+ BWU;x). (5.53)
We state the following.
Lemma 54. Ler 0 < K' < K be in N, r > 0 and B(U; x) € Fg g'[r] for U in the space CfR(I, H). If s¢ is suffi-
ciently large and B is 2w -periodic in x and satisfies

1+8,(U;x)>0>0, xekR, (5.54)

for some constant © depending on sup,c; I|U (t)|lg0, then the map ®y in (5.53) is a diffeomorphism of T to itself,
and its inverse may be written as

(@) iy y+y U Y) (5.55)
fory in Fg glrl.

Proof. Under condition (5.54) there exists y (U; y) such that

x+BWU;x)+yU;x+BU;x))=x, xek. (5.56)
One can prove the bound (3.3) on the function y (U; y) by differentiating in x equation (5.56) and using that 8(U; x)
isasymbolin Fg g/[r]. O

Remark 5.2. The Lemma above is very similar to Lemma 2.5.2 of [10]. The authors use a smallness assumption on r
to prove the result. Here this assumption is replaced by (5.54) in order to treat big sized initial conditions.

Remark 5.3. By Lemma 5.4 one has that x — x + t8(U; x) is a diffeomorphism of T for any t € [0, 1]. Indeed
I+18:(Usx)=1—t+7(1+B:(Usx)) = (1 — 1) + 70 = min{l, ©} > 0,
for any t € [0, 1]. Hence the (5.54) holds true with ¢ = min{1, ®} and Lemma 5.4 applies.

With the aim of simplifying the notation we set B(x) := B(U; x), y(y) := y(U; x) and we define the following
quantities
B(t;x,8)=B(t,U; x,§) := —ib(z; x)(i§),
px) (5.57)
(I+ 7B (x))

Then one defines the paracomposition operator associated to the diffeomorphism (5.53) as Q) (1), where Qg (1)
is the flow of the linear paradifferential equation

b(t;x):=

4q =iop®Y(B(x; U, £)Q
e Bw) () =10p~" (B(t; U, §))Q2pw) ()

QB(U) (0) =id.

(5.58)

We state here a Lemma which asserts that the problem (5.58) is well posed and whose solution is a one parameter
family of bounded operators on H*, which is one of the main properties of a paracomposition operator. For the proof
of the result we refer to Lemma 2.5.3 in [10].
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Lemma 5.5.Ler 0 < K' < K be in N, r > 0 and B(U; x) € Fk g'[r] for U in the space C rU H?%). The system
(5.58) has a unzque solution defined for Tt € [—1, 1]. Moreover for any s in R there exists a constant Cs > 0 such that
forany U in B o {.r) and any W in H*

TNWlas <1y (@O Wllps < CslWllgs, Yrel-1,11, WeH, (5.59)
and

1) Wlk-ks <A+ CIUlk ) IWllk-k's5 (5.60)
where C > 0 is a constant depending only on s and ||U ||k ,.
Remark 5.4. As pointed out in Remark 3.2, our classes of symbols are slightly different from the ones in [10]. For

this reason the authors in [10] are more precise about the constant C in (5.60). However the proof can be adapted
straightforward.

Remark 5.5. In the following we shall study how symbols a(U; x, &) changes under conjugation through the flow
Qp)(7) introduced in Lemma 5.5. In order to do this we shall apply Theorem 2.5.8 in [10]. Such result requires that
x — x + tB(U; x) is a path of diffeomorphism for t € [0, 1]. In [10] this fact is achieved by using the smallness of r,
here it is implied by Remark 5.3.

We now study how the convolution operator Px* changes under the flow Qg (7) introduced in Lemma 5.5.

Lemma 5.6. Let P : T — R be a C' function, let us define Pi[h] = P x h for h € H*, where  denote the convolution
between functions, and set ®(U)[-] := Qpw)(7)|,_,. There exists R belonging to R(I)( L] such that

®(U) o Pyo @ ' (U)[-1= Pil-]1+ R[] (5.61)

Moreover if P(x) is even in x and ®(U) is parity preserving according to Definition 2.4 then the remainder R(U) in
(5.61) is parity preserving.

