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Abstract

In this paper we prove the nonlinear orbital stability of a large class of steady state solutions to the Hamiltonian Mean Field
(HMF) system with a Poisson interaction potential. These steady states are obtained as minimizers of an energy functional under
one, two or infinitely many constraints. The singularity of the Poisson potential prevents from a direct run of the general strategy
in [19,16] which was based on generalized rearrangement techniques, and which has been recently extended to the case of the
usual (smooth) cosine potential [17]. Our strategy is rather based on variational techniques. However, due to the boundedness of
the space domain, our variational problems do not enjoy the usual scaling invariances which are, in general, very important in the
analysis of variational problems. To replace these scaling arguments, we introduce new transformations which, although specific
to our context, remain somehow in the same spirit of rearrangements tools introduced in the references above. In particular, these
transformations allow for the incorporation of an arbitrary number of constraints, and yield a stability result for a large class of
steady states.
© 2018 Elsevier Masson SAS. All rights reserved.
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1. Introduction and main results
1.1. The HMF Poisson model

The Hamiltonian mean-field (HMF) model [22,1] describes the evolution of particles moving on a circle under
the action of a given potential. The most popular model is the HMF system with an infinite range attractive cosine
potential. Although this model has no direct physical relevance, it is commonly used in the physics literature as a
toy model to describe some gravitational systems. In particular, it is involved in the study of non-equilibrium phase
transitions [9,26,2,25], of traveling clusters [7,29] or of relaxation processes [28,3,10]. Many results exist concerning
the stability of steady state solutions to the HMF system with a cosine potential. Some are about the dynamics of
perturbations of inhomogeneous steady states [4,5] and others deal with the linear stability of steady states [9,24,6].
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In [17], the nonlinear stability of inhomogeneous steady states that satisfy an explicit criterion is proved. In the case
of homogeneous (i.e. with dependence in velocity only) steady states and a cosine interaction potential, a nonlinear
Landau damping analysis has been investigated for the HMF model in Sobolev spaces [14].

There exist other kinds of potentials for the HMF model like the Poisson potential or the screened Poisson potential
[11,23]. In this paper, we study the orbital stability of ground states of a HMF model with a Poisson potential. This
model is closer to the Vlasov—Poisson system than the HMF model with a cosine potential. The Poisson interaction
potential is however more singular, which induces serious technical difficulties and prevent from a complete appli-
cation of the strategy introduced in [19] for the Vlasov—Poisson system or in [17] for the HMF model with a cosine
potential. For this reason, our analysis is based on variational methods. A general approach is introduced allowing
to prove the nonlinear stability of a large class of steady states thanks to the study of variational problems with one,
two or infinitely many constraints. Notice that, in our case, since the domain of the position is bounded and since the
number of constraints may be infinite, scaling arguments like in [20,18] cannot be used. New transformations will be
introduced to bypass these technical difficulties.

The HMF Poisson system reads

0 f +v0af —dadsdf =0, (1,0,0) €Ry x TxR,
f(t 20797 U) = ﬁ)lil(e’ U) 205

where T is the flat torus R/277Z and f = f(¢,60,v) is the nonnegative distribution function. The self-consistent
potential ¢y associated to a distribution function f is defined for 6 € T by

(1.1)

d5br=pr — ”’;¢ ps©®) =/f<9,v>dv (1.2)
" R
or, equivalently,
2
¢r(0) = / WO —6)py(6)dd, (13)
0
where the function W is defined on R by
. . 02 19 =
W is 2rw-periodic, VO e[-m,nw], WO =——-+———.
4r 2 6

Note that W has a zero average, is continuous on R and that ¢ 7 is 27 -periodic with zero average: f02 T £(0)do =0.
Some quantities are invariant during the evolution:

e the Casimir functions: [ j(f (0, v))dddv, for any function j € C!(R) such that j(0) = 0;
e the nonlinear energy:

2
v? 1 ,
H(f)://?f(f),v)dedv — E/¢>f((9)2c19; (1.4)
0

e the total momentum: [[ vf (6, v)dodv.

Moreover, the HMF system satisfies the Galilean invariance, that is, if f(¢,0, v) is a solution, then so is f(¢,0 +
vot, v + vg), for all vg € R.

In Section 2, we prove the orbital stability of stationary states which are minimizers of a one-constraint variational
problem. It is obtained for two kinds of steady states: the compactly supported ones and the Maxwell-Boltzmann
(non-compactly supported) distributions [10]. In Section 3, we prove the orbital stability of compactly supported
steady states which are minimizers of a two constraints problem. In particular, this covers the case of compactly
supported steady states which are minimizers of a one constraint problem. Lastly, in Section 4, we prove the orbital
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stability of the set of all the minimizers of a problem with an infinite number of constraints. This set of minimizers
contains the minimizers of one and two constraints problems. However, at this stage, our strategy only provides a
collective stability result (stability of the set of minimizers) for the minimizers of this problem with infinite number of
constraints, instead of the individual stability of each minimizer which is only obtained for the one and two constraints
variational problems.

1.2. Statement of the results

1.2.1. One-constraint problem
First, in Section 2, we will show the orbital stability of stationary states which are minimizers of the following
variational problem

(M) f HO) + //j(f(@, v))dfdv. (1.5)

FEE}Nf =M

The constant M > 0 is given and E; is the energy space:

"//j(f(e, v))dodv

where j : Ry — R is either the function defined by j(#) = ¢ In(¢) for r > 0 and j (0) = 0 or a function j satisfying the
following assumptions

Ej= {f >0, (1 +v?) fll < +o0,

- —}—oo}, (1.6)

H1) je CZ(R";); j(0)=j’(0)=0and j”(r) >0 forall r >0,
(H2) lim {2 = too.
t——+00

Note that j(¢) =t In(¢) satisfies (H2) but not (H1) since j’(0) s 0 in this case.

E.
Definition 1.1. We shall say that a sequence f,, converges to f in E; and we shall write f; L Fif A+ 03 (S —
I W 0and [[ j(fu(0,v))do dv onel [] j(f©,v))dodv.

In our first result, we establish the existence of ground states for the HMF Poisson model (1.1) which are minimizers
of the variational problem (1.5). This theorem will be proved in Section 2.1.2.

Theorem 1 (Existence of ground states). Let j be the function j(t) = tIn(t) or a function satisfying (HI) and (H2).
We have:

(1) In both cases, the infimum (1.5) exists and is achieved at a minimizer fy which is a steady state of (1.1).
(2) If j satisfies (HI) and (H2), any minimizer fo of (1.5) is continuous, compactly supported, piecewise C U and takes
the form

v2

fo0,v) = (! (xo -5 - ¢f0(9)) for some Ly € R.
+

The function (.)+ is defined by (x); = x if x >0, 0 else.
(3) If j(t) =tIn(z), any minimizer fy of (1.5) is a C* function which takes the form

2
fo(@,v) =exp ()\.O — % — qf)fo(@)) for some 1y € R.

Our second result concerns the orbital stability of the above constructed ground states under the action of the HMF
Poisson flow. But first and foremost, we need to prove the uniqueness of the minimizers under equimeasurability
condition. To do that, first recall the definition of the equimeasurability of two functions.
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Definition 1.2. Let f| and f> be two nonnegative functions in L ([0, 2] x R). The functions f1 and f> are said to
be equimeasurable, if, and only if, u r, = s, where 1y denotes the distribution function of f, defined by

nr(s)=H@,v)el0,2r] xR: f(6,v) > s}|, foralls >0, 1.7)

and |A| stands for the Lebesgue measure of a set A.

Lemma 1.1 (Uniqueness of the minimizer under equimeasurability condition). Let f| and f, be two equimeasurable
steady states of (1.1) which minimize (1.5) with j(t) = tIn(t) or with j given by a function satisfying (HI) and (H2).
Then the steady states f| and f, are equal up to a shift in 6.

This lemma will be proved in Section 2.2.1. Now, using the compactness of all the minimizing sequences of (1.5)
(which will be obtained along the proof of Theorem 2 in Section 2.2.2) and the uniqueness result given by Lemma 1.1,
we can get the following stability result. It will be proved in Section 2.2.2.

Theorem 2 (Orbital stability of ground states). Consider the variational problem (1.5) with j(t) = tIn(t) or with j
given by a function satisfying (H1) and (H2). In both cases, we have the following result. For all M > 0, any steady
state fo of (1.1) which minimizes (1.5) is orbitally stable under the flow (1.1). More precisely for all € > 0, there
exists n(e) > 0 such that the following holds true. Consider fini; € E satisfying ||(1+ vz)(f,-ni, — follLt <n(e) and
L[] J(finit) = [] J(fo)l <n(e). Let f(t) be a weak global solution to (1.1) on Ry with initial data fiyi; such that
the Casimir functions are preserved during the evolution and that H(f (t)) < H(finiz). Then there exists a translation
shift 6(.) with values in [0, 27| such that Vt € RY, we have

I+ v%)(f (1,0 +00), v) = foB, v)) L1 <e.

1.2.2. Two-constraints problem
In Section 3, we will show the orbital stability of stationary states which are minimizers of the following variational
problem

I(My, M) = inf H(S) (1.8)
f€E;
1A 1 =M1 Hl =M

where E; is the same energy space as above and the function j satisfies (H1) and (H2) together with the following
additional assumption

(H3) There exist p,q > 1 such that p < ’j/(—(t’)) <gq,fort > 0.
Note that j is a nonnegative function. The first result of this part is the following theorem which will be proved in
Section 3.2.2.

Theorem 3 (Existence of ground states). Let j be a function satisfying (HI), (H2) and (H3). We have:

(1) The infimum (1.8) exists and is achieved at a minimizer fy which is a steady state of (1.1);
(2) Any steady state fy obtained as a minimizer of (1.8) is continuous, compactly supported, piecewise C' and takes
the form

2
> + ¢f0 @) — 2o

fo@,v)= (""" <
Ho

) where (Mg, o) € R x R* ; (1.9)
+

(3) The associated density p f, is continuous and the associated potential ¢y, is C?onT.

Since the existence of ground states is established, the natural second result is the uniqueness of these ground states.
For the two constraints cases, we are only able to obtain a local uniqueness for the ground states under equimeasura-
bility condition. A steady state f will be said to be homogeneous if ¢y = 0 and inhomogeneous is ¢ s # 0. We have
the following lemma which will be proved in Section 3.3.1.
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Lemma 1.2 (Local uniqueness of the minimizer under equimeasurability condition). Let fo € E; be a steady state
of (1.1) and a minimizer of (1.8). It can be written in the form (1.9) with (Ao, o) € R x R*. We have the following
cases:

e fo is a homogeneous steady state. Then it is the only steady state minimizer of (1.8) under equimeasurability
condition.

o fo is an inhomogeneous steady state. Then, there exists 5o > 0 such that for all f € E; inhomogeneous steady
state of (1.1) and minimizer of (1.8) equimeasurable to foy which can be written as (1.9) with (., u) € R x R*,
we have
— either po # w and || ol — ||l > do,

— or no = and fo = f up to a translation shift in 6.

Then, similarly to the one-constraint problem, we will show the following result concerning the orbital stability of
the ground states under the action of the HMF Poisson flow. It will be proved in Section 3.3.2.

Theorem 4 (Orbital stability of ground states). Let My, M > 0. Then any steady state fo of (1.1) which minimizes
(1.8) is orbitally stable under the flow (1.1). It means that given ¢ > 0, there exists n(¢) > 0 such that the following
holds true. Consider finiy € Ej with |(1 + v (finir — fo)llt < n(e) and with | [[ j(finit) — [J j(fo)| < n(e). Let
f () be a weak global solution to (1.1) on Ry with initial data fi,i; such that the Casimir functions are preserved
during the evolution and that H(f (t)) < H(finit)- Then there exists a translation shift 0 (.) with values in [0, 27t ] such
that ¥Vt € RY, we have

I+ 03 (f (2,0 +0(0),v) — fo@, V)L <e.

1.2.3. Infinite number of constraints problem
Finally, in Section 4, we will show the orbital stability of stationary states which are minimizers of a problem with
an infinite number of constraints. In this Section, the energy space is the following

E={f20,I(1+v)fllt <+oo, || fllLe < +00}). (1.10)

Let foe&EN CO([O, 2] x R). We will denote by Eq(fp) the set of equimeasurable functions to fy. The variational
problem is

Hy = inf H(). (1.11)
feEq(fo).fe€
This is a variational problem with infinitely many constraints since the equimeasurability condition on f is equivalent
to say that f has the same Casimirs as fo: [|j ()1 = 17 (fo)ll L1, V.

Definition 1.3. We shall say that a sequence f, converges to f in £ and we shall write f, i) f if (f)n is uniformly
bounded and satisfies [|(1 +v?)(f, — )l = 0.
n——+0oo

We start by showing in Section 4.2.2 the existence of ground states for the HMF Poisson model (1.1) which are
minimizers of the variational problem (1.11).

Theorem 5 (Existence of ground states). The infimum (1.11) is finite and is achieved at a minimizer f € € which is a
steady state of (1.1).

Our second result concerns the orbital stability of the above constructed ground states under the action of the
HMF flow. As we do not have the uniqueness of the minimizers under constraint of equimeasurability, we can just
get the orbital stability of the set of minimizers and not the orbital stability of each minimizer. It will be proved in
Section 4.3.1.
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Theorem 6 (Orbital stability of ground states). Let fo € €N C°([0, 2] x R). Then the set of steady states of (1.1)
which minimize (1.11) is orbitally stable under the flow (1.1). More precisely given f;, minimizer of (1.11), for all
e > 0, there exists n(¢) > 0 such that the following holds true. Consider fini; € € with ||(1 + v3)(finir — fi)llLr <
n(e). Let f(t) be a weak global solution to (1.1) on R™ with initial data f;,;; such that the Casimir functions are
preserved during the evolution and that H(f (t)) < H(finit)- Then there exist f;, minimizer of (1.11) and a translation
shift 0(.) with values in [0, 27] such that Vt € R* , we have

I+ 03 (f 2,0 +0(1), v) = £, 0, V)|t <.
2. Minimization problem with one constraint
2.1. Existence of ground states
This section is devoted to the proof of Theorem 1.

2.1.1. Properties of the infimum
For convenience, we set for f € E, the below functional

2
2 1
J(f)=H(f)+//j(f)=/ %f(G,v)dev—E/tﬁ}(@)zde+//j(f(9,v))d9dv- 2.1
0

Lemma 2.1. The variational problem (1.5) satisfies the following statements.

(1) Let j be a function satisfying (HI) and (H2) or j(t) =tIn(?), in both cases, the infimum (1.5) exists, i.e. Z(M) >
—oo forall M > 0.
(2) For any minimizing sequence ( f,), of the variational problem (1.5), we have the following properties:
(a) The minimizing sequence (fy) is weakly compact in L'([0, 2] x R), i.e. there exists f € L'([0, 27] x R)
such that f, n—:oo f weakly in L.

(b) We have ||¢ s, — ¢f||H1 njw 0.

Proof. Let us start with the proof of item (1). Let f € E; such that || f||.1 = M. If j satisfies (H1) and (H2), then j
is nonnegative and we have

2
1
1)z =5 [ 6070 = W R
0

and this term is finite for f € E;. Note that

19 Lo < W llLeell £llp1- (2.2)

If j(r) =tIn(z), the sign of j is not constant and we have to bound from below the term f f j(f (6, v))dodv. With
Jensen’s inequality and the convexity of ¢ — 7 In(¢), we get

Jon()= () o) w( )

U

Taking f1(6,v) =e~ 2 andlet C; =In ([ /1), we obtain

[N]

2
1
YGRS /qs}?(e)de + M[In(M) — C11 > =7 ||W'|[foe M + M[In(M) — C1]. (2.4)
0

Each term is finite for f € E;. Thus Z(M) exists for both functions j.
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Then let us continue with the proof of item (2). Let ( f;,),, be a minimizing sequence of (1.5). By the Dunford—Pettis
theorem (see [13]), if || fullL1, V2 £, l1 and ffj(f,, (6, v))dédv are bounded from above, the sequence of functions
(fn)n is weakly compact in L!. Indeed, let us show that the set

P={f=0.lfllL =M, //v2f <K, //j(f)

satisfies the hypothesis of Dunford—Pettis theorem. Since || f|l.1 = M, it is clear that

sup {/ |f|d9dv} < +00.
feP

The boundedness of |v2 f|| L gives the vanishing at infinity. Indeed, we have for ¢ > 0, there exists K = [0, 27] x

[-R, R] with R =,/ % a compact subset of [0, 2] x R such that

//|f|d9dUS %//lﬁf(@,v)d@dvfe.
K(,’

Hence

< K7 with K1, K7 which do not depend on f'}

sup /|f|d0dv <e.
fep K(,’

The equi-integrability is given by the boundedness of [[ j(f).Let 0 <& <1 and R > 0 be such that for all 7 > R,
@ > 2K2 , there exists § = 2R such that for A C [0, 2] x R, |A| <, we have:

//Ifld@dv = // fdodv + / fdbdv,

{A,f<R) (A, f>R}

< RIA| + // fdodv,

SJ(/) f

§§+2—K2//j(f)d9dv§e.

sup /|f|d9dv <e.
A

Hence

feP

Notice that the domain in 6 is bounded thus contrary to the Vlasov—Poisson system, there is no loss of mass at infinity.
Let us then show that [[v2 f,, |l is bounded. We have from equality (2.1)

2
10 fulls =27 (f) + / ¢ (0)2do —2 // J (fa(8. v)dodv.
0

If j satisfies the hypotheses (H1) and (H2), this equality becomes

102 fullLr < 20 (fa) + 27 | W/ [0 M2
Since J (f;,) is bounded, we deduce in this case that ||v? f;, I is bounded. If j(¢) =¢In(¢), we have

102 full <20 (fu) 4+ 27 | W2 M2 =2 / fn(8, v)In(f,(6, v))dodv

1
<2J(fu) + 27| W[} oo M? — 2M[In(M) — C1] + 5 102 fulla
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[N

v

using Jensen’s inequality (2.3) with f1(6,v) =e~ ¥ and C; =In( [ f1). Thus
1V fullr <4T(f) +4m | W' |[F M* = 4M[In(M) — C1]

and this quantity is bounded. Let us then show that f f Jj(fn(0,v))dddv is bounded from above. Let j be a function
satisfying (H1) and (H2) or j(t) =t In(¢), we have

[] it @000 < 51+ 21w 2

Each term of this inequality is bounded, therefore this quantity is bounded. Hence by Dunford-Pettis theorem, there
exists f e L! such that f, — fin L}U. This concludes the proof of item (1) of Lemma 2.1. Then, let us prove the

n——+00
last result. Since

21
85.0) = 070)= [ [ W6 014,00~ FG. 01w,
R O

and

2
%(9)—¢}(9)=//W/(9—5)[fn(é,v)—f(é, v)]dddv,
0

R

we immediately deduce applying dominated convergence and from the weak convergence of f, in L!([0,27] x R)
that ”¢fn — ¢f_”H1 n—>_+)oo 0. O

The following lemma is the analog for j(#) = ¢ In(¢) of a well-known result about the lower semicontinuity prop-
erties of convex nonnegative functions see [15]. The proof is not a direct consequence of the lower semicontinuity
properties of convex positive functions since j(¢#) = ¢ In(¢) changes sign on R . It will be detailed in the appendix.

Lemma 2.2. Let (f,), be a sequence of nonnegative functions converging weakly in L' to f such that | f, =M,
v2 £, it <Crand | [[ fuln(fu)| < C2 where M, Cy and C» do not depend on n, we have the following inequality

// £ In( f)dedvgliglfg / foIn( f,)d6dv.

2.1.2. Proof of Theorem |
We are now ready to prove Theorem 1.

Step 1: Existence of a minimizer.

Let M > 0. From item (1) of Lemma 2.1, we know that Z(M) is finite for functions j satisfying (H1) and (H2) or

Jj (@) =tIn(z). Let us show that there exists a function f € E; which minimizes the variational problem (1.5). Let

(fidn € E/N be a minimizing sequence of Z(M). Thus J(f;,) —+> Z(M) and || full 1 = M where J is defined by
n—+00

(2.1). From item (2) of Lemma 2.1, we know that there exists f € L!([0, 2] x R) such that f, = f weakly in
n——+0o0

LY([0, 2] x R). The L'-weak convergence implies || f it =M and f >0 ae. In the case where j satisfies (H1)
and (H2), from lower semicontinuity properties of nonnegative convex functions (see [15]) and from item (b) of
Lemma 2.1, we get f € E j. For j(t) =tIn(z), from lower semicontinuity properties of nonnegative convex func-
tions and item (b) of Lemma 2.1, we get ||v2f||L1 < +o00 and from Lemma 2.2 and item (b) of Lemma 2.1, we get

- 2
[ fIn(f) < 4o0. Using Jensen’s inequality (2.3) with f1(0,v) =e~ 7, we get

2
M(In(M) — Cy) — // % fdodv < / f1In(f)dédv,
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and we conclude that | ffj(f(@, v))dfdv| < +o0 and that f € E;. Therefore, in both cases, we have Z(M) < J(f).
Moreover from item (2) of Lemma 2.1 and classical inequalities about the lower semicontinuity properties of convex
nonnegative functions see [15] for j satisfying (H1) and (H2) and Lemma 2.2 for j(¢) = t In(¢), we have the followings
inequalities:

) 2
(M) = ETOOJ(fn)z//%f(e,u)dedu—%/¢}(9)2de+//j(f(9,u))dedu.
0

Thus Z(M) > J(f). To recap, we have proved that Z(M) = J(f) with f € Ejand | f||L| = M thus Z(M) is achieved.
Step 2: Euler—Lagrange equation for the minimizers.

Let M > 0 and f be a minimizer of Z(M), let us write Euler-Lagrange equations satisfied by f. For this purpose, for
any given potential ¢, we introduce a new distribution function F® having mass M and displaying nice monotonicity
property for the energy—Casimir functional.

Lemma 2.3. Let j be a function verifying (HI) and (H2) or j(t) =tIn(t) and let M > 0. For all ¢ : [0,27] — R
continuous function, there exists a unique A € lmin¢, +oo[ for j satisfying (HI), (H2) and X € R for j(t) = tIn(¢)
such that the function F? :[0,2r] x R — R defined by

F®@,v)= () (x v ¢>(9))+ for j satisfying (HI), (H2)

2 (2.5)
Fo©,0) =exp (= %5 = 6(©)) for j () =tIn(o),
satisfies ||F¢||L1 =M.
Proof. Letting A € R, we define
KQO) = 02” fR(j/)_l (A - ”—22 — ¢(9)> dédv for j satisfying (H1), (H2)
+ (2.6)

K =[5 faexp (1= % = 6(©)) dodv for j(1) =1In().

Since in both cases, j is strictly convex and H”—; +¢) < AH is strictly increasing in A, the map K is strictly

increasing on [min ¢, +oo[ for j satisfying (H1), (H2) and on R for j(¢#) = ¢ In(#). Note that for j satisfying (H1),
(H2), K (&) = 0 for A < min ¢, then we have the following limit: N lim ¢K (1) = 0 by using the monotone convergence
—min

theorem. For j(z) = tIn(¢), we have N lim K (A) = 0. For both functions, we have N lim K(A) = +oo by using
——00 —+00

Fatou’s lemma. Hence, there exists a unique A such that | F%|| 1 =M. O

We introduce a second problem of minimization, we set M > 0. Let j () = ¢ In(¢) or j given by a function satisfying
(H1) and (H2).

2 2
Jo= fzinf J (¢) where J (¢) = // <% + ¢(9)> F% 6, v)dodv + % /¢/(9)2d9 i //j(F¢), @)
o #=0 /

where F? is defined by Lemma 2.3.

Lemma 2.4. We have the following inequalities:

(1) Forall ¢ € H*([0, 27]) such that ¢ (0) = ¢ (2) and foz” ¢ =0, we have J(F®) < J ().
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(2) Forall f € Ej with || f|L1 = M1, we have

I(M) < J(F®) < T(pp) < J(f).
Besides T(M) = Jo.

Proof. First we will show item (1) of this lemma. Let ¢ € H2([0, 27r]) such that ¢ (0) = ¢ (27) and f02” ¢ =0, we
have

[} 1 I 2 1 /2 0]
T@) =T (F) = 219112 + 5 19112 + / (@(8) — pro () F? (6, v)dodv

adlis
2

2
) 1 ! 2 1 2 "
=J(F )—§||¢F¢I|Lz+ill¢ T2+ [ (&= Ppe)(Dpy + )do,
0

since ¢ satisfies the Poisson equation (1.2). Then, after integrating by parts and gathering the terms, we get

) 1 ’ /12

Hence J(¢) > J(F?). Then, let us show the right inequality of item (2). Let f E;j such that || f|l;1 = M. Using
| F® It = M, using the equality (2.5), the functional can be written as

2
J(f)=T(ps) + // (% +¢,,»(e)) (f(6,v) — F% (0, v))dodv + // G // J(F?)

=J(@s) + // O = J(FP)(f(0,v) — F% (0, v))dodv + // JH - // J(F?).
We get
J(H)=T () + / ) = j(F®y — j/(F®)(f — F®r))dodv. (2.8)
The convexity of j gives us the desired inequality. The other inequalities are straightforward. O

We are now ready to get Euler—Lagrange equations. According to Lemma 2.4, if f is a minimizer of Z(M), ¢ := ¢ 7
is a minimizer of Jy and J (f) = J (). Using (2.8), we get

// G () = j(F?) — j'(F®)(f — F?))dodv = 0.

Then writing the Taylor’s formula for the function j () and integrating over [0, 277] x R, we get

1
//(f— F¢">2/(1 —w)j"u(f — F) + F®)du = //j(f) - //j(FJ’) - //(f— F9)j'(F®).
0

Thus [['(f — F)? [ (1 —u)j"(f — F®) + F?)dudfdv = 0. As j” > 0, we deduce that f = F?. Hence, in the
case where j satisfies (H1) and (H2), the minimizer f has the following expression

2
f@O,v)=("H7" <X — % — ¢>f(9)) where A € R.
+

In the case where j(¢) =t In(z), we have

2
76, v) = exp (i _ ”7 _ ¢f(9)> . where X €R.

Notice that in the case of j satisfying (H1) and (H2), the minimizer is continuous, piecewise ¢! and compactly
supported in v. In the case of j(t) =¢In(z), f is a function of class C*°. We have shown that any minimizer of (1.5)
takes the above form and is at least piecewise C! thus clearly any minimizer is a steady state of (1.1). The proof of
Theorem 1 is complete.
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2.2. Orbital stability of the ground states

To prove the orbital stability result stated in Theorem 2, we first need to prove the uniqueness of the minimizers
under equimeasurability condition.

2.2.1. Uniqueness of the minimizers under equimeasurability condition
This section is devoted to the proof of Lemma 1.1. Let f; and f> be two equimeasurable minimizers of Z(M). In
the case where j satisfies (H1) and (H2), they have the following expressions

U2 v

2
fi@.v)=(GhH! <)»1 -3 b1 (9)> N ACRYET TN (Az Y —¢fz(9)) .
+ +

In the case where j () =t In(¢), they have the following expressions
2

2
£1(0.v) = exp (xl - ”7 — 4y, (0)) . f2(0.v) =exp (Az - ”7 - %(9)) .

They can be written in the form
2

2
f1(0,v) =G (v? + ¥ (9)) . 200,v)=G (% + 1/f2(9)> ; (2.9)

where G(t) = (j) 1 ((—t)4) or G(t) = exp(—t) with ¥;(0) = ¢, (6) — A;. In both cases, G is a continuous, strictly
decreasing and piecewise C ! function. The functions fi and f> are equimeasurable so || f1||Le = || f2||L. Since G is
a decreasing function, this means that G (min ) = G(miny»). Besides, G being strictly decreasing and continuous
on R, it is one-to-one from R to R then min ; = min ¥» = «. Thus, there exist 81 and 6, such that

Vi) =v2(02) =,  Y1(61) =5(62) =0.
Therefore, ; satisfies

() =G(v(®)),
v'(6;) =0,
V(6i) =¥1(01) = ¥2(62) =,

fori =1 or 2 and where G(e) = fR G(% +e)dv — % In both cases, G is locally Lipschitz thus according to Cauchy—
Lipschitz theorem, ¥; = 1 up to the translation shift 6, — ;. From (2.9), we get fi = f> up to a translation shift
iné.

2.2.2. Proof of Theorem 2

We will prove the orbital stability of steady states of (1.1) which are minimizers of (1.5) in two steps. First, we will
assume that all minimizing sequences of Z(M) are compact and deduce that all minimizer is orbitally stable. Then,
we will show the compactness of all minimizing sequence.

Step 1: Proof of the orbital stability.