Proof. Using equation (5.58) and estimate (3.18) one has that, for 0 < k < K — K’, the following holds true

19 (@*' (V) = 1d)hll gs—1-x < D CIU k5ol ks (5.62)
ki+ko=k

where C > 0 depends only on ||U | ks, and Id is the identity map on H*. Therefore we can write

o) P+ [07 W)h] | = Pxh+ (@) — 1P 1) + & P+ (@7 W) — 1ph ) | (5.63)

Using estimate (5.62) and the fact that the function P is of class C!(T) we can estimate the last two summands in the
r.h.s. of (5.63) as follows

—1PEh| < Y CIU iy 1P # Rl = > ClUrt s 1ligs
ki+ky= k1+ka=k

,(cb(U)[P*((¢*‘(U)—Id)h)])H < Z CIU Nkt (@ (U)—Id)hH
=k

< Y ClUNgr sty Wl -
ki+ko=k

for 0 <k < K — K’ and where C is a constant depending on || P| 1 and Ul k s,- Hence they belong to the class
R(I)( x-Lr]. Finally if P(x) is even in x then the operator P; is parity preserving according to Definition 2.4, therefore
if in addiction ®(U) is parity preserving so must be R(U) in (5.61). O

We are now in position to prove the following.
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Lemma 5.7. If the matrix A® (U; x, &) in (5.39) satisfies Hypothesis 5.1 (resp. together with P satisfy Hypothesis 5.2)
then there exists so > 0 (possibly larger than the one in Lemma 5.3) such that for any s > sq there exists an invertible
map (resp. an invertible and parity preserving map)

@3 = D3(U) : Cf (1, B (T, €) — CJ (1, HY (T, €%)),
with

(@3N VK25 < IVIIk-250+ CIU Ik 50) (5.64)

where C > 0 depends only on s and ||U ||k s, such that the following holds. There exists a matrix AP WU x,8)
satisfying Constraint 5.1 and Hypothesis 5.1 (resp. Hypothesis 5.2) of the form

AP WU; x, )= AP WU)(16) + AP (U x)(i8),

(3)
A§3)(U) = (02 ) 0 ) , a?) € Fg3lr], independent of x € T,

0 aPwW) (5.65)

3)

a,” (U; x) 0

AP W:x) :=( Y W) € Frslr1® Ma(0©),
a 3 X

and operators R?)(U), RS) ) in R(;(j[r] ® My (C), such that by setting V3 = ®3(U)V; the system (5.39) reads

0V =iE[ Vs + 0pPV (AP s 2. )1Vl + R W)LVal + R ) LU] . (5.66)

Proof. Let B(U; x) be a real symbol in Fg 2[r] to be chosen later such that condition (5.54) holds. Set moreover
y (U; x) the symbol such that (5.56) holds. Consider accordingly to the hypotheses of Lemma 5.5 the system

V — _ . BW B(T’x’f) 0
W=iEMW, WO =1, M:=0p ( 0 m) , 5.67)

where B is defined in (5.57). Note that B(z, x, —§) = —B(t, x, £). By Lemma 5.5 the flow exists and is bounded on
H* (T, C2) and moreover (5.64) holds. We want to conjugate the system (5.39) through the map ®3(U)[-]= W (1)[-].
Set V3 = ®3(U)V>. The system in the new coordinates reads

d
Vs = &3 (U)[iER[@3 W)V + (303U @3 W)IV3]

+ @3W)[iEOPPY (1 + AP W3 x)()H)]| 07 W)1Va]
(5.68)

+ 3 [iE0PPY (AP Ws x)(6)) |03 (U)1V3]
+ o3 W)[iERP W) |03 W)Va] + @3 WIERS W)U,

where 13 is defined in (1.19). We now discuss each term in (5.68). The first one, by Lemma 5.6, is equal to iE (B3 V3)
up to a bounded remainder in the class R(}(’z[r] ® M3 (C). The last two terms also belongs to the latter class because

the map @3 is a bounded operator on H*. For the term (9, ®3(U NP ! (U)[V3] we apply Proposition 2.5.9 of [10] and
we obtain that
e(U; x)(i&) 0

<a,c1>3<U>><I>;1<U>[V31=0PBW( 0 )

) [V3]+ R(U)[ V3], (5.69)

where R belongs to R}g[r] ® M>(C) and e(U; x) is a symbol in Fk 3[r] ® M2(C) such that Re(e(U; x)) = 0. It
remains to study the conjugate of the paradifferential terms in (5.68). We note that

S3(U)[iEOpPY (1 + AL (W3 x)(6)D)]| 07 W)Vl + &3 (W) [IEOPPY (A7 (U (i) | @3 )1 V)

“(o 7)
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where T is the operator

T =20y (HOpPY (1 4+ (U3 ¥)(6) + af? (U3 1)(08) ) 2y (1. (5.70)
The Paracomposition Theorem 2.5.8 in [10], which can be used thanks to Remarks 5.3 and 5.5, guarantees that

T =0p"" @ (U; x,8) +ay” U 0) ()] (5.71)

up to a bounded term in R(I)“[r] and where

Ui, &) = (1+aP U )1+ 9L (&2
® @ e (572)
ay’ (Usx) =a” (U; y) (1 +py(1, ),

y=x+p()