Assume that all minimizing sequences are compact. Let us argue by contradiction. Let fj be a minimizer and assume

that fy is orbitally unstable. Then there exist g9 > 0, a sequence ( fi’:”.t),, € EE.N and a sequence (), € ]R;l‘ such that

ngrfoon(l + v (., — fo)llL =0 and niigloowj(ﬁ;i, — [[ i (fo)| = 0 and for all n, for all 6 € [0, 27 ]

”f” (tnv 0 + 601 U) - f()(e, U)”Ll > &y,
or [V2(f"(ta. 0 + 60, v) — fo(6. v))|lL1 > €0,

where f"(t,,0,v) is a solution to (1.1) with initial data fi','”.t. Letting g,(6,v) = f"*(t,,6,v), we have J(g,) —
J(fo) < J(f,)—JT(fo) = 0 since the system (1.1) preserves the Casimir functionals and H.(f" (t,)) < H(f"
n—+00

(2.10)

init)'
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Introduce g, (6, v) = g, (6, %) with A, = ﬁ. This function g, satisfies ||g, .1 = M, thus 0 < J(g,,) — J (fo).
n n L
Notice that

2(0)d6 + J ()]

_ ) v =11,
J(fo)f](gn)skn[(kn—l)//?gn(é,v)dedv— 5 /¢>
0

It is clear that A, —+> 1. Moreover using inequality (2.2), we show that ( 02” ¢é2(9)d0> is a bounded sequence.
n——+o0o n n

Then, arguing as in the proof of item (2) of Lemma 2.1, we get (||v2gn ”Ll)n is bounded sequence. Thus, J( fy) <
lirf J(gn) < J(fo). Hence (g,,),, is a minimizing sequence of Z(M). According to our assumption, it is a compact
n——+0o0

sequence in E;: there exists g € E; such that, up to an extraction of a subsequence, we have

lgn — &l —> 0, [[v*(ga— DIt —> 0, ‘//j(gn)—//j(g)' — 0. (2.11)
n—+o00 n—+o00 n— 400

According to the conservation properties of HMF Poisson system, we have

[{(®,v) €[0,27] x R, g,(0,v) >t} = |[{(B,v) €[0,27] x R, f. (0, v) > 1}].

init
Letting £ > 0, we notice that VO <t < ¢
{gn >t} Cl{lgn — 8l <e}N{g>1—eP Uflgn — gl = ¢},
{gn>1}D{lgn — 8l <e}n{g>1+e}

Passing to the limit, we get

limsupl{g, > 1} < [(g >t —e}l.  liminfl(g, > 1} = [{§ > 1 +el.

n—-+00

Then we pass to the limit as ¢ — 0 and we get up to an extraction of a subsequence;

lim |{g, >t}|=|{g >t}| foralmostallz > 0.
n—+o00

In the same way, we obtain up to an extraction of a subsequence

lim [{f); >t} =|{fo>1t} foralmostalls>0.
n—+400

Noticing that the functions t — |{fo > ¢}| and t — |{g > ¢}| are right-continuous, we get

Hfo>t=1{g>1}l, Vi=0.

Thus fp and g are two equimeasurable minimizers of Z(M) but according to the previous uniqueness result stated
in Lemma 1.1, fy = g up to a translation shift. To conclude, (2.11) contradicts (2.10) and we have proved that fj is
orbitally stable.

Step 2: Compactness of the minimizing sequences.
Let j satisfy (H1) and (H2) or j(¢) = tIn(¢). Let (f,), be a minimizing sequence of Z(M). Let us show
that (f,), is compact in Ej, ie. that there exists fy € E; such that liT (1 + v))(fy — Sl =0 and
n—+0o0

lirf |7 Cf20 =[] i (fo)| =0 up to an extraction of a subsequence. Arguing as before in Section 2.1.2, there
n——+0o0
exists fo € E; such that || foll1 =M, fi j fo in L}U up to an extraction of a subsequence and J (fo) = Z(M).

n—1+00

From this last equality and the strong convergence in L? of the potential established in item (b) of Lemma 2.1, we
deduce that

2 2
Lam <// %fn(9,v)d9dv+//j(fn)> =//%fo(0,v)d9dv+//j(fo). (2.12)
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From equality (2.12), from lower semicontinuity properties of nonnegative convex functions (see [15]) and from
Lemma 2.2, we get

2 2
Jito, = [, aa [ s00wa0 — ] 50w @13

There remains to show that [[v2( f, — ol — Oand || f, — follr — O.
n—+o00 n—+o00

In the case of j(¢) = tIn(z), the Csiszar—Kullback’s inequality, see [27], gives us the strong convergence in
L!([0,27] x R). In our case, this Csiszar—Kullback’s inequality writes

2 In
I fn = Sfoll §2M//fnln<f0>. (2.14)

Hence, to prove the strong convergence in L1([0, 2] x R), it is sufficient to prove that

// fnuln (%) dodv n_)—+>oo 0.

Since fy(0, v) =exp (Ao — ”—22 -9 (9)), we have

n l / /
// faln (%) dodv = J (fu) = T (fo) + 5 (1], IT2 = 19, I2) +/ ¢ 1o (fu — f0). (2.15)
Note that

) J(fn) — J(fo) —+> 0 since (f,), is a minimizing sequence of Z(M),
n——+0oo

2) ||¢}n ||i2 — ||d)}O ||i2 . _)—+>OO 0 since of the strong convergence in L?([0, 2] x R) of the potential established in

item (b) of Lemma 2.1,
3) [[ o5 O (fnO,v) — fo(6,v))dodv = 0 since of the weak convergence of f, to fo in L' ([0, 2] x R).
n——+0oo

Hence with (2.14) and (2.15), we get || f, — follL.t —+> 0. From this strong convergence in L!([0, 27] x R), we
n——+00

deduce the a.e. convergence of f;, and with Brezis-Lieb’s lemma, and the second limit in (2.13), we get the strong
convergence of v? fn in L! ([0, 2] x R). Hence the sequence ( f), is compact in E;.

In the case of j satisfying (H1) and (H2), we again use Brezis—Lieb’s lemma, see [8], to get the strong convergence

of f, in L'. We already have that || f, |11 —+> [l follL1. Hence, with Brezis—Lieb’s lemma, it is sufficient to show
n——+0o0

that f, —+> fo a.e. Writing the Taylor formula for the function j ( f;;) and integrating over [0, 27] x R, we get
n——+0oo

// = f0)? j (= )" W fo — fo) + fo)du = // J ) // J (o) — / = o) Cfo). (2.16)
0

Note also that

(D ffj(fn)n:)oo I i (fo),
Q) [ fo)(fn— fo) Mo 0 since f; e fo LL. Note that j'( fo) € L™ since fp € L.

Hence with Fubini—Tonelli’s theorem, we get

//(fn — 02" (o = fodu+ fo) nST, O for almost all u € [0, 1.
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Let ug € [0, 1] such that ff(fn — fo)zj”((f,, — fo)uo + fo) —+> 0. Up to an extraction of a subsequence, we have
n——+0oo

(fu — fo)zj”((fn — fo)ug + fo) —+> 0 for almost all (9, v) € [0, 27] x R.
n— 100
This means there exists €2,,, such that |©2,,| =0 and V(0, v) € [0, 27] x R\ €,,,
(fu(®,v) = fo(6,v)* " (wo(fu (0, v) — fo(6, V) + fo(0,v)) el 0. (2.17)

Let us show that, up to a subsequence, f, (6, v) —+> fo@,v) for (6,v) € [0,2n] x R\ Q. If ug =0, we directly
n——+0o

have the wanted convergence. Then let ug € ]0, 1] and let /(6, v) be a limit point of (f;,(6, v)),. Assume that [(0, v) #
Jo(0,v).

e First case: [(0, v) < +00. As j” is continuous and j” > 0, we have

(fa(8,) = fo(6,v))?j" (wo(fa (0, v) = fo(6, V) + fo(6, v))
W B v) = fo(@, v))?j" (o (LB, v) = fo(6, V) + fo6,v) > 0.

This contradicts (2.17).
e Second case: [(8, v) = +00. Thus:

(fa(8.v) = fo(@.v)” —> +00 and up(fu(6.v) = fo(6.v)) + fo(8.v) > +oo. 2.18)

However the hypothesis (H2) implies that #2j”(¢) does not converge to 0 when ¢ goes to infinity. Indeed, arguing
by contradiction, integrating twice over [xg, x] and taking the limit for x — +o00, we get

Jx) e
Ve >0,3IM >0, suchthatVx > M, 0 < — < — + j (xp).
X X0

This inequality contradicts (H2) then %" (r) does not converge to 0 when ¢ goes to infinity and (2.18) contradicts
(2.17).

Hence f;, —> foa.e. and we conclude using the Brezis-Lieb’s lemma. The minimizing sequence is compactin E ;.
n—+o00

3. Problem with two constraints
3.1. Toolbox for the two constraints problem

In this section, we define a new function denoted by F¢. Note that the function F¢ of (3.1) differs from the
one of Section 2.1.2. However it can be seen as an equivalent of (2.5) in the sense that both functions F¢ satisfy
the constraints of the one and two constraints problem respectively. There will be no possible confusion since the
function F? of Section 2.1.2 will no longer be used. First, thank to this new function, the existence of minimizers
is shown. Indeed the sequence (F%/), has better compactness properties than the sequence ( f;,),. Then, we get the
compactness of the sequence ( f,,), via the sequence (F®/), thanks to monotonicity properties of H with respect to
the transformation F?. These properties will be detailed in Lemma 3.2. More precisely, we have the following lemma:

Lemma 3.1. Let j be a function verifying (H1), (H2) and (H3) and let My, M; > 0. For all ¢ : [0,2n] —> R con-
tinuous function, there exists a unique pair (A, ;1) € R x R* such that the function F? : [0,21] x R — R defined
by

satisfies || F? |l = My, [|j(F®)[l = M;. (3.1)
+

o2
F"’(G, v) = (j/)*l (M)
"
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Proof. Letting (A, u) € R x R* , we define

K, p) = //( o 1( +O) ~ ) dodv.

+

We set u € R*, since j is strict convex and H”; +¢0) < k}‘ is strictly increasing in X, the map A — K (A, u)

is strictly increasing on [min¢, +o0o[. Note that K(A, u) = 0 for A < min¢. We also have the following limits:

lim K (A, ) = 0 using the monotone convergence theorem and lim K (A, u) = 400 using Fatou’s lemma.
A—min ¢ A—+00

Therefore, there exists a unique A = A(u) € Jmin ¢, +oo[ such that || F?|| 1 = M;. We now define the map:

Ri —)R+

2
2 . N Lt (0)—A
s (2o U 1(2 ¢<M) (u)) dodo.
+

Our purpose is to show that G is continuous, strictly increasing on R* and that lim G(u) =0 and 1imO G(p) =
U—>—00 n—>

+oo. This claim would imply that there exists a unique 1 € R* such that G(u) = M and the proof of the lemma will
be ended.

To get the monotony of G and the continuity of A on R*, we first have to show the decrease of A. Since
K(\(w), ) = My, using that both functions A — K (A, ) and p — K (A, p) are increasing, we get that the map
A is nonincreasing on R* . According to the definition of G, it is sufficient to show that & — A(u) is continuous on
R* to get the continuity of G on R* . To prove the continuity of A, we argue by contradiction. Assume that & — A(u)
is discontinuous at ;g < 0. Assume on the one hand that A is left-discontinuous, i.e. there exist g > 0 and an increas-
ing sequence (Un)n € (Ri)N converging to po such that |A(u,) — A(uo)| > €o. A being nonincreasing and j being
convex, we get

My > K(A(o) + €0, thn).

Applying Fatou’s lemma, we have

K (A(1o) + €0, tn) = K (A(1o) + €0, (o).

Since K (A(uo) + €0, Ho) > M1, we get a contradiction and A is left-continuous. On the other hand, assume that A is
right-discontinuous at g < 0, i.e. there exist &g > 0 and a decreasing sequence (), € (R’i)N converging to i such
that |2 (u,) — A(po)| > €o. A being nonincreasing and j being convex, we get

My < K(A(140) — €0, fn)-

Using a generalization of the Beppo Levi’s theorem for the decreasing functions, we get

K (A(ro) — €0, tn) < K (A (o) — €0, 1o)-

Since K (A(uo) — €0, o) < M1, we get a contradiction and A is right-continuous. We conclude that the map A is
continuous on R* . Let us show the increase of G. Before that, notice that K (A, i) can be written as

2w 400

K(A,M)=2x/§//%/(ut—i—k—qﬁ(@)ﬁ.dtd@, (3.2)
s J o (jH7HD)

U2 —
by performing a change of variables: t = #@A

we can also write

and an integration by parts. By doing the exact same thing for G,

2w 400

G =2v2 / / (]/) oG Y W G0 — 9 @)). dide. (3.3)
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Let w1, u2 € R* be such that @) # up. Thanks to the previous step, there exists, for i = 1,2, A; := A(u;) €
Jmin¢, +oo[ such that K (%;, u;) = M. Hence, by using the equality (3.2) and by setting for i = 1,2, A, =
wit +A; — (0), we get

2w 400

1 1
KA1, 1) — KAz, u2) = 2~/_// [(Au)i — (Ay,)31d2do =0. (3.4)

(J N=L()
Then, by using (3.3) and (3.4), we have for all C e R

2w 400

t+C 1
Gun -G =2v2 [ | R )t = (A 10rdo.
0 0
We set Cp := = i‘f and we get
2w +00 (A ) 1 1
(m1 — n2)(G(p1) — G(p2)) = 2«/_/ / (]—/)f(zt)[(z‘\m)?r — (Ay,)11drds. (3.5)
1

Since the function ¢ (t) 1 is nondecreasing, we have (Ap, — uz)[(A " 1) 1+ —(A;,)11=0.Hence G is a nondecreas-

ing function. We now notice that (A4, — m)[(AM,)Jr (AM2)+] >0 for6 e{p <Xii}andt € ]0, ¢(9) 2 [. Besides
the measure of the set {¢p < A1} is strictly positive because A1 > min¢. Thus, the function G is strlctly increasing
on R* .
It remains to compute the limits of G. First let us prove that lim A(u) = +oo. The function A being nonincreas-
H—>—00

ing, HEIEOOMM) exists and we denote it by Ao,. Assume that Ao, < 00. We have
My =KA(u), n) <Ko, u) —> 0.
U—>—00

This is a contradiction then lim XA(u) = +o00. Then let us prove that lim A(u) = min¢. A being nonincreasing,
H—>—00 n—>0—

lim A(u) exists and we denote it by Xo. We have to deal with three cases. First, notice that (H2) and (H3) imply
u—>0—
lim (j/)~'(r) = 400, then we get
t—+00
if Ao >min¢ : M1 = K(A(n), ) > K(ho, u) —> 400, applying Fatou’s lemma,
n—>0—
if o <ming : My = K(A(10), ) < K(T28H20 1y — 0 since M8H0 o ming,

Hence only the third case can occur, i.e. lim A(@) = min¢.
u—0—

Let us continue with the computation of lim G (u). Performing the change of variables: u = ———2—— we
0- 2 —¢(0)+

nw—
get
27 1 N 0
G(n) =22 / / VO — @) 4jo (i) (%(1 - uz)) dodu
00 H
and
27 1

M =2V2 / / JOG) =@ (%(1 - u2)> d9du. (3.6)
00
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Then applying Jensen’s inequality to the convex function j, we obtain

,-( My ) B G(w _
o 2V2/0 = @)1de ), T [T 2v2 /i) — $(0) 1 do

Hence

J
G(u) = ( >M1 with o (1) —2\/_/\/()»(/0 ¢(6))+.do. (3.7)

a(u)

Using the dominated convergence theorem, we show that «(u) — 0. But j satisfies (H2) therefore

u—0—
. Ml
J (a(u))

M,

—> 4ooand lim G(u) =+o0
n—>0-
a(p)

n—0"

Let us continue with the computation of lim G (u). The hypothesis (H3) implies the following inequality:
—>—00

t(H7Ne)

n—1
(U0 e < ' (3.8)
q pr

Thanks to (3.8), we can estimate

0<Gp) < My (p) —ming)+ (3.9)
P | ]

Let us show that ML M — 0. Using the expression of M; given by (3.6), we get

p—>—00

1
My > /Gi(a) — max ) 4 v/2 / ! (%(1 - u2>) du = 0.
0

For |u| sufficiently large, we have (A (1) — max ¢)4 > 0. Therefore, we have

1
M [ (G0 ) g
(A(M)—max¢)+4ﬂﬁ20(1) ] (I —u”) ) du >0,

the term on the left side converges to 0. Hence using Fatou’s lemma, we get

1

/ liminf(;")~! <M(1 - u2)> du =0.
i Il

0

We deduce that W —> 0 and we conclude with (3.9) that l1m G(,u) 0. The proof is complete. O

U—>—00

As mentioned before the sequence ( F®), will be used to show the existence of minimizers of (1.8) and the
compactness of minimizing sequences. To do that, we need to link H( f;;) and H(F ®n). For this purpose, we introduce
a second problem of minimization and we set M1, M; > 0.