Here y(1,x) =y (z,x)|,_, = v(U; 7, x)|,_, with

y=x+1t8WU;x) ©&x=y+vy(t,y), tel0,1],

where x + t8(U; x) is the path of diffeomorphism given by Remark 5.3.
By Lemma 2.5.4 of Section 2.5 of [10] one has that the new symbols sz)(U; x,8), a?)(U; x) defined in (5.72)

belong to the class F%(j[r] and Fg 3[r] respectively. At this point we want to choose the symbol B(x) in such a way

that &53)(U ; x, &) does not depend on x. One can proceed as follows. Let a§3)(U ) a x-independent function to be

chosen later, one would like to solve the equation

(1+a2 WU ) (1+ 71, »);

pe (1807 = (1407 (U (8)% (5.73)
The solution of this equation is given by

y(U:1,y)=2;" (5.74)

In principle this solution is just formal because the operator 9 l'is defined only for function with zero mean, therefore

we have to choose a?)(U ) in such a way that

—1]dx =0, (5.75)

which means

1+a(U) = (5.76)

1
T \/1+a§)(U7y)

Note that everything is well defined thanks to the positivity of 1 + aéz). Indeed aéz) = aél) by (5.38), and aél) satisfies
(5.15). Indeed every denominator in (5.74), (5.75) and in (5.76) stays far away from 0. Note that y (U; y) belongs to
Fk 2[r] and so does B(U; x) by Lemma 5.4. By using (5.56) one can deduce that

1
1+ Ux)=——— 5.77
PO = T oty 77
where
-1
1 1
1+y,U;1,y)=2r /—dy —_— (5.78)

2 J1+aPW:y) J1+a2W; y)
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thanks to (5.74) and (5.76). Since the matrix Aéz) satisfies Hypothesis 5.3 one has that there exists a universal constant

c > 0suchthat 1+ aéz)(U ; ¥) > c. Therefore one has

1 1 1
S VS N B
1+Vy(U,1,y) 271’]1‘ 1+a§2)(U,y)
Jc

=0 >0,

1+ B:(U;x)=

R
27 14+ ClUllo,s

for some C depending only on ||U| g s,, where we used the fact that aéz)(U; y) belongs to the class Fg 2[r] (see
Definition 3.2). This implies that (U; x) satisfies condition (5.54). We have written system (5.39) in the form (5.66)
with matrices defined in (5.65).

It remains to show that the new matrix A®)(U; x, ) satisfies either Hypothesis 5.1 or 5.2. If ADWU; x, &) is
selfadjoint, i.e. satisfies Hypothesis 5.1, then one has that the matrix A(3)(U ; x, £) is selfadjoint as well thanks to the
fact that the map W (1) satisfies the hypotheses (condition (2.10)) of Lemma 2.2, by using Lemma 2.1. In the case
that A® (U; x, £) is parity preserving, i.e. satisfies Hypothesis 5.2, then A®)(U; &) has the same properties for the
following reasons. The symbols 8(U; x) and y (U; x) are odd in x if the function U is even in x. Hence the flow map
W (1) defined by equation (5.67) is parity preserving. Moreover the matrix A®)(U; x, &) satisfies Hypothesis 5.2 by
explicit computation. 0O

5.4. Reduction to constant coefficients 2: first order terms

Lemmata 5.2, 5.3, 5.7 guarantee that one can conjugate the system (5.1) to the system (5.66) in which the matrix
A®\(U; x, &) (see (5.65)) has the form

AW x,8) = AV W) (6 + AV WU x) ), (5.79)

where the matrices A?) ), A?) (U; x) are diagonal and belong to Fx 3[r]® M3 (C), fori = 1, 2. Moreover A;s) )

does not depend on x € T. In this Section we show how to eliminate the x dependence of the symbol A?) (U; x) in
(5.65). We prove the following.

Lemma 5.8. If the matrix A®) (U x, ) in (5.66) satisfies Hypothesis 5.1 (resp. together with P satisfy Hypothesis 5.2)
then there exists so > 0 (possibly larger than the one in Lemma 5.7) such that for any s > sq there exists an invertible
map (resp. an invertible and parity preserving map)

Dy = Dy(U) : (1, (T, C) — Cf (1, HY (T, €%,
with

I(@aU)FVllk—3.s < IV lIk=3,5(1 + CIIU Il .50 (5.80)

where C > 0 depends only on s and |U ||k s, such that the following holds. Then there exists a matrix AU &)
independent of x € T of the form

W) 0 (%) 0
AW 8) = —— | )7+ —— | . (5.81)
0o aPwW) o aPwW

where a§3) (U) is defined in (5.65) and a}4)(U ) is a symbol in Fi 4lr], independent of x, which is purely imaginary
in the case of Hypothesis 5.1 (resp. is equal to 0). There are operators R§4)(U), Rg') ) in R(,)(A[r] ® My (C), such
that by setting V4 = ®4(U) V3 the system (5.66) reads

0 Va =iE[AVs+O0pPY (AP W Va1 + RIPWVal + RO W)U (5.82)
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Proof. Consider a symbol s(U; x) in the class Fg 3[r] and define

v (sWUsx) 0
S(U,x)._< 0 s(U;x))'

Let @} (U)[-] be the flow of the system

{afobz(U)H =0pBY (S(U; x))PLW)I[] 5.8

oYU ]=1.

Again one can reason as done for the system (5.17) to check that there exists a unique family of invertible bounded
operators on H* satisfying

I @EUNE VK35 < IVIK—35(1 + ClU Ik 5) (5.84)
for C > 0 depending on s and ||U || g 5, for T € [0, 1]. We set
D4(U)[-] = DLWU)[),_, = exp{OpBY (S(U; x))}. (5.85)

By Corollary 3.1 we get that there exists Q(U) in the class of smoothing remainder Rl_f 3[r] ® M2(C) for any p >0
such that

QU] = OPBW(GXP{S(U; P+ W) (5.86)
Since CDZI (U) exists, by symbolic calculus, it is easy to check that there exists O(U) in R;p 3171 ® M2 (C) such that
@, ()] =0p®" (exp{—S(U; )N+ QWU)L-].
We set G(U; x) =exp{S(U; x)} and V4 = ®4(U) V3. Then the system (5.66) becomes
(Vo) = Dy UE(A +0pPY (AP W3 x, ) + R W) (@4 Val+ .
+ Q4(UNERS (U)[U]+ 0pPY (3, G (U x, €))(@a(U)) ' [Val.

Recalling that A =3 + ;% (see (1.20)) we note that by Lemma 5.1 the term i®4(U) [E‘B(CDZI(U)[W]] is equal to
iEB V4 up to a remainder in R(;(’ 4[r1® M>(C). Secondly we note that the operator

O(U)[]:= D4 (UERY ()0, {(U)[-] + D4(IERY (U)[UT1+0pBY (3,G(U; x)) 0 071U (5.88)

belongs to the class of operators R(,)( 4[r]1 ® M2 (C). This follows by applying Propositions 3.3, 3.4, Remark 3.5 and
the fact that 9, G(U; x) is a matrix in Fg 4[r] ® M2 (C). It remains to study the term

S4UE(0pP" (1 + 4D W))(i8)?) + OpBY (AT (W5 x)(()) ) (W) . (5.89)

By using formula (3.27) and Remark 3.5 one gets that, up to remainder in R(I)(, 4[r] ® M3 (C), the term in (5.89) is
equal to

OBV 3) 2 o maaBW (T x)36E) 0

IEOp™" (14 Ay (U))(i§)*) +iEOp < 0 m@) (5.90)
where

rU;x) :=aP (U; %) +2(1 +aS (U))des (U x). (5.91)

We look for a symbol s(U; x) such that, the term of order one has constant coefficient in x. This requires to solve the
equation

a) (U x) +2(1+a (U)des(U: x) =a(P (U), (5.92)

for some symbol a§4) (U) constant in x to be chosen. Equation (5.92) is equivalent to



158 R. Feola, F. landoli / Ann. 1. H. Poincaré — AN 36 (2019) 119-164

—al) U x) +a” (U)

oxs(U; x) = 3 (5.93)
2(1+ay " (U))
We choose the constant a§4) (U) as
1
a Py = _/a§3)(U;x)dx, (5.94)
2
T
so that the r.h.s. of (5.93) has zero average, hence the solution of (5.93) is given by
3 4)
—a; (U;x)+a; (U
s(U;x) =0, i )(3) OO (5.95)
2(14+a,"(U))

It is easy to check that s(U; x) belongs to Fx 4[r]. Using equation (5.91) we get (5.82) with ADWU; &) asin (5.81).
It remains to prove that the constant af4) (U) in (5.94) is purely imaginary. On one hand, if A®(U; x, &) satisfies

Hypothesis 5.1, we note the following. The coefficient a?) (U; x) must be purely imaginary hence the constant af4) )
in (5.94) is purely imaginary.
On the other hand, if A(3)(U ; x, &) satisfies Hypothesis 5.2, we note that the function a?)(U ;1 x) is odd in x. This

means that the constants a§4)(U ) in (5.94) is zero. Moreover the symbol s(U; x) in (5.95) is even in x, hence the map
®4(U) in (5.83) is parity preserving according to Definition 2.4 thanks to Remark 3.6. This concludes the proof. 0O

Proof of Theorem 5.1. Itis enough to choose ®(U) := ®4(U)o---0P1(U). The estimates (5.5) follow by collecting
the bounds (5.12), (5.37), (5.64) and (5.80). We define the matrix of symbols L(U; §) as

U, 0 : . .
LW:E) = (m(og) m(U’_g)), n(U.§) = a” U)) +aP W) i6) (5.96)

where the coefficients af’)(U ), a§4) (U) are x-independent (see (5.81)). One concludes the proof by setting R (U) :=
RP(U)and Ry(U) =R (U). O

An important consequence of Theorem 5.1 is that system (5.1) admits a regular and unique solution. More precisely
we have the following.