Jo= _inf J(§) where J(¢) = //( +¢(9)> F®©, v)dodv + — /¢(9)2d9 (3.10)
5™ ¢=0

where F? is defined by Lemma 3.1.
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Lemma 3.2. We have the following inequalities:

(1) Forall ¢ € H*([0, 27]) such that ¢ (0) = ¢ (27) and f(f” ¢ =0, we have H(F?) < T (9).
(2) Forall f € Ejwith| fllpr = My and || j ()l = Mj, we have

I(My, M) < H(F®) < J(pp) <H(f).

Besides (M1, Mj) = Jo.

Proof. First, let us show item (1) of this lemma. Let ¢ € H2([0, 27r]) such that ¢(0) = ¢(27) and foh ¢ =0, we
have

1 1
T @) =HE) = 19} 7, + Enqs/niz + / (@(0) — prs () F? (6, v)dodv

I F I
2

2
1 1
= HE) = Sz + 510122 + / (@ — bps) (Do + )do,
0

since ¢ satisfies the Poisson equation (1.2). Then, after integrating by parts and gathering the terms, we get

T@®) =HE) + 19 12 3.11
@) =HE) + 51970 — 'l 3.11)
Hence J(¢) > H(F?). Then, let us show the right inequality of item (2). Let f € E j such that || f|l.1 = My and

17 ()Lt = M;. Using | F® ;1 = M; and ||j(F¢)||L| = M, using equality (1.4), the Hamiltonian can be written in
the form

H() =T (Pr) + // (%2 + ¢f(9)> (f(6,v) — F?7(6,v))dodv
=J @)+ / (1) (FP7) + 1)(f 0, v) = F?1 (6, v))d6dv.

We get

H()=T(bs) — / G ()= jF) = j (FP)(f — F?7))dodv. (3.12)
The convexity of j gives us the desired inequality. The other inequalities are straightforward. O
3.2. Existence of ground states

This section is devoted to the proof of Theorem 3.

3.2.1. Properties of the infimum

Lemma 3.3. The variational problem (1.8) satisfies the following statements.

(1) The infimum (1.8) exists, i.e. Z(My, M) > —oo for My, M; > 0.
(2) For any minimizing sequence ( f,), of the variational problem (1.8), we have the following properties:
(a) The minimizing sequence ( fy), is weakly compact in L1([0,27] x R), i.e. there exists f e LY([0,27] x R)
such that f, n—:oo f weakly in L.

(b) We have ||¢y, _¢f||H1 njw 0.

The proof of Lemma 3.3 is similar to the one of Lemma 2.1.
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Lemma 3.4. Let (), be a minimizing sequence of the variational problem (1.8) and let ¢, := ¢y, be the
associated potential. Using Lemma 3.1, there exists a unique pair (An, ;) € R x R* such that FP(0,v) =

v? _
(j/)_l <W) verifies | F9n It = My and ||j(F‘7’")||L1 = M. The sequences (A,), and (,), are bounded.
+

Proof. Let us first prove that the sequence (1), is bounded. We argue by contradiction. Hence up to an extrac-
tion of a subsequence, 1, = +00. According to the expression (1.3) of the potential ¢,, we have ||¢,|Le <
n—1+00

27 ||W||Leo M7 := C. Using the expression of M given by (3.6), we get

[t |

1
M = /G = O)1 4732 / (h! (Ma - u2>) du >0,
0

Then, we argue as at the end of the proof of Lemma 3.1 and we deduce that % —+> 0. With the hypothesis
n n—+00

(H3) and ||¢y|lL~ < C, we can estimate M as follows:
p [tdnl

The term of the right side converges to 0 then we get a contradiction. The sequence (A,), is hence bounded. Now, we

shall prove that the sequence (u,), is bounded. Using the expression (3.6) of M and the fact that A, is bounded, we

have

M, y—1 é = .
= < (") where C is a constant.
47/2C [ nl

Therefore we obtain

0< <
_|/~’Ln|_‘]/< M1~>
47/2C

and we deduce that the sequence (i), is bounded. This achieves the proof of this lemma. 0O

3.2.2. Proof of Theorem 3
We are now ready to prove Theorem 3.

Step 1: Existence of a minimizer.

Let My, M; > 0. From Lemma 3.3, we know that Z(M;, M) is finite. Let us show that there exists a function
of E; which minimizes the variational problem (1.8). Let (f,), € E? be a minimizing sequence of Z(Mi, M;).

Thus H(fy) —+> I(My, M), || fulllr = My and ||j(fw)llpr = M;. From item (2) of Lemma 3.3, there exists f €
n——+0o0
L! ([0, 2] x R) such that f;, —4\_ f weakly in L!. In what follows, we will denote by ¢, the potential ¢ 7, defined
n—>+00 J

by (1.3). Thanks to the weak convergence in L!, we only get that ||f||L1 = M; and ||j(f)||L1 < M;. The idea is to
introduce a new sequence which is a minimizing sequence of (1.8) and which has better compactness properties. For
this purpose, we define

(3.13)

2
PO, v =y (LD
M N

where (A, iy) is the unique pair of R x R* such that ||F¢"||L1 = M; and ||j(F‘P")||L1 = M;. According to
Lemma 3.1, F% is well-defined and notice that the pair (,, it,) depends on ¢, this is why we will denote by
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An = A(¢n) and p, = j1(¢p). Besides, using Lemma 3.2, we see that (F%n), is a minimizing sequence of (1.8). Ac-
cording to item (b) of Lemma 3.3, ¢, converges to ¢ := ¢ 7 strongly in L2([0, 2] x R). Thus, up to an extraction of a

subsequence, ¢, converges to ¢_> a.e. Let us prove that the sequences (1,), and (i), converge. Using Lemma 3.4, we

get that the sequences (A,,), and (u,), are bounded. Therefore, there exist Ao and pg such that, up to an extraction of

a subsequence, A, —> XAgand 4, —> uo. Letus prove that g < 0. Assume that 4, — 0. First assume that
n—+00 n——+00 n——+00

An —> Ao # ming. From assumptions on j, this implies
n——+00

2
An— L — (0
GH! bn =7 ~0a0) —> o0 for almost all (6, v) € [0, 2] x R.
|H«n| n——+00

And using Fatou’s lemma, we get a contradiction. Then assume that A,, —+> min ¢, using inequality (3.7), we get
n—-+oo

. [ M,y 2
I\
M; > <M1”) with anzzﬁ/,/(xn — $u(0))1d6. (3.14)
0

My
J
Using the dominated convergence theorem, we show that o, —+> 0. But j satisfies (H2) thus @ —+> 400 and
n— Z1 n——+0oo
we get a contradiction with (3.14). Besides Ag # m1n¢ since otherwise F®» converges to 0 and we get a contradiction
2 10)—ho
©o

on

with || F9» [l = M;. Hence we have proved that F ¢ converges to (/)] ( ) a.e. Now let us show that
+

2 4$0)—ho

m satisfies the two constraints. For this purpose, we first

1o = A(¢) and 10 = p(¢) to get that (j')~! (

+
prove by the dominated convergence theorem, |¢, |~ being bounded, that

2 -
' P - T
1Fo I — T el ( e )+d6dv,

2 (3.15)
. 2 . o1 [ Te®)—A
17 (F®) I ”:)oo fon fRJ o(jH~! (2;1700>+d9dv'

But (| F® |1, I1j (F®)|)) = (M1, M;) then

v? - _
//( H! ( 7 +90) - ’\0) dodv, M; //] o (j)! (M) dodv.
+ Ho +

According to Lemma 3.1, the couple (A(q_ﬁ),u(d_))) is unique, so Ag = )»(d_)) and po = M(‘f_’)~ Hence _F"’ﬂ con-
verges to F? a.e. But ||[F?| .1 = ||F%"|| .1 = M then according to Brezis—Lieb’s lemma, F%» - F? strongly
n—+0o0

in L1([0,27] x R). We already know that F ¢ satisfies the two constraints, there remains to show that H(F ‘7_’) =
Z(My, M;). The strong convergence in L1([0,27] x R) of F? to F? implies that ‘75;74», —+> ¢;¢; strongly in L2.
: n—+0o0

Therefore using classical inequalities about the lower semicontinuity properties of convex nonnegative functions see
[15] and the convergence in L%([0, 27]) of ¢}¢n , we get

2
v - 1
I(Ml,Mj)z//?F‘p(G,v)dev—§/¢%é(9)2d9.
0

Thus Z(M1, M;) > ’H(F"S). As F? satisfies the two constraints and belongs to E;, we have Z(M1, M) < ’H(F";).
Therefore we get the equality and we have shown the existence of a minimizer.
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Step 2: The minimizer is a steady state of (1.1).

To prove that the minimizer F $isa stationary state of the system (1.1), it is sufficient to show that ¢ = ¢ pé- First,
(F%), being a minimizing sequence of (1.8), we have H(F%) —+> Z(My, M;). Then, using Lemma 3.2, we know
n—+oo

that Jo =Z(My, M;) and that Z(M1, M) < J (¢n) < H(fn). Hence (¢,), is a minimizing sequence of Jp: we have
T (dn) —+> I(My, Mj)= Jo. Hence using the equality (3.11), we get
n—1+00

I /2
|$5en = BullZ2 = 0.

Passing to the limit n — +oo and knowing that ¢ has a zero average, we deduce that ¢ = ¢ pé €.

Step 3: Euler-Lagrange equation for minimizers.

There remains to prove part (2) of Theorem 3. We obtain Euler-Lagrange equation for the minimizer in the same
way as in the proof of Theorem 1 in Section 2.1.2. Indeed, according to Lemma 3.2, if f is a minimizer of Z(M,, M),
¢ = ¢f- is a minimizer of Jop and H(f) = J(¢). Using (3.12), we get

// G ()= jF? = j' (F)(f — F?)dodv =0.
Then writing the Taylor’s formula for j and using j” > 0, we can deduce as in Section 2.1.2 that f = F 2
Step 4: Regularity of the potential ¢ r.

First, we will show that ¢y € C 1([0, 27]). Thanks to the Sobolev embedding

W23([0,27]) — "3 ([0, 27]).

it is sufficient to show that ¢ € W23([0, 27]). We know that f e L1([0,27] x R), then with expression (1.3),
we get ¢y € L([0,27]) C L3([0,27]). In the same way, d)} € L3([0, 27]). Besides ¢ satisfies (1.2), then let us

show that py € L3([0, 277]). According to the previous step, f is compactly supported and since ¢ r €L, we get
f € L*®([0, 2] x R). We also have v?f € L' ([0, 2] x R). Therefore with a classical argument, we show py €
L3([0,27]) and we get ¢r € C'([0, 27r]). Then, according to its expression (1.3), oy is continuous. Hence qﬁ’f’. €

C°([0, 27r]) and ¢ € w13(10,271) N C°([0, 271), then we can write for x, y € [0, 277]

v
¢}(y)—¢}(x)=/¢’}(t)dt. (3.16)

We deduce from (3.16) that ¢/, € C1([0,27]) then ¢ € C2([0, 27]).
3.3. Orbital stability of the ground states

To prove the orbital stability result stated in Theorem 4, we first need to prove the local uniqueness of the minimiz-
ers under equimeasurability condition.

3.3.1. Local uniqueness of the minimizers under equimeasurability condition
In this section, we prove Lemma 1.2. To this purpose, we first need to prove some preliminary lemmas.

Lemma 3.5. Ler f1, f» be two equimeasurable steady states of (1.1) which minimizes (1.8), they can be written in the
form (1.9) with (A1, u1), (A2, w2) € R x R* | we have for all e > 0
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2 2
1 3 1 1 3 ! bf —Ai
112 | (U1(0) —e)idf =|uz|2 [ (Y2(0) —e);df where ;= Y i=1,2. (3.17)
0 0 '
Besides, if fi and f> are inhomogeneous then there exist py = p1(¢y,) € N* and pr = pa(¢y,) € N* such that
3 3
1 1
pilpil _ p2lpal 7 (3.18)
a(e) — — TC0 a(e) — — TC0
]2 lp2|2

where
a(eo):fR(j/)_l (60—%2) with ey =max <@), i=1,2;
+ 1

M
60:2_711'

Lemma 3.6. Let v € C>([0, 2r]) such that there exists a finite number p of values & € [0, 2] satisfying W (£) =

max(y) := eg. We will denote them by &; for i € {1, .., p}. Besides we assume that for all i € {1, .., p}, we have
¥ (&) # 0 thus we have

2 . p \/E 1
O/(lﬁ(G)—e)idezsgmo/s%(1—s)5ds+o(s) with e = ey — e.