Proposition 5.1. Let so given by Theorem 5.1 with K = 4. For any s > so + 2 let U = U (t, x) be a function in
Bf([O, T),0) for someT >0, r > 0,0 >r with |U(O, -)|lgs <r and consider the system

{ 3V = iE[AV +OpBY(AWU; x, ENIVI+ RO W)V + Ré‘”(U)[U]], (5.9)

V(0,x)=U(0,x) € H,
where the matrix A(U; x, &), the operators Rgo)(U ) and Réo)(U ) satisfy the hypotheses of Theorem 5.1. Then the
following holds true.
(i) There exists a unique solution Yy (1)U (0, x) of the system (5.97) defined for any t € [0, T) such that
Iy (U0, 0l < CNUO, 0 llgs (1 +1C U4, )€ N s 41 U1y 5 NV 4, (5.98)

where C is constant depending on s, r, sup,cio 111U ll4 s—2 and || P c1.

(ii) In the case that U is even in x, the matrix A(U; x, &) and the operator A satisfy Hypothesis 5.2, the opera-
tor REO)(U)[-] is parity preserving according to Definition 2.4 and R;O)(U)[U] is even in x, then the solution
Yy (U, x) iseveninx € T.

Proof. We apply to system (5.97) Theorem 5.1 defining W = ®(U)V. The system in the new coordinates reads

{ W — iE[AW +OpPY (LU DWW + Ri(U)W + Rz(U)[U]] —0 599)

W (0, x) = U0, x)U O, x) := WO(x),
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where L(U; &) is a diagonal, self-adjoint and constant coefficient in x matrix in Fﬁ, Ar1®@ Ma(0), Ri(U), Ry(U) are
in Rg’ 4[7]1 ® M3 (C). Therefore the solution of the linear problem

{a,W—iE[AW+OpBW(L(U;E))]W=0 (5.100)

W, x)=wOw),

is well defined as long as U is well defined, moreover it is an isometry of H*. We denote by v/ the flow at time 7 of
such equation. Then one can define the operator

t
Ty (W)t x) = 9!, (WO () + v /(1//2)’HE<R1(U(S, W (s, x) + Ra(U (s, x)U s, x))ds. (5.101)
0

Thanks to (5.5) and by the hypothesis on U (0, x) one has that || w© ”H-V < (1 4+ cr)r for some constant ¢ > 0 depend-
ing only on r. In order to construct a fixed point for the operator Ty, (W) in (5.101) we consider the sequence of
approximations defined as follows:

Wo(t, x) =y W),

Wn(tsx):TW(O)(WI’l—l)(t9x)v nZ 11

for 7 € [0, T). For the rest of the proof we will denote by C any constant depending on r, s, sup, ¢ ) |U (Z, )14 52
and || P|| 1. Using estimates (3.17) one gets forn > 1

t
[(Wng1 = W) (2, ) llms =C U, ) llgs / [(Wn = Wu1)(z, ) llmsdr.
0

Arguing by induction over n, one deduces

U, )llgs)"t"

||(Wn+1 - Wn)(t, ')”H-v = !

(W — Wo)(, ), (5.102)

which implies that W (¢, x) = Zi’;l (Wha1 — W) (¢, x) + Wo(z, x) is a fixed point of the operator in (5.101) belonging
to the space CSR([O, T); H*(T; C?)). Therefore by Duhamel principle the function W is the unique solution of the
problem (5.99). Moreover, by using (3.17), we have that the following inequality holds true

[Wi(t, ) — Wo(t, ) llgs <tC(IIU lIgs

WO+ 10l 1U ).

from which, together with estimates (5.102), one deduces that

oo
IW (@ s < Y1 Wagr — W) (@ ) s + HW«)) HH
n=0
oo

o n n
- (Ul (1C U )
=[w®], (1+rcnvmm Yo =) e Ul Y ——

n= n=0

= [ WO (e lU g eIV + 1 U g o1
<@ (1+chUlg 1) e Ul o1

Applying the inverse transformation V = &~ (U)W and using (5.5) we find a solution V of the problem (5.97) such
that

IV lgs < C HU(O) HH (14 1C U Iggs €1V 4 £C U || gge €10 e

We now prove a similar estimate for 9, V. More precisely one has
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0 0
10,V llgs— < 1AV +O0pP Y (AU x, )V Il + IR )V g2 + I1RS” (U U g2
=ClVlgs +ClVlgs—+C (5.103)
< CIIUO, )l (1+1C[Ullg e Ve ¢ Uy 5 10 1,
where we used estimates (3.19) and (3.17). By differentiating equation (5.97) and arguing as done in (5.103) one can
bound the terms || B,kV |lgs—2«, for 2 < k <4, and hence obtain the (5.98).
In the case that U is even in x, A, A(U; x, &) satisfy Hypothesis 5.2, Ry (U)[-] is parity preserving according to
Definition 2.4 and Réo)(U )[U] is even in x we have, by Theorem 5.1, that the map ®(U) is parity-preserving. Hence

the flow of the system (5.99) preserves the subspace of even functions. This follows by Lemma 2.3. Hence the solution
of (5.97) defined as V = &1 (U)W is even in x. This concludes the proof. O

Remark 5.6. In the notation of Proposition 5.1 the following holds true.

o If Réo) =0 in (5.97), then the estimate (5.98) may be improved as follows:

Wy (DU, )45 < CIUO, x)Igs (1 41C U l45)e VN5 (5.104)

This follows straightforward from the proof of Proposition 5.1.

o If Rg)) = Rio) = ( then the flow ¥y (¢) of (5.97) is invertible and (Vg ®))~LU(0, x) satisfies an estimate similar
to (5.104). To see this one proceed as follows. Let ®(U)[-] the map given by Theorem 5.1 and set I'(¢) :=
®(U)yy(t). Thanks to Theorem 5.1, I'(¢) is the flow of the linear para-differential equation

3T(1) =iEOp®" (L(U: §)I'(1) + R(W)T (),
ro)=1Id,

where R(U) is a remainder in 7'\’,(}( 4lr] and OpB W(L(U;§)) is diagonal, self-adjoint and constant coefficients in

x. Then, if ¥ (¢) is the flow generated by iOpBW(L(U ; €)) (which exists and is an isometry of H*), we have that
['(t) =¢1(t) o F(t), where F(t) solves the Banach space ODE

O F ()= (L) ' RWIWYL@®)F (),
F(0)=1d.

To see this one has to use the fact that the operators iOpB W(Lw: £)) and Y () commutes. Standard the-
ory of Banach spaces ODE implies that F'(¢) exists and is invertible, therefore ¥y (¢) is invertible as well and
W)~ = (F@) o (Yr(t))™' o ®(U). To deduce the estimate satisfied by (¥ (1)) ™! one has to use (3.17)
to control the contribution coming from R(U), the fact that ¥z (¢) is an isometry and (5.5).

6. Local existence

In this Section we prove Theorem 1.1. By previous discussions we know that (1.1) is equivalent to the system
(4.15) (see Proposition 4.1). Our method relies on an iterative scheme. Namely we introduce the following sequence
of linear problems. Let U© e H* such that U@ ||gs < r for some r > 0. For n = 0 we set

Ay = (6.1)

0;Uyp —1EAUy =0,
Up(0)=U©.

The solution of this problem exists and is unique, defined for any r € R by standard linear theory, it is a group of
isometries of H' (its k-th derivative is a group of isometries of H* —2k) and hence satisfies || Ug|| 45 <rforanyteR.

For n > 1, assuming U,,_; € le(f (I,r)yn CﬁR(l, HS(T, C?)) for some sp, K > 0 and s > so, we define the Cauchy
problem

: BwW . —
A ! U U —E[ AU, +OpBY (AU 13 2, 8)U, + RV 11| =0, .

U, (0) =09,
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where the matrix of symbols A(U; x, £) and the operator R(U) are defined in Proposition 4.1 (see (4.15)).
One has to show that each problem .4, admits a unique solution U,, defined for ¢ € I. We use Proposition 5.1 in
order to prove the following lemma.

Lemma 6.1.

Let f be a C™ function from C3 in C satisfying Hypothesis 1.1 (resp. Hypothesis 1.2). Let r > 0 and consider
U in the ball of radius r of H* (resp. of H: ) centered at the origin. Consider the operators A, R(U) and the matrix
of symbols A(U; x, &) given by Proposition 4.1 with K =4, p =0. If f satisfies Hypothesis 1.3, or r is sufficiently
small, then there exists so > 0 such that for all s > sq the following holds. There exists a time T and a constant 6, both
of them depending on r and s, such that for any n > 0 one has:

(S1), for 0 <m <n there exists a function Uy, in

Un € BX([0,T),0), (6.3)

which is the unique solution of the problem A, in the case of parity preserving Hypothesis 1.2 the functions
UpforO<m<nareeveninx €T;
(S2), for0<m <n one has

1Un = Un—illyy <27"r, so<s <s—2, (6.4)

where U_ :=0.

Proof. We argue by induction. The (S1)¢ and (S2)( are true thanks to the discussion following the equation (6.1).
Suppose that (S1),—1, (52),—1 hold with a constant 8 =60(s,r, [|P|lc1) > 1l andatime T =T (s,r, ||Pllc1,6) < 1.
We show that (S1),, (S2), hold with the same constant 6 and 7.