We first show Lemma 1.2 using Lemmas 3.5 and 3.6 then Lemmas 3.5 and 3.6 will be proved.

Proof of Lemma 1.2. Let fy be a homogeneous steady state of (1.1) and a minimizer of (1.8). It can be written in
the form (1.9) with (Ao, o) € R x R* . First, let f be a homogeneous steady state of (1.1) and a minimizer of (1.8)
equimeasurable to fj. It can be written in the form (1.9) with (A, ©) € R x R* . We can also write

fo0.v) = ()7 (g +vo®) - with () = T, o
fO.0 =0 (5 +v®) with g (6) =20
A0

The homogeneity and equimeasurability of fy and f implies Tl = ﬁ Besides replacing in equality (3.17) of
Lemma 3.5, we get o = u and then Ao = A. Thus fo = f. Then let f be an inhomogeneous steady state (1.1)
and a minimizer of (1.8) equimeasurable to fy. The minimizer f can be written in the form (3.19). The equimeasura-
bility of fy and f implies max(y9) = max(y). We note this value eg and we notice that y9(6) = eq for all 6 € [0, 27].

Replacing in equality (3.17) of Lemma 3.5, we get

2
1 1 1 1
27| 112 (eo — €)1 = |22 /(1#2(9) —e);dob.
0

To estimate the right term of this equality, we will apply Lemma 3.6 and we get
1
P2
2
27l |2 Ve = [ Iual? ZL/s—%(l —9)3ds | e +0(e).
=1 I EN

This last equality shows us that this case cannot occur. Thus fy is the only homogeneous steady state of (1.1) and
minimizer of (1.8) under equimeasurability condition.

Let fo be an inhomogeneous steady state of (1.1) and a minimizer of (1.8), it can be written in the form (1.9) with
(Mo, o) € R x R*. Let f be an inhomogeneous steady state of (1.1) and a minimizer of (1.8) equimeasurable to
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fo. It can be written in the form (1.9) with (A, u) € R x R* . Let us assume that o = p then we can write our two
minimizers like that
2

2
fo0.v)=G (”7 + wow)) . fO.0)=G (”7 + w(é))) ,

with G(r) = (j/)™! <(ﬁ) ) and v; (@) — A;. Arguing as the one constraint case, we get fo = f up to a translation
+

shift in 0. Let us assume that wg #% @ and let us show that ug is isolated. Since fy and f are inhomogeneous, they
3

x4

v Ia(eo)—x_%ml

verify (3.18) according to Lemma 3.5. Define for x > 0, F(x) = and introduce the set

E= U {us.t pF(|ul) = Ao}
peN

If E is finite, the result is trivial. Otherwise E is countable, it can be written in the form E = (u,), with u, injective
and satisfying for all n € N, there exists p, such that p, F (|u,|) = Ao. Let ;1 be a limit point of the sequence (u,),,
it verifies F(|i1|) = 0. Indeed, the sequence (p,), cannot take an infinity of times the same value since in equality
(3.18), for p fixed, there are at the most 4 . Therefore p, —> +o0o. Thus u; =0. As up < 0, it is isolated. Thus

n——+00
there exists 8o > O such that for all f # fp inhomogeneous steady state of (1.1) and minimizer of (1.8), we have
il = lproll > 0. O
Now, let us prove Lemma 3.6.

Proof of Lemma 3.6. Let i € C%([0, 27)) satisfying the assumptions noted above, we have

2 1 1 2 (Y(O)—e)y Lo
/(w(e)—eﬁdezi/ / s*%dsdezi/s*%|{e+s5wgeo}|ds
0 0 0 0
1 1
&2 1
:7 s"2|{eg —e(l —s) <y <ep}lds,

0

using Fubini’s theorem, putting & = ep — e and performing a change of variables § = .

We define E. = {6 € [0,27],e0 — e(1 —s5) < ¢ <eg}. We can write [0, 2] = UleE,- with
_ E1+&
E; =10, >5>]
Ep =[50 St forj e (2, p— 1)
E,=[2"% o).
Thus E, = U!_ El with EL = {6 € E;, —e(1 —5) < /() — e9 < 0} and we get

1

2 | p 1 1

ES 2 .
/(w(e) —0ld9=)" % /s—% |Ei|ds.
0 =l 0

The next step is to compute for i € {1...p} the limit of |E £| when ¢ goes to 0. Notice that there is a unique &; in each
interval E; fori € {1...p}, and use the Taylor formula for v, to get

1
El={0€cE;—e(l—s)<(® —Ei)z/(l — Wy W — &) +&)du <0
0

Letting A(6, ) = [i (1 — )y (0 — &) + £)du, we can write

El = {9 €E;, 'Q;J;”JM(@,&N <1 —s}.
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Then we have
1

Bl =2V |{6 € E1.0V1B@.&)] < VT—s5}}| where B(0. &) = /(1 — W)y (/6 + &)du.

0

Recall that " (§;) # 0 hence by continuity of ", we have " # 0 on a neighborhood of &;. Thus for e close to eg,
i.e. for ¢ sufficiently small, we have B(0, &;) # 0. Thus we can write

. 2
| —2/1 do
_ T
Ve ) foso< = |

Applying the dominated convergence theorem, we get for i € {1...p}
lim |EL| 2v2(1—s)
=0 e VIWTED]

This ends the proof of Lemma 3.6. O

To prove Lemma 3.5, we need a last technical lemma.

Lemma 3.7. Let [ be an inhomogeneous minimizer of the variational problem (1.8) given by (1.9) with (A, ) €
R x R*. We denote by ep := max yy where Y (0) = W. Then there is only a finite number of values & satisfying
V(&) = eo.

Proof. Let us argue by contradiction. Assume there is an infinite number of different values £ satisfying ¥ (£) = eg.
We define a strictly increasing sequence (&,), such that for all n, ¥ (§,) = eo. In particular we have ¢’ (én) = 0
Then we apply Rolle’s theorem on each interval [§,, §,+1] and we build a new sequence (€x)n such that ¥ (§,) =

We have (En),, € [0, 27'[]N thus there exists 5 such that Sn . : 5 up to an extraction of a subsequence. With the

continuity of ¥” and Theorem 3, we get 1//’ '(§) = 0. By construction, we have for all n, &,_| < &, < &,. Thus up to
an extraction of a subsequence &, —+> é and the limit satisfies ' (S )=0and 1//(5 ) = ¢¢. Besides we know that

" M
1#//z(ﬁ_f 'Of_Z_nl
w w

then ;Of(é) = 2;1 Using the expression of p 7, we getforall 8 € [0,2n], pr(0) < pf(é) and max(py) = pf(é) = 2;1 .

Since fR py = My, we deduce that for all 6 € [0,27], pr(0) = 12‘{11 Thus for all 6, ¢f(9) = 0. Since ¢ has a zero
average and ¢ 7 (0) = ¢y (27), we get ¢y = 0. Contradiction. O

We are now ready to prove Lemma 3.5.

Proof. Let fi and f> be two steady states of (1.1) and two minimizers of (1.8) equimeasurable. They can be written
in the form (1.9) and we can write

2 2
0.0 =) (”— + (9)) L RO =3GH! <”— + wzw))
21 + 22

+

where y;(0) = 2407

Hm 1<—+w1(e>> >t}
2 +

L fori =1 or 2. Since fi and f, are equimeasurable, we know that for all 7 > 0

=H<j’>“ (—+wz<9)) >r} :
2|pal +
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We have fori =1 or 2,

.N—1
H(J) <2| ] Jrl!f:%’))+ >l}

U2
l= HE — |uilyi (@) < —IMin’(t)H

— 222 / (i (0) — j'(1))2.do.
0

Thus for all e > 0, we have equality (3.17). Then let us assume that ¢ s, # 0 and ¢ ¢, # 0. According to the third point
of Theorem 3, ¥1, Yp € Cz([O, 2m]). Besides, according to Lemma 3.7, there exists, fori =1 or 2, p; = p;(¢,) such
that v; has p; values & satisfying v; (§) = eo. We denote them {&; 1, .., & p,}. In order to apply Lemma 3.6, let us show
that ¥/ (& ;) #0 for j € {1,..,p;} and i =1 or 2. If ¥/ (§; ;) =0, since &; ; is a maximum of ¥ too, we are in the
same case as the end of the proof of Lemma 3.7 and we get a contradiction. Hence we are allowed to use Lemma 3.6
and get

|H1|2 I,U«zl2
,/Ilﬂl G, )l \/II/fz(& ,)I

Notice that we have fori =1 or 2

M 1 _ 2
¥ (0) =¢'f(0) = Pi® -5 1 /(j’rl (
’ Mi Mi A

M
+ I/fi(é’)) dv — —
2

; 2l .

[ (22 4w __Lm
i (" 5 +¥i(0) ) dv T
“ + lpi]2 <7

Thus we have

” -1 I M
Y i) = —uil ™2 (0(60) - —)

|ui| 27

with a(eg) = fR(j/)_l <eo - %) dv, and therefore equality (3.18) is proved. O
+

3.3.2. Proof of Theorem 4
We will prove the orbital stability of steady states of (1.1) which are minimizers of (1.8) in two steps. First we will
show that any minimizing sequence is compact.

Step 1: Compactness of the minimizing sequences.

Let (fn)n be a minimizing sequence of Z(My, M;). Let us show that (f,), is compact in E}, i.e. there exists

EA
fo € E;j such that f, — fo up to an extraction of a subsequence. Using item (2) of Lemma 3.3, there exists fy €
L! ([0, 2] x R) such that f, —J\r fo weakly in L! ([0,27] x R) and we denote by ¢¢ := ¢ ,. In the same way
n—+00

as the proof of Theorem 3 in Section 3.2.2, we introduce the function F? defined by (3.13). According to Step 1
of the proof of Theorem 3 in Section 3.2.2, it is a minimizing sequence of (1.8), F%» converges to F% strongly in

E .
L!'([0,27] x R) and F? is a minimizer of Z(My, M ). Our goal is to prove that fo = F% and f, —> fo.
In order to do that, let us start with the proof of the strong convergence in L1([0,27] x R) of fato F 0 First, we

notice that || f,,[|;1 = || F o |l = M1, then thanks to Brezis—Lieb’s lemma, it is sufficient to show that f,, converges to
F® ae.in order to get the strong convergence in L1([0, 2] x R). To this purpose, let us write

fn— F0 — fu— Fon L FPn _ oo,
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As the a.e. convergence of F% to F% is already known, the next step is to show that f, — F%: converges to 0 a.e. For
this purpose, we will argue as in the proof of Theorem 2 in Section 2.2.2. We notice that we have

/ () — j(FPy = j/ (FP)(f, — FP))ddv —> 0. (3.20)

n——+00

Indeed, using equality (3.12), we get

/ G(f) = J(F%) = J/(FO)(f, — Fo))dgdy = M

There remains to argue as in Step 2 of the proof of Theorem 3 in Section 3.2.2 to get the desired limit. Then writing
the Taylor’s formula for the function j(f,;) and integrating over [0, 2] x R, we get

1
// (fy— Y2 / (1= u)j"(fy — F) + F9)du = // i) — // J(Ey - / (fo— FO)j(F).
0

Thus ff(fn — Fn)2 fol (1—u) " u(f— F)+ F®)du —+> 0. Arguing in the same way as the proof of Theorem 2
n—+0o0
in Section 2.2.2, we get f, — F%» — 0 a.e. To recap, we have obtained that || f;, — F® It — 0.But f, —
n—-+400 n—-+00 n—-+00

fo weakly in L1 ([0, 277] x R) then by uniqueness of the limit, we have F% = f,. Therefore || f,, — Joll —+> 0. To
n——+0o0

show the convergence in £, there remains to show that
2 . .
v — —> 0, and — .
12 = follr, = 17l = 17 ol

The second limit clearly comes from the fact that fy = F% satisfies the constraints. For the first limit, we write

// V2 (fu(0,v) = fo(®, v)d8dv = 2(H(f) — H(fo) + 6,125 — Ip 117

Then ||v2fn||L1 —+> ||v2f0||L1. Besides the strong convergence in L!([0,27] x R) of f, to fo implies that
n—+0o0

v2f, — v2fpa.e. up to an extraction of a subsequence. We conclude with Brezis—Lieb’s lemma. Hence the mini-
n——+00

mizing sequence is compact in E;.
Step 2: Proof of the orbital stability.
Before starting the proof of Theorem 4, notice the following fact. As mentioned in Section 3.2.2, it is possible

to obtain Euler-Lagrange equations for the minimizers in the same way as in the proof of Theorem 1. This method
provides the expressions of A and p. In particular, we have

W fllu .
u:—c— with Cy = [[ fj'(f)dOdv — M;. (3.21)
f
If f1 and f; are equimeasurable, then Cy, = C,. Hence, we can rewrite the first point of Lemma 1.2 as follows.
Lemma 3.8. Let fy be an inhomogeneous steady state of (1.1) which is a minimizer of (1.8). Let (A, u) € R x R*
be the Lagrange multipliers associated with fy according to (1.9). There exists 8o > 0 such that for all f € E;

inhomogeneous steady state of (1.1) which is minimizer of (1.8) and which is equimeasurable to fy with uy # W,
where | is the Lagrange constant associated with f in the expression (1.9), we have

1* follLr = 10> fllLi | > So. (3.22)
This characterization will be used in the proof of the orbital stability of steady states.

Before proving the orbital stability of minimizers, we need to prove a preliminary lemma.
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Lemma 3.9. Let fy be an inhomogeneous steady state of (1.1) which minimizes (1.8). We denote by &o the constant
associated with fo as defined in Lemma 1.2. We have: Ve > 0, 3n > 0 such that V¥ fini; € E;

1L+ 02 Sinie — fo)lls < and ‘ // JSimir) — // i)
< eﬂ ,

= [Vr >0, Ullvzf(t)llu —11v* foll
With this lemma, we are able to prove Theorem 4. We will prove Lemma 3.9 after the proof of Theorem 4.

=7

o
<2 =10 F Ol = 19 foll

where f(t) is a solution to (1.1) with initial data fini;.

Proof of Theorem 4. Let us argue by contradiction, let fj be an inhomogeneous minimizer of (1.8). Assume that
fo is orbitally unstable. Then there exist &9 > 0, a sequence (f/;)n € E}\] and a sequence (), € (]Rj{)N such that

E:
., —> fo and for all n, for all € [0, 27]
1" (0, 6 + 00, v) = fo(0, V)Lt > €,

) (3.23)
or ”U (fn(tnv 9 +907 U) - f()(e’ v))”Ll > &0,

where f"(t,,0,v) is a solution to (1.1) with initial data f} . Letting g,(0,v) = f"(#,,0,v), we have H(g,) <
H(f},;;) from the conservation property of the flow (1.1). Introduce g, (6, v) = yngn (0, K—Zv) where (y;, Ap) is the

unique pair such that ||g, |l 1 = My and || j(g,)|l.1 = M. Besides ¥, and A, satisfy

M j M ;
_ 1 and y,, is such that ||](Vngn)||L1 _ M lgn L .
llgnllp Yn M,
The existence and uniqueness of such (y;,, A,) can be proved exactly the same way as Lemma A.l in [20]. As g,
satisfies the two constraints of the minimization problem (1.8), we have H( fo) < H(g,). Besides we have

(3.24)

n

hon 2
H(fo) < H(gn) <22 ((ﬁ - 1) [ %gn I + H(ﬁ','m)> . (3.25)

n

Notice that
n . n
llgnllLr = Il fini Lt e M since | f;,,;, — follL n_>—+>000 and || follLr = M.
Hence the sequence (g;), is bounded in L!. We also have

U2
7&1

2
1
=H(gn) + 3 /qs;;f(e)de <C+ 7[||W’||%°° ||gn||i1 where C is a constant,
L!
0

and therefore the sequence (|| ”2—2gn I.1)x is bounded too. Let us then show that A, and y,, converge to 1. With (3.24),
we get A, —+> 1. To deal with the case of y,, we will use the fact that the hypothesis (H3) is equivalent to the
n— 100

hypothesis (H3bis)
(H3bis) : bPj(t) < j(br) <b?j(1),¥b>1,t>0and b?j(t) < j(br) <bPj(t),¥b<1,1>0.
Therefore using (H3bis), we get

1

Lo L SR M -
min(C,/~", ') < yp <max(C)~', C;i "), where C, = <_]_|-|gn”Ll ) .
My 17 (gn)llL

But [|j (gL = 117 (i) I nj lj(fo)ll.1 and therefore C, — 1.Thus y, — 1. We deduce with (3.25)

n ) n——400 n—+00
that liIJlrl H(gn) = H(fo) and thus (g,), is a minimizing sequence of (1.8). According to the previous step, this
n—+00
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sequence is compact, hence, up to an extraction of a subsequence, there exists g € E; such that g, —+> ginE;. It
n——+0oo
is easy to show with Brezis—Lieb’s lemma that g, —+> g in E; up to an extraction of a subsequence. This implies
n——+0oo
that

lgn — &l —> 0, [[v*(gn — D)1 —> OandI//j(gn)—//j(é)l — 0. (3.26)
n—+o0 n—+00 n——+00

Then we deduce of this convergence that H(g,) —> H(g), but H(g,) —> Z(M;y, M;) and Z(My, M;) =H(g).
n——+00 n—+400

Besides g satisfies the two constraints therefore g is a minimizer of (1.8). Furthermore in the same way as the proof
of Theorem 2 in Section 2.2.2, we prove that g and f are equimeasurable. In summary, fo and g are equimeasurable
minimizers of Z(M1, M;). According to Lemma 1.2, g cannot be a homogeneous steady state. Thus g is an inhomo-
geneous minimizer and has the form (1.9) with (Ag, 1z) € R x R* . The inhomogeneous minimizer fy also has the
form (1.9) with (Ao, o) € R x R* . If uz = pup, according to Lemma 1.2, fo = g up to a translation in 6. Then (3.26)
contradicts (3.23) and we have proved that fj is an orbitally stable steady state. Otherwise, pz 7 o and according
to Lemma 3.8, there exists 8o such that (3.22) holds. Now, let us show that |||v2g||L1 - ||v2f0||L1 | <60. In order to do
that, let us prove that for all n,
o

v gl = 1v* follui| < - (3.27)
We will show that V¢ > 0, |||[v f"(¢) Il — |l v2f0||L1 | < 570 Let us argue by contradiction and assume there exists ¢ > 0
such that [[[v? £ (1) It — 102 follpi | > 2. As (L +v?)(F2, — fo)llLt e 0, we can assume Vn, [|(1+v?)(f],, —
fo)llr < 2. This implies Va, [[[v2 £2,, Il — V2 follpi| < %. Thus we have

80 80
o2 1Ol — v folli | < - and3r>0st. o2 £ Ol = I1o* folli| > >

By continuity of the map 7 — lv2 (1) l.1, there exists #p > such that

8o do
2 " @) I = v folli = = < =,
3 2
therefore according to Lemma 3.9, for all ¢ > 0, we have [v2f" o) It — ||v2f0||L| | < e. For instance with ¢ = %0,
we get a contradiction. Hence: V¢ > 0, v f" O — ||v2f0||L1| < 570 and we deduce (3.27). Recall that we have
Iv2(gn — )| = 0, hence with (3.27), we deduce that |[|[v? foll1 — [|v?gll1] < 8o. We get a contradiction with
n—+00

(3.22) and o = pg then fo = g up to a translation shift in 6. Then (3.26) contradicts (3.23) and we have proved that
fo is an orbitally stable steady state.

If fp is a homogeneous minimizer of (1.8). We follow the same reasoning by contradiction and we build an other
equimeasurable minimizer g. Two cases arise: firstly, g is inhomogeneous and in fact, this case cannot occur according
to the third point of Lemma 3.5. Hence we get a contradiction. Secondly, g is homogeneous and we have fy =g
according to the first point of Lemma 1.2. We get the same kind of contradiction as in the case of f inhomogeneous.
Hence, we have proved that fj is an orbitally stable steady state. O

To end this section, let us prove the preliminary Lemma 3.9.

n

Proof of Lemma 3.9. Let us argue contradiction. Then there exist &9 > 0, a sequence (f};,)n € EJN and a sequence

E.
(ta)n € R} such that £ —> fo and for all n,

o
v n)liLr — IV Joliptl = =+ an v n)llLt — v Jollptl > €0, .
2 £ @)l = v* foll < = and (102 f" @)l = 110 follu| (3.28)
where f"(t,) is a solution to (1.1) with initial data f;);,. Let g,(6,v) = f"(t, 6, v), exactly like in the proof of
Theorem 4, we introduce g,(0, v) = Y,gn (9, y—,"lv) where (¥, A,) is the unique pair such that ||g,|.1 = M) and
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lj (€))Lt = M ;. In the same way as the proof of Theorem 4 in Section 3.3.2, we prove that g is a minimizer of (1.8)
and as in the proof of Theorem 2 in Section 2.2.2, we show that g and f are equimeasurable. Using the first inequality
of (3.28) and the convergence of lvZg, I1 to ||v2§||L1 , we get

v? follr — llv?gliui] < 8o (3.29)

Therefore according to Lemma 1.2, we deduce that fy = g up to a translation in # and we get a contradiction with the
second inequality of (3.28) and the convergence in Ej of g, to g. O

4. Problem with an infinite number of constraints
4.1. Generalized rearrangement with respect to the microscopic energy

In the same way as in the two-constraints problem, we introduce a new function denoted by f*?. The sequence
(f*%),, has better compactness properties than the sequence ( f,,),. We get the compactness of ( f;,),, via the compact-
ness of (f*%), thanks to monotonicity properties of 7 with respect to the transformation f*¢ which will be detailed
in Lemma 4.3. To define this new function, we use the generalization of symmetric rearrangement with respect to the
microscopic energy e = % + ¢ (0) introduced in [17]. For more generalized results, see also [16]. We first recall the
usual notion of rearrangement which is adapted here to functions defined on the domain T x R. For more details on
this subject see [15] and [21]. For any nonnegative function f € LY(T x R), we define its distribution function with
(1.7). Let f* be the pseudo-inverse of the function 1 defined by (1.7):

f#(s) =inf{t >0, us(t) <s}=sup{t >0, uys() > s}, foralls>0. 4.1)

We notice that f#(0) = || f|lL~ € RU {400} and f#(+00) = 0. It is well known that M ¢ is right-continuous and that
foralls > 0,7 >0,

o) >t &= pp>s. (4.2)
Next, we define the rearrangement f* of f by

f*(G,v):f#(‘B(O, \/92+v2)ﬂ’JI‘><RD, 4.3)

where B(0, R) denotes the open ball in R? centered at 0 with radius R. Then in order to generalize the rearrangements,
we introduce for ¢ € C*(T) the quantity

2
a¢(e)='{(0,v)e[0,27r]xR:%+¢(9)<e} . (4.4)

From this quantity, we can adapt the proofs in Section 2.1 of [17] to the case of ¢ € C> and we are able to define
the generalized rearrangement with respect to the microscopic energy. We get the following properties gathered in
Lemma 4.1. The last item of this lemma is proved in the Step 2 of the proof of Proposition 2.3 in [17].

Lemma 4.1 (Properties of ag). We have the following statements.

(1) The function ay is continuous on R, vanishes on | — oo, min @] and is strictly increasing from [min¢, +oo[ to
[0, +o0l.
(2) The function ay is invertible from [min ¢, +oo[ to [0, +oo[, we denote its inverse by a;l. This inverse satisfies
S2 2

X _ S
m+mln¢§a¢l(s)fm+ma)(¢, VS€R+' (45)

) Letgp € Cz([O, 2m]) and let ay be the function defined by (4.4). Let f be a nonnegative function in L1([0, 271 x R).
Then the function

2
76, v) = f* <a¢, <% +¢(9)>) . (0.v)e[0.27] xR
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is equimeasurable to f, that is (L p«p = g where y is defined by (1.7). The function f *? is called the decreasing

rearrangement with respect to the microscopic energy ”72 + ¢ (0).
(4) Let f € L1([0,27] x R) and @5 is the potential associated to f defined by (1.3), we have

// ( +¢f(9)> (f(0,v) — f**7(, v))dodv > 0. (4.6)

The next lemma, proved in Section 3.1 of [16], is a technical lemma about rearrangements which will be used in
Lemma 4.5.

Lemma 4.2. Let ¢ € C2([0, 27]) and f € L'([0, 2] x R), we have the following identity

+00
//( +¢(9)> (6, v)dodv = /a;l(s)f#(s)ds.
0

In the rest of this Section, we adopt the following definition of minimizing sequences.

Definition 4.1 (Minimizing sequence). We shall say that (f;,), is a minimizing sequence of (1.11) if ( f;,),, is uniformly
bounded and

H(f) —> Ho and If7 = fil — 0.

As mentioned at the beginning of this section, we need to link H(f,) and H(f*%") to get compactness for f;.
Hence, we introduce a second problem of minimization

2
T}- =’ 1nf jf*(qs) where Jy+(¢) = // ( +¢(9)> £*(6, v)dodv + - / ¢’ (0)%d6. 4.7)
- 0

Lemma 4.3 (Monotonicity properties of H with respect to the transformation f*?). We have the following inequali-
ties:

(1) Let f €&, forall ¢ € H*([0,27]) such that ¢ (0) = ¢ (27) and f(f” ¢ =0, we have H(f*?) < Tp+().
(2) Forall f € E, Hy <H(f**7) < Tp+(¢s) < H(f) where Hy is defined by (1.11). Besides Hy = j})*.

Proof. The first item of this lemma is proved exactly like item (2) of Lemma 3.2. Hence we have

1
T @) =H(*) + 5180 = 'l (4.8)

Then, let us prove the right inequality of item (2). Let f € £, the Hamiltonian can be written as

H(P) = / / ( +¢f<e>)f*¢f<9 v)dody + & / #/,(0)%do
/ / ( +¢f<9>> (F0,0) — £*7 (6, v))d6dy

= T+ / / ( +¢f(9)) (f(0.v) — £*47 (6, v))dodv.

Using (4.6), we get that H( f *¢) < Jy*(¢). Thanks to the two above inequalities, we easily deduce Hp = jj(?*. |
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4.2. Existence of ground states
This section is devoted to the proof of Theorem 5.
4.2.1. Properties of the infimum
Lemma 4.4. The variational problem (1.11) satisfies the following statements.

(1) The infimum (1.11) exists, i.e. Hy > —oo0.
(2) For any minimizing sequence ( fu)n of the variational problem (1.11), we have the following properties:
(a) There exists f € L1([0, 2] x R) such that f, —+> f weakly in L.
n— 100

(b) We have ||¢y, _¢f||H1 — 0.

n—-+00

The proof of item (1) from Lemma 4.4 is similar to the one of Lemma 2.1. In the spirit of Lemma 2.1, noticing
that || fll1 = | f,7ll1 is bounded and using Dunford—Pettis’s theorem, we get the weak convergence of (f,), in
L! ([0, 2] x R). The proof of item (b) is similar to the one of item (2) in Lemma 2.1.

4.2.2. Proof of Theorem 5
We are now ready to prove Theorem 5.

Step 1: Existence of a minimizer.

From item (1) of Lemma 4.4, we know that Hj is finite. Let us show that there exists a function which minimizes
the variational problem (1.11). Let (f), € € N be a minimizing sequence of (1.11). From item (a) of Lemma 4.4, there
exists f € L1([0, 2] x R) such that fn —J\r fin L}y. From item (b) of Lemma 4.4, ¢ 1, strongly converges to ¢ 7

n—+0o0

in L2([0, 2] x R) and ¢/fn strongly converges to ¢’f in L2([0, 2] x R).

In the following paragraphs, we will note ¢, := ¢, and qS =¢ 7 Notice using item (2) of Lemma 4.3 that (¢,),
is a minimizing sequence of (4.7). As in the proof of Theorem 3, we introduce a new minimizing sequence which

has better compactness properties than ( f;,),. The sequence ( f(;k ¢”)n is well-defined according to Lemma 4.1. Since

(¢n)n 1s a minimizing sequence of (4.7) and using the second item of Lemma 4.3, we directly get H( f(;k ¢”) —+> Hy.
n——+0oo

The next step is to prove that ( f; ‘P”) . _)—+>oo H( f(;k ¢). In order to do that, let us show that f; n . _)—+>OO f(;k ¢ strongly

in Ll([O, 2] x R). From general properties of rearrangements, see [15] and [21], we have ||f6k¢" It =1l foll;1 and
I f(;k ¢||L1 = || foll.1 and therefore using Brezis—Lieb, see [8], it is sufficient to show that f(;k On —+> f(;k ? ae. to get
n——+0o

the strong convergence in L' ([0, 2] x R). Using the dominated convergence theorem, we easily get that
1)2 1)2 -
ag, (3 + ¢ (9)> WS 9 (3 + (}5(0)) a.e. up to a subsequence.