The Hypothesis 1.1, together with Lemma 4.2 (resp. Hypothesis 1.2 together with Lemma 4.3) implies that the ma-
trix A(U; x, &) satisfies Hypothesis 5.1 (resp. Hypothesis 5.2) and Constraint 5.1. The Hypothesis 1.3, together with
Lemma 4.4, (or r small enough) implies that A(U; x, &) satisfies also the Hypothesis 5.3. Therefore the hypotheses
of Theorem 5.1 are fulfilled. In particular, in the case of Hypothesis 1.2, Lemma 4.3 guarantees also that the matrix of
operators R(U)[-] is parity preserving according to Definition 2.4.

Moreover by (6.3), we have that ||U,_1|l4s < 6, hence the hypotheses of Proposition 5.1 are fulfilled by system
(6.2) with Rio) =0, Réo) =R, U~ U,_1 and V ~» Uy, in (5.97). We note that, by (52),,_1, one has that the constant
C in (5.98) does not depend on 6, but it depend only on r > 0. Indeed (6.4) implies

n—1 n—1
1
[Un—1ll4,5-2 < E 1Un = Un-illg52 =7 E o =2r, Vtel0,T] (6.5)
m=0 m=0

Proposition 5.1 provides a solution Uy, (¢) defined for ¢ € [0, T']. By (5.98) one has that
1Unlay =¢ |UO]  (+iciUnilly g1l 1rc U,y IOl 4 c, (6.6

where C is a constant depending on ||Uy—_1|l4.s—2, 7, s and || P||c1, hence, thanks to (6.5), it depends only on r, s,
| Pllc1. We deduce that, if

TCH <1, 0 >Cr2e+e+C, (6.7)

then ||Uy,ll4,s <6.If A(Uy—1;x,&) and A satisfy Hypothesis 5.2, R(U,—1) is parity preserving then the solution U,
is even in x € T. Indeed by the inductive hypothesis U, _; is even, hence item (ii) of Proposition 5.1 applies. This
proves (S1),.

Let us check (§2),. Setting V,, = U, — U,,—1 we have that

(6.8)

0 Vi = AE[ AVs + OpPY (AWUnm1i 6, €)Va + £, ] =0,
Va(0) =0,

where
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Ju = OPBW (A(Unfl; x,8) — A(Up—2; x, ‘i:))Unfl + RUy—1)Up—1 — R(Up—2)Uy 3. (6.9)

Note that, by (4.28), (4.29), we have
ol = 0P (AWa1:2,8) = AWn—2: 6,0 )Unt |, + IRUs)Unmt = RUn-2)Un—2llg
= C[WVamtllao 10t a2+ (W0t g+ 102l ) Vol | (6.10)

= C(1Un-tlla.s2 + Wa2llagsa ) Vot la

where C > 0 depends only on s, |Up—1ll4,5, IUn—21l4,5,- Recalling the estimate (6.5) we can conclude that the con-
stant C in (6.10) depends only on s, r.

The system (6.8) with f;, = 0 has the form (5.97) with Réo) =0 and Rio) =0. Let ¥y,_, (¢) be the flow of system
(6.8) with f;; =0, which is given by Proposition 5.1. The Duhamel formulation of (6.8) is

1
Vau(t) =Yy, (1) /WU,H () HEfy()dr. (6.11)
0

Then using the inductive hypothesis (6.3), inequality (5.104) and the second item of Remark 5.6 we get

|Valla,s <OKIT|Vi—illasy, VYiel0,T], (6.12)

where K1 > 0is a constant depending r, s and || P||o1. If K10T < 1/2 then we have ||V, |l4. <27"r forany ¢ € [0, T)
which is the (S2),. O

We are now in position to prove Theorem 1.1.

Proof of Theorem 1.1. Consider the equation (1.1). By Lemma 4.1 we know that (1.1) is equivalent to the system
(4.15). Since f satisfies Hypothesis 1.1 (resp. Hypothesis 1.2) and Hypothesis 1.3, then Lemmata 4.2 (resp 4.3) and
4.4 imply that the matrix A(U; x, &) satisfies Constraint 5.1 and Hypothesis 5.1 (resp. Hypothesis 5.2 and R(U) is
parity preserving according to Definition 2.4). According to this setting consider the problem A, in (6.2).
By Lemma 6.1 we know that the sequence U, defined by (6.2) converges strongly to a function U in
CSR([O, T),H*) for any s’ <s — 2 and, up to subsequences,
Un(t) =~ U(t), in H’,

s (6.13)
U, (t) =3, U(r), in H'™~,

for any ¢ € [0, T'), moreover the function U is in L ([0, T'), H*) N Lip([0, T'), H*~2). In order to prove that U solves
(4.15) it is enough to show that

|0pE™ (AW, -1 2,010, + RWu-)[Up11 - OpB" (A3 2,10 = ROV
goes to 0 as n goes to co. Using (4.28) and (3.19) we obtain