As by hypothesis, fy € €N CO([0,27] x R), fg* is continuous then f(;k‘p” —+> f;¢ a.e. up to an extraction of a
n——+0oo
*Pn

subsequence. Thus, we get || f;™" — f(;k ¢||L1 —+> 0. Then, from classical inequality about lower semicontinuous
n——+0oo

functions (see [15]) and the convergence in L?([0, 277] x R) of ¢,,, we deduce that
2
UZ ) 1 / 2 )
Hoz [[ 5 st 0wt -3 [ o @20 =) (4.9)
0
0

Since f(;k ? ¢ & andis equimeasurable to fo, we get Hy < H( f(;‘ ¢). Hence with the inequality (4.9), we deduce Hy =
H(f(;kd)) and f(;kd’ is a minimizer of (1.11).
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Step 2: The minimizer is a steady state of (1.1).

The minimizer fo is a stationary state of the system (1.1) and to prove that it is sufficient to show that ¢ = ¢ *,,,

The proof is similar to the one of two-constraints case in Section 3.2.2, we use Lemma 4.3 and equality (4.8) to get
the result.

4.3. Orbital stability of the ground states

4.3.1. Proof of Theorem 6

This section is devoted to the proof of Theorem 6. As we do not have the uniqueness of the minimizers under
constraint of equimeasurability, we can only get the orbital stability of the set of minimizers and not the orbital
stability of each minimizer.

First, we need to the following lemma which is at the heart of the proof of the compactness of minimizing se-
quences. This lemma will be proved at the end of the proof of Theorem 6.

Lemma 4.5. Let foeEN CY([0, 2] x R) and let (fi)n be a minimizing sequence of (1.11). Then (f,), has a weak
limit f in L1([0, 2] x R). Denoting ¢ ¢f, we have

Il follLoo

Byupp@ B, wa)+ Bglup @) =B, (1) = 2B5(upo(0)dr —> 0

where

Brg(®)=1{(0,v) €[0,2n] xR: f(0,v) <1 <g(0,v)}],

o 2o (4.10)
B(”(“)_ff{aq;(%ﬂ'xo»w} 7 +96)dodv.

Step 1: Compactness of the minimizing sequences.

Let (f,), bea m1n1m121ng sequence of (1.11), let us show that ( f;,), is compact in £. Using Lemma 4.4, there exists
f € L! such that fn —4\_ f weakly in Ll([O 2] x R) and q’),, —> (/) strongly in L2([O 2] x R) where q’) ¢f
n—

Arguing as in the proof of Theorem 5 in Section 4.2.2, we also get f, ¢” = fo strongly in L' ([0, 277] x R). Our
n—-+0oo

aim is now to show that || f;, — f(;“ ¢ It —+> 0. In order to do that, we will use some techniques about rearrangements
n—+0o0

introduced in [16]. In particular, we will use the following equality established in the proof of Theorem 1 in Section 2.3
in [16]

5= 75w =2 [ B, st + 1l = 1ol (4.11)
0

where B, is defined in (4.10). The second term of (4.11): || fu |1 — |l foll.1 goes to O when n goes to infinity. Indeed,

according to Definition 4.1 of a minimizing sequence, we have: || f,;" — fillLit —> Othen || £\l = [ fullt —>
n—+o00 — 400

I /5 llLt = Il follL1 using rearrangements properties, see [15]. Hence to prove that: || f;, — f(;w I —+> 0, we need to
n—+0o0

prove that f0+ 1« ()dt —+> 0. For this purpose, it is sufficient to show that ﬁ P () —+> 0. Indeed, this a
Jo n—-+00

f fo
direct application of the dominated convergence theorem
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© By e ® 20

e 0< ﬁfn fé‘dg (t) < sy (t) and f0+°° M £ (t)dt = || foll.1 using Fubini’s theorem.

To get the a.e. convergence to 0 of ﬁf P (1), we will use Lemma 4.5. By convexity of By given by Theorem 1 in [16],
nJo

By (g (1) + 5fn,fg<5 (1)) + B (1, (1) — ﬁfn’f(;ﬁqs (1)) =2Bg (s (1)) = 0
therefore Lemma 4.5 implies that
Bj (g (@) + ’Bfn,f(f"g @)+ Bj (g (@) — 'Bfn,f(f"g ) — ZBJ) (£, (1)) n_>—+>oo 0 for almost ¢ > 0.

Notice that /Sf f*”_’ (0) =0 and for all ¢ > 0,
nsJo

1
0 B < — }
<B, o ®=7If I

Thus the sequence (8, _.3(t)), is bounded and has a convergent subsequence. Let us suppose that 8. ,;(t) —
fnﬂf() fnvf() n—+00

I # 0, then by strict convexity of B&’
ByUenn® + B, o)+ Bglisn®) = B, o (1) = 2B (1))

— By (0) + 1) + By (s (1) — 1) — 2B (1 (1)) > 0.

n—+0o00
This yields a contradiction, and therefore 8 . .5(t) — 0 for almost r > 0. Hence || f;, — fg ¢ It —> 0. Besides
fn,fo n—~+00 n—+4o00

we have proved that f, —J\r f weakly in L ([0, 277] x R), hence by uniqueness of the limit, we get f(;k ¢ — f. Since
n—-—+oo

by definition, a minimizing sequence is uniformly bounded, to prove the compactness of the sequence ( f;,), in the
energy space &£, there remains show that

2, 7
1o = Dl 0.
Notice that

// V(0. v) = £(0,v)dodv =2(H(f) — H(F) + g lI7> — 19117

thus ||v2 f,, L — ||v2f||L1 since (f;), 1s a minimizing sequence and f is a minimizer. Moreover v2 f, —> v2f
n—+oo _ n— 400
up to an extraction of a subsequence since f, —+> f strongly in L. Thanks to Brezis-Lieb’s lemma (see [8]), we
n——+0oo

deduce that [|v2(f, — f) I —+> 0. To conclude, we have proved that the sequence ( f;,), is compact in £.
n— 100

Step 2: Proof of the orbital stability.

Let us argue by contradiction, let f;, be a steady state of (1.1) which minimizes (1.11). Assume that f;, is orbitally
unstable. Then there exist g9 > 0, a sequence (f}};,)n € ENand a sequence (), € (R;“)N such that f7} i) fi, and
for all n, for all 6y € [0, 27 ], for all f; minimizer of (1.11),

| f" (tn, 0 + 60, v) — fi (O, V)1 > €0,
or [[02(f" (ty, 0 + 60, v) — £ (0, ) ||L1 > €0,
where f"(t,,0, v) is a solution to (1.1) with initial data f], ;. Let g, (6, v) = f"(#,, 6, v). Notice that
ICfimie)™ = follw = 1 (fii)™ = figlly  since fiy € Eq(fo),

<\fli — fiollt by contractivity of rearrangement (see [15]),

4.12)
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but from conservation properties of the flow (1.1), we have gy = (f/},,)* together with ||g,|lL> = || f;};, llLe. There-
fore g —+> fg strongly in L! and (g,), is uniformly bounded. Finally, from item (2) of Lemma 4.3 and from the
n—1+oo

conservation property of the flow (1.1), we have
Ho < H(f3"") < H(gn) <H(f) = Ho.
Thus H(gn) —+> Hj and the sequence (gy), is a minimizing sequence of (1.11). According to the previous step,
n——+0o0

. . . . E .
this sequence is compact, hence, up to an extraction of a subsequence, there exists f; € £ such that g, — f;. This
implies that

2
g = fillr == 0 and |[v*(g = D)l — 0. (4.13)

Arguing as in the proof of Theorem 2 in Section 2.2.2, we prove that H(f;) = Hp and that f; is equimeasurable to
fio- We deduce that f; is equimeasurable to fi and hence this is a minimizer of (1.11). We get a contradiction with
(4.13) and (4.12). There remains to show Lemma 4.5.

Proof of Lemma 4.5. The existence of the weak limit £ is given by item (3) of Lemma 4.4. Many techniques in this
proof have been introduced in [16]. By convexity of Bq;, see Theorem 1 in [16], we have

l follpoo

By + B, .5 (0)+ By(is () — B

o (1)) = 2B (1 1y (0)dr = 0.

fu 32
0

Using the remark following Theorem 1 in [16], we have

l follLoo
By (g, (1) + ﬁfn,fg";(t)) + By (1 gy (1) — ﬁfn,fg";(t)) —2Bj(ufy (1))dt < Ap + By

where

A=l Je (ﬁ +¢3(9)) (fu(8.v) — £3° (6, v))d8dv,
By = O+OO[ (2'U“fo(s)):3f,1 f(s) — a (Mfo (DB, fx(s)]ds.

Then let us show that A, —+> 0. After integrating by parts, we get
n——+0o0

*b *¢ 1 / 2/
An _//< +¢(9)> (Fu(0,0) — 326, v))dodv = H(f) — H(f?) + S ldn—o I3

We have seen in Step 1 of the proof of Theorem 5 in Section 4.2.2 that H( f;,) — H( f(;k ¢) converges to 0 and ||¢;, —
<Z>'||i2 —+> 0; therefore A, — 0. Finally let us show that B, — (. We have the following inequality using

n—+o0 n——+00

inequality (4.5)

“+0o0

B, = / 0z @iy DB 159 — a5 gy () B g ()]s
0

+00
du g (s)2 - 2 (3)2 .-
= / (#“‘“‘W) B ) ‘( o +mm¢) Brs. 1z ($)ds.

0
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Using the following identity, see the proof of Proposition 4.1 in [17],

+o00 +oo
[ B+ [ B s =187 =
0 0

we get
17 7
Bu=g— 1o (8)* B, g (5)ds + (max ¢ + min ) / Byr.pr(s)ds —mind| £y = foll1-
0 0

Notice that min || £, — ol =7 0 since ( f;,), is a minimizing sequence of (1.11). Besides
n——+0o0
+00 +00
(max ¢ + min ) / Byr. gz (s)ds < max ¢ / By (s)ds
0 0

+00
<maxd [ (£ = fireds
0

<maxe| £ — fyll.t e 0.

Finally, let us prove that
“+o00
2
o (8) Bz, fx (s)ds ne 0.
0

872
First notice that Bz« ¢x(s) —> 0. Indeed we shall apply the dominated convergence theorem to Bys rx(s) =
ns>J0 n——+o0o n>J0
I L f#(0.v)<s < f3 0.0y d0dv for s > 0. We first have

° 1{f,j‘(0,v)§s<f8‘(9,v)} — ]l{f(f(ggv)gs<f(;ﬁ(gﬁv)} a.e. since f, n_:)m fi strongly in L1([0,27] x R),

n—-+400
o Lipr@.<s<fi@.0) < Lis<fr@.0)- But I Lis< fr0,0yd0dv = ps (s) = p g, (s) < 0o since fo € L'([0,27] x R).
Hence by the dominated convergence theorem, we get for all s > 0, Bp+ gx(s) —> 0. For s =0, Bpx ¢+(0) =
n70 n—+00 n70
|@| = 0, thus for all s > 0, Bsx gx(s) —> 0. There remains to dominate the term (i f, (s)z,Bf* £x(s). Notice that
n:70 n—-+o00 ’ n>70

M fy (s)z,Bf:,f; () < g (s)3. However we have

+00 +00 +00

/ S f(5)ds = / / s | dr =5 / oy ()3dr.

0 0 0<s <K f (t) 0
So to prove the integrability of s — 1z, (s)3, it is sufficient to show that f0+°° 52 fg‘ (s)ds < oo. Using equality (4.5),
identity [ f¥(s)ds =l foll.1 and Lemma 4.2, we get

“+00

+oo
/szfg*(s)dsg (adgl(s)+1)f§(s)ds
0 0

—+00

_ / a3 @) f)ds + 1 foll

0
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//( +¢(9)> f(j“ﬁ(e, v)dfdv + || foll1 < +oo

since fo*a) satisfies Hy = ’H(f(;kq;) and fo € L1([0, 2] x R). Hence f0+°° Mo ()3dt < 4+00. We conclude by dominated
convergence that

+00

2
[ 1285550085 — o
0

Therefore B, —> 0 and the lemma is proved. O
n—-+00

4.3.2. Expression of the minimizers
From the proof of compactness of minimizing sequences in Section 4.3.1, we can deduce the expression of the
steady states of (1.1) which minimizes (1.11). Indeed, we have proved that any minimizing sequences ( f,,), converge

to a minimizer f in £ which satisfies f = f;¢. Hence any minimizer f of (1.11) has the following expression:

2
_ v -
f=1 (aq; (7 + ¢<9>)) :
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Appendix A
Proof of Lemma 2.2. Let (f,), be a sequence of nonnegative functions converging weakly in L!([0, 2] x R) to f

such that || f, It = M, |[v? fu 1 < Cp and [J faln(fy) < C2 where M, C; and C5 do not depend on n. Let 1 € Ry
and f1(0,v) = e~V we have

/ fuln(fi) // fnln(ﬂ)ﬂnm // fut / fuln(fi)
// fnln(m) //(f ( ))++1n<x>M+/ Suln(f1),

First by using the lower semicontinuity properties of convex positive functions, we get

i [ (w0(35), = (70 (G5)

At this stage, we have the following identity

lim inf // fuln(f) = [ // (fln(A fl)) +1n(A>M] + liminf // fuln(fD) (A1)
v [ ()

{0=</fu=<rf1}
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Let us then show that

11m sup // faln (kfl ) 0. (A2)

{0=fa=Af1}

This term can be written as

J[oam(L ) // fnln(?)—lm/ fo=Ti+Ts.

(0<fu=<rf1} (0<fu<rf1}
We have |T>| < A|In(A)| M, A—()J 0 umformly inn where M; = || fill1. Since for A sufficiently small, the function
—

x — x|In(x)]| is increasing on [0, A f1], we have for T

Tl < // JulIn(f1)] + // JalIn(fn)]

{0<fu<rfi} {0<fu<Arfi}
fk//fllln(fl)l+k//f1|1n(/\f1)| 52X/ Al + 2 G M.

Clearly, we have [[ f1|In(f1)| <400 so |Ti] — 0 uniformly in 7. So far, we have

hmmf/ faIn(fy) > hm [// (fln()\f )) +ln(k)M} +1imJirnf/ foIn(f1). (A.3)
1 n—+oo

. . - (F
The next step is to show that )}grb [ff (f In (rﬂ))+ + ln(A)M] I fln( ) We have

() v fu(D)<] [ () o) s

{f=rf1}
(A4)

Let us show, using the dominated convergence theorem, that the first term of (A.4) converges to 0 when A goes to 0.
The term fln(fil)]l{];zm} clearly converges to fln(fi]). So it remains to show that ff |f1n(fil)|d6dv < 4o00. We

have
//‘fln (%)‘dedug//mn(mdedw/ | FIn( f1)|dodv

< [[ 7 incPiaoau + b1+ 1 Fi.
It is well known, see [12], that for f > 0, if ||f||L1 < 400, ||v2f||L1 < 400, |fffln(f)d9dv| < 400, we have

jf | £ In(f)|d8dv < +o00. We already have that |l < 400, l|v? Sl < 400, soletus show that |ff fIn(f)dodv| <
+-00. Thanks to Jensen’s inequality (2.3), we have

//fln(f)dedu > M(In(M) —In(M))) — / [v| f > —o0.

By hypothesis, we know that lim +inf [J fuIn(f,)d0dv < C; and with inequality (A.1) and limit (A.2), we get for all
n—-+0oo
A E R+

C > // fIn(f)dodv + In() // fdedv—/|v|f.

(Fzrf1) {F<rfi)



254 M. Fontaine et al. / Ann. 1. H. Poincaré — AN 36 (2019) 217-255

The two last terms are bounded so || f{ Foifi) f1In(f)dédv is bounded from above and we deduce that [ f In(f)dfdv
is bounded from above. So the dominated convergence theorem gives the limit. Then the second term of (A.4) clearly
converges to 0. So

limint // fuln(f) = // Fin(f) + liminf / (o= PHIn(f).

To conclude, it is sufficient to show that f f (fu — HHIn(f1) —+> 0. Let & > 0 and R > 0O such that % < ¢, we have
n——+0oo

‘/ o — HIn(f)| < // (= Dlvldody| + // (fu + P)lvldody

{lv|<R} {lv|>R}
_ 1 _
< (= Plvldodo] + - // 2(fy + Fdody
{lv|<R}
_ 2C
< (fo — F)vldodvo| + ==L

R

{lvI<R}

The first term converges to 0 when 7 goes to infinity thanks to the weak convergence in L!([0, 2] x R) of f, to f
and R is chosen such that the second term is smaller thane. O

References

[1] Mickael Antoni, Stefano Ruffo, Clustering and relaxation in Hamiltonian long-range dynamics, Phys. Rev. E 52 (September 1995) 2361-2374.
[2] A. Antoniazzi, D. Fanelli, S. Ruffo, Y.Y. Yamaguchi, Nonequilibrium tricritical point in a system with long-range interactions, Phys. Rev.
Lett. 99 (4) (July 2007) 040601.
[3] Julien Barré, Freddy Bouchet, Thierry Dauxois, Stefano Ruffo, Yoshiyuki Y. Yamaguchi, The Vlasov equation and the Hamiltonian mean-field
model, Physica A 365 (2006) 177-183.
[4] Julien Barré, Alain Olivetti, Yoshiyuki Y. Yamaguchi, Dynamics of perturbations around inhomogeneous backgrounds in the HMF model,
J. Stat. Mech. Theory Exp. 2010 (08) (2010) P08002.
[5] Julien Barré, Alain Olivetti, Yoshiyuki Y. Yamaguchi, Algebraic damping in the one-dimensional Vlasov equation, J. Phys. A, Math. Theor.
44 (2011) 405502.
[6] Julien Barré, Yoshiyuki Yamaguchi, On the neighborhood of an inhomogeneous stable stationary solution of the Vlasov equation — case of the
Hamiltonian mean-field model, J. Math. Phys. 56 (August 2015) 081502.
[7] Julien Barré, Yoshiyuki Y. Yamaguchi, Small traveling clusters in attractive and repulsive Hamiltonian mean-field models, Phys. Rev. E 79
(March 2009) 036208.
[8] H. Brezis, E. Lieb, A relation between pointwise convergence of functions and convergence of functionals, Proc. Am. Math. Soc. 88 (1983)
486-490.
[9] P.-H. Chavanis, A. Campa, Inhomogeneous Tsallis distributions in the HMF model, Eur. Phys. J. B 76 (August 2010) 581-611.
[10] P.H. Chavanis, J. Vatteville, F. Bouchet, Dynamics and thermodynamics of a simple model similar to self-gravitating systems: the HMF model,
Eur. Phys. J. B 46 (July 2005) 61-99.
[11] Pierre-Henri Chavanis, Luca Delfini, Phase transitions in self-gravitating systems and bacterial populations with a screened attractive potential,
Phys. Rev. E, Stat. Nonlinear Soft Matter Phys. 81 (5) (2010) 051103.
[12] I. Desvillettes, C. Villani, On the spatially homogeneous Landau equation for hard potentials, part I: existence, uniqueness and smoothness,
Commun. Partial Differ. Equ. 25 (2000) 179-259.
[13] R.E. Edwards, Functional Analysis: Theory and Applications, Holt, Rinehart and Winston, 1965.
[14] E. Faou, F. Rousset, Landau damping in Sobolev spaces for the Vlasov-HMF model, Arch. Ration. Mech. Anal. 219 (February 2016) 887-902.
[15] O. Kavian, Introduction a la théorie des points critiques et application aux problemes elliptiques, Springer, 1993.
[16] M. Lemou, Extended rearrangement inequalities and applications to some quantitative stability results, Commun. Math. Phys. 348 (December
2016) 695-727.
[17] Mohammed Lemou, Ana Maria Luz, Florian Méhats, Nonlinear stability criteria for the HMF model, Arch. Ration. Mech. Anal. 224 (2)
(2017) 353-380.
[18] Mohammed Lemou, Florian Méhats, Pierre Raphael, The orbital stability of the ground states and the singularity formation for the gravitational
Vlasov Poisson system, Arch. Ration. Mech. Anal. 189 (3) (2008) 425-468.
[19] Mohammed Lemou, Florian Méhats, Pierre Raphael, Orbital stability of spherical galactic models, Invent. Math. 187 (1) (2012) 145-194.


http://refhub.elsevier.com/S0294-1449(18)30066-0/bib416E746F6E695F527566666Fs1
http://refhub.elsevier.com/S0294-1449(18)30066-0/bib616E746F6E69617A7A69s1
http://refhub.elsevier.com/S0294-1449(18)30066-0/bib616E746F6E69617A7A69s1
http://refhub.elsevier.com/S0294-1449(18)30066-0/bib62617272653A68616C2D3030303138373733s1
http://refhub.elsevier.com/S0294-1449(18)30066-0/bib62617272653A68616C2D3030303138373733s1
http://refhub.elsevier.com/S0294-1449(18)30066-0/bib42617272654F6C69766574746959616D61677563686944796E616D696373s1
http://refhub.elsevier.com/S0294-1449(18)30066-0/bib42617272654F6C69766574746959616D61677563686944796E616D696373s1
http://refhub.elsevier.com/S0294-1449(18)30066-0/bib42617272654F6C69766574746959616D61677563686964616D70696E67s1
http://refhub.elsevier.com/S0294-1449(18)30066-0/bib42617272654F6C69766574746959616D61677563686964616D70696E67s1
http://refhub.elsevier.com/S0294-1449(18)30066-0/bib426172726559616D616775636869s1
http://refhub.elsevier.com/S0294-1449(18)30066-0/bib426172726559616D616775636869s1
http://refhub.elsevier.com/S0294-1449(18)30066-0/bib50687973526576452E37392E303336323038s1
http://refhub.elsevier.com/S0294-1449(18)30066-0/bib50687973526576452E37392E303336323038s1
http://refhub.elsevier.com/S0294-1449(18)30066-0/bib4272657A69735F4C696562s1
http://refhub.elsevier.com/S0294-1449(18)30066-0/bib4272657A69735F4C696562s1
http://refhub.elsevier.com/S0294-1449(18)30066-0/bib63686176616E697331s1
http://refhub.elsevier.com/S0294-1449(18)30066-0/bib43686176616E69732D566174746576696C6C652D426F7563686574s1
http://refhub.elsevier.com/S0294-1449(18)30066-0/bib43686176616E69732D566174746576696C6C652D426F7563686574s1
http://refhub.elsevier.com/S0294-1449(18)30066-0/bib43686176616E69732D44656C66696E69s1
http://refhub.elsevier.com/S0294-1449(18)30066-0/bib43686176616E69732D44656C66696E69s1
http://refhub.elsevier.com/S0294-1449(18)30066-0/bib56696C6C616E695F44657376696C6C6574746573s1
http://refhub.elsevier.com/S0294-1449(18)30066-0/bib56696C6C616E695F44657376696C6C6574746573s1
http://refhub.elsevier.com/S0294-1449(18)30066-0/bib44756E666F72642D506574746973s1
http://refhub.elsevier.com/S0294-1449(18)30066-0/bib66616F755F726F7573736574s1
http://refhub.elsevier.com/S0294-1449(18)30066-0/bib4B617669616Es1
http://refhub.elsevier.com/S0294-1449(18)30066-0/bib4C656D6F755F7365756Cs1
http://refhub.elsevier.com/S0294-1449(18)30066-0/bib4C656D6F755F7365756Cs1
http://refhub.elsevier.com/S0294-1449(18)30066-0/bib53746162696C6974795F484D46636F73s1
http://refhub.elsevier.com/S0294-1449(18)30066-0/bib53746162696C6974795F484D46636F73s1
http://refhub.elsevier.com/S0294-1449(18)30066-0/bib6C656D6F752D6D65686174732D7261706861656Cs1
http://refhub.elsevier.com/S0294-1449(18)30066-0/bib6C656D6F752D6D65686174732D7261706861656Cs1
http://refhub.elsevier.com/S0294-1449(18)30066-0/bib53746162696C6974795F5650s1

M. Fontaine et al. / Ann. I. H. Poincaré — AN 36 (2019) 217-255 255

[20] Mohammed Lemou, Florian Méhats, Cyril Rigault, Stable ground states and self-similar blow-up solutions for the gravitational Vlasov—Manev
system, SIAM J. Math. Anal. 44 (6) (2012) 3928-3968.

[21] E.H. Lieb, M. Loss, Analysis, American Mathematical Society, 1997.

[22] Joachim Messer, Herbert Spohn, Statistical mechanics of the isothermal Lane—Emden equation, J. Stat. Phys. 29 (3) (1982) 561-578.

[23] Toshitaka Nagai, Takasi Senba, Behavior of radially symmetric solutions of a system related to chemotaxis, in: Proceedings of the Second
World Congress of Nonlinear Analysts, Nonlinear Anal., Theory Methods Appl. 30 (6) (1997) 3837-3842.

[24] S. Ogawa, Spectral and formal stability criteria of spatially inhomogeneous stationary solutions to the Vlasov equation for the Hamiltonian
mean-field model, Phys. Rev. E 87 (6) (June 2013) 062107.

[25] S. Ogawa, Y.Y. Yamaguchi, Precise determination of the nonequilibrium tricritical point based on Lynden—Bell theory in the Hamiltonian
mean-field model, Phys. Rev. E 84 (2011).

[26] E. Staniscia, P.H. Chavanis, G. De Ninno, Out-of-equilibrium phase transitions in the HMF model: a closer look, Phys. Rev. E 83 (2011).

[27] Andreas Unterreiter, Anton Arnold, Peter Markowich, Giuseppe Toscani, On generalized Csiszar—Kullback inequalities, Monatshefte Math.
131 (3) (December 2000) 235-253.

[28] Y.Y. Yamaguchi, Julien Barré, Freddy Bouchet, Thierry Dauxois, S. Ruffo, Stability criteria of the Vlasov equation and quasi-stationary states
of the HMF model, Physica A 337 (2004) 36-66.

[29] Y.Y. Yamaguchi, Construction of traveling clusters in the Hamiltonian mean-field model by nonequilibrium statistical mechanics and
Bernstein—Greene—Kruskal waves, Phys. Rev. E, Stat. Nonlinear Soft Matter Phys. 84 (July 2011).


http://refhub.elsevier.com/S0294-1449(18)30066-0/bib4D616E6576s1
http://refhub.elsevier.com/S0294-1449(18)30066-0/bib4D616E6576s1
http://refhub.elsevier.com/S0294-1449(18)30066-0/bib4C6F7373s1
http://refhub.elsevier.com/S0294-1449(18)30066-0/bib4D657373657231393832s1
http://refhub.elsevier.com/S0294-1449(18)30066-0/bib4E61676169s1
http://refhub.elsevier.com/S0294-1449(18)30066-0/bib4E61676169s1
http://refhub.elsevier.com/S0294-1449(18)30066-0/bib6F67617761s1
http://refhub.elsevier.com/S0294-1449(18)30066-0/bib6F67617761s1
http://refhub.elsevier.com/S0294-1449(18)30066-0/bib79616D6132s1
http://refhub.elsevier.com/S0294-1449(18)30066-0/bib79616D6132s1
http://refhub.elsevier.com/S0294-1449(18)30066-0/bib7374616E6973636961s1
http://refhub.elsevier.com/S0294-1449(18)30066-0/bib437369737A61725F4B756C6C6261636Bs1
http://refhub.elsevier.com/S0294-1449(18)30066-0/bib437369737A61725F4B756C6C6261636Bs1
http://refhub.elsevier.com/S0294-1449(18)30066-0/bib79616D6167756368693A68616C2D3030303038343134s1
http://refhub.elsevier.com/S0294-1449(18)30066-0/bib79616D6167756368693A68616C2D3030303038343134s1
http://refhub.elsevier.com/S0294-1449(18)30066-0/bib79616D6131s1
http://refhub.elsevier.com/S0294-1449(18)30066-0/bib79616D6131s1

	Stable ground states for the HMF Poisson model
	1 Introduction and main results
	1.1 The HMF Poisson model
	1.2 Statement of the results
	1.2.1 One-constraint problem
	1.2.2 Two-constraints problem
	1.2.3 Inﬁnite number of constraints problem


	2 Minimization problem with one constraint
	2.1 Existence of ground states
	2.1.1 Properties of the inﬁmum
	2.1.2 Proof of Theorem 1

	2.2 Orbital stability of the ground states
	2.2.1 Uniqueness of the minimizers under equimeasurability condition
	2.2.2 Proof of Theorem 2


	3 Problem with two constraints
	3.1 Toolbox for the two constraints problem
	3.2 Existence of ground states
	3.2.1 Properties of the inﬁmum
	3.2.2 Proof of Theorem 3

	3.3 Orbital stability of the ground states
	3.3.1 Local uniqueness of the minimizers under equimeasurability condition
	3.3.2 Proof of Theorem 4


	4 Problem with an inﬁnite number of constraints
	4.1 Generalized rearrangement with respect to the microscopic energy
	4.2 Existence of ground states
	4.2.1 Properties of the inﬁmum
	4.2.2 Proof of Theorem 5

	4.3 Orbital stability of the ground states
	4.3.1 Proof of Theorem 6
	4.3.2 Expression of the minimizers


	Conﬂict of interest statement
	Acknowledgements
	References