10pBY (A(Up—1: x. &)U, — OpPY (AU x, £)U) g2 <

10pBY (A(Un—1: x.6) — A(U; x, E)Unllgs—2 + 10pPY (AU 2, §)(U — Up) s <

(U = Unll 100 + 1U = Ut o 1Un s )

which tends to 0 since s — 2 > s’. In order to show that R(U,_1)[U,—1] tends to R(U)[U] in H5 2 it s enough to use
(4.29). Using the equation (4.15) and the discussion above the solution U has the following regularity:

U € B4([0, T); 6) N L™([0, T), H*) N Lip([0, T), H* %), Vsp<s <s-2, 6.14)
WUl o o0,7),15) < 0, ‘
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where 6 and sg are given by Lemma 6.1. We show that U actually belongs to CSR([O, T),H®). Let us consider the
problem

{ 3V — iE[AV +OpBY (AU x, €)V + R(U)[U]] —0, 615

voy=u9, vOen,
where the matrices A and R are defined in Proposition 4.1 (see (4.15)) and U is defined in (6.13) (hence satisfies
(6.14)). Theorem 5.1 applies to system (6.15) and provides a map
DU)[]: C ([0, T), HY (T, €2)) — CI ([0, T), H' (T, €2)), (6.16)
which satisfies (5.5) with K =4 and s’ as in (6.14). One has that the function W := ®(U)[U] solves, the problem

{ QW — iE[A +0pBY (L(U; s»]W + Ry(U)[U]+ Ry (U)W =0 617

W) =oUNHU®:=wO,

where L(U) is a diagonal, self-adjoint and constant coefficient in x matrix of symbols in F%(’ 4101, and R (U), R2(U)
are matrices of bounded operators (see eq. (5.6)). We prove that W is weakly-continuous in time with values in H®.
First of all note that U € C°([0, T); HS,) with s” given in (6.14), therefore W belongs to the same space thanks to
(6.16). Moreover W is in L°°([0, T), H*) (again by (6.14) and (6.16)). Consider a sequence T, converging to t as
n— o0.Let¢p e H™* and ¢, € C°(T; C?) such that ||¢ — ¢ ||g-s < &. Then we have

f (W () — W())pdx]| < / (W () — W(0)edx| + / (W () — WD) (@ — $e)dx
T T T

1 (5) = Wl e g -+ W () — WO el — e g
< Ce 4+ 2Wl me

(6.18)

IA

for n sufficiently large and where s’ < s — 2 as above.

Therefore W is weakly continuous in time with values in H®. In order to prove that W is in CS]R([O, T),H%),
we show that the map ¢ — ||W(#)||gs is continuous on [0, 7). We introduce, for 0 < € < 1, the Friedrichs mollifier
Jeo :=(1 — €dy,)~! and the Fourier multiplier A® := (1 — D)2, Using the equation (6.17) and estimates (3.17) one
gets

d
AW o = €[ IV IWO s + 1W Ol 1V s | (6.19)

where the right hand side is independent of € and the constant C depends on s and ||U ||gs . Moreover, since U, W
belong to L>°([0, T'), H*), the right hand side of inequality (6.19) is bounded from above by a constant independent of
t. Therefore the function ¢ — || Je W (¢)||jgo is Lipschitz continuous in ¢, uniformly in €. As J W (¢) converges to W (¢)
in the H*-norm, the function ¢ — || W (¢)||go is Lipschitz continuous as well. Therefore W belongs to CS]R([O, T), H%)
and so does U. To recover the regularity of % U one may use equation (4.15).

Let us show the uniqueness. Suppose that there are two solution U and V in C SR([O, T), H®) of the problem (4.15).
Set H :=U — V, then H solves the problem

{ 0 H —iE[ AH +0pP" (AU: x, €)[H] + RW)IH] | +iEF =0 6.20)
H(0) =0,
where
F .= OpBW(A(U; x,6) —A(V;x,6)V + (RU)— RV))[V].
Thanks to estimates (4.28) and (4.29) we have the bound
|Fllgo = CI1H g (10 s + 1V I ). (6.21)

By Proposition 5.1, using Duhamel principle and (6.21), it is easy to show the following:
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t
15 () lgs— < C(r)/ I1H (o)l gs—do.
0

Thus by Gronwall Lemma the solution is equal to zero for almost everywhere time 7 in [0, T'). By continuity one
gets the unicity. O

Proof of Theorem 1.2. The proof is the same of the one of Theorem 1.1, one only has to note that the matrix
A(U; x, &) satisfies Hypothesis 5.3 thanks to the smallness of the initial datum instead of Hypothesis 1.3. O
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